
ORNL/TM-12853

Engineeri ng Physi cs and Mathemat i cs Di vi s i on

BOUNDS FOR DEPARTURE FROMNORMALITY AND

THE FROBENI US NORMOF MATRI X EI GENVALUES

St even L. Lee

Mathemat ical Sci ences Sect i on

Oak Ri dge Nat i onal Laboratory

P.O. Box 2008, Bl dg. 6012

Oak Ri dge, TN37831-6367

na. s l ee@na- net . ornl . gov

Dat e Publi s hed: December 1994

Res ear ch was s uppor t ed by t he Appl i ed Mat hemat i cal
Sci ences Res ear ch Pr ogr amof t he O�ce of Ener gy Re-
s ear ch, U. S. Depar tment of Ener gy.

Pr epar ed by t he
Oak Ri dge Nat i onal Labor at or y
Oak Ri dge, Tennes s ee 37831

managed by
Mar t i n Mar i et t a Ener gy Sys t ems , Inc.

f or t he
U. S. DEPARTMENTOF ENERGY

under Cont r act No. DE- AC05- 84OR21400



Content s

1 I nt r oduct i on :: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 1
2 Pr el i mi nar i es :: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 2
3 Bounds f or ei genval ues and depar t ur e f r omnormal i t y :: : : : : : : : : 4

3. 1 Impr oved l ower bounds :: : : : : : : : : : : : : : : : : : : : : : : 5
3. 2 Impr oved upper bounds :: : : : : : : : : : : : : : : : : : : : : : 7

4 Mai n r es ul t s :: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 7
5 Di s cus s i on and s ummar y :: : : : : : : : : : : : : : : : : : : : : : : : : 10
6 Ref er ences :: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 12

- i i i -



BOUNDS FOR DEPARTURE FROMNORMALI TY AND

THE FROBENI US NORMOF MATRI X EI GENVALUES

St even L. Lee

Abstract

New lowe r and upp e r bo u n d s fo r the d e p a r t u r e f r o m n o r ma l it y a n d t h e

Fr o b e n i u s n o r m o f t h e e i ge n va l u e s o f a ma t r i x a r e g i v e n . Th e s i g n

p r o p e r t i e s o f t h e s e b o u n d s a r e a l s o d e s c r i b e d . Fo r e x a mp l e , t h

b o u n d f o r ma t r i x e i g e n v a l u e s i mp r o v e s u p o n t h e o n e d e r i v e d b y

d e Vr i e s a n d We g ma n n i n [Li n . Al g . Ap p l . , 8 (1974), p p . 1 09 {1 20 ]. Th

u p p e r b o u n d f o r d e p a r t u r e f r o m n o r ma l i t y i s s h a r p f o r a n y ma t r i x

e i g e n v a l u e s a r e c o l l i n e a r i n t h e c o mp l e x p l a n e . Mo r e o v e r , t h e l a

i s a p r a c t i c a l e s t i ma t e t h a t c o s t s ( a t mo s t ) 2m mu l t i p l i c a t i o n s ,

t h e n umb e r o f n o n ze r o s i n t h e ma t r i x . In t e r ms o f a p p l i c a t i o n s , t h

c a n b e u s e d t o b o u n d f r o m a b o v e t h e s e n s i t i v i t y o f e i g e n v a l u e s t

p e r t u r b a t i o n s o r b o u n d f r o mb e l o w t h e c o n d i t i o n n umb e r o f t h e e i g

o f a ma t r i x .
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1. Int roduct ion

The depar t ur e f r omnormal i t y of a mat r i x, l i ke t he condi t i on number of a mat r i x,

i s a r eal s cal ar t hat can be us ed t o comput e var i ous mat r i x bounds . I f A i s an

n� nmat r i x, i t s depar t ur e f r omnormal i t y (i n t he Fr obeni us norm) i s de�ned t o

be [8]

depF (A) : =
�
kAk 2

F � k�k2F
�1=2

; ( 1)

wher e � i s a di agonal mat r i x whos e ent r i es ar e t he ei genval ues , �k, of A. Thi s

meas ur e of mat r i x nonnormal i t y can be us ed t o bound t he s pect r al normof mat r i x

f unct i ons [ 2, 5] , t he s ens i t i vi t y of ei genval ues t o mat r i x per t ur bat i ons [ 8, 16] , and

t he di s t ance t o t he cl os es t normal mat r i x [ 10, 16] , f or exampl e. I t i s i mpr act i cal

t o comput e depF (A) i f Ai s l ar ge and i t s ei genval ues ar e unknown. Thi s di �cul t y

mot i vat es us t o s eek l ower and upper bounds f or depF (A) t hat ar e pr act i cal t o

comput e or opt i mal i n s ome s ens e.

I n t erms of ei genval ues , bounds f or depF (A) can be us ed t o obt ai n l ower and

upper bounds f or

k�k 2
F ; kRe (�) k2F ; and kIm(�) k2F ; ( 2)

wher e Re(�) and Im(�) ar e t he r eal and i magi nar y par t s of �. I n par t i cul ar ,

s uch r es ul t s can be obt ai ned by s ubs t i t ut i ng l ower and upper bounds f or depF (A)

i nt o [ 13]

k�k 2
F = kAk 2

F �dep 2
F (A) ; ( 3)

kRe (�) k2F = k k2F �
1

2
dep2F (A) ; ( 4)

kIm(�) k2F = kNk2F �
1

2
dep2F (A) ( 5)

wher e

=
1

2

�
A+A H

�
( 6)

and

N=
1

2

�
A�A H

�
( 7)

ar e t he Hermi t i an and s kew- Hermi t i an par t of A, r es pect i vel y. Upper bounds

f or k�k2F can be us ed t o bound t he s pect r al r adi us [ 15] and t he s pr ead of a

mat r i x [ 1] . Bounds f or k�k2F can al s o be us ed t o comput e or es t i mat e l ower

bounds f or t he condi t i on number of t he ei genbas i s of A[ 11] .
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The out l i ne of t hi s paper i s as f ol l ows . I n x2, we gi ve t he not at i on, de�ni t i ons ,

and obs er vat i ons t hat wi l l be needed i n l at er s ect i ons . I n x3, we pr es ent var i ous

bounds f or k�k2F and dep2F (A) , and s how how t hey can be i mpr oved. I n x4,

we des cr i be t he s i gni �cant pr oper t i es of t he newl y i mpr oved bounds . I n x5, we

gr oup t he cur r ent l y known a pr i or i bounds f or k�k2
F and dep2F (A) i nt o two mai n

cat egor i es , and t hen s howt hat t he newbounds ar e among t he bes t avai l abl e.

2. r eli i nar i es

Let A= ( a ij) be an n�nmat r i x wi t h conjugat e t r ans pos e AH =( �ai j) and

Fr obeni us norm

kAk 2
F : =

i ;j

jai jj
2: ( 8)

Al s o, r ecal l t hat Ai s normal i f and onl y i f ( i �) , f or exampl e, [ 7]

(9a) Ahas a compl et e, or t hogonal s et of ei genvect or s ,

( 9 b)kAk F =k�k F = j �kj2, or

( 9 c)AHA�AA H =0.

The s et of normal mat r i ces i ncl udes t he Hermi t i an, s kew- Hermi t i an, and uni t ar y

mat r i ces and, i n gener al , any mat r i x t hat i s uni t ar i l y s i mi l ar t o a di agonal mat r i x

I t i s eas i l y s een t hat depF (A) i s i nvar i ant wi t h r es pect t o compl ex s hi f t s and

r ot at i ons . That i s ,

depF (A) =dep F ( e
�i �(A��I) ) ( 10)

f or any compl ex s cal ar �and 0 � < 2�. For t he Fr obeni us norm, we not e t hat

ke�i �(A��I) k F =kA��Ik F ( 11)

and

k(A��I) H(A��I) �(A��I) (A��I) HkF =kA HA�AA HkF : ( 12)

The s i mpl i �cat i on i n ( 12) al s o hol ds when A��I i s r epl aced wi t h e�i �(A��I) .

I t i s al s o eas y t o s how t hat t he quadr at i c f unct i on kA��Ik2
F i s mi ni mi zed

f or �= tr(A)
n

, wher e t r(A) i s t he t r ace of A. I f t r(A) = 0, we s hal l s ay Ai s a
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centere mat r i x. Cent er ed mat r i ces s uch as

~A =A�
t r(A)

n
I ( 13)

and
~� =��

t r(A)

n
I ( 14)

wi l l be denot ed wi t h a t i l de accent . Fi nal l y, we gi ve a l emma t hat r el at es t he

normof t he s hi f t ed mat r i ces A��I and ���I t o t he normof t he cent er ed

mat r i ces~A and ~�, r es pect i vel y.

Le a 2 .1 .o n�n A o s �,

kA��Ik 2
F =k ~Ak2F +

j t r(A��I) j

n

2

( 15)

k���Ik 2
F =k ~�k2F +

j t r(A��I) j

n

2

: ( 16)

P : Fi r s t , we r el at e t he normof At o t he normof~A. For =tr(A)
n

, we have

kAk 2
F �k ~Ak2F = kAk 2

F �






A�
t r(A)

n
I







2

F

( 17)

= ( j ai ij
2) � ( j ai i� j 2) ( 18)

= ( aHi iai i) � ( ai i� ) H( ai i� ) ( 19)

= ( aHi iai i) � aHi iai i�a
H
i i � Hai i+

H ( 20)

= ( aHi i) +
H ( ai i) �n

H ( 21)

=
t r(A)

n
t rH(A) +

t rH(A)

n
t r(A) �n

�����
t r(A)

n

�����
2

( 22)

=
2 j t r(A) j 2

n
�

j t r(A) j 2

n
( 23)

=
j t r(A) j 2

n
: ( 24)

I f we now r epl ace Awi t h A��I on t he r i ght - hand s i de of ( 17) and ( 24) , we

obt ai n

kA��Ik 2
F �






A��I�
t r(A��I)

n
I







2

F

=
j t r(A��I) j

n

2

; ( 25)
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and t he s econd t ermcan be s i mpl i �ed vi a






A��I�
t r(A��I)

n
I







F

=






A��I�
[ t r(A) �t r (�I) ]

n
I







2

F

( 26)

=






A��I�
t r(A)

n
I+

n�

n
I







2

F

( 27)

=






A�
t r(A)

n
I







2

F

( 28)

= k ~Ak2F ( 29)

t o obt ai n ( 15) . The s econd equal i t y ( 16) can al s o be pr oved i n t hi s manner .

. ounds or ei en al ues and de ar t ur e r o nor al i t

e nowpr es ent s ever al bounds f or k�k2
F and dep2F (A) , al ong wi t h t hei r i mpor t ant

pr oper t i es . An upper bound f or k�k2
F i s gi ven by r es s , de r i es , and egmann

i n [ 9] . Mor eover , t he aut hor s exhi bi t nonnormal mat r i ces f or whi ch t he bound

i s s har p, and pr ove t hat t he upper bound i s t he bes t pos s i bl e i n t erms of kAkF

and kAHA�AA HkF .

T e e 3 . 1 ., . o o o A o s

k�k 2
F kAk 4

F �
1

2
kAHA�AA Hk2F

1=2

( 30)

A= ( H + H) ; ( 31)

s o o o s , 0 <1 s s , ,

o o o o s.

Apr act i cal l ower bound f or k�k2
F [ 5] ,

j t r(A2) j k�k2F ; ( 32)

comes f r omt he t r i angl e i nequal i t y appl i ed t o t he ei genval ues of A2:

j t r(A2) j = j t r( �2) j =
��� �2

i

��� =
����2

1 +� � �+�
2
n

��� ( 33)
����2

1

���+� � �+
����2

n

��� =j �1j
2 +� � �+j �nj

2 =k�k 2
F : ( 34)
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The l ower bound i s s har p i � 0 and t he ei genval ues of Aar e col l i near . Mor eover ,

t he bound i s cheap t o comput e s i nce onl y t he di agonal of A2 i s needed. Thi s

di agonal can be comput ed wi t h ( at mos t ) mul t i pl i cat i ons , wher e i s t he

number of nonzer os i n A.

The l ower bound [ 17] and t he upper bound [ 5] f or dep2F (A) ,

kAk 2
F � kAk 4

F �
1

2
kAHA�AA Hk2F

1=2

dep2F (A) kAk 2
F �j t r(A2) j ; ( 35)

can be obt ai ned by s ubs t i t ut i ng ( 30) and ( 32) i nt o ( 1) . The upper bound i n ( 35)

i s s har p i � 0 and t he ei genval ues of Aar e col l i near , and i t can be comput ed wi t h

( at mos t ) 2 mul t i pl i cat i ons . The l ower bound i s an (n3) comput at i on t hat i s

s har p i f Ai s normal , or s at i s �es condi t i on ( 31) . Thi s l ower bound i nher i t s t he

pr oper t i es of t he upper bound ( 30) vi a ( 1) ; t hus , i t i s t he bes t pos s i bl e i n t erms

of kAk F and kAHA�AA HkF .

I n x3:1, we wi l l s t r engt hen t he l ower bounds f or dep2
F (A) and k�k 2

F i n ( 35)

and ( 34) . I n x3:2, t hes e i mpr oved l ower bounds wi l l be s ubs t i t ut ed i nt o ( 3)

and ( 1) , r es pect i vel y, t o obt ai n t i ght er upper bounds f or k�k2
F and dep2F (A) .

3 . 1 .I e e b

The val ue of depF (A) i s i nvar i ant wi t h r es pect t o t he s hi f t par amet er �; s ee ( 10) .

e nows howhowt hi s f r ee par amet er can be us ed t o maxi mi ze t he l ower bound

i n ( 35) . For normal mat r i ces , t he l ower bound

kA��Ik 2
F � kA��Ik 4

F �
1

2
kAHA�AA Hk2F

1=2

dep2F (A��I) =dep 2
F (A)

( 36)

i s zer o f or any choi ce of �. For nonnormal mat r i ces , however , t her e i s a uni que

val ue of �t hat maxi mi zes ( 36) . I n par t i cul ar , by s ubs t i t ut i ng ( 15) i nt o ( 36) , we

s eek t o maxi mi ze t he f unct i on

( (�) ) =
�

2 + 2(�)
�
�

�
2 + 2(�)

�2
�

1

2
2

1=2

( 37)

wher e

2(�) =
j t r(A��I) j

n

2

( 38)
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and
2 =k ~Ak2F ;

2 =kA HA�AA Hk2F 0: ( 39)

By s ol vi ng

=2 1 �( 2 + 2) ( 2 + 2)2 �
1

2
2

�1=2

=0; ( 40)

we �nd t hat t he uni que s ol ut i on =0 i s a gl obal maxi mums i nce

2

2
(0) =2 1 �

2

( 4 � 1
2

2)1=2
<0: ( 41)

By s ol vi ng

(�) =
j t r(A��I) j

n1=2
=0; ( 42)

we �nd t hat t he l ower bound i s maxi mi zed f or �=tr(A)
n

.

Le a 3 . 2 .o n�n A,

dep2F (A) kA��Ik 2
F � kA��Ik 4

F �
1

2
kAHA�AA Hk2F

1=2

; ( 43)

o o s o �= tr(A)
n

.

P : The l emma f ol l ows vi a ( 37) {( 42) .

An i mpr oved l ower bound f or k�k2F i s l es s t r oubl es ome t o obt ai n.

Le a 3 . 3 .o n�n A,

k�k 2
F j t r( ~A2) j +

j t r(A) j

n

2

; ( 44)

~A =A� tr(A)
n

I.

P : As i n ( 33) {( 34) , we begi n by appl yi ng t he t r i angl e i nequal i t y t o t he

ei genval ues of~A2,

j t r( ~A2) j =j t r(~�2) j k~�2kF =k ~�k2F : ( 45)
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The l emma i s obt ai ned by s ubs t i t ut i ng t hi s l ower bound f or k~�k2F i nt o

k�k 2
F =k ~�k2F +

j t r(A) j

n

2

: ( 46)

Not e t hat ( 46) i s t he s ame as ( 16) wi t h �=0.

3 . 2 .I e e b

For t he k�k2F upper bound, we have

k�k 2
F = kAk 2

F �dep 2
F (A) ( 47)

kAk 2
F � k ~Ak2F � k ~Ak4F �

1

2
kAHA�AA Hk2F

1=2

: ( 48)

Equat i on ( 15) , wi t h �=0, s hows t hat kAk2
F �k ~Ak2F s i mpl i �es t ojtr(A) j

n

2
.

Le a 3 . .o n�n A,

k�k 2
F k ~Ak4F �

1

2
kAHA�AA Hk2F

1=2

+
j t r(A) j

n

2

; ( 49)

~A =A� tr(A)
n

I.

For t he dep2F (A) upper bound, we can s ubs t i t ut e k~�k2F j t r( ~A2) j i nt o

dep2F (A) =dep 2
F ( ~A) =k ~Ak2F �k ~�k2F ( 50)

t o obt ai n t he f ol l owi ng l emma.

Le a 3 . 5 .o n�n A,

dep2F (A) k ~Ak2F �j t r( ~A2) j ; ( 51)

~A =A� tr(A)
n

I.

. ai n r es ul t s

I n t hi s s ect i on, we es t abl i s h t he s i gni �cant pr oper t i es of t he f our bounds gi ve

i n x3:1 and x3:2. To begi n, r ecal l t hat t he l ower bound f or dep2
F (A) and, i n
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t ur n, t he upper bound f or k�k2
F wer e opt i mi zed vi a t he compl ex s hi f t �=tr(A)

n
.

Mor eover , t he l at t er der i vat i on ( 47) {( 48) s hows t hat i f t he dep2
F (A) l ower bound i s

s har p t hen s o i s t he k�k2
F upper bound. The dep2F (A) l ower bound i n ( 35) i s s har p

f or any nonnormal mat r i x t hat s at i s �es condi t i on ( 31) . The i mpr oved dep2
F (A)

l ower bound ( 43) i s una�ect ed by compl ex s hi f t s ; t hus , i t i s s har p f or

A= ( H + H) � I ( 52)

f or any choi ce of t he s cal ar . Not e t hat we have

�=
t r( ( H + H) � I)

n
=� ; ( 53)

and t hat t he s hi f t �i n ( 43) cancel s t he ar bi t r ar y s hi f t . The i mpr oved bound

i s al s o una�ect ed by r ot at i ons . e s ummar i ze t he above r es ul t s as f ol l ows .

T e e . 1 .o n�n A,

dep2F (A) k ~Ak2F � k ~Ak4F �
1

2
kAHA�AA Hk2F

1=2

( 54)

k�k 2
F k ~Ak4F �

1

2
kAHA�AA Hk2F

1=2

+
j t r(A) j

n

2

; ( 55)

~A =A� tr(A)
n

I. o s s

A=e �i �( ( H + H) � I) ; ( 56)

, o s s , 0 �<2�, , o o o

o s.

e wi l l nowpr ove t hat t he ot her two bounds ( 44) and ( 51) ar e s har p i � t he

ei genval ues of Aar e col l i near i n t he compl ex pl ane. Bef or e doi ng s o, we mus t

es t abl i s h a nat ur al meas ur e of t he noncol l i near i t y of mat r i x ei genval ues . One

appr oach i s t o de�ne \depar t ur e f r omcol l i near i t y" as

depcol(A) : = j kj
2; ( 57)

wher e j kj i s t he per pendi cul ar di s t ance f r om�k t o t he t ot al l eas t s quar es (TLS)

�t of t he ei genval ues of A. Recal l t hat a TLS �t mi ni mi zes t he s umof t he s quar es
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of t he per pendi cul ar di s t ances f r omt he poi nt s t o t he �t t ed l i ne, and t hatj kj2

i s t he TLS er r or [ 6] . Gi ven t he de�ni t i on ( 57) , we �nd depcol(A) t o be a s ens i bl e

met r i c f or quant i f yi ng depar t ur e f r omcol l i near i t y, es peci al l y s i nce depcol(A) =0

i � Ahas col l i near ei genval ues .

Aus ef ul r es ul t concer ni ng TLS er r or and depar t ur e f r omcol l i near i t y f ol l ows

f r om[ 12, Thm. 2. 2] .

T e e . 2 . o s k, =1; � � �; n, � = 1
n k so

~k = k �� : ( 58)

o o o s s s s

j kj
2 =

1

2

�
j ~kj

2 �
��� ~2k

���
�
; ( 59)

j kj s s o k o .

I n t he cont ext of mat r i x ei genval ues , ( 59) yi el ds

depcol(A) =
1

2

�
k~�k2F �j t r( ~A2) j

�
: ( 60)

I f we ar r ange ( 60) as

k~�k2F =j t r( ~A2) j +2 depcol(A) ; ( 61)

and s ubs t i t ut e i nt o ( 46) and ( 50) , we obt ai n

k�k 2
F =j t r( ~A2) j +2 depcol(A) +

j t r(A) j

n

2

( 62)

and

dep2F (A) =k ~Ak2F �
�
j t r( ~A2) j +2 depcol(A)

�
: ( 63)

Not e t hat t he bounds i n Lemmas 3. 3 and 3. 5 ar e s peci al cas es of ( 62) and ( 63) .

T e e . 3 .o n�n A,

k�k 2
F j t r( ~A2) j +

j t r(A) j

n

2

( 64)
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dep2F (A) k ~Ak2F �j t r( ~A2) j ; ( 65)

~A =A� tr(A)
n

I. o s s s o A o

o . o o ,

k�k 2
F j t r( ~A2) j +

j t r(A) j

n

2

( 66)

dep2F (A) k ~Ak2F �j t r( ~A2) j ( 67)

s o A os o o .

P : The bounds ( 64) {( 65) ar e obt ai ned f r om( 62) {( 63) by dr oppi ng t he

t erm2 depcol(A) . Thes e bounds ar e s har p i � depcol(A) = 0; t hat i s , i � t he

ei genval ues of Aar e col l i near . Fi nal l y, t he bounds ar e good es t i mat es when t he

negl ect ed t ermdepcol(A) i s r el at i vel y smal l .

. i s cus s i on and s u ar

To t he bes t of our knowl edge, a pr i or i bounds f or k�k2
F and dep2F (A) f al l i nt o

one of two di s t i nct cat egor i es . The bounds i n t he �r s t cat egor y ar e bas ed on

comput i ng t he Fr obeni us normof t he commut at or AHA�AA H [ 3, 4, 8, 14, 17] . The

bounds i n t he s econd cat egor y ar e bas ed on i nequal i t i es t hat ar e s har p i � t he

ei genval ues of Ahave a cer t ai n al i gnment i n t he compl ex pl ane [ 5, 13] . For each

of t hes e cat egor i es , we now gi ve t he bes t avai l abl e bounds known t o us at t hi s

t i me.

B b a e kAHA�AA HkF

k�k 2
F kAk 2

F �
n3 �n

12

1=2�
kAHA�AA HkF

�
( 68)

k�k 2
F k ~Ak4F �

1

2
kAHA�AA Hk2F

1=2

+
j t r(A) j

n

2

( 69)

dep2F (A) k ~Ak2F � k ~Ak4F �
1

2
kAHA�AA Hk2F

1=2

( 70)
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dep2F (A)
n3 �n

12

1=2�
kAHA�AA HkF

�
( 71)

. The l ower bound ( 68) i s t he count er par t t o t he upper bound ( 71) of

Henr i ci [ 8, Thm. 1] . The bounds ( 69) {( 70) ar e gi ven i n Theor em4. 1. Not e t hat

Sun's l ower bound ( 35) i s t he bes t pos s i bl e i n t erms of kAHA�AA HkF and kAk F ;

t hus i t i s s t r onger t han t he bounds i n [ 3, 4] . The bound ( 70) i mpr oves upon Sun' s

l ower bound, and i t i s al s o s t r onger t han t he one i n [ 14] .

B b a e e e a e a e

k�k 2
F = j t r( ~A2) j +2 depcol(A) +

j t r(A) j

n

2

j t r( ~A2) j +
j t r(A) j

n

2

( 72)

dep2F (A) = k ~Ak2F �
�
j t r( ~A2) j +2 depcol(A)

�
k ~Ak2F �j t r( ~A2) j ( 73)

. The new bounds ( 72) {( 73) ar e s har p i � t he ei genval ues of Aar e

col l i near . I n cont r as t , not e t hat f or �=tr(A)
n

, we have [ 13, Thm. 3. 2]

dep2F (A) 2 mi n k �Re (�) Ik 2
F ; kN� Im (�) Ik 2

F ( 74)

and i t s ( uns i mpl i �ed) count er par t

k�k 2
F kAk 2

F �2 mi n k �Re (�) Ik 2
F ; kN� Im (�) Ik 2

F : ( 75)

Unf or t unat el y, t he bounds ( 74) {( 75) ar e s har p onl y when t he ei genval ues ar e

hor i zont al l y or ver t i cal l y al i gned i n t he compl ex pl ane. Fur t hermor e, t he bounds

i n ( 72) {( 73) ar e hal f as expens i ve t o comput e as t hos e i n ( 74) {( 75) . Des pi t e t hes e

s hor t comi ngs , t he l at t er bounds ar e us ef ul and have s ome not ewor t hy pr oper t i es .

I n par t i cul ar , t he bounds i n ( 72) {( 73) and t hos e i n ( 74) {( 75) yi el d t he s ame

val ues i f Ai s a r eal mat r i x. e al s o r emar k t hat ( 74) expl i ci t l y bounds mat r i x

nonnormal i t y i n t erms of t he nons ymmet r y of A.

Bes i des t hei r pr act i cal i t y, t he es t i mat es ( 72) {( 73) ar e al s o appeal i ng becaus

t hey s omet i mes enabl e us t o pr eci s el y comput e k�k2
F and dep2F (A) f or mat r i ces

wi t h ext r emel y s ens i t i ve ei genval ues . For exampl e, cons i der t he n�nmat r i x

n =
H

n ( 76)
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wher e n i s dens e and uni t ar i l y s i mi l ar t o t he i l ki ns on mat r i x [ 18, pg. 90]

n =

n n

n�1 n

. . . . . .

2 n

1

; ( 77)

wher e n=20. The ei genval ues ofn ar e r eal , and t he i nt er i or ei genval ues ar e

not or i ous l y di �cul t t o comput e f or n 20. Thus , we cannot di r ect l y com-

put e k�k2F f or , s ay, due t o t hes e ei genval ue s ens i t i vi t i es . However , we can

accur at el y obt ai n k�k2
F and dep2F (A) f or vi a ( 72) {( 73) s i nce t he s har pnes s of

t hes e f ormul as (modul o r oundi ng er r or s ) onl y depends upon ei genval ue col l i near -

i t y | not ei genval ue s ens i t i vi t y.

To s ummar i ze, we have devel oped s ever al new and i mpr oved bounds f or

dep2F (A) and k�k 2
F , and des cr i bed t hei r s i gni �cant pr oper t i es . e have al s o

gr ouped t hes e and t he ot her known a pr i or i bounds f or dep2
F (A) and k�k 2

F i nt o

two cat egor i es . i t hi n each cat egor y, we have gi ven t he bes t avai l abl e bounds .

The bounds bas ed on kAHA�AA HkF have an i mpor t ant pr oper t y: t hey r educe

t o zer o i f Ai s normal . Unf or t unat el y, s uch bounds ar e of t en weak, and i mpr act i -

cal t o comput e i f Ai s l ar ge. On t he ot her hand, t he bounds bas ed on ei genval ue

al i gnment ar e of t en good es t i mat es ( e. g. , [ 13, Tabl e 1] ) , and t hey ar e pr act i cal

t o comput e i f Ai s l ar ge and s par s e. A mi nor dr awback i s t hat t hes e bounds

onl y r educe t o zer o f or normal mat r i ces wi t h col l i near ei genval ues ( e. g. , Hermi -

t i an and s kew- Hermi t i an mat r i ces ) . Theor em4. 1, Theor em4. 3 and [ 8, Thm. 1]

des cr i be t he nonnormal mat r i ces f or whi ch t he bounds i n ( 68) {( 73) ar e s har p.

The s i gni �cance of our r es ul t s ar e des cr i bed i n x1.
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