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It is now possible to extract from high-resolution angle-resolved photoemission data the Eliashberg func-
tion α2F(ω) for electron-phonon coupling (EPC). At the same time, first-principles calculations of the 
EPC for surface states are appearing in the literature presenting an exquisite picture of the origin of the 
Eliashberg function. The advances in this field will be illustrated with new data from surface states on two 
faces of berylium and a direct comparisin to theory for Be(0001). 

© 2004 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim 

1 Introduction  

Electron–phonon coupling (EPC) is the basis for many interesting phenomena in condensed matter phys-
ics [1–4]. Recent advances in experimental techniques and theoretical capabilities associated with the 
study of surfaces promise to reveal a spectroscopic picture of EPC. High-resolution angle-resolved 
photoemission is producing direct images of the distortion of the two-dimensional surface state bands 
near the Fermi energy caused by EPC [5–11]. First-principles calculations of the EPC for surface states 
are appearing in the literature [12–14] which not only explain the origin of the EPC-induced band distor-
tions but also produce exquisite pictures of the Eliashberg function α2F(ω) [14]. The Eliashberg function 
is the product of a coupling constant and the phonon density of states and is at the heart of any theory of 
EPC [1]. A recent theoretical advance that will be described in this paper will allow experimentalists to 
extract the Eliashberg function directly from the high-resolution photoemission data [9]. These develop-
ments mark the beginning of a new era and a renaissance in the elucidation of many-body effects in 
reduced dimensionality. 
 In the 1960s, the most definitive signature for determining the mechanism in conventional supercon-
ductors was the measurement of the single-particle tunneling I–V characteristic [15] and the concomitant 
inversion procedure to display the Eliashberg function [16]. Today EPC is intimately associated with the 
functionality of complex materials [2] and its role in high-TC superconductivity is being actively dis-
cussed [3, 4]. Research on metal surfaces can produce an unprecedentedly detailed picture of EPC. The 
Eliashberg function can be measured as a function of both E and k and related directly to measured and 
calculated surface phonon dispersion. 
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 These investigations on surfaces of relatively simple metals can be the platform for understanding 
functionality in complex materials associated with the coupling between charge and lattice. In this paper, 
experiment and theory will be compared for EPC observed for surface states on two faces of beryllium. 

2 Analysis of photoemission data 

All characteristics of EPC are described by the Eliashberg function E (ω , ε , k) = α 2(ω, k)F(ω , ε, k), the 
total transition probability of a quasi-particle from/to the state (ε , k) by coupling to phonon modes of 
frequency ω [1]. Theoretically all quantities associated with EPC can be deduced from this function, for 
example the mass enhancement factor λ is related to the Eliashberg function by [1] 
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Information about the Eliashberg function can be obtained from the angle-resolved photoemission spec-
tra, both through the EPC distortion of the quasi-particle bands near the Fermi energy and the 
temperature-dependent linewidth. If ε 0(k) is the bare quasi-particle dispersion of a surface state without 
EPC, then the measured dispersion ε(k) with EPC is given by 

 ε(k) = ε 0(k) + Re Σ(k, ε) . (2) 

The screening of the electrons by the lattice is represented by the self-energy function Σ(k, ε). The 
imaginary part of the self-energy is related to the EPC contribution to the lifetime τ of the excited elec-
tronic states, 

 τ
–1 = 2 Im Σ(k, ε , T ). (3) 

In this case, the temperature dependence of Im Σ will give the temperature-dependent linewidth. This 
dependency of the linewidth upon temperature has been used to extract a mass enhancement factor λ for 
energies ε much larger than the scale of the phonon band width [see references in 11]. 
 In general, the electronic bandwidth is large compared with the phonon bandwidth so the ε  
dependence is negligible in E(ω, ε, k). For brevity, the k dependence will also be dropped. Then,  
E(ω) = α 2(ω)F (ω), which is usually written as E (ω) = α 2F (ω). With this formulation, the Re Σ(ε, T) is 
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with the function G given by 
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The Im ( , )TΣ ε  is defined by the following equation: 

 
0

Im ( , ) d ( )[1 ( ) ( ) 2 ( )] ,T E f f nΣ ε ω ω ε ω ε ω ω

∞

= π − − + + +∫  (6) 

where f and n are the Fermi and Bose distribution functions, respectively. 
 The challenge is to extract the Eliashberg function from Eqs. (5) and (6) by integral inversion [9]. 

3 Extraction of the Eliashberg function from data on Be(1010)  

The most straightforward way to do the integral inversion is the least-squares approach. Unfortunately, 
because of the data noise inevitably present, such a straightforward approach fails to provide any useful  
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information because the inversion process defined by Eqs. (4)–(5) is ill-posed mathematically and the 
direct inversion tends to exponentially amplify the high-frequency data noise. This results in great fluc-
tuations and negative values in the extracted Eliashberg function [18]. The failure of the least-squares 
method originates from the fact that no physical constraints (priori knowledge) are used in the fitting 
process. For example, one obvious constraint is that the Eliashberg function must be positive. The stan-
dard way to incorporate these constraints in the fitting process is the Maximum Entropy Method (MEM) 
[19–21]. The physical constraints are built into constraint function for the fitting procedure. 
 The first application of MEM to angle-resolved photoemission data was for the S1 surface state on 
Be(1010)  [9]. The data, Re Σ(ε), and extracted Eliashberg function are shown in Figs. 1–4. Figure 1 is 
the Energy vs. Momentum display of the two surface states near the Surface Brillouin Zone (SBZ) 
boundary A  [22–24]. Figure 2 is an expanded view of the S1 surface state dispersion in the AΓ→  
direction of the SBZ. The blue dashed line is the bare quasi-particle dispersion ε 0(k) (effective mass 
0.56) and the circles are measured quasi-particle dispersion ε(k). Notice the distortion near the Fermi 
energy caused by EPC [9]. Figure 3 displays the Re Σ(ε) determined from the data in Fig. 2 using Eq. (2). 
The solid red line is the MEM fit to the data using a simple constraint function m(ω) containing the fol-
lowing physics. (a) The low frequency portion must look like a Debye-model (i.e., the function goes to 
zero at ω = 0). (b) The function must be positive for all values of ω. (c) There is a highest frequency 
above which the Eliashberg function is zero (i.e., top of the phonon bands). A generic form of m(ω) is 
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The details and tests of this MEM fitting procedure are described in Ref. [9]. Figure 4 shows the ex-
tracted Eliashberg function at the Fermi surface EPC of the S1 surface state on Be(1010) (black curve). 
The red curve is the bulk phonon density of states [25]. 
 When the extracted Eliashberg function is compared with experimental data [26] or first-principles 
calculations [27] of the surface phonon dispersion, there is an excellent correspondance [9]. The mass 
enhancement factor obtained from the extracted Eliashberg function using Eq. (1) is 0.68 ± 0.08 (λ bulk = 
0.24), consistent with λ = 0.65 obtained from measurments of the temperature dependence of the photo-
emission linewidth at A  [24]. More than 75% of the mass enhancement λ (0.51 out of 0.68) originates 
from low-frequency surface modes with energy less than 45 meV. This raises a question, whether the  

Fig. 1 (online colour at: www.pss-b.com) Energy vs. 
momentum photoemission display of the two surface 
state bands S1 and S2 on Be(10 10) [9]. The dashed 
line is the bulk band edge. Data taken at 30 K at ALS 
beamline 10.0.1 at 40 eV photon energy. 

Fig. 2 (online colour at: www.pss-b.com) Quasi-
particle dispersion determined from momentum distri-
bution curves (circles) obtained at 24 eV photon en-
ergy. Dashed blue line is the bare particle dispersion 
ε 0(k ) and the red line is the fit to the data from the 
extracted Eliashberg function. 
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low-frequency phonon modes indicative of a surface are the origin of the enhanced-EPC measured at 
surfaces [11]. One measure of the importance of the average phonon energy, which is usually repre-
sented by 
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When this average phonon frequency is calculated using the extracted Eliashberg function, a value of 
29 meV is obtained which should be compared to ~60 meV for the bulk. The final comment is that the 
Re Σ(ε) shown in Fig. 3 cannot be fitted with any simple representation of the phonon density of states, 
such as a Debye or Einstein model [7]. 

4 A comparison of experiment and theory on Be(0001) 

Be(0001) has been the most studied surface with respect to enhanced EPC of surface states. There are 
several experiments and a first-principles calculation reported in the literature [6, 7, 9, 28] and the elec-
tronic [29–32], vibrational [28], and structural [33] properties have been reported. Figure 5 displays the 
properties of the surface states on the Be(0001) surface. The temperature dependence of the photoemis-
sion linewidth from the surface state at Γ  in the SBZ was reported in 1998 [28], yielding a value of 
λ = 1.15. The authors speculated about superconductivity at the surface [28], but in a later paper pointed 
out that the original analysis was incorrect because of the curvature of the band at ,Γ  and that the correct 
value was λ = 0.87 [7]. In 1999, the first measurement of λ(EF) = 1.18 (12 K) was reported [6]. In 2000, 
a measurement of Re Σ(ε) at 40 K gave λ = 0.7 ± 0.1 [7]. 
 First-principles calculations of the EPC for Be(0001) furnish a spectroscopic picture of EPC (i.e., the 
Eliashberg function) [14]. Figure 6 shows the calculations for the decay of a hole at the Fermi energy (a) 
  

b)a)  

Fig. 3 (online colour at: www.pss-b.com) 
Re Σ (ε ) obtained from the experimental data 
shown in Fig. 2.  The red curve is the MEM 
fitting of the data [9]. 

Fig. 4 (online colour at: www.pss-b.com) Black curve is 
the extracted Eliashberg function using the contraint func-
tion of Eq. (7) (green line) and the red curve is the bulk 
phonon density of states in Be [25]. 

Fig. 5 (online colour at: www.pss-b.com) 
Electronic properties of Be(0001), shaded 
areas are the projection of the bulk bands 
onto the surface and the dashed lines are 
surface states: (a) The SBZ and states at 
EF. (b) The two high symmetry directions 
showing E vs. k [29–32]. 



phys. stat. sol. (b) 241, No. 10 (2004) / www.pss-b.com 2349 

© 2004 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim 

       

 
 
and at the bottom of the surface state band (b) [14]. The first message is that the Eliashberg function is 
very different at the Fermi energy compared to the bottom of the band. If Eq. (1) is used to calculate the 
mass enhancement factor, there is a dramatic energy dependence λ(EF) = 0.87 but λ(Γ ) = 0.37. The fact 
that λ for a surface state should be a function of ε was pointed out in 1996 [34]. The second message is 
that the scattering or decay mechanism of a hole at EF and at the bottom of the surface state band is quite 
different. The decay of a hole at the Fermi energy is dominated by the intraband scattering contribution 
(green line) and by the Rayleigh mode scattering (red line). If decay into the surface state at the M  point 
in the SBZ (Fig. 5) is included, then 90% of the total (black) is from surface process. In contrast, the bulk 
interband decay modes dominate at Γ . 
 The question to be addressed in this section is, Why are the experimental results at variance with the 
theory and with each other? One possibility is that there is strong k dependence in the Eliashberg func-
tion [i.e., E(k, ω)]. Theory was for the KΓ→  direction, while the experiments were in the MΓ→  
direction [6] and half way between these two directions [7] (see Fig. 5). A second and more plausible 
explanation is that the data is not good enough. A third explanation is that there are deficiencies in the 
theory. We will compare the existing data and calculations with new data taken at the Advanced Light 
Source (ALS). 
 The Be(0001) surface state band dispersion in the MΓ→  direction (Fig. 5) was measured at ALS on 
beamline 10.0.1. The sample cleaning has been described previously. The measurements reported here 
were made at 40 eV photon energy, with a total resolution of ~15 meV. The sample temperature was 
25 K. The quasi-particle dispersion was determined using momentum distribution curves and is shown in 
Fig. 7. The bare particle dispersion was determined using a linear equation for the dispersion near the 
Fermi energy, with kF(M) = 0.947 Å–1. Re Σ(ε) determined from the data in Fig. 7 is shown in Fig. 8 and 
compared with the data reported earlier by LaShell et al. [7].   It is obvious that there is structure in the 
Re Σ at energies of ~25, 45, and 65 meV. The MEM method was used to fit the Re Σ(ε) for both the new 
data and the previously published data of LaShell et al. [7]. The fit to both sets of data is shown in Fig. 8. 
It is obvious that the two data sets are very different and consequently the extracted Eliashberg functions 
will be quite different. The red curve is calculated using the theoretical Eliashberg function from Ref. [14]. 

Fig. 6 (online colour at: www.pss-b.com) Calculated 
Eliashberg functions for the surface state on Be(0001) 
[14]. (a) is for a hole at EF and (b) is for a hole at the 
bottom of the band.  The red curve shows the different 
coupling to the Surface Rayleigh phonon mode. 

Fig. 7 (online colour at: www.pss-b.com) Quasi-
particle dispersion for Be(0001) surface state deter-
mined from momentum distribution curves (blue) ob-
tained at 40 eV photon energy. Dashed black line is the 
bare particle dispersion ε 0(k), k F = 0.947 Å–1. 
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Be(0001): This work
Be(0001): LaShell et al. [7]
Eiguren et al: scaled by 1/2

  

Be(0001): This work
Be(0001): LaShell et al.
Theory, Eiguren et al.

 

 
 
To get this theoretical curve to agree with the data, it had be be scaled by 1/2. In all cases, the Re Σ(ε) 
has been calculated for the temperature of the experiment, 40 K for the LaShell et al., data [7] and 25 K 
for the new data. 
 The extracted Eliashberg functions are shown in Fig. 9 and compared to the theoretical curve [12]. It 
is obvious that all three are different. The question is why? The three possiblities were outlined earlier. 
The most interesting physical explanation is that there is a strong k dependence in the Eliashberg func-
tion, even for Be(0001). All three of the Eliashberg functions are for a different point on the surface state 
Fermi contour (Fig. 5). Another obvious difference between both experimental derived curves and the 
theoretical curve is the weight in the low energy part of the spectrum in the experimental curves. One 
way to quantify this difference is to use Eq. (8) to calculate the average ω log (see Table 1). A possible 
reason for the difference between theory and experiment in the low-frequency region is that the 12-layer 
slab calculation used to calculate the phonon dispersion [14] does not accurately reproduce anomalies in 
the experimental data [25]. Mesurements of the surface phonon dispersion on Be(0001) showed that for 
small q the Rayleigh mode had a slope 30% larger than the bulk sound wave velocity and consequently 
was inside the bulk phonon continuum as shown in Fig. 10 [25]. The Rayleigh mode emerges from the 
continuum at approximately the energy where the structure is seen in the experimental Eliashberg func-
tion (~25 meV). Table 1 summarizes all of the measured and extracted EPC parameters for the surface 
state on Be(0001). 
 

Table 1 Comparison of the measured and calculated mass enhancement factors λ  for the surface state 
on Be(0001). 

λ ω log(meV) k is SBZ T procedure reference 

0.87  Γ  variable Im Σ(T) [7, 28] 
1.18  M  12 K d Re Σ(ε)/dε  [6] 
0.7 ± 0.1  M K↔  40 K Fitting Re Σ(ε) with Debye model [7] 
0.37  Γ   0 K First principles calculations [14] 
0.87  K   0 K First principles calculation [14] 
0.70 ± 0.08 33.6 M   0 K MEM extracted α 2F (ω) this work 
0.59 ± 0.07 35.7 M K↔   0 K MEM extracted α 2F (ω) from [7] this work 
0.88 49.0 K   0 K Calculated from α2F (ω) of [14] this work 

Fig. 8 (online colour at: www.pss-b.com) Fit to the 
Re Σ (ε ) from data [7]. The red line is the 
Re Σ (ε ) calculated from the theoretically derived 
α

2F (ω ) [14]. 

Fig. 9 (online colour at: www.pss-b.com) Elisahberg 
functions, black from this work, blue from the data in 
LaShell et al. [7], and red from the theoretical calcula-
tion by Eiguen et al. [14]. 
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 Im Σ(ε) can be calculated using the extracted Eliashberg function (Eq. (6)) and compared to the ex-
perimentally determined Im Σ(ε). This procedure offers an easy self-consistency check for the extraction 
procedure. Experimentally, 0Im ( ) /2vΣ ε Γ= �  with Γ  being the FWHM determined from the momen-
tum distribution curves and v0 is the bare particle velocity. Figure 11 displays Im Σ(ε), both determined 
experimentally (blue and red dots) and calculated from the extracted Eliashberg functions shown in Fig. 9. 
The solid red curve is Im Σ(ε) calculated using the Eliashberg function extracted from our data (black 
curve in Fig. 8). There is quite remarkable agreement with the experimentally determined curve (red 
dots). In contrast, the Im Σ(ε) calculated from the Eliashberg function extracted from the LaShell et al. 
data [7] (blue curve in Fig. 9) does not agree with the measured curve (blue dots). This discrepancy is 
undoubtedly due to the procedure used to determine the bare particle dispersion in the work of LaShell et 
al. [7]. It is also possible to determine Re Σ(ε) from Im Σ(ε) using a Hilbert transform [35], but the re-
sult will be quite sensitive to the choice of the bare particle dispersion. 

5 Conclusion 

Recent developments hold significant promise for having surface states on metal surfaces become the 
playground for EPC physics. Text book examples elucidating the origin and nature of EPC in reduced 
dimensionality will come. At the same time the understanding developed with these prototype systems 
can lead to a better understanding of EPC in complex systems. 
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Fig. 10 (online colour at: www.pss-b.com) 
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