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ON OPTIMAL BILINEAR QUADRILATERAL MESHES

E. F. D'Azevedo

Abstract

The novelty of this work is in presenting interesting error properties of two types of
asymptotically “optimal” quadrilateral meshes for bilinear approximation. The first type
of mesh has an error equidistributing property where the maximum interpolation error
is asymptotically the same over all elements. The second type has faster than expect-
ed “super-convergence” property for certain saddle-shaped data functions. The “super-
convergent” mesh may be an order of magnitude more accurate than the error equidis-
tributing mesh. Both types of mesh are generated by a coordinate transformation of a
regular mesh of squares. The coordinate transformation is derived by interpreting the
Hessian matrix of a data function as a metric tensor. The insights in this work may have

application in mesh design near corner or point singularities.
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1. Introduction

This paper presents the theoretical effectiveness of two types of “optimal” bilinear quadri-
lateral meshes. The novelty of this work is in presenting interesting error properties of t-
wo types of asymptotically “optimal” quadrilateral meshes for bilinear approximation. The
first type of mesh has an error equidistributing property where the maximum interpolation
error is asymptotically the same over all elements. The second type has faster than expected
“super-convergence” property for certain nonconvex saddle-shaped data functions. The “super-
convergent” mesh may be an order of magnitude more accurate than the error equidistributing
mesh. Both types of meshes are generated by a coordinate transformation of a regular mesh of
squares. The coordinate transformation is derived by interpreting the Hessian matrix of a data
function as a metric tensor. This work is a basic study on optimal meshes with the intention
of gaining insight into the more complex meshing problem in surface approximation and finite
element analysis especially near corner or point singularities.

For simplicity, we consider the problem of interpolating a given smooth data function with
continuous piecewise bilinear quadrilaterals over a domain to satisfy a given error tolerance. A
mesh that achieves this error tolerance withfélweestelements is defined to be optimally effi-
cient. Intuitively, one would expect smaller and denser elements in regions where the function
has sharp peaks or large variations.

Provably optimal triangular meshes [2, 4] have been produced by anisotropic mesh trans-
formation. Anisotropic mesh transformation is emerging as an effective technique for unstruc-
tured grid generation where the vertex distribution is highly non-uniform. The central idea is
to control the element shapes and sizes by specifying a symmetric metric tensor that measures
the approximation error. The metric tensor determines the corresponding anisotropic trans-
formation. The anisotropic mesh is then the image of a uniform mesh of optimal shape ele-
ments under the anisotropic transformation. Simpson [9] gives a survey on anisotropic meshes.
Nadler [6], D'Azevedo and Simpson [3][4], and D’Azevedo [2] have stuttiedl anisotrop-
ic transformation for generating optimally efficient triangular meshes. Numerous works such
as Borouchaki [1], Peraire [7], and Shimada [8], have used the Hessian matrix as a metric
tensor for anisotropic mesh generation. In this paper we apply a similar analysis to bilinear
approximation on quadrilateral patches.

An outline of the paper follows. 1§2, we present a simple local quadratic model for

error analysis and introduce the coordinate transformation to the “isotropic” spad@wn
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show that a square over the isotropic space is the most efficient shape to minimize the ratio
of Error/Area. A regular mesh of squares over the isotropic space would correspond to an
optimally efficient mesh in the original space. Section 4 states a classical result in differential
geometry on the conditions for finding the anisotropic transforméion v), y(z, y)] for a
general data function. Results of numerical experiments are presefei idemonstrate the

error equidistributing property and the effectiveness of the super-convergent meshes.

2. Quadratic model

We shall consider a local analysis where we assume that the data fuftatian in the neigh-

borhood of(z., y.) is well approximated by its quadratic Taylor expansion,

flz,y) = [f(ae+de,ye +dy)
F(@ere) + ¥ ey, dy) + 3 [l dy)Hldo )t . ()

%

The function is convex iflet(H) > 0 and saddle-shapeddét(H) < 0. The key insight in [2]
is in interpreting the Hessian matix in (1) as a symmetric metric tensor. Let the symmetric

Hessian matrix be diagonalizable as

H = @ Q=S S, wheree = sign(det(H)), (2)
0 X 0 €

(Al 0 : :
S = e @, andq isorthogonal@'Q =1.
0 A2

Note that transformatiory is essentially a rotation to align eigenvectors along the coordi-
nate axes then followed by a simple scaling. Under this transformé&tighe expression

[dx, dy)H [dz, dy]' reduces tddz)? + e(di)?, where[z, §]t = S[z,y]'. Over the transformed
spacqz(z,y),y(z,y)), the Hessian matrix is reduced to a simple form (2), with no preference
for any direction. We shall call this transformed space the “isotropic” space. We shall use a
quadratic data function to derive a simple model for deriving the maximum interpolation error

over a bilinear quadrilateral patch.



3. Quadrilateral patch

The bilinear interpolant over a quadrilateral element is given by the isoparametric formulation
(commonly used in finite element analysis) over the normalizeg-space on the unit square,

0 < p,q < 1. Basis functions are

o1(p,q) =(1-p)(1—4q),  ¢2(p,q) =p(1—4q),

3)
¢3(p,q) =pg, and ¢a(p,q) = (1 —p)q,
which satisfyg; (x;,y;) = d;; and sum to oné, = 37=1 ¢;(p, q)-
Mapping from(p, ¢) to the original(z, y)-space is by
z(p,q) = z1é1(p,q) + 2202(p, q) + 2303(p, @) + 2494(p, q) (4)

y(p,q) = yid1(p,q) +y2d2(p, @) + y393(p, @) + yaa(p, q)

which maps vertex0, 0) to (x1,y1), vertex(1,0) to (z2,y2), (1,1) to (z3,y3) and(0,1) to
(z4,y4). The bilinear interpolant (ovép, ¢)-space) is given by

1=4

po(x(p, @),y q) = D f(wivi)ei(pq) - (5)

i=1

The error function for quadratic interpolation ovgraaallelogramcan be shown by direct

algebraic expansion (see the Appendix) to be

Eq(p,q) = po(z(p,q),y(p, ) — f(2(p,9),y(p, q))
Eq - % (11(p = pe)? + pala — .)?) 6)

with centroid afp., ¢.] = [3, 3], where

1
&g = EQ(peqc) = ] (1 + p2)
0 0
= —FE cy Ye =Fk cy Ye) 7
0 ap Q(Pes 4c) 94 Q(Pe 4c) @)
[ux’yuy] = [332 —T1,Y2 — yl] ) [’U:c,vy] = [334 —T1,Y4 — yl] s

B = [umauy]H[uwauy]t M2 = [Umvy]H[Uzavy]t .
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For a convex functiondet(H) > 0), p; and g are positive, hence the maximum error is
attained at the centroig,, q.|.

For the case of a general convex quadrilateral, the error expression is more complicated.
However, we can show that a square over the isotropic space is of optimal shape by minimizing
the efficiency ratio (Error/Area). Since the isoparametric bilinear interpolant (5) exactly fits

linear functions [5], the error attained at the centfaid y.) can be written as

i=4
Em = i <Z %[%‘,yz‘]H[iEi,yz‘]t> — 2we, ye) Hlwe, yelf (8)
| i
Y (; ([in,yi]H[a:i,yi]t - [mc,yC]H[g;C,yC]t)>
[Te,ye] = (w1 + 22+ 23+ 24) /4, (Y1 + 2+ Y3 +va) /4] 9)

This expression can be further simplified over the isotropic space khisréhe identity

1 =4 B ~ . .
En = 3 <Z (@ +d) - @2+ y§>)>
=1
= (@ +a3+a3+3h) 432+ @+ 3+ B+ i) - 42)

(L} + L3+ L3+ L), with L2 = (& — 30)% + (§; — 9.)%

| — 0| —

where[z;, 7] = S[z;, ;] and [z, 7.]' = S[z.,y.] are the corresponding coordinates over

the isotropic space. The area of this transformed convex quadrilateral is (see Figure 1)

Area = 1 L1y Sin(@l) + LoLsg sin(92) + LgLy Sin(eg) — L4l4 Sin(91 + 09 + 93)) .

5

Since the isotropic transformatichin (2) is a rotation followed by a rescaling of coordinate

axis, the area of quadrilateral over the isotropic space is scaledXy\.| = +/|detH)]|
(intrinsic toH). By calculus, we can show that this ratic&gf/Area is minimized andttained

by a square with,; = L, = Ls = Ly andf; = 03 = 03 = w/4. Hence the most efficient
shape among ajjeneralconvex bilinear quadrilaterals is a square over the isotropic space with
an efficiency ratio ot /4.

If f(x,y)is saddle-shapedlet(H) < 0), the error expression for a parallelogram is still

Folpa) = glm+na) = 5(mlo—pe +mala —a)?)



(T4,74)

FIG. 1. Convex quadrilateral over isotropic space.

Under the anisotropic transformatisi

_ 2 ~2 o~
lul_u:c_uy7 #2_,01*_,03/7

For a square over the isotropic space, we have

[urvuy] = [L70]> [U:mvy] = [O,L], H1 = L2>

Bolp.q) = —3 (P20 — 1” ~ 2la— ) = (4= 1" ~ (0~ 1.

The maximum error i€ /8 and is attained &p, q) = (3,1) or (3,0).

Note that boths; andpus vanish for

lG0,3,] = [L,L] and [0,,8,] =[-L,L]

2_ 32 and {“‘” ﬁw]:s[“”” U"”]. (10)

(11)

which correspond to a square rotatedrigy. The above indicates an “exact it (p, ¢) = 0)
if 1 = pe = 0. This suggests bilinear approximation has higher than expected accuracy and



-6-

that the simple quadratic model is inadequate to fully capture the error properties in this case.
To summarize, a square over the isotropic space in any orientation is of optimal shape for
the convexdet(H) > 0) case, and a square rotatedit is the optimal shape for the saddle-
shapeddet(H) < 0) case. A regular square mesh over the isotropic space would correspond
to an error equidistributing mesh, where each patch incurs the same maximum error. For a
saddle-shaped data functidat(H) < 0, a regular mesh of squares rotatet! would have

higher than expected accuracy.

4. Differential Geometry

The constantHessian Matrixd = {h;;} in (1) determines the coordinate transformatfon

that mapgz, g]* = S|z, y|* so that
[dz, dy|H|dzx, dy]' = dz® + edi® .

For more general functions, we may view the Hessian mai(ix, y) as a metric tensor for
measuring the interpolation eridr:, dy| H [dx, dy]*. Thus we need to determifi@x, y), 4(z, y)],
a continuoustransformation thaglobally satisfiesdz, dy| H [dx, dy]' = d&? + edj? for in-

finitestimals[dx, dy]. The transformatiofz(x, y), y(x, y)] should satisfy

~ ~ 2 . . 2
hi1dz? 4 2hiadedy + hoody? = (8—$d:1: + %dy) + € <@daz + @dy> ,
ox y Or oy

92 97\ 2 97\
hyy = @f(%@—(@) +€<%> ;

9? 0z 0y 0y OF
hia = 8x8yf(x’y)_%8—y+6%8_y’

ok 0\ 2 o7\
hay = 8—y2f(x’y)_(8_y> +€(8_y> :

(12)

The conditions for finding the anisotropic coordinate transformaiion y), y(z,y)| are
given by a classical result in differential geometry for characterizing a “flat” space [10]: that

the Riemann-Christoffel tensor formed from the metric terf$éas identically zero. In this
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case, a sufficient condition is féf = {h;;} to satisfy
Kihi1 + Kahig + Kzhga =0 (13)

for some constant&;, Ko, K3. In particular, (13) is satisfied by harmonic functighs; +
hes = 0). The coordinate transformatidf(z, y), y(z,y)] may be found by solving an ini-
tial value ordinary differential equation. The details for computing the anisotropic coordinate

transformatior|z(z, y), y(z,y)] are described in [2].

5. Numerical Experiments

In this section, we demonstrate the effectiveness of a super-convergent mesh for interpolation
over bilinear quadrilaterals on several harmonic functions. To clearly illustrate the error e-
quidistributing properties, only elements entirely interior to the unit square are generated to
simplify the presentation.

Examplel. A logarithmic singularity atz, yo) = (0.5, —0.2),
fla,y) =n((z —20)* + (y —40)*)/2, and det(H) = —((x — z0)* + (y — y0)*) >
Coordinate transformation is

#(x,y) = arctan(y — yo,x — x9) , and §(z,y) = n((x — z0)* + (y — %0)*)/2 -

Example2. A near singularity atrg, yo) = (0.5, —0.2),

(z — 330)2 —(y — 90)2
((x —20)* + (y — y0)*)?

fla,y) = ,and det(H) = =36((z — 20)” + (y — y0)*) " .

Coordinate transformation is

i(m,y)z%(l— T — T 2>7 and g(x7y):\/§ Y—Yo

(z — z0)* + (¥ — vo) (z —20)” + (y — y0)*

Example3. A more severe near singularity(ab, yo) = (0.5, —0.2),

(@ —m)* 4+ (y — y0)»)? — 8(z — 20)*(y — yo)*
flz,y) = (@ 207+ (7 — o) , and
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det(H) = —400((z —z0)® + (y — y0)?)

Coordinate transformation is

2

i(x,y) = (z —x0)(y — vo)
<<x—xo>2+<y—yo>2>2>’ and g(z,y) =2v5 .

((z —20)* + (y — 50)?)

Example4. Potential flow around a corner @ty, yo) = (0.5,0.5) wheren = 7/a =

16/31, @ = 27 — 7/16 is the angle of corner, arfd= arctan(y, x),

fly) = ((@—20)*+ (y—y0)*)"?cos(nd), and
det(H) = _9522650201 ((z — 20)% + (y — yo)?)~46/31 .

Coordinate transformation is

[#(x,y), Gz, y)] = @((x — 20)? + (y — y0)*)*3! [sin(80/31), cos(86/31)] .

The results of the experiments are summarized in Figures 2, 3, 4, and 5 and in Tables 1, 2,
3 and 4. Mesh | is generated by a regular mesh of squares over the isotropic space. Mesh lI
is generated by a regular mesh of squares but with tHeotation over the isotropic space to
capture the super-convergent behavior. Both Mesh | and Mesh Il have similar element size, ele-
ment shape and density and differ mainly inttié rotation. The error equidistributing meshes
(Mesh 1) are displayed in Figures 6, 8, 10 and 12. The super-convergent meshes (Mesh Il) are
displayed in Figures 7, 9, 11 and 13. The error profiles in Figures 2, 3, 4 and 5 clearly show
significant improvement in accuracy of Mesh Il over Mesh I. The almost level error profile for
Mesh | indicates an equidistribution of interpolation error evenly over all elements, as predicted
by our simple error model.

Note that Example 1 produces a simple radially symmetric mesh with a regular angular
partition. Even in this simple casesd4 rotation yields substantial improvement in approxi-
mation accuracy.

Results on Table 1 and Table 3 show the expecédf) convergence rate for Mesh |I.

A fourfold increase of elements leads to a fourfold decrease in error. Results for Mesh I
demonstrate a higher th&h?) convergence. A fourfold increase of elements leads to an

eightfold decrease in error. This suggests?) convergence behavior for Mesh II.



TABLE 1: Summary of results for Example 1.

Minimum | Median 90 Maximum | Number of
error error percentile error elements
Mesh | || 3.56e-04 | 3.56e-04| 3.56e-04 | 3.56e-04 918
Mesh | || 8.90e-05| 8.90e-05| 8.90e-05| 8.90e-05 3841
Mesh | || 2.22e-05| 2.22e-05| 2.22e-05| 2.22e-05 15674
Mesh Il || 3.44e-06 | 3.44e-06| 3.44e-06| 3.44e-06 923
Mesh Il || 4.30e-07 | 4.30e-07| 4.30e-07 | 4.30e-07 3847
Mesh Il || 5.37e-08| 5.37e-08| 5.37e-08| 5.37e-08 15695
TABLE 2: Summary of results for Example 2.
Minimum | Median 90 Maximum | Number of
error error percentile error elements
Mesh | || 1.30e-02| 1.30e-02| 1.30e-02| 1.30e-02 920
Mesh Il || 1.27e-04| 1.79e-04| 3.18e-04| 6.93e-04 921 ‘

In summary, we have derived a simple error model for bilinear approximation over a paral-
lelogram. We used this model to motivate the generation of super-convergent meshes using an
anisotropic coordinate transformation of a regular mesh of squares. The numerical experiments
clearly demonstrate the effectiveness of the super-convergent mesh for certain non-convex data
functions. The insight gained here might have application to mesh design near known point or

corner singularities.
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TABLE 3: Convergence test on Example 3.

Minimum | Median 90 Maximum | Number of
error error percentile error elements
Mesh| || 1.51e+00| 1.51e+00| 1.52e+00| 1.56e+00 255
Mesh | || 4.54e-01| 4.54e-01| 4.54e-01| 4.60e-01 916
Mesh| || 1.13e-01| 1.13e-01| 1.14e-01| 1.15e-01 3837
Mesh | || 2.84e-02 | 2.84e-02| 2.84e-02| 2.85e-02 15685
Mesh Il | 2.36e-02 | 4.06e-02| 9.66e-02| 5.09e-01 259
Mesh Il | 3.69e-03 | 6.69e-03| 1.63e-02| 9.64e-02 918
Mesh Il | 4.52e-04 | 8.29e-04| 2.04e-03| 1.44e-02 3834
Mesh Il | 5.53e-05| 1.03e-04| 2.54e-04| 1.92e-03 15682
TABLE 4: Summary of results for Example 4.
Minimum | Median 90 Maximum | Number of
error error | percentile error elements
Mesh | 4.21e-4 | 4.21e-4| 4.22e-4 4.26e-4 576
Mesh Il || 5.90e-6 | 9.90e-6| 1.90e-5 3.97e-5 575 ‘
Error Profile
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FiG. 2: Error profiles for Example 1.
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Error Profile
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FIG. 3: Error profiles for Example 2.
Error Profile
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FIG. 4: Error profiles for Example 3.
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FIG. 6: Mesh | for Example 1.

FiG. 7: Mesh Il for Example 1.
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FIG. 8: Mesh | for Example 2.

FiG. 9: Mesh Il for Example 2.
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FiG. 10: Mesh | for Example 3.

FIG. 11: Mesh Il for Example 3.
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Appendix

In this section, we show that the error function for quadratic interpolation over a parallelogram

is given by (6) using only simple algebraic expansion. Let the data function be

1

flay) = g[w,y]H[ﬂc,y]t+[91,gz][x,y]t+c (14)

and the affine isoparametric transformation be

x(p, x
(.q) = T P + ! , and (15)
y(p,q) q Y1
T o Uy Vg _ T2 =1 T4 — 71 . (16)
Uy Uy Y2—Y1r Y4 — U1

Then the interpolation error can be shown to be

Eq(p,q) = po(z(pq),y(p,q) — f(=(p,9),y(p;q))
= &o- % (11 = o) + pala —a.)?) (17)

with centroid afp., ¢.] = [%, %],

1

SQ = EQ(meC) = g (Nl + N2) , and

B = [umuy]H[umauy]t» H2 = [Umvy]H[Uzavy]t :

Let the data function ovép, q)-space be written as

fip,a) = f(z(p,9),y(p,q)

= %[ LalHIp,q)' + 31, 32)lp, )" + ¢,

~ hi h
where H = T'HT = | ' "7 ] : (18)

hiy  hoo

[§17§2] = ([91792] + [xlvyl]H)T7 and (19)
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1
_[«Tlayl]H[xlyyl]t .

¢ = c+lg, gl + 5

The function values at the four interpolating corners are

fio= JO.0)=¢, fy=F0,1) = S0y + T+ 2ne) £y + Gyt 0, (20)

~ 1- . . ~ 1- . ~
f2 = f(170):§h11+gl+c7 and f4:f(071):§h22+92+c'

By (5) and (17) (note the vanishing of linear and constant terms),

=4
Eq(p,q) = (Z fi9i(p, q)) — f(p.q)
=1

1 ~ ~ - -
= 3 (p(l — q)h11 + pq(hiy + hog + 2h12)

2
+(1 = p)ghaz — (p*h11 + has + 2pqi~112))
(piln + ghas + 2pqhia — p*hi1 — ¢Phog — 2pql~112)

( p)hi1 + (1 — Q)h22)

O~ DN -

(h11 + hoo) — —(hll(p - %) + haa(q — %)2) : (21)

From (16) and (18), we have; = 11 andhgy = us; hence, the error function has the form

given in (17).
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