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PACKED STORAGE EXTENSION FOR SCALAPACK

EdF. D’Azevedo
JackJ.Dongarra

Abstract

We describea new extensionto ScaLARACK [2] for computingwith symmetric(Hermitian)
matricesstoredin apacledform. Thenew codeis built uponthe ScaLARACK routinesfor full dense
storagdor a high degreeof softwarereuse.Theoriginal ScaLARACK storesa symmetricmatrix asa
full matrix but accessesnly thelower or uppertriangularpart. The new codeenablesnoreefficient
useof memoryby storingonly thelower or uppertriangularpartof a symmetric(Hermitian)matrix.
The pacled storageschemedistributesthe matrix by block column panels. Within eachpanel,the
matrix is storedasaregular ScaLARACK matrix. This storagearrangemensimplifiesthe subroutine
interfaceandcodereuse.RoutinesPx PPTRF/ PxPPTRS implementthe Cholesly factorizationand
solutionfor symmetric(Hermitian)linear systemsn pacled storage RoutinesPx SPEV/ Px SPEVX
(PxHPEV/ PxHPEVX) implementthe computationof eigevaluesand eigevectorsfor symmetric
(Hermitian) matricesin pacled storage. RoutinesPxSPGVX ( PxHPGVX) implementthe expert
driverfor the generalizecigervalue problemfor symmetric(Hermitian)matricesin pacled storage.
Performanceesultson the Intel Paragonsuggesthatthe pacled storageschemencursonly a small

time overheadbver thefull storagescheme.



1. Introduction

This paperdescribesa new extensionto ScaLARACK [2] for computingwith symmetric(Hermitian)
matricesstoredin a packed form. ScalLARACK is an acrorym for ScalableLinear Algebra PACK-
age,or ScalableLAPACK. ScaLARACK is a library of high-performancdinear algebraroutinesfor
distributed-memorymessage-passingIMD (Multiple InstructionMultiple Data)computersand net-
works of workstations Capabilityof ScaLARACK is describedn the ScaLARACK Users’'Guide[2].

Thenew codeis built uponthe ScaLARACK routinesfor full densestorageor maximumportabili-
ty. Theoriginal ScaLAFRACK storesa symmetricmatrix asa full matrix but accesseenly thelower or
uppertriangularpart. This designallows the reuseof Level 3 PBLAS (Parallel BasicLinear Algebra
Subroutines]3] without modification. However, almosthalf of the storages holdingredundantnfor-
mation. Thenew codeenablesnoreefficientuseof memoryby storingthesubmatrixblocksassociated
with only thelower or uppertriangularpartof a symmetric(Hermitian)matrix.

Althoughcurrentcomputer$iave unprecedentestorageandcomputatiorspeedthey arealsocalled
uponto tackleeverlargerproblems.Let N x N bethelargestsymmetric(Hermitian)problemthatcan
be storedin memory thena largerapproximatelyy’2N x +/2N symmetricmatrix canbe storedin the
samememoryusingthe packed storagescheme. Linear solution of symmetric(Hermitian) matrices
by Cholesly factorizationandcomputingeigervaluesandeigervectorsby the QR algorithmboth have
O(N?) compledities. With an O(N?3) compleity, the runtimefor solving the larger problemwill be
approximately\/§3 ~ 2.8 timeslonget

A symmetriceigensolerfor pacledstoragemaybeadaptedor usewith out-of-corealgorithmsfor
solving large eigervalueproblems. The initial stagein the classicalalgorithmfor finding eigervalues
andeigervectorsis to first reducethe original symmetricmatrix into a tridiagonalmatrix by orthogo-
nal similarity Householdetransformations.The original matrix is overwrittenby theseHouseholder
transformationsOneof the key stepsis the frequentneedfor computinga matrix-vectormultiply. An
out-of-corealgorithmthatstoreshe symmetricmatrix on disk would be highly inefficient sincethe ma-
trix mustbereadin from disk for eachmatrix-vectormultiply operation.A solutionsuggestedy Ken
Stanlg is to holdin memorythe symmetricmatrix in paclkedstorageandstoretheeigervectorson disk.
This approachwould requireO(N?2/2) memoryfor the symmetricmatrix in packed storagensteadof
O(2N?) memoryfor holding the symmetricmatrix and eigervectorsin full storageandwould allow
largerproblemsto be solvedusingthe samelimited amountof memory

We have developedprototypecodesPx PPTRF/ PxPPTRS for Cholesly factorizationandsolution,
andsimpledriver routinesPx SPEV (PxHPEV) for finding eigervaluesandoptionally eigervectorsof
symmetric(Hermitian)matricesin packed storage.Expertdriversfor symmetric(Hermitian) matrices
Px SPEVX (PxHPEVX) andgeneralizeaigervalueproblemsPx SPGVX (Px HPGVX) arealsoavailable
asprototypecode.Thenamedor the new routinesfollow the corventionusedin LAPACK [1] of using

a ‘P’ to represenpacled storage. Thus'SY’ (‘HE’) represents symmetric(Hermitian) matrix and
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‘SP’ (‘HP’) represent@a symmetric(Hermitian) matrix in pacled storage;similarly, ‘PO’ denotesa
symmetricpositive definite matrix and ‘PP’ denoteshe symmetricpositive definite matrix in pacled
storage.

Section2 describeghe layoutof the pacled storagescheme Section3 shavs by a simpleexample
how otherScaLARACK routinescanbe modifiedfor usewith packed matrices.Section4 summarizes
the performanceof PDPPTRF/ PDPPTRS, PDSPEV, PDSPEVX and PDSPGVX on the Intel Paragon.
Finally, Section5 containsthe summary

2. Data layout for packed storage

Scal ARACK principally usesa two-dimensionablock-cyclic datadistribution (seeFigure 1) for full

densein-corematrices[2, Chapterd]. This distribution hasthe desirablepropertiesof goodload bal-
ancingwherethe computationis spreadreasonablyevenly amongthe processesand can make use
of highly efficientlevel 3 BLAS (BasicLinearAlgebraSubroutinesatthe procesdevel. Eachcolored
rectangleepresentanmbx nb submatrix.Matrix entry (i, j) is mappedo matrixblock (ib, jb) = (1+

| (¢ —1)/mb|, 14| (5 — 1)/nb]) andis assignedo procesgp, ¢) = (mod(ib—1, P,), mod(jb—1, P.))

onaP, x P. procesgrid. Thusthefirstentry(1, 1) is mappedo procesg0, 0) andentry (1+mb 1+nb)

is mappedo procesg1, 1).

The pacled storageschemearesembleghe ScaLARACK two-dimensionablock-gyclic datadistri-
bution but physically storesonly the lower (or upper)blocks For example,ona 2 x 3 processgyrid
asshown in Figure 1, if only the lower blocksare stored,thenprocess(0, 0) holdsblocks Ay1, As;,
As1, A71, Asg, Azs, A77. Procesg0, 2) holdsblocks Ass, Ass, A7z and Azg. Similarly procesg1, 1)
holdsblocks Asq, Aya, A2, Agz andAgs, Ass plus Ags. We notethateachblockin the pacledstorage
schemads assignedo the sameprocessasin the fully two-dimensionablock-cyclic datadistribution.
Moreover, eachblock columnor panelin the paclkedstorageschemeamnay be considereda full ScalLA-
PACK matrix distributedacrossonly one processcolumn. This treatmentof a block columnpanelas
a particular ScaLAFRACK submatrixis a key characteristido the reuseof ScaLARACK and PBLAS
library components.

If we considerthe ‘local’ view in procesg0, 0), thefirst block columnpanelconsistsof A;;, A3,
Asy and Az, . Thispanelis storedin memoryasa4 x mbx nbFortrancolumn-majomatrix. Thesecond
block column panelconsistsof blocks A5y and A4. It is storedin local memoryasa 2 * mb x nb
Fortrancolumn-majomatrix. Thefirst entryof the seconcpanelfollowsthelastentryof thefirst panel
in memory i.e. thefirst entryin block As4 follows the lastentryin block A7;. Note thatthe entire
diagonablock A, is stored eventhoughonly thelowertriangularpartis accessedThisincursasmall

pricein extra storagebut greatlysimplifiesreuseof ScaLARACK components.
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3. Examplesin the use of packed storage matrix

Here we illustrate by examplesthe reuseof ScalL AFACK library componentdor matricesstoredin
pacledform. Thekey ideais the treatmentof eachblock columnor panelasa regular ScaLARACK
matrix distributedacrossaprocessolumn.TheroutineDESCI NI TT is providedto simplify themanip-
ulationof indicesby initializing a new matrix descriptorfor ablock columnpanel.Theroutineinterface

canbedescribedisingFortran90 syntaxas

SUBROUTI NE DESCI NI TT(UPLO, | A, JA, DESCA, | AP, JAP, LOFFSET, DESCAP)

CHARACTER, | NTENT(IN) :: UPLO
I NTEGER, INTENT(IN) :: |A JA DESCA(:)
| NTEGER, | NTENT(QUT) :: |AP, JAP, LOFFSET, DESCAP(:)

END SUBROUTI NE DESCI NI TT

For example,accesdo the globalentry A(1 A, JA) in full storageis obtainedby the ScaLARACK
routine

CALL PDELGET( SCOPE, TOP, ALPHA, A | A JA DESCA
The correspondingodeto accesdhelower triangularentryin packedstoragevould be

CALL DESCINITT( ' Lower’, I|A, JA, DESCA |AP, JAP, LOCFFSET, DESCAP)
CALL PDELGET( SCOPE, TOP, ALPHA, A(LOFFSET), |AP, JAP, DESCAP)

The routine DESCI NI TT generates new matrix descriptorDESCAP that correspondgo the block
columnpanelwith new indices( | AP, JAP) relative to the new descriptor It will alsoproducethe
correctvaluefor LOFFSET to adjustfor thebeginningof the columnpanel.

Anothermorecomplicatedexample(seeFigure2) is computingthelargestabsolutevalue(max(|A(Z, J)|))
in a pacledmatrix. Thisis similarto computingwith the NORM=* M optionin PDLANSY for the full
storage,

ANRM = PDLANSY( "M, UPLO N, A 1, 1, DESCA WORK)

Thenew codereusesscal ARAMCK PDLANSY andPDLANGE for computingthemaximumentryin each
block columnpanel.

The codetraverseseachblock column(line 4) andcalls DESCI NI TT to establishthe appropriate
matrix descriptor It calls PDLANSY (line 11) to find the largestvalue in the diagonalblock. Rou-
tine PDLANGE (line 19) computeshe largestvaluein the remainingoff-diagonalrectangulamblock.
Although essentiallythe samecomputationis performed,the paclked versionhashigheroverheadn
makingseveral separateallsto PDLANSY and PDLANGE. Moreover, the granularityof the algorithm
is limited by thewidth of the columnpanel(NB=DESCA( NB.) ).
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N = DESCA(N) I Number of colums in matrix A
NB = DESCA(NB ) ! Wdth of each bl ock col um
ANRM = ZERO
DO JA=1, N, NB

JB = MN( NB, NJA+l )

A = JA

CALL DESCI NI TT(’ Lower’, 1A, JA DESCA, | AP, JAP, LOFFSET, DESCAP)
!

I Handl e di agonal bl ock

!

ANRM2 = PDLANSY(' M ,’ Lower’, JB, A(LOFFSET), | AP, JAP, DESCAP, WORK)
ANRM = MAX( ANRM ANRM2 )

I

I Handl e of f-di agonal rectangul ar bl ock

I Use Lower triangular part

I

IA=1A+JB

IF (1A .LE. N THEN
ANRMZ2 = PDLANGE(' M, N-| A+1, JB, A(LOFFSET), | AP+JB, JAP, DESCAP, WORK)
ANRM = MAX( ANRM ANRM2 )

ENDI F

ENDDO

Figure2: Examplecodeto illustratethereuseof ScaLARACK component$or matricesstoredin packed
storage.



4. Numerical experiments

We have developedthe following prototypecodes: PxPPTRF/ PxPPTRS for Cholesky factorization
and solution, simple driver PxSPEV (PxHPEV) routinesfor finding eigervaluesand eigervectorsof
symmetric(Hermitian)matricesstoredin packedform, expertdriversfor symmetric(Hermitian)matri-
cesPx SPEVX/ PxHPEVX andgeneralizectigervalueproblemsPx SPGVX/ Px HPGVX.

We have comparedhe performancenf the new routinesin paclked storagewith ScaL AFACK rou-
tinesin full storage.Thegoalis to demonstrat¢hatthe new versionwith pacledstoragehaslittle or no
overheacdtostovertheexistingroutinesfor full storage Thenew routineshave higheroverheadn index
calculationsandhave algorithmgranularitylimited by the width of the block columnpanel. However,
the pacledstoragemayhave betterdatalocality andcachereuse.

Thetestswereperformedon the XPS/35Intel Paragonat the Centerfor ComputationaBciencest
the Oak RidgeNationalLaboratory The XPS/35has512 GP nodesarrangedn a 16 x 32 rectangular
mesh.EachGP nodehas32MBytesof memory Therunswereperformedn atime-sharednulti-user
(non-dedicatedgrvironmentusinga P, x P, logical procesgyrid. Matrix block mb = nb = 50 was
usedfor all tests. Resultsfor uppercase(UPLO=" U ) andlower case(UPLO=" L’ ) arevery similar
soresultsfor only the lower caseare presentedThe latestversionof PBLAS (version2.0 alpha)was
compiledwith -O3 -Mvect-Knoieee* andlinkedwith ‘-lkmath’, the highly optimizedCLASSRACK
serial BLAS library. The new versionof PBLAS incorporatesautomaticalgorithmic blocking with
block sizesetto 50'. The PBLAS version2.0alphareleasas still undegoingperformanceuning.

Table1 summarizeshetimesfor the Choleslky factorizationPDPOTRF for full storageandPDPP-
TRF for pacled storage.Therelative increasen runtimewith packed storageover full storageis also
displayedn thetable.RoutinesPDPPTRS andPDPOTRS areusedto solve thefactoredsystemwith 50
and1000(NRHS) right-handvectors.For thecasesonsideredthetimesfor factorizationby PDPPTRF
with pacled storageis comparabldat mosttwo secondglifference)to timestaken by PDPOTRF with
full storage.Solutiontimesfor a narrow right-handmatrix (NRHS=50) shov PDPPTRS for pacled s-
torageto be slower than PDPOTRSfor full storagefor large problems(N > 2000). The differenceis
about3 secondsSolutiontimesfor awide right-handmatrix (NRHS=1000)shov PDPPTRS for pacled
storageo becompetitive with PDPPTRS. RoutinePDPPTRS is slightly fasterthanPDPOTRS for cases
N = 1000 and N = 4000, whereador N = 2000, PDPPTRS is slower by 36%.

Table2 summarizeshe executiontimesfor the symmetriceigensolersPDSYEV with full storage
and PDSPEV with pacled storage. The computationswvere performedwith JOBZ=" N to find all
eigervaluesor with JOBZ=" V' to find all eigervectorsandeigervalues.RoutinePDSPEV for pacled

storageincursat mosta 11% increaseover PDSYEV for full storagein finding eigervaluesonly. On

*Option-Knoieeeturnsoff softwareemulationof IEEE arithmeticin divisionsor operationn de-normalizechumbersgo use
thefaster(but slightly lessaccuratehardwareunits.
fvaluereturnby routinePl LAENV in PBLAS.
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closerexaminationand profiling, we find part of the extra time is incurredin a routineto performa
matrix vectormultiply operationwherethe matrix is storedin pacled storage.Performancef DSYMW
and DGEMV for the pacled versionmay be limited by the width of the block columnpanelandby the
block columnby block columnnatureof the algorithm. Whenboth eigervectorsand eigervaluesare
required PDSPEV comparegavourablywith PDSYEV for full storage.

Table3 summarizeshe executiontimesfor the expertdriversfor the symmetriceigensolers. Al-
thoughtheexpertdriveris capableof finding specificclustersof eigervaluesall eigervalue RANGE=" ALL’ )
arerequestedTheroutine PDSPEVX performsreorthogonalizatiomf eigervectorswhenthereis suf-
ficient temporaryworkspace. This reorthogonalizatioraccountsfor the higherrun times for finding
all eigervectorsover the simpledriver PDSYEV. Performanceanalysisof PDSYEVX is describedn [2,
Chapters] and[4]. Whenonly eigervaluesarerequestedJOBZ=" N ), PDSPEVX for pacled storage
is slowerthanPDSYEVX for full storageby 5 to 9 secondsFor longerrunningcomputatiorwhenboth
eigervectorsandeigervaluesarerequestedJ OBZ=" V' ), PDSPEVX for packedstoragés evenslightly
fastethanPDSYEVX for full storage.

Table4 summarizeghe timesfor the generalizedsymmetriceigensohers PDSPGVX with pacled
storageand PDSYGVX with full storagefor finding all eigervalueswith RANGE=" Al | ' . Theinput
parametet BTYPE describeshetype of problemto besolved:

1 solve Ax = \Bz,
I BTYPE=<2 solve ABz = \z, 1)

3 solveBAz = \z.

The problemis reducedto canonicalform by first performinga Cholesly factorizationon B (B =
LLT or UHU) andthenoverwriting A with

1 A— UHAU Y or LTALH,
| BTYPE = )
20r3 A«——UAUH or LHAL.

For thecased BTYPE=2 andl BTYPE=3, the pacledversionincursa significantextra overheadccom-
paredto the versionfor full storage.The in-placecornversionof matrix A to canonicalform (2) may
requireaccesdo block rows in matrix A or B. Sincethe pacled storageis storedin a columnpanel

orientedmanneytraversalacrossblock rows will belessefficientthantraversaldowncolumns.

5. Summary

The overall resultssuggesthatfor a reasonablyfarge block size (nb = 50), the pacled storagencurs

only a small time overheadover the full storageroutines. The differencemay be aslarge as20 sec-



NRHS=50 NRHS=1000
P. x P, N PDPOTRF | PDPPTRF | change|| PDPOTRS | PDPPTRS | change|| PDPOTRS | PDPPTRS | change
8§x8 1000 2.3s 0.9s -63% 1.6s 1.5s -1% 4.1s 3.8s -8%
8x8 2000 2.5s 2.9s 14% 1.3s 2.2s 73% 6.9s 8.5s 24%
8x8 4000 14.7s 13.9s -5% 3.9s 7.6s 93% 62.6s 27.8s| -56%
10 x 10 | 1000 2.3s 0.8s| -63% 1.9s 1.6s| -20% 4.2s 3.2s| -25%
10 x 10 | 2000 2.0s 2.5s 21% 1.3s 2.1s 68% 4.8s 6.5s 36%
10 x 10 | 4000 11.3s 10.8s -4% 4.1s 6.8s 67% 58.1s 20.2s| -65%
Tablel: Performancégin secondspf Choleslky factorizationsandsolves.

P x P, N JOBZ || PDSYEV | PDSPEV | Change
8§ %8 1000 N 25.3s 27.6s 9%
8§ x 8 2000 N 81.4s 90.5s 11%
8§ %8 4000 N 317.0s 341.1s 8%

10 x 10 | 1000 N 25.4s 27.7s 9%

10 x 10 | 2000 N 79.0s 87.8s 11%

10 x 10 | 4000 N 304.2s 321.6s 6%
8§ x 8 1000 \% 64.6s 62.8s -3%
8§ %8 2000 \% 239.6s 226.8s -5%
8§x8 4000 \% 1336.1s| 1342.3s 0%

10 x 10 | 1000 \% 65.3s 62.3s -5%

10 x 10 | 2000 \% 217.4s 221.7s 2%

10 x 10 | 4000 \% 866.4s 843.2s -3%

Table2: Performancéin secondspf simpledriversfor symmetriceigensolers.

P x P, N JOBZ || PDSYEVX | PDSPEVX | Change
8§ x 8 500 N 6.3s 6.2s -2%
8§ %8 1000 N 13.1s 16.0s 22%
8§ x 8 2000 N 36.9s 45.4s 23%

10 x 10 500 N 6.6s 6.3s -4%

10 x 10 | 1000 N 11.1s 14.5s 31%

10 x 10 | 2000 N 34.8s 40.2s 16%
8§ %8 500 \% 74.7s 65.9s -12%
8§ x 8 1000 \% 555.1s 537.9s -3%

10 x 10 500 \% 73.5s 66.0s -10%

10 x 10 | 1000 \% 554.4s 537.3s -3%

Table3: Performancéin secondspf expertdriversfor symmetriceigensolers.




P. x P, N | BTYPE | JOBZ || PDSYGVX | PDSPGVX | Change
8x8 500 1 N 9s 8s -11%
8 x 8 | 1000 1 N 15s 21s 34%
8 x 8 | 2000 1 N 54s 70s 30%
8x8 500 2 N 6s 7s 15%
8 x 8 | 1000 2 N 15s 21s 38%
8x 8 | 2000 2 N 48s 75s 55%
8x8 500 3 N 5s 7s 31%
8x 8 | 1000 3 N 15s 21s 39%
8 x 8 | 2000 3 N 48s 75s 55%

10 x 10 | 500 1 N 10s 8s -16%

10 x 10 | 1000 1 N 14s 20s 39%

10 x 10 | 2000 1 N 47s 62s 32%

10 x 10 | 500 2 N 6s 7s 14%

10 x 10 | 1000 2 N 13s 19s 41%

10 x 10 | 2000 2 N 40s 65s 62%

10 x 10 | 500 3 N 5s 7s 36%

10 x 10 | 1000 3 N 13s 19s 44%

10 x 10 | 2000 3 N 40s 65s 61%
8x8 500 1 \ 12s 10s| -19%
8x 8 | 1000 1 \ 21s 25s 18%
8 x 8 | 2000 1 \' 76s 89s 16%
8% 8 500 2 \ 7s 8s 25%
8 x 8 | 1000 2 \ 19s 25s 33%
8x 8 | 2000 2 \ 66s 94s 42%
8x8 500 3 \ 6s 8s 29%
8x 8 | 1000 3 \ 18s 25s 34%
8x 8 | 2000 3 \ 65s 93s 44%

10 x 10 | 500 1 \ 13s 10s| -25%

10 x 10 | 1000 1 \ 18s 23s 27%

10 x 10 | 2000 1 \' 64s 76s 19%

10 x 10 | 500 2 \ 6s 8s 28%

10 x 10 | 1000 2 \ 16s 22s 38%

10 x 10 | 2000 2 \ 53s 79s 49%

10 x 10 | 500 3 \ 6s 8s 34%

10 x 10 | 1000 3 \ 16s 22s 39%

10 x 10 | 2000 3 \ 52s 78s 51%

Table4: Performancégin secondspf expertdriversfor generalizeatigensolers.
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ondsfor shortrunsthat completein abouta minuteandapproximatelyextra 10% overheador larger
problems.In somecasesthe pacled storagemay evenyield slightly betterperformancedueto better
datalocality andcachereuse.Thegeneralizeaigensolerwith | BTYPE=2 or | BTYPE=3 mayrequire
traversalacrosslock rowsandthisleadsto higheroverheadabout30%—50%)for packedstorageover
full storage.

Thedesignof thepacledstoragedatalayoutto beadenseScaL AFACK matrixin eachblock column
panelalsofacilitatesthereuseof PBLAS andScalLARACK library component$or goodperformance.
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