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PACKED STORAGE EXTENSION FOR SCALAPACK

EdF. D’Azevedo

JackJ.Dongarra

Abstract

We describea new extensionto ScaLAPACK [2] for computingwith symmetric(Hermitian)

matricesstoredin apackedform. Thenew codeis built upontheScaLAPACK routinesfor full dense

storagefor ahighdegreeof softwarereuse.TheoriginalScaLAPACK storesasymmetricmatrixasa

full matrix but accessesonly thelower or uppertriangularpart.Thenew codeenablesmoreefficient

useof memoryby storingonly thelower or uppertriangularpartof a symmetric(Hermitian)matrix.

The packed storageschemedistributesthe matrix by block columnpanels.Within eachpanel,the

matrix is storedasaregularScaLAPACK matrix. Thisstoragearrangementsimplifiesthesubroutine

interfaceandcodereuse.RoutinesPxPPTRF/PxPPTRS implementtheCholesky factorizationand

solutionfor symmetric(Hermitian)linearsystemsin packedstorage.RoutinesPxSPEV/PxSPEVX

(PxHPEV/PxHPEVX) implementthe computationof eigenvaluesandeigenvectorsfor symmetric

(Hermitian) matricesin packed storage. RoutinesPxSPGVX (PxHPGVX) implementthe expert

driver for thegeneralizedeigenvalueproblemfor symmetric(Hermitian)matricesin packedstorage.

Performanceresultson theIntel Paragonsuggestthatthepackedstorageschemeincursonly a small

timeoverheadover thefull storagescheme.
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1. Introduction

This paperdescribesa new extensionto ScaLAPACK [2] for computingwith symmetric(Hermitian)

matricesstoredin a packed form. ScaLAPACK is an acronym for ScalableLinear Algebra PACK-

age,or ScalableLAPACK. ScaLAPACK is a library of high-performancelinear algebraroutinesfor

distributed-memorymessage-passingMIMD (Multiple InstructionMultiple Data)computersandnet-

worksof workstations.Capabilityof ScaLAPACK is describedin theScaLAPACK Users’Guide[2].

Thenew codeis built upontheScaLAPACK routinesfor full densestoragefor maximumportabili-

ty. Theoriginal ScaLAPACK storesa symmetricmatrix asa full matrix but accessesonly thelower or

uppertriangularpart. This designallows the reuseof Level 3 PBLAS (ParallelBasicLinear Algebra

Subroutines)[3] without modification.However, almosthalf of thestorageis holdingredundantinfor-

mation.Thenew codeenablesmoreefficientuseof memoryby storingthesubmatrixblocksassociated

with only theloweror uppertriangularpartof asymmetric(Hermitian)matrix.

Althoughcurrentcomputershaveunprecedentedstorageandcomputationspeed,they arealsocalled

uponto tackleever largerproblems.Let
�����

bethelargestsymmetric(Hermitian)problemthatcan

bestoredin memory, thena largerapproximately
� � ��� � � �

symmetricmatrix canbestoredin the

samememoryusing the packed storagescheme.Linear solutionof symmetric(Hermitian)matrices

by Cholesky factorizationandcomputingeigenvaluesandeigenvectorsby theQR algorithmbothhave�	� ��

�
complexities. With an

�	� ��
��
complexity, the runtimefor solving the larger problemwill be

approximately
� � 
�� ��� �

timeslonger.

A symmetriceigensolverfor packedstoragemaybeadaptedfor usewith out-of-corealgorithmsfor

solving largeeigenvalueproblems.The initial stagein the classicalalgorithmfor finding eigenvalues

andeigenvectorsis to first reducetheoriginal symmetricmatrix into a tridiagonalmatrix by orthogo-

nal similarity Householdertransformations.The original matrix is overwrittenby theseHouseholder

transformations.Oneof thekey stepsis thefrequentneedfor computinga matrix-vectormultiply. An

out-of-corealgorithmthatstoresthesymmetricmatrixondiskwouldbehighly inefficientsincethema-

trix mustbereadin from disk for eachmatrix-vectormultiply operation.A solutionsuggestedby Ken

Stanley is to hold in memorythesymmetricmatrix in packedstorageandstoretheeigenvectorsondisk.

This approachwould require
�	� ����� � �

memoryfor thesymmetricmatrix in packedstorageinsteadof�	� � �����
memoryfor holding the symmetricmatrix andeigenvectorsin full storage,andwould allow

largerproblemsto besolvedusingthesamelimited amountof memory.

We havedevelopedprototypecodesPxPPTRF/PxPPTRS for Cholesky factorizationandsolution,

andsimpledriver routinesPxSPEV (PxHPEV) for finding eigenvaluesandoptionallyeigenvectorsof

symmetric(Hermitian)matricesin packedstorage.Expertdriversfor symmetric(Hermitian)matrices

PxSPEVX (PxHPEVX) andgeneralizedeigenvalueproblemsPxSPGVX (PxHPGVX) arealsoavailable

asprototypecode.Thenamesfor thenew routinesfollow theconventionusedin LAPACK [1] of using

a ‘P’ to representpacked storage.Thus ‘SY’ (‘HE’) representsa symmetric(Hermitian)matrix and
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‘SP’ (‘HP’) representsa symmetric(Hermitian)matrix in packed storage;similarly, ‘PO’ denotesa

symmetricpositive definitematrix and‘PP’ denotesthe symmetricpositive definitematrix in packed

storage.

Section2 describesthelayoutof thepackedstoragescheme.Section3 showsby a simpleexample

how otherScaLAPACK routinescanbemodifiedfor usewith packedmatrices.Section4 summarizes

the performanceof PDPPTRF/PDPPTRS, PDSPEV, PDSPEVX andPDSPGVX on the Intel Paragon.

Finally, Section5 containsthesummary.

2. Data layout for packed storage

ScaLAPACK principally usesa two-dimensionalblock-cyclic datadistribution (seeFigure1) for full

densein-corematrices[2, Chapter4]. This distribution hasthedesirablepropertiesof goodloadbal-

ancingwherethe computationis spreadreasonablyevenly amongthe processes,and can make use

of highly efficient level 3 BLAS (BasicLinearAlgebraSubroutines)at theprocesslevel. Eachcolored

rectanglerepresentsanmb
�

nbsubmatrix.Matrix entry
������� �

is mappedto matrixblock
����������� �! �#"%$

& �'�)(*" �+�
mb, �-"�$ & �'�.(*" �+� nb, � andis assignedto process

��/0�21 �! �4365�78�����9(:";�=<?> � �#365
7@�����9(:";�2<%A �#�
ona

<%> � <?A
processgrid. Thusthefirst entry

�B";�C" �
is mappedto process

�EDF�#D �
andentry

�#"
$
mb
�-"
$

nb
�

is mappedto process
�#"9�-" �

.

The packed storageschemeresemblesthe ScaLAPACK two-dimensionalblock-cyclic datadistri-

bution but physicallystoresonly the lower (or upper)blocks. For example,on a
� �HG

processgrid

asshown in Figure1, if only the lower blocksarestored,thenprocess
�EDF�#D �

holdsblocks IKJLJ , I 
 J ,
INM J , INO J , IPMBQ , IPOBQ , IPOBO . Process

�EDF� � �
holdsblocks I 
L
 , IPM 
 , IPO 
 and IPOBR . Similarly process

�B";�-" �
holdsblocks I �B� , INQ � , INR � , IPS � and INRLM , IPSBM plus IPSBS . Wenotethateachblock in thepackedstorage

schemeis assignedto thesameprocessasin the fully two-dimensionalblock-cyclic datadistribution.

Moreover, eachblock columnor panelin thepackedstorageschememaybeconsidereda full ScaLA-

PACK matrix distributedacrossonly oneprocesscolumn. This treatmentof a block columnpanelas

a particularScaLAPACK submatrixis a key characteristicto the reuseof ScaLAPACK andPBLAS

library components.

If we considerthe‘local’ view in process
�EDF�#D �

, thefirst block columnpanelconsistsof IKJLJ , I 
 J ,
I M J and I O J . Thispanelis storedin memoryasa TNU mb

�
nbFortrancolumn-majormatrix. Thesecond

block columnpanelconsistsof blocks INMLQ and INOLQ . It is storedin local memoryasa
� U mb

�
nb

Fortrancolumn-majormatrix. Thefirst entryof thesecondpanelfollowsthelastentryof thefirst panel

in memory, i.e. the first entry in block IPMBQ follows the last entry in block IPO J . Note that the entire

diagonalblock I JLJ is stored,eventhoughonly thelower triangularpartis accessed.This incursasmall

pricein extra storagebut greatlysimplifiesreuseof ScaLAPACK components.
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Figure1: Two-dimensionalblock-cyclic distribution.
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3. Examples in the use of packed storage matrix

Herewe illustrate by examplesthe reuseof ScaLAPACK library componentsfor matricesstoredin

packed form. The key ideais the treatmentof eachblock columnor panelasa regularScaLAPACK

matrixdistributedacrossaprocesscolumn.TheroutineDESCINITT is providedto simplify themanip-

ulationof indicesby initializing anew matrixdescriptorfor ablockcolumnpanel.Theroutineinterface

canbedescribedusingFortran90syntaxas

SUBROUTINE DESCINITT(UPLO, IA, JA, DESCA, IAP, JAP, LOFFSET, DESCAP)

CHARACTER,INTENT(IN) :: UPLO

INTEGER, INTENT(IN) :: IA, JA, DESCA(:)

INTEGER, INTENT(OUT) :: IAP, JAP, LOFFSET, DESCAP(:)

END SUBROUTINE DESCINITT

For example,accessto the global entryA(IA, JA) in full storageis obtainedby the ScaLAPACK

routine

CALL PDELGET( SCOPE, TOP, ALPHA, A, IA, JA, DESCA)

Thecorrespondingcodeto accessthelower triangularentryin packedstoragewouldbe

CALL DESCINITT( ’Lower’, IA, JA, DESCA, IAP, JAP, LOFFSET, DESCAP)

CALL PDELGET( SCOPE, TOP, ALPHA, A(LOFFSET), IAP, JAP, DESCAP)

The routineDESCINITT generatesa new matrix descriptorDESCAP that correspondsto the block

columnpanelwith new indices(IAP, JAP) relative to thenew descriptor. It will alsoproducethe

correctvaluefor LOFFSET to adjustfor thebeginningof thecolumnpanel.

Anothermorecomplicatedexample(seeFigure2) iscomputingthelargestabsolutevalue
�E36�����#� I ���?�=� � � �#�

in a packedmatrix. This is similar to computingwith theNORM=‘M’ option in PDLANSY for thefull

storage,

ANRM = PDLANSY( ’M’, UPLO, N, A, 1, 1, DESCA, WORK)

Thenew codereusesScaLAPACK PDLANSY andPDLANGE for computingthemaximumentryin each

blockcolumnpanel.

Thecodetraverseseachblock column(line 4) andcallsDESCINITT to establishthe appropriate

matrix descriptor. It calls PDLANSY (line 11) to find the largestvalue in the diagonalblock. Rou-

tine PDLANGE (line 19) computesthe largestvaluein the remainingoff-diagonalrectangularblock.

Although essentiallythe samecomputationis performed,the packed versionhashigheroverheadin

makingseveralseparatecalls to PDLANSY andPDLANGE. Moreover, thegranularityof thealgorithm

is limited by thewidth of thecolumnpanel(NB=DESCA(NB )).
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1 N = DESCA(N_) ! Number of columns in matrix A
2 NB = DESCA(NB_) ! Width of each block column
3 ANRM = ZERO
4 DO JA=1,N,NB
5 JB = MIN( NB, N-JA+1 )
6 IA = JA
7 CALL DESCINITT(’Lower’,IA,JA,DESCA,IAP,JAP,LOFFSET,DESCAP)
8 !
9 ! Handle diagonal block

10 !
11 ANRM2 = PDLANSY(’M’,’Lower’,JB,A(LOFFSET),IAP,JAP,DESCAP,WORK)
12 ANRM = MAX( ANRM, ANRM2 )
13 !
14 ! Handle off-diagonal rectangular block
15 ! Use Lower triangular part
16 !
17 IA = IA + JB
18 IF (IA .LE. N) THEN
19 ANRM2 = PDLANGE(’M’,N-IA+1,JB,A(LOFFSET),IAP+JB,JAP,DESCAP,WORK)
20 ANRM = MAX( ANRM, ANRM2 )
21 ENDIF
22 ENDDO

Figure2: Examplecodeto illustratethereuseof ScaLAPACK componentsfor matricesstoredin packed
storage.
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4. Numerical experiments

We have developedthe following prototypecodes:PxPPTRF/PxPPTRS for Cholesky factorization

andsolution,simpledriver PxSPEV (PxHPEV) routinesfor finding eigenvaluesandeigenvectorsof

symmetric(Hermitian)matricesstoredin packedform, expertdriversfor symmetric(Hermitian)matri-

cesPxSPEVX/PxHPEVX andgeneralizedeigenvalueproblemsPxSPGVX/PxHPGVX.

We have comparedtheperformanceof thenew routinesin packedstoragewith ScaLAPACK rou-

tinesin full storage.Thegoalis to demonstratethatthenew versionwith packedstoragehaslittle or no

overheadcostovertheexistingroutinesfor full storage.Thenew routineshavehigheroverheadin index

calculationsandhave algorithmgranularitylimited by thewidth of theblock columnpanel.However,

thepackedstoragemayhavebetterdatalocality andcachereuse.

Thetestswereperformedon theXPS/35Intel Paragonat theCenterfor ComputationalSciencesat

theOakRidgeNationalLaboratory. TheXPS/35has512GPnodesarrangedin a
"�� ��G �

rectangular

mesh.EachGPnodehas32MBytesof memory. Therunswereperformedin a time-sharedmulti-user

(non-dedicated)environmentusinga
<%> � <?A

logical processgrid. Matrix block mb
 

nb
 �� D

was

usedfor all tests. Resultsfor uppercase(UPLO=’U’) andlower case(UPLO=’L’) arevery similar

soresultsfor only the lower casearepresented.The latestversionof PBLAS (version2.0 alpha)was

compiledwith ‘-O3 -Mvect-Knoieee’� andlinkedwith ‘-lkmath’, thehighly optimizedCLASSPACK

serial BLAS library. The new versionof PBLAS incorporatesautomaticalgorithmic blocking with

blocksizesetto 50� . ThePBLASversion2.0alphareleaseis still undergoingperformancetuning.

Table1 summarizesthetimesfor theCholesky factorizationPDPOTRF for full storageandPDPP-

TRF for packedstorage.Therelative increasein runtimewith packedstorageover full storageis also

displayedin thetable.RoutinesPDPPTRS andPDPOTRS areusedto solvethefactoredsystemwith 50

and1000(NRHS) right-handvectors.For thecasesconsidered,thetimesfor factorizationbyPDPPTRF

with packedstorageis comparable(at mosttwo secondsdifference)to timestakenby PDPOTRF with

full storage.Solutiontimesfor a narrow right-handmatrix (NRHS=50) show PDPPTRS for packeds-

torageto be slower thanPDPOTRSfor full storagefor largeproblems(
� � � D�D�D

). The differenceis

about3 seconds.Solutiontimesfor awideright-handmatrix (NRHS=1000)show PDPPTRS for packed

storageto becompetitivewith PDPPTRS. RoutinePDPPTRS is slightly fasterthanPDPOTRS for cases�¡ "�D�D�D
and

�¡ T D{D�D , whereasfor
�¢ � D{D�D

, PDPPTRS is slowerby 36%.

Table2 summarizestheexecutiontimesfor thesymmetriceigensolversPDSYEV with full storage

andPDSPEV with packed storage. The computationswere performedwith JOBZ=’N’ to find all

eigenvaluesor with JOBZ=’V’ to find all eigenvectorsandeigenvalues.RoutinePDSPEV for packed

storageincursat mosta 11% increaseover PDSYEV for full storagein finding eigenvaluesonly. On

£
Option-Knoieeeturnsoff softwareemulationof IEEEarithmeticin divisionsor operationsonde-normalizednumbersto use

thefaster(but slightly lessaccurate)hardwareunits.¤
valuereturnby routinePILAENV in PBLAS.
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closerexaminationandprofiling, we find part of the extra time is incurredin a routine to performa

matrix vectormultiply operationwherethematrix is storedin packedstorage.Performanceof DSYMV

andDGEMV for thepackedversionmaybelimited by thewidth of theblock columnpanelandby the

block columnby block columnnatureof the algorithm. Whenbotheigenvectorsandeigenvaluesare

required,PDSPEV comparesfavourablywith PDSYEV for full storage.

Table3 summarizestheexecutiontimesfor theexpertdriversfor thesymmetriceigensolvers. Al-

thoughtheexpertdriveriscapableof findingspecificclustersof eigenvalues,all eigenvalues(RANGE=’ALL’)

arerequested.TheroutinePDSPEVX performsreorthogonalizationof eigenvectorswhenthereis suf-

ficient temporaryworkspace.This reorthogonalizationaccountsfor the higher run times for finding

all eigenvectorsover thesimpledriverPDSYEV. Performanceanalysisof PDSYEVX is describedin [2,

Chapter5] and[4]. Whenonly eigenvaluesarerequested(JOBZ=’N’), PDSPEVX for packedstorage

is slower thanPDSYEVX for full storageby 5 to 9 seconds.For longerrunningcomputationwhenboth

eigenvectorsandeigenvaluesarerequested(JOBZ=’V’),PDSPEVX for packedstorageis evenslightly

fasterthanPDSYEVX for full storage.

Table4 summarizesthe timesfor the generalizedsymmetriceigensolversPDSPGVX with packed

storageandPDSYGVX with full storagefor finding all eigenvalueswith RANGE=’All’. The input

parameterIBTYPE describesthetypeof problemto besolved:

IBTYPE
 

"
solve I�¥  §¦0¨ ¥ ,�
solve I ¨ ¥  ©¦ ¥ ,

G
solve

¨ I!¥  ©¦ ¥ .

(1)

The problemis reducedto canonicalform by first performinga Cholesky factorizationon
¨

(
¨l 

ªNª)«
or ¬ « ¬ ) andthenoverwriting I with

IBTYPE
 1 I�­ ( ¬ -« I®¬ - J or

ª - J I ª -« ,

2 or 3 I�­ ( ¬�I®¬ « or
ª)« I ª .

(2)

For thecasesIBTYPE=2 andIBTYPE=3, thepackedversionincursa significantextra overheadcom-

paredto the versionfor full storage.The in-placeconversionof matrix I to canonicalform (2) may

requireaccessto block rows in matrix I or
¨

. Sincethe packed storageis storedin a columnpanel

orientedmanner, traversalacrossblock rowswill belessefficient thantraversaldowncolumns.

5. Summary

Theoverall resultssuggestthat for a reasonablylargeblock size
�
nb
 §� D �

, thepackedstorageincurs

only a small time overheadover the full storageroutines. The differencemay be aslarge as20 sec-
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NRHS=50 NRHS=1000¯)°²±³¯!´
N PDPOTRF PDPPTRF change PDPOTRS PDPPTRS change PDPOTRS PDPPTRS changeµ ± µ

1000 2.3s 0.9s -63% 1.6s 1.5s -1% 4.1s 3.8s -8%µ ± µ
2000 2.5s 2.9s 14% 1.3s 2.2s 73% 6.9s 8.5s 24%µ ± µ
4000 14.7s 13.9s -5% 3.9s 7.6s 93% 62.6s 27.8s -56%¶#· ± ¶#·
1000 2.3s 0.8s -63% 1.9s 1.6s -20% 4.2s 3.2s -25%¶#· ± ¶#·
2000 2.0s 2.5s 21% 1.3s 2.1s 68% 4.8s 6.5s 36%¶#· ± ¶#·
4000 11.3s 10.8s -4% 4.1s 6.8s 67% 58.1s 20.2s -65%

Table1: Performance(in seconds)of Cholesky factorizationsandsolves.

¯ ° ±K¯ ´
N JOBZ PDSYEV PDSPEV Changeµ ± µ

1000 N 25.3s 27.6s 9%µ ± µ
2000 N 81.4s 90.5s 11%µ ± µ
4000 N 317.0s 341.1s 8%¶#· ± ¶#·
1000 N 25.4s 27.7s 9%¶#· ± ¶#·
2000 N 79.0s 87.8s 11%¶#· ± ¶#·
4000 N 304.2s 321.6s 6%µ ± µ
1000 V 64.6s 62.8s -3%µ ± µ
2000 V 239.6s 226.8s -5%µ ± µ
4000 V 1336.1s 1342.3s 0%¶#· ± ¶#·
1000 V 65.3s 62.3s -5%¶#· ± ¶#·
2000 V 217.4s 221.7s 2%¶#· ± ¶#·
4000 V 866.4s 843.2s -3%

Table2: Performance(in seconds)of simpledriversfor symmetriceigensolvers.

¯)°²±.¯!´
N JOBZ PDSYEVX PDSPEVX Changeµ ± µ

500 N 6.3s 6.2s -2%µ ± µ
1000 N 13.1s 16.0s 22%µ ± µ
2000 N 36.9s 45.4s 23%¶#· ± ¶+·
500 N 6.6s 6.3s -4%¶#· ± ¶+·
1000 N 11.1s 14.5s 31%¶#· ± ¶+·
2000 N 34.8s 40.2s 16%µ ± µ
500 V 74.7s 65.9s -12%µ ± µ
1000 V 555.1s 537.9s -3%¶#· ± ¶+·
500 V 73.5s 66.0s -10%¶#· ± ¶+·
1000 V 554.4s 537.3s -3%

Table3: Performance(in seconds)of expertdriversfor symmetriceigensolvers.
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¯ ° ±.¯ ´
N IBTYPE JOBZ PDSYGVX PDSPGVX Changeµ ± µ

500 1 N 9s 8s -11%µ ± µ
1000 1 N 15s 21s 34%µ ± µ
2000 1 N 54s 70s 30%µ ± µ
500 2 N 6s 7s 15%µ ± µ
1000 2 N 15s 21s 38%µ ± µ
2000 2 N 48s 75s 55%µ ± µ
500 3 N 5s 7s 31%µ ± µ
1000 3 N 15s 21s 39%µ ± µ
2000 3 N 48s 75s 55%¶#· ± ¶+·
500 1 N 10s 8s -16%¶#· ± ¶+·
1000 1 N 14s 20s 39%¶#· ± ¶+·
2000 1 N 47s 62s 32%¶#· ± ¶+·
500 2 N 6s 7s 14%¶#· ± ¶+·
1000 2 N 13s 19s 41%¶#· ± ¶+·
2000 2 N 40s 65s 62%¶#· ± ¶+·
500 3 N 5s 7s 36%¶#· ± ¶+·
1000 3 N 13s 19s 44%¶#· ± ¶+·
2000 3 N 40s 65s 61%µ ± µ
500 1 V 12s 10s -19%µ ± µ
1000 1 V 21s 25s 18%µ ± µ
2000 1 V 76s 89s 16%µ ± µ
500 2 V 7s 8s 25%µ ± µ
1000 2 V 19s 25s 33%µ ± µ
2000 2 V 66s 94s 42%µ ± µ
500 3 V 6s 8s 29%µ ± µ
1000 3 V 18s 25s 34%µ ± µ
2000 3 V 65s 93s 44%¶#· ± ¶+·
500 1 V 13s 10s -25%¶#· ± ¶+·
1000 1 V 18s 23s 27%¶#· ± ¶+·
2000 1 V 64s 76s 19%¶#· ± ¶+·
500 2 V 6s 8s 28%¶#· ± ¶+·
1000 2 V 16s 22s 38%¶#· ± ¶+·
2000 2 V 53s 79s 49%¶#· ± ¶+·
500 3 V 6s 8s 34%¶#· ± ¶+·
1000 3 V 16s 22s 39%¶#· ± ¶+·
2000 3 V 52s 78s 51%

Table4: Performance(in seconds)of expertdriversfor generalizedeigensolvers.
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ondsfor shortrunsthat completein abouta minuteandapproximatelyextra 10% overheadfor larger

problems.In somecases,thepackedstoragemayevenyield slightly betterperformancedueto better

datalocality andcachereuse.Thegeneralizedeigensolverwith IBTYPE=2 orIBTYPE=3 mayrequire

traversalacrossblockrowsandthisleadsto higheroverhead(about30%– 50%)for packedstorageover

full storage.

Thedesignof thepackedstoragedatalayoutto beadenseScaLAPACK matrixin eachblockcolumn

panelalsofacilitatesthereuseof PBLASandScaLAPACK library componentsfor goodperformance.
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