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Evolution of spin excitations in a gapped antiferromagnet from the quantum
to the high-temperature limit
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We have mapped from the quantum to the classical limit the spin excitation spectrum of the antiferromag-
netic spin-1 Heisenberg chain system CsNiCl3 in its paramagnetic phase fromT55 to 200 K. Neutron
scattering shows that the excitations are resonant and dispersive up to at leastT570 K.2.7J, but broaden
considerably with increasing temperature. The dispersion flattens out with increasing temperature as the reso-
nance energyD at the antiferromagnetic wave vector increases and the maximum in the dispersion decreases.
The correlation lengthj betweenT512 and 50 K is in agreement with quantum Monte Carlo calculations for
the spin-1 chain.j is also consistent with the single mode approximation, suggesting that the excitations are
short-lived single particle excitations. BelowT512 K where three-dimensional spin correlations are important,
j is shorter than predicted and the experiment is not consistent with the random phase approximation for
coupled quantum chains. AtT5200 K, the structure factor and second energy moment of the excitation
spectrum are in excellent agreement with the high-temperature series expansion.

DOI: 10.1103/PhysRevB.66.174412 PACS number~s!: 75.25.1z, 75.10.Jm, 75.40.Gb
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I. INTRODUCTION

Low-dimensional antiferromagnets are ideal systems
which to investigate the effect of strong quantum fluctuatio
on the dynamics of interacting spin systems. Quantum fl
tuations are similar to temperature fluctuations in thr
dimensional~3D! magnets in that they disorder the spin sy
tem and prevent magnetic order. Similar to the paramagn
phase of a 3D magnet, the quantum-disordered phase
low-dimensional antiferromagnet has unbroken translatio
symmetry, but while the excitation spectrum of a 3D pa
magnet consists of broad magnetic excitations, the elem
tary magnetic excitations of a low-dimensional antiferroma
net are either spin-1/2 or long-lived spin-1 particles.1–3

One-dimensional~1D! antiferromagnets have been stu
ied for at least the last 30 years. They were first perceive
simpler model systems than their 3D counterparts, but i
now clear that their low-temperature spin dynamics is
more complex. The quantum-disordered ground state of
antiferromagnets is usually a highly correlated spin sing
Haldane, in his seminal 1983 paper, conjectured that the
dynamics of 1D antiferromagnets crucially depends on
spin quantum number:2 The half-integer spin Heisenberg a
tiferromagnet has a gapless excitation spectrum w
integer-spin chains exhibit an energy gap. Haldane’s con
ture of a spin-1 gap was then confirmed by numerical4,5 and
experimental studies6–8 and is now generally accepted.

The low-temperature quantum-disordered ground stat
the antiferromagnetic spin-1/2 chain is ‘‘almost ordered’’ a
its correlations fall off with distance as a power law. T
0163-1829/2002/66~17!/174412~14!/$20.00 66 1744
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elementary excitations form a broad continuum of spino
carrying spin-1/2 which correspond to moving domain wa
between regions of coherent quantum states. In contrast
correlations in antiferromagnetic spin-1 chains fall off exp
nentially with a correlation length of about six sites at ze
temperature. The elementary excitations are massive tr
degenerate spin-1 particles that give sharp Haldane ex
tions, which can be pictured as domain walls breaking
hidden spin string order that is inherent in spin-1 chain9

The triplet excitations follow the relativistic dispersion of th
nonlinear sigma model (NLs M).10

The temperature dependence of the excitation spectrum
antiferromagnetic chains has been measured mostly foT
<J, whereJ is the exchange interaction between the sp
along the chain direction. For KCuF3, an antiferromagnetic
spin-1/2 chain system withJ517 meV, inelastic neutron
scattering up toT5200 K.J showed that the low-energ
excitations are broadened at high temperatures but can
be described by a low-temperature field theory.11

For spin-1 chains, the temperature dependence ofS(Q,v)
has been investigated for CsNiCl3,6,12,7,13 RbNiCl3,

12

NENP,8 NINAZ,14 AgVP2S6,15 and Y2BaNiO5,16 and for
temperaturesT up to at mostT;J. The temperature depen
dence of the excitation forT,0.3J was studied for AgVP2S6
and Y2BaNiO5 (J560 meV and J524.1 meV, respec-
tively!. These measurements give the behavior of the lo
temperature quantum-disordered phase. A further inela
neutron scattering study of AgVP2S6 showed that the stag
gered susceptibility decreases with increasing temperatur
to T5200 K.0.3J.17 A single crystal experiment on
©2002 The American Physical Society12-1
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Y2BaNiO5 showed that the energy gap observed by neut
scattering is renormalized upward with increasing tempe
ture up toT580 K.0.3J.18

NINAZ, NENP, and CsNiCl3 have smaller exchange in
teractions than AgVP2S6 and Y2BaNiO5 (J510.73 meV,J
54 meV, andJ52.28 meV, respectively! and they were
studied over a wider temperature range. The upward re
malization of the energy gap of the Haldane excitations
their damping was measured in NINAZ up toT550 K
50.4J and in NENP up toT520 K.0.43J.19 The tempera-
ture dependence of the spin correlation length in NENP
been determined up toT5100 K.2J.20 The temperature
dependence of the gap in CsNiCl3 at the 3D ordering wave
vector was previously studied up toT520 K.0.75J,7,13 and
at the 1D wave vector up toT512 K.0.5J.12,21

Surprisingly a detailed study of the excitation spectrum
antiferromagnetic spin chains forT.J and in the high-
temperature limit has not been made. We showed rece
that the Haldane gap in CsNiCl3 persists as a resonant fe
ture up to at leastT570 K or 2.7J.22 Here we present more
extensive measurements at low and high temperatures
cluding a comprehensive study of the spin dynamics of
1D magnet for temperaturesT.J. CsNiCl3 has an exchange
interactionJ that makes it an ideal system for studying hig
temperature fluctuations, not only because the whole m
netic excitation spectrum can be measured with thermal n
trons but also because temperatures betweenJ and ;10J
~room temperature! can readily be accessed.

Section II of the paper describes magnetic properties
CsNiCl3 and gives the configuration of the neutron scatter
spectrometers. Section III gives a thorough analysis of
measurements presented earlier.22 The inelastic time-of-flight
neutron scattering measurements of the excitation spec
betweenT512 and 50 K are reported in Sec. IV. In th
temperature range, resonant and dispersive excitations
observed for a wide range of wave-vector transfers along
chain. In Sec. V, we describe the measurement of the
namic structure factorS(Q,v) of the paramagnetic scatte
ing atT5200 K. The results are summarized, discussed
put into an overall context in Sec. VI.

II. EXPERIMENTAL DETAILS

CsNiCl3 is one of the best examples of a gapped wea
coupled spin-1 chain system. The crystal structure is hexa
nal, D6h

4 space group, with low-temperature lattice consta
a57.14 Å andc55.90 Å. The exchange interaction alon
the c axis J52.28 meV is much stronger23 than the interac-
tion in the basal planeJ850.044 meV,6,21making CsNiCl3 a
system of weakly coupled spin-1 chains. The Hamilton
can be written as

H5J(
i

chain

Si•Si 111J8 (
^ i , j &

plane

Si•Sj2D(
i

~Si
z!2. ~1!

The weak Ising anisotropyD54 meV ~Ref. 24! is small
enough that CsNiCl3 is a good example of an isotropi
Heisenberg antiferromagnet.
17441
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Because of the interchain couplings CsNiCl3 orders anti-
ferromagnetically belowTN54.84 K.21 AboveTN , CsNiCl3
displays the characteristics of an isolated antiferromagn
spin-1 chain: the excitation spectrum exhibits the Halda
gap, the correlations fall off exponentially and the magne
susceptibility shows a broad maximum near 30 K.25

The single crystal of CsNiCl3 5 mm35 mm320 mm
was sealed in an aluminum can containing helium gas
prevent absorption of water. The experiments were p
formed using the cold-neutron RITA triple axi
spectrometer26 at the DR3 reactor of the Riso” National Labo-
ratory, Denmark, and the chopper time-of-flight spectrome
MARI at the pulsed spallation source ISIS of the Rutherfo
Appleton Laboratory, United Kingdom.

For the experiment using the RITA spectrometer, t
sample was mounted in a cryostat with its (hhl) crystallo-
graphic plane in the horizontal scattering plane of the n
tron spectrometer, and the temperature was controlled to
accuracy of 0.1 K between 1.5 and 70 K. The energy of
neutrons from a cold source was selected by a vertic
focusing pyrolytic graphite monochromator. A rotating v
locity selector before the monochromator suppressed
wanted neutrons that would be Bragg reflected by its hig
order planes. Supermirror guides withn53 (uc51.2° at 4
Å! were located before and after the monochromator, and
beam was 20 mm wide. The scattered beam was filte
through cooled beryllium, passed through a 50 mm wide
Soller collimator, and was analyzed by reflection from t
central two blades of a seven-component flat pyroly
graphite analyzer aligned so that each blade reflected
same energy of neutrons, 5 meV. The Soller geome
meant that the beam reflected by the analyzers was a
20 mm wide and located in the central 30 strips of a posit
sensitive detector. Because the detector was 120 pixels w
(;120 mm) the side strips were used to estimate and s
tract the temperature independent background. Turning
either analyzer or monochromator from their reflecting po
tion confirmed that the side pixels gave a good representa
of the background arriving at the center of the detector. W
this arrangement the low-energy resolution was typica
0.26 meV@full width at half maximum~FWHM!# in energy.
The longitudinal and transverse wave-vector width of t
(002) peak was 0.01 and 0.016~FWHM in reciprocal lattice
units! and the calculated vertical resolution was 0.22 Å21.

For the experiment using the MARI spectrometer t
sample was oriented with its (hhl) plane in the vertical scat
tering plane, and thec axis was either parallel or perpendicu
lar to the incident beam direction. The incident neutron e
ergy was either 20 or 30 meV with the Fermi chopp
spinning at 150 Hz. The energy resolution was then 0.35
0.4 meV, respectively, as determined from the FWHM of t
quasielastic peak. In time-of-flight measurements the ene
resolution improves with increasing energy transfer and
our measurements the width of a resolution limited peak
creases by 25% from 0 to 6 meV energy transfer. Since
change is always less than 10% of the observed magn
excitation width, the energy resolution at finite energy tra
fer was approximated by the quasielastic resolution. T
FWHM resolution in the wave vector at zero energy trans
2-2
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was typically 0.02 Å21 along both thec! and the@110# di-
rections and as large as 0.19 Å21 perpendicular to the scat
tering plane if only the central detector bank was used. T
wave-vector resolution improved with increasing ener
transfer. The measurements were performed with the sam
at temperatures betweenT56.2 and 200 K. The scatterin
was measured for a total proton charge between 4000
8600mAh at an average proton current of 170mA.

MARI has three detector banks two of which are out
the vertical scattering plane. ForT<25 K only data recorded
by the central detector bank was included in the analy
because the two side banks sample an out-of-plane w
vector transfer where the neutron scattering is different.
three detector banks were used for the measurements
formed at temperaturesT>50 K where the 3D dispersion i
small and good resolution perpendicular to the scatte
plane is unnecessary.

III. EXPERIMENTAL RESULTS

A. Excitation at QcÄ1

Close to the antiferromagnetic point, denotedQc51 be-
cause the spin spacing isc/2 along the chain, the excitatio
spectrum of an antiferromagnetic spin-1 chain in
quantum-disordered phase is dominated by well-defin
gapped spin-1 excitations~Haldane excitations! which sat-
isfy a relativistic dispersion relation. We showed in a rec
publication22 that for T<D, the Haldane excitation atQc
51 exhibited a Lorentzian spectral form. We showed that
lifetime agrees well with a semiclassical theory27 for gapped
systems provided we replaced the classical dispersion by
more accurate relativistic dispersion of the NLsM. At higher
temperatures the Haldane excitation evolves into a br
resonant feature. In this paper a more detailed analysis o
data is presented and results based on two different spe
functions are presented for temperatures betweenT55 and
T570 K.2.7J.

The Haldane excitation was measured atQ
5(0.81, 0.81, 1) where the Fourier transform of the int
chain coupling vanishes, and within a random phase appr
mation~RPA! the chains behave as if they were uncouple6

In Fig. 1, the results are shown atT56 and 9 K. The spectra
were fitted to both an antisymmetrized Lorentzian and
antisymmetrized Gaussian line shape, weighted by the B
factor, and convoluted with the resolution function.28 It is
clear from the spectrum atT56 K that an intrinsic Lorent-
zian line shape gives a better description of the measu
data, as predicted by Damle and Sachdev.27

The Lorentzian fits were performed with a double Lore
zian form, namely,

S~Q,v!5A@n~v!11#

3S G

@v2e~Q!#21G2
2

G

@v1e~Q!#21G2D , ~2!

wherev is the energy transfer and the Bose factor is defin
by
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The energy width is given byG ~half Lorentzian width at
half maximum! and the energy of the excitations bye(Q). A
is an overall scaling factor which scales as 1/e(Q) for anti-
ferromagnetic spin waves and also for the excitations of
NLsM. With increasing temperature, the excitation broade
as may be seen atT59 K, where the line shape can b
described equally well by a Gaussian or Lorentzian l
shape.

Another spectral form that describes damped excitati
is the damped harmonic oscillator~DHO! function which can
be written as

S~Q,v!5
A@n~v!11#4Ge~Q!v

@v22eDHO~Q!2#214G2v2
. ~4!

eDHO(Q) is the DHO energy and the other symbols are as
Eq. ~2!. The DHO function is the same function as the an
symmetrized Lorentzian defined in Eq.~2! if

eDHO~Q!25e~Q!21G2. ~5!

For the same spectral distribution, the DHO energyeDHO(Q)
is therefore larger than the Lorentzian energye(Q).

In Fig. 2 we show that neutron scattering atQ
5(0.81, 0.81, 1) atT525 and 50 K is well described by
Lorentzian cross-section. The background was assumed
constant and a Gaussian was used to account for the inco
ent elastic scattering. The cross section@Eq. ~2!#, folded with
the resolution function,28 was fitted to the data to deriv
e(Q), G andA.

The excitation energye(Q) and width G are shown in
Figs. 3 and 4 as a function of temperatureT. The Haldane
gap energy, which atT55 K is 1.2 meV, increases rapidl
betweenT512 and 30 K as the excitation develops into

FIG. 1. Scattering from the Haldane excitation atQ
5(0.81, 0.81, 1) forT56 and 9 K as a function of energy transfe
The data were measured using the triple-axis spectrometer RIT
described in the text. The intensity was fitted to a Lorentzian~left!
and a Gaussian~right! cross section convoluted with the resolutio
function ~Ref. 28!.
2-3
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M. KENZELMANN et al. PHYSICAL REVIEW B 66, 174412 ~2002!
broad resonant feature. At about 30 K, a temperature of
order of the exchange couplingJ along the chain, there is
crossover to a qualitatively different behavior and forT
.30 K the energy increases only slowly with increasi
temperature.

The observed gap energies are compared in Fig. 3~solid
line! with the theory of Jolicœuret al.29 based on the
NLsM, calculated with theT50 K gap energy ofD0
510.6 K we obtain from the exchange constant asD0
50.406J. The gap equation of NLsM is a statement that

gE
0

`

dq
2n~eq!11

eq
51 ~6!

is a constant in temperature where

FIG. 2. Neutron scattering intensity atQ5(0.81, 0.81, 1) atT
525 and 50 K measured using RITA. The data is shown as a fu
tion of neutron energy transfer. The solid lines correspond t
Lorentzian cross section convoluted with the resolution ellips
and fitted to the data.

FIG. 3. Excitation energye(Q) for Q5(0.81, 0.81, 1) as a
function of temperature betweenT55 and 70 K. The energies wer
obtained from fits to a resolution-folded Lorentzian or damped h
monic oscillator function. The solid line shows the upward ren
malization of the gap energy obtained from the NLsM ~Ref. 29!.
The inset shows the low-temperature range where NLsM is valid.
17441
e

e~q!5AD~T!21vs
2q2. ~7!

This implicit equation forD(T) can be used to calculate th
gap relative toD0 which we take from experiment and use
obtaing at T50 K. For T,D511 K ~see inset!, where the
theory is expected to be valid, the observed energy matc
the theoretical prediction except below 7 K where the g
energy is higher. The good agreement for 7 K,T,11 K
shows that the NLsM gives a good description of the low
temperature quantum-disordered phase forT,D. The dis-
agreement belowT,7 K is likely due to 3D interactions.30

These give rise to low-energy modes asTN is approached
whose thermal population will drive up the gap energy in t
NLsM equation@Eq. ~6!#.

The measured widthsG are shown in Fig. 4. The width is
always smaller than the excitation energy up to at leasT
570 K because the upward renormalization of the excitat
energy is fast enough to overcome the increasing damp
Damle and Sachdev27 have developed a theory of the dam
ing of excitations in gapped spin systems which is valid
long T,D. In CsNiCl3 this temperature range is limited be
causeD50.41J511 K and 3D effects are important close
the ordering temperatureTN . As shown in Fig. 4 their
theory, which approximates the NLsM dispersion by a clas-
sical form,D1vs

2q2/2D, predicts considerably longer exc
tation lifetimes than those observed experimentally. Ho
ever, we find that a larger half-width arises when w
calculate the collision time for the density and root me
square relative velocity of particles that move freely acco
ing to the elementary excitation particles by the more ac
rate relativistic dispersion of the NLsM @Eq. ~7!#. Details of
our calculations are given in Sec. VA. BelowT58 K, the
observed width is consistently higher than that predicted
the theory. Probably this is due to the 3D spin correlatio
which are most important close toTN . The wave vectorQ

c-
a
d

r-
-

FIG. 4. Half width G, corrected for resolution, forQ
5(0.81, 0.81, 1) betweenT55 and 70 K. The widths were ob
tained from fits to a Lorentzian or a DHO function. The solid line
the prediction of Damle and Sachdev. The dashed line is our ca
lation of the free-particle collision width for the NLsM dispersion.
The inset shows the low-temperature range up toT515 K where
the NLsM is valid.
2-4
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EVOLUTION OF SPIN EXCITATIONS IN A GAPPED . . . PHYSICAL REVIEW B66, 174412 ~2002!
5(0.81, 0.81,Qc) is the one-dimensional wave vector wi
regard to the energy dispersion, but other properties suc
the linewidth will be influenced by 3D interactions. We e
pect that the exponentially greater thermal population of
low-lying 3D gap modes will shorten the collision lifetim
relative to that for the gap of an isolated chain.

Above aboutT520 K;J the temperature dependence
the excitation width decreases, similar to that of the ene
This behavior probably arises because the lattice momen
cutoff is not properly included in the theoretical model. T
cutoff is infinite in Ref. 27, and in our relativistic calculatio
it was limited toq5p ~see Sec. VA!. An extension of the
theory to higher temperatures would be valuable.

Our results cannot be directly compared to measurem
by Zaliznyaket al.,13 because they probed the spin dynam
close to the ordering wave-vector. When the system ord
one expects that the system collects intensity in a nar
region near the ordering wave vector, and consequently, t
results are strongly influenced by 3D interactions.

Figure 5 shows the integrated intensity of the Halda
excitationSH(Q), for Q5(0.81, 0.81, 1), the 1D point, as
function of temperature~solid circles!. The SH was deter-
mined from the observed neutron scattering intensity by
tegrating the area under the Lorentzian cross section for p
tive and negative energies. It includes all the scatter
except below;12 K where the spectrum contains a hig
energy continuum of 12(2)% in weight.31 SH increases with
decreasing temperature as the antiferromagnetic fluctua
become stronger and the spectral weight is displaced
lower energy. The increase betweenT550 and 20 K is as-
sociated with the growth of the 1D correlation length. Ho
ever, at 10 K the temperature dependence ofSH has a peak
and then decreases with decreasing temperature. This is
related with the holdup in the gap decrease noted for Fig

The structure factorS(Q) for Q5(0.81, 0.81, 1), which

FIG. 5. Structure factor at the 1D pointQ5(0.81, 0.81, 1) as a
function of temperatures. The solid circles show the integrated
tensity of the Haldane excitationSH(Q). The open circles represen
S(Q) determined from the entire neutron scattering intensity. In
The susceptibility of the Haldane excitations for positive ene
transfer, defined asxH(Q)5*0

`dvSH(Q,v)/$n@e(Q)#11%, multi-
plied with the excitation energye(Q) shows a transition to a quali
tatively different behavior at;15 K.
17441
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includes the continuum, has a lesser decrease at low temp
tures~Fig. 5!. S(Q) was determined by numerical integratio
of the observed neutron spectrum at positive energy trans
and adding intensity at negative energy transfer calcula
using the detailed balance relation.S(Q) and SH(Q) are
identical at high temperatures, but forT,10 K, where the
continuum scattering was observed,S(Q) is larger than
SH(Q) and approximately constant. The increase inS(Q) on
cooling is substantially less than that calculated for isola
chains.32

To test whether the spectral weight scales with 1/e(Q) we
divided SH by the population factorn@e(Q)#11 to obtain
the susceptibility for positive energy transferxH and multi-
plied it with the excitation energye(Q). This approximately
removes the thermal factor to a degree that improves as
temperature and width decrease. Our scaled function~Fig. 5!
is a constant forT.15 K, showing that the intensity scale
with 1/e(Q). For T,15 K, however,xH is lower than ex-
pected from a 1/e(Q) dependence of the intensity, thus th
spectral weight grows more slowly than 1/e(Q).

The reason for the behavior belowT510 K is at present
unclear. In Kenzelmannet al.31 we have argued that the con
tinuum scattering is generated by the interchain coupl
which has a strong effect on the dispersion for temperatu
close to the ordering temperatureTN despite its small size
As will be shown in a forthcoming publication33 the inter-
chain coupling has a strong effect on the excitation inten
for all temperaturesT,50 K and there is considerably les
magnetic intensity inSH(Q) as well as inS(Q) near Qc
51 than in uncoupled chains. We may also imagine asTN is
approached that spectral weight is transferred from the
point to the 3D ordering wave vector.

B. The dispersion relation

The spectrum of excitations of CsNiCl3 was measured for
T512, 25, and 50 K over a wide range of wave-vec
transfers using the MARI spectrometer with the incide
beam perpendicular to thec axis. The neutron scattering wa
measured for energy transfers of up to 75% of the incid
energy. For a 1D magnet, the scatteringS(Q,v) was ob-
tained as a function ofQc andv, whereQc is the component
of the wave-vector transfer along the chain, while the
plane wave-vectorQa is a known function ofQc and of the
energy transfer.

For measurements belowT<25 K, where the excitations
may exhibit a dispersion perpendicular to the chain directi
only data from the central detector banks were taken to li
the out-of-plane wave vectors sampled in the experime
Figures 6 and 7 show the observed neutron scattering in
sity for three wave-vector transfers along the chain atT
525 and 50 K. With increasing temperature, the intens
for Qc51 decreases, moves to higher energies and broad
as discussed in the previous section.

Our previous study has shown that the excitation atQc
51 remained resonant up to 70 K.22 Figures 6 and 7 further
show that the excitations remain resonant throughout
zone and that they are weakly dispersive even at 50 K.
scattering was again fitted to the Lorentzian of Eq.~2! but

-
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M. KENZELMANN et al. PHYSICAL REVIEW B 66, 174412 ~2002!
now taking the line shape of the quasielastic peak for
energy resolution. Least-square fits gave the paramete
Eq. ~2!, A, e(Q), andG ~see in Fig. 8!. Data withQc.1.3
was not analyzed because they were contaminated with
non scattering.

The nonmagnetic background was estimated from
scattering observed in detectors at high scattering an
where the wave-vector transferuQu is large, the magnetic
form factor is low and the spectrum is dominated by t
phonon scattering which is proportional touQu2. The non-
magnetic background for each scan was obtained by sca
the intensity according touQu2 and accounting for back
ground scattering that is independent ofuQu. The latter was
estimated from the energy gain side of the spectrum at
temperatures. The background is shown in Figs. 6 and 7
open circles. Assuming that the whole intensity at high sc
tering angle scales only withuQu2, or that part of the scatter
ing scales withuQu4 leads to even lower background es
mates for the low-angle data. The results show that

FIG. 6. Time-of-flight neutron scattering spectra atT525 K for
three differentQc . TheQ[110] wave-vector dependence is shown
the top axes of the graphs. ForQc51 only data from the centra
detector bank is shown, forQc50.5 andQc50.25 data from the
three detector banks was found to be indistinguishable and
added for this graph. The solid line is the antisymmetrized Lore
zian weighted with the Bose factor and a quasielastic peak des
ing the incoherent scattering. Shaded areas correspond to mag
scattering only and open circles show the background as expla
in the text.
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background is weakly dependent on energy transfer
therefore may be accurately subtracted.

The dispersion of the excitations decreases with incre
ing temperature as shown in Fig. 8~a!. While the excitation
energy increases with increasing temperature for antife
magnetic fluctuations, it decreases forQc50.25 and 0.5.
Due to the lack of a theoretical model for the dynamic stru
ture factor for the whole magnetic zone the dispersion w
phenomenologically described by

v2~Qc ,T!5D2~T!1vs
2~T!sin2~pQc!1a2~T!cos2~pQc/2!.

~8!

Here D(T) is the Haldane gap atQc51, vs(T) is the spin
velocity determining the increase of the excitation energy
uQc21u increases, anda(T) takes account of the two
particle peak at lowT asQc→0, but in practicea is used as
a free parameter to account for the asymmetry aboutQc
50.5. ForT<25 K 3D effects were taken into account usin

as
t-
ib-
etic
ed

FIG. 7. Time-of-flight neutron scattering spectra atT550 K for
three differentQc . TheQ[110] wave-vector dependence is shown o
the top axes of the graphs. The solid line is the antisymmetri
Lorentzian weighted with the Bose factor and a quasielastic p
describing the incoherent scattering. Shaded areas correspo
magnetic scattering only and open circles show the backgroun
explained in the text.
2-6
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EVOLUTION OF SPIN EXCITATIONS IN A GAPPED . . . PHYSICAL REVIEW B66, 174412 ~2002!
a RPA approximation which introduces a small dispers
perpendicular to the chain axis.34 The dispersion then read

v2~Q!5v~Qc!@v~Qc!12J8~Qa ,Qb,0!S~Q!#, ~9!

where J8(Qa ,Qb,0) is the Fourier transform of the inte
chain coupling andS(Q)5*S(Q,v)dv is the structure fac-
tor. The dispersion perpendicular to the chain is most p
nounced atQc51, whereS(Q) is maximum and is small a
Qc50.5.

The Haldane gap or resonance energyD, the spin velocity
vs and a were obtained for the different temperatures
fitting Eq. ~9! to theQ dependence of the excitation energie
The interchain couplingJ8 was kept fixed in the fits becaus
the scattering shows a 3D dependence forT,50 K.35 The
results forD(T) are shown in Figs. 3~a! and 8 and are con
sistent with previous results.22 The results forvs(T) and
a2(T) are shown in Fig. 9. The spin velocityvs is approxi-
mately constant below 15 K at 5.70(7) meV and above 15
it decreases with temperature reaching 3.4(1) meV at 50
The asymmetry parametera2 is 6 meV2 at T56 K, de-
creases rapidly with increasing temperature and beco
negative above about 12 K. Since it is merely a phenome
logical parameter, this is not unphysical but reflects the
versal of the asymmetry aboutQc50.5 as the high tempera
ture limit is approached.

The excitations strongly broaden with increasing tempe
ture @Fig. 8~b!#. Below T525 K, the width is approximately
independent of the wave vector. ForQc.1.2 the width be-
gins to increase and we have evidence that the scatte
there is contaminated with phonons and so these data
not further analyzed. ForT550 K the excitation width in-
creases fromQc50.2 to Qc51—an indication of a change
in its Qc dependence with increasing temperature. We s

FIG. 8. ~a! Excitation energye(Qc) as a function of wave vecto
and temperature. The lines are fits described in the text.~b! Lorent-
zian half widthG.
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see that this is expected at high temperatures. The wi
shown in Fig. 8~b! are slightly smaller relative to those i
Fig. 4, presumably because the resolution width was ove
timated in our analysis.

C. Structure factor and correlation length

The structure factorS(Q) was determined numerically
from the measured neutron spectra at positive energy tran
after subtraction of the flat background. The intensity
negative energy transfers was estimated using detailed
ance. The structure factor was corrected for the wave-ve
dependence of the magnetic form factor and for the effec
the 3D interactions by using Eq.~9! to derive the structure
factor for the fluctuations at the 1D point

S~Qc!5
v~Q!

v~Qc!
S~Q!. ~10!

This can be thought of as the structure factor of a sin
chain embedded in the system.

The effective structure factor for the 1D chain~Fig. 10!
shows strong antiferromagnetic fluctuations atQc51 that
persist to T;2J. They decline with temperature whil
S(Qc) at Qc50.25 and 0.5 increases. For a 1D magnet w
a magnetic excitation spectrum that is dominated by a sin
mode, theQc dependence of the structure factorSaa(Qc),
a5x,y,z, can be expressed as36

Saa~Qc!52
4

3

^H&
L

~12cospQc!

\vaa~Qc!
. ~11!

Here^H&/L is the ground state energy per spin andvaa(Qc)
is the single mode energy. This approximation is called
single mode approximation~SMA!. Taking the energy from
Eq. ~8!, the structure factor close to the antiferromagne
point behaves as a square-root Lorentzian

S~Qc!}
j

A11p2~Qc21!2j2
, ~12!

where we expect

FIG. 9. The upper panel shows the spin velocityvs and the
lower panela2 as a function of temperature. The solid lines a
guides to the eye.
2-7
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j5
Avs

21a2/4

D
, ~13!

and wherej is the correlation length.j was determined from
S(Qc) for 0.7,Qc,1.3 by fitting Eq.~12! to the data shown
in Fig. 10.

The temperature dependence of the correlation lengthj is
shown in Fig. 11 on a semilogarithmic plot. At 50 K it
only slightly longer than 1 site which means that the spa
correlations are extremely short ranged. It is surprising
have resonant and dispersive modes in a spin system
such a short correlation length. With decreasing temperat
the correlation length increases to about 4 sites below 8
as previously reported.30 These results can be compared
the correlation length obtained by Kimet al.32 from numeri-
cal quantum Monte Carlo calculations in which effecti

FIG. 10. Structure factorS(Qc) along (0.81, 0.81,Qc) for T
512, 25, and 50 K after an allowance for 3D effects@Eq. ~10!#.
S(Qc) was corrected for background and magnetic form factor. T
solid lines correspond to a fit to a square-root Lorentzian@Eq. ~12!#
as explained in the text.

FIG. 11. Correlation lengthj(T) deduced fromS(Qc) and
shown as a function of the reduced temperatureT/@JS(S11)# on a
semilogarithmic plot. The solid line is the prediction of the corr
lation length obtained from a quantum Monte Carlo calculat
~Ref. 32! for an S51 chain.
17441
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spin S chains were realized by ferromagnetically coupli
n52S antiferromagnetic spin chains withS51/2.32 Our
measured correlation length for temperatures above 12
in excellent agreement with the numerical results, and o
below 12 K where 3D correlations are most important is
correlation length shorter than the numerical prediction
uncoupled spin-1 chains. That it becomes shorter is ass
ated with the fact that we are at the noncritical 1D wavev
tor.

For a 1D magnet in which the magnetic response is do
nated by single mode excitations, the SMA@Eq. ~8!# predicts
thatj is given by Eq.~13!. In this experiment, all four quan
tities were independently determined and the relationship
be tested experimentally. Figure 12 compares the correla
lengthj estimated from theQc dependence of the structur
factor and the correlation lengthjcalc given by Eq.~13!. The
agreement is excellent for all temperatures. This dem
strates that SMA is valid up toT550 K and suggests that th
observed excitations can be regarded as short-lived si
particle excitations.

The Hohenberg-Brinkman sum rule36 predicts that the
first energy momentF(Q)5*2`

` dvvS(Q,v) of a 1D mag-
net with isotropic nearest-neighbor exchangeJ is given by

F~Qc!52
4

3

^H&
L

~12cos~pQc!!. ~14!

HereQc is the wave-vector transfer along the spin cha
and ^H&53J( i^Si

aSi 11
a & is the expectation value of th

Hamiltonian.
The first energy momentF(Qc) was determined numeri

cally from the measured neutron scattering spectrum a
subtraction of the background and accounting for the m
netic form factor, and is shown in Fig. 13 for three differe
temperatures. The dependence onQc of the first moment
F(Qc) is in excellent agreement with the sum rule for a
momenta and temperatures. The fit yields the internal ene

e
FIG. 12. The horizontal axis represents the correlation len

jcal calculated from the experimentally determinedD, vs , anda for
temperatures betweenT56 and 50 K. The vertical axis shows th
correlation lengthj determined from the wave-vector dependen
of the structure factorS(Qc). The solid line isjcal5j.
2-8
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EVOLUTION OF SPIN EXCITATIONS IN A GAPPED . . . PHYSICAL REVIEW B66, 174412 ~2002!
^H& in arbitrary units and its temperature dependence, an
will be discussed in a forthcoming publication.33 The data for
^H& are shown in Table I.

IV. HIGH-TEMPERATURE
PARAMAGNETIC SCATTERING

At infinite temperature, there are no correlations betwe
the spins and the instantaneous structure factorS(Q) is a
constant. The first moment of the spectrum vanishes for aQ
because the Bose factor weighs the excitations for neu
energy gain and loss equally. The second moment, howe
is predicted to vanish at ferromagnetic momenta and rea
maximum at antiferromagnetic momenta, irrespective of
spin quantum number or whether the exchange is antife
magnetic or ferromagnetic.37,38 Chain systems with neares

FIG. 13. First energy momentF(Qc)5*2`
` dvvS(Q,v) for T

512, 25, and 50 K. The solid line is a fit of the Hohenber
Brinkman sum rule@Eq. ~14!# to a parameter proportional to th
internal energŷ H& ~Ref. 36!.
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neighbor interactions are ideal systems to test this beha
because the wave-vector dependence of the second mo
has a simple form

^v2&}J2@12cos~pQc!#, ~15!

whereQc is the wave-vector transfer along the chain.
The scattering was measured atT5200 K.10J for a

wide range of wave-vector transfers using the MARI sp
trometer. Figure 14 shows the scattering surface projec

FIG. 14. The intensity measured atT5200 K using MARI. The
data were measured with an incident energyEi520 meV and the
intensity in all three detector banks was added and smoothed.
intensity is indicated by the bar on the right-hand side. The bl
trapezoidal areas are an artifact and a result of a MARI detector
in the 2Q scattering angle and the data smoothing algorithm. T
quasielastic scattering below;1 meV should be ignored.
icular
TABLE I. For neutron energy loss, the integrated intensityR0(Q)5*0
`dvS(Q,v) and the first and second moment^v&(Q)

5*0
`dvS(Q,v)v/R0(Q) and^v2&(Q)5*0

`dvS(Q,v)v2/R0(Q) of the observed spectra.R0 is in arbitrary units~a.u.! and^v& and^v2&
are in units of meV and meV2, respectively. Columns 2 to 4 are derived from MARI data with a varying wave-vector transfer perpend
to the chain. The final columns are derived from the RITA data with a different normalization.

T(K) Qc50.5 Qc51 ^H& ~a.u.! Q5(0.81, 0.81, 1)
R0 ~a.u.! ^v& ^v2& R0 ~a.u.! ^v& ^v2& R0 ~a.u.! ^v& ^v2&

6 6.1~0.9! 5.8~0.3! 6.0~0.3! 22.2~0.7! 2.6~0.1! 3.3~0.1! 228(0.4) 1316~21! 1.76~0.05! 2.35~0.09!
7 1362~45! 1.96~0.1! 2.49~0.08!
8 5.2~1.1! 5.4~0.5! 5.6~0.4! 20.7~0.9! 2.57~0.17! 3.25~0.23! 227(0.5) 1323~44! 2.06~0.08! 2.57~0.05!
9 1322~46! 1.91~0.12! 2.53~0.16!
10 1404~32! 1.95~0.06! 2.36~0.05!
12 4.3~1.0! 5.8~0.6! 5.9~0.4! 20.84~0.66! 2.89~0.6! 3.58~0.22! 226(0.5) 1233~45! 2.17~0.13! 2.78~0.13!
15 1055~42! 2.17~0.16! 2.52~0.23!
20 939~39! 3.1~0.2! 3.62~0.13!
25 6.1~1.0! 5.0~0.4! 5.4~0.3! 16.55~0.48! 3.72~0.2! 4.37~0.24! 221.3(0.2) 813~37! 3.04~0.22! 3.66~0.15!
30 729~36! 3.0~0.23! 3.48~0.18!
35 689~35! 3.37~0.25! 4.03~0.14!
50 5.3~0.9! 4.4~0.3! 4.9~0.3! 10.89~0.26! 4.03~0.12! 4.49~0.1! 214.2(0.2) 641~29! 3.75~0.23! 4.43~0.09!
70 571~28! 3.78~0.26! 4.43~0.1!
200 5.2~0.9! 3.5~0.2! 4.0~0.2! 7.5~0.19! 4.46~0.14! 4.95~0.12! 23.8(0.1)
2-9
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M. KENZELMANN et al. PHYSICAL REVIEW B 66, 174412 ~2002!
onto the (Qc ,v) plane for neutron energy loss. Because
effect of the interchain interaction is negligible atT
5200 K, the data from all the detectors were used to
prove the statistics. Figure 14 shows that the scattering c
sists of broad scattering and that there is no sign of the r
nant excitations seen at lower temperatures. The broad d
of spectral weight is centered atQc51 for the high energy
fluctuations whereas it was located atQc50.5 at low
temperatures.

Figure 15 shows constant-Qc scans for different wave
vector. The upper bound of the scattering has a maximum
10 meV atQc51 and decreases with increasinguQc21u.

The scattering intensity observed at the antiferromagn
point Qc51 is not consistent with the prediction of
coupled-mode theory at infinite temperature,39 shown as a
dashed line in Fig. 15. Instead the scattering spectrum
the form of a Gaussian as predicted by de Gennes37 ~solid
line!. The difference between the coupled-mode theory
the experiment may be because the experiment was
formed at a finite temperature but more likely because
theory is unsatisfactory.

FIG. 15. Neutron spectra atT5200 K for four differentQc .
The peak centered at zero energy transfer arises from quasie
incoherent scattering from the sample and the sample holder.
open circles show the background as explained in the text.
dashed and solid lines are the prediction of a coupled-mode th
at infinite temperature~Ref. 39! and the de-Gennes Gaussian~Ref.
37! fitted to the data, respectively. The instrumental resolut
~FWHM! is shown by a bar.
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The structure factorS(Qc) and the first energy momen
F(Qc) are shown in Fig. 16 in the same units as for t
lower temperatures~Figs. 8 and 10!. They were calculated
numerically from the observed neutron scattering at posi
neutron energy transfers after subtraction of a flat ba
ground that matched the scattering at high energy trans
The intensity at negative energy transfers was estimated
ing detailed balance.S(Qc) and F(Qc) were corrected for
the magnetic form factor.S(Qc51) is now only about twice
S(Qc50.25), showing that there are weak spin correlatio
which are considerably reduced compared to lower temp
tures. The solid line is the prediction of a high-temperatu
series expansion@Eq. ~28!# which will be discussed in Sec. V

The Qc dependence of the first momentF(Qc) is well
described with the sum rule of Hohenberg and Brinkman36

confirming that the scattering is magnetic and that conta
nation with phonon scattering is not significant. The ma
mum ofF(Qc) is ;6.5 times lower at 200 K than the max
mum at 12 K, showing that although the first moment is n
zero, the system is close to the high-temperature limit.

It is clear from Figs. 14 and 15 that the second mom
has a maximum at the antiferromagnetic pointQc51 as pre-
dicted by the theory of de Gennes. It will be shown in t
Sec. V that there is quantitative agreement between exp
ment and theory if the scattering is expanded to first orde
1/kBT.

V. DISCUSSION

A. Lifetime of Haldane excitation for TËD

The excitations of an antiferromagnetic isolated spin
chain in its quantum-disordered phase are well defin

stic
he
e
ry

n

FIG. 16. ~a! S(Qc) as a function of wave-vector transferQc at
T5200 K in the same units as in Fig. 10. The solid line is t
prediction of the high-temperature series expansion@Eq. ~28!# ~Ref.
38!, normalized to the data.~b! Observed first energy momen
F(Qc). The solid line is the fit of the Hohenberg-Brinkman su
rule 2

4
3 (^H&/L)@12cos(pQc)#.
2-10
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EVOLUTION OF SPIN EXCITATIONS IN A GAPPED . . . PHYSICAL REVIEW B66, 174412 ~2002!
gapped spin-1 excitations~Haldane excitations! which sat-
isfy a relativistic dispersion relatione(q)5(D21vs

2q2)1/2,
whereq5uQ21u. At zero temperature where the spin corr
lation length is six sites,32 the neutron injects an excitation i
the Haldane band which travels with a group veloc
vs

2q/e(q), and its lifetime is infinitely long. At a finite tem
peratureT<D50.41J, thermal activation creates a dilut
gas of Haldane excitations. They limit the lifetime of th
injected excitation through collisions, and this gives it a
nite energy.27

The scattering matrix for a two-particle collision has
superuniversal form in 1D which does not depend on a
microscopic parameter, and forT!D, it predicts that a two-
particle state ($q1 ,s1%,$q2 ,s2%) transforms into a final state
($q1 ,s2%,$q2 ,s1%), wheres is the spin quantum numbe
thus basically swapping the spin.27 Alternatively in 1D we
may think that the particle created by the neutron,$q1 ,s1%,
collides with one of the gap particles$q2 ,s2% and, similar to
billiard balls, the momentum of the first is transmitted to t
second, to give$q2 ,s1% and $q1 ,s2%. This result holds for
any form of 1D dispersion relation. Damle and Sachde27

calculated the temperature dependence of the line shape
width by approximating the relativistic dispersion with
classical dispersionecl(q)5D1vs

2q2/2D, and whenT!D,
the dynamic structure factor has a simple scaling form

S~Q,v!5
Ac

gD
FS v2ecl~q!

g D , ~16!

whereg is the inverse of the time between collisions wi
other excitations andA is a scaling constant. The scalin
function F(z) was calculated numerically and found to b
close to the Lorentzian form

F~z!5
pa

2~a21z2!
, ~17!

with a50.71. Thus the DS theory predicts that the obser
half-width is GDS5a•g. The inverse DS collision time is
equal to the density of the excitations times their root me
square relative velocity, namely,

g~T!5
3kBTA2

A2p
expS 2

D

kBTD , ~18!

the same as for classical gas collisions. The experimen
observed excitationG width in CsNiCl3 is appreciably
higher than this prediction as shown in Fig. 4 for a
T,D.11 K.

We have performed our own calculations in which,
proposed by Damle and Sachdev, the excitations of a sp
chain at low temperatures are regarded as a dilute ga
particles whose lifetime is limited by collisions. We mak
three assumptions:~i! the lifetime depends on the r.m.s. rel
tive group velocity of two colliding particles,v rel, which for
a chain isA2 times the single-particle r.m.s. group veloci
~ii ! the inverse lifetime is given asG rel5rv rel, and ~iii ! the
density,r, and relative group velocity are evaluated with t
full relativistic dispersion of the NLsM. The density is the
17441
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r~T!5
3

2p E
2p

p

dq expS 2
e~q!

kBT D ~19!

and the root mean square relative group velocity of partic
in one dimension is

v rel~T!5A2A 3

2pr~T!
E

2p

p

dqS vs
2q

e~q!
D 2

expS 2
e~q!

kBT D .

~20!

The integrals are not analytically solvable and were cal
lated numerically to obtain the collision frequencyG rel(T)
5r(T)v rel(T) independent of the cutoffp. Equation ~20!
corrects an error in the width formula in Ref. 22. For re
tivistic particles the collision frequency is increased by t
larger density at large momentum, and decreased by t
single-particle r.m.s. group velocity, which saturates at l
thanvs. The relative group velocity directly included in Eq
~20! through the factorA2 is largely responsible for the
higher collision frequency.

The two estimates of the half-width are shown in Fig.
The general trend confirms that the model of Damle a
Sachdev~solid line! describing an antiferromagnetic spin-
chain atT,D as a dilute gas of Haldane excitations is ba
cally correct.27 A somewhat closer agreement with expe
ment is given by the free-particle calculation we have p
formed ~dashed line!, which is closely similar to the resul
using the measured crystal dispersion. Our calculation m
be valid to slightly higher temperatures because we h
retained the full NLsM dispersion. However, belowT
,10 K the measured excitation widths are higher than
calculations. This is probably due to the interchain spin c
relations which soften the Haldane gap near the orde
wave vector~0.33, 0.33, 1!, so that there is an increase
thermal population of excitations.

B. Temperature dependence of solitonic excitations
in quantum-disordered phase

An antiferromagnetic spin-1 Heisenberg chain does
order at any finite temperature and the spin-spin correlati
decay exponentially with distance. However, there is a fo
of hidden spin order given by a nonlocal string order para
eter first proposed by Den Nijs and Rommelse.40 It is defined
as

Ostring
a ~H!5 limu i 2 j u→`^s i j

a &H , ~21!

where

s i j
a 52Si

aexpS ip (
l 5 i 11

j 21

Sl
aDSj

a . ~22!

Kennedy and Tasaki41 showed the hidden spin order can b
regarded as consequences of the breaking of theZ23Z2

symmetry. It was shown thatOstring
a (H)50.374 for an anti-

ferromagnetic chain with nearest-neighbor Heisenb
interactions.42–44 The hidden spin order can be pictured
the framework of the valence solid bond~VBS!,10 where the
S51 spins are obtained by symmetrizing twoS51/2 spins
on one site, and each of theS51/2 spins forms a coheren
2-11
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M. KENZELMANN et al. PHYSICAL REVIEW B 66, 174412 ~2002!
singlet state with anotherS51/2 spin from a neighboring
site. A possible VBS spin configuration for the ground st
is shown in Fig. 17~a! together with its configuration in the
spin-1 picture. TheSz51 andSz521 states alternate with
random number ofSz50 states in between, and the grou
state can be viewed as diluted spin-1 Ne´el order, which is the
string order parameter defined above. In VBSOstring

a (H)
5 4

9 . This value is higher than that for the Heisenberg mo
because quantum fluctuations reduce the long-range hid
order in the latter.

A scattered neutron excites a spin-1/2 pair into a symm
ric triplet state, as shown in Fig. 17~b!. The corresponding
spin configuration in the spin-1 picture shows that the dil
spin-1 Néel order is now broken. Fa´th and So´lyom have
shown that such triplet states are moving hidden dom
walls and are one-soliton excitations of the string-orde
ground state.9

At finite temperature, the hidden non-local string order
destroyed because spin flips are allowed through ther
population of the Haldane band that change the insta
neous magnetization of the chain. Yamamoto a
Miyashita45 introduced a local~short-range! hidden order
parameter

OSR5
N~12 !1N~21 !2N~11 !2N~22 !

N~12 !1N~21 !1N~11 !1N~22 !
~23!

whereN(67) andN(66) are the total number of neare
spin pairs of (67) and (77) type, respectively. The op
erator is applied to a spin wave function, for example (•••

201201020120102•••), where all spin projection
0 are omitted, leaving (•••212121212•••). The
expectation valuêOSR& is 1 in the absence of (11) and
(22) pairs which can regarded as domain walls.

While the nonlocal string order collapses at any fin
temperature, the local string order decreases only slo
with increasing temperature,45 and reduces only by a facto

FIG. 17. ~a! VBS ground state where the spin-1~large circles!
can be pictured as two symmetrized spin-1/2~small circles within
the large circles!. Two spin-1/2 from neighboring sites form single
bonds~straight lines between two spin-1/2!. The picture shows one
possible spin-1/2 configuration in the ground state and the co
sponding spin-1 configuration showing the hidden spin string or
~b! VBS state after a neutron has transferredSz521 to a spin-1,
creating a symmetrized triplet state between two spin-1/2 on ne
boring sites~the cross between two spin-1/2!. This breaks the hid-
den spin-1 order.
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of 2.7 fromT50 to 50 K. We note thatS(Qc51) grows by
1.5 between 50 and 12 K and is not too much less than
factor of 2 growth of the local string order.45 In the light of
the persistence of the hidden spin order to high temperat
it is tempting to interpret the observed excitations as mov
domain walls of the spin string order, and it is less surpris
that they are resonant at such high temperatures. More t
retical work is needed to clarify this point, and to descri
the energy and the lifetime of these high-temperat
solitons.

C. High-temperature paramagnetic scattering

In the high-temperature limitJb5J/kBT!1, the second
moment of the dynamic structure factor is given by38

^v2&5

2(
i , j

exp@ iQ~Ri2Rj !#^@@Si
a ,H#,Sj

a#&

b^SQ
aS2Q

a &
. ~24!

The thermal average of the spin-spin correlations is

^Si
aSj

d&5Tr@exp~2bH!Si
aSj

d#/Tr@exp~2bH!#. ~25!

To first order inb,

^Si
aSi

d&5da,d

1

3
S~S11! ~26!

and

^Si
aSj

d&52da,dbS 1

3
S~S11! D 2

J~Ri2Rj !. ~27!

Please note that we use a different definition ofJ than that
used by Lovesey.38 The Fourier transform of the spatial spin

spin correlationŝSi
aSj

a8& is

^SQ
aS2Q

a &5
1

3
S~S11!S 12

1

3
bS~S11!J~Q! D . ~28!

For a 1D magnet with a nearest-neighbor exchangeJ,
J(Q)52J cos(pQc) and the second moment becomes

^v2&5
4

3

S~S11!

12
1

3
bS~S11!J~Qc!

J2@12cos~pQc!#.

~29!

This result can be directly compared with the measureme
at T5200 K. The calculatedS(Qc) given by Eq.~28! with
J52.28 meV is in excellent agreement with the experime
at T5200 K ~Fig. 16! if an overall scaling factor is fitted to
the experimental data.

A more sensitive test of the theory is a quantitative co
parison of the predicted and measured second energy
ment. The square root of the second momentV5^v2&1/2 was
determined numerically from the measured spectra after
usual corrections were made. Figure 18 shows thatV(Qc)
has a maximum which approachesQc51 at high tempera-
tures. The solid line shows the predictedV(Qc) according to

e-
r.
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EVOLUTION OF SPIN EXCITATIONS IN A GAPPED . . . PHYSICAL REVIEW B66, 174412 ~2002!
Eq. ~29! at T5200 K and usingJ52.28 meV. There is good
quantitative agreement between theory and experiment
sidering that the solid line is not a fit but a prediction bas
only on the temperature and the exchange constant alon
chain.V(Qc) for infinite temperaturesb50 is shown by the
dashed curve for comparison.

Figure 18 also shows that the maximum inV(Qc)
changes fromQc51 to Qc50.5 on cooling. AtT512 K, the
maximum is where the dispersion has its largest energy.
moments of the spin spectrum are summarized in Tabl
Here the integrals are done only over the positive ene
response.

VI. CONCLUSIONS

In summary, the evolution of the dynamic spin structu
factor S(Qc ,v) of CsNiCl3 has been surveyed betweenT
55 and 200 K over a wide range of wave-vector transf
Qc along the chain.

The temperature dependence of the correlation len
j(T) was determined from theQc dependence of the equa
time structure factor and the results are in agreement w
quantum Monte Carlo calculations except forT,10 K,

FIG. 18. Square root of the second energy momentV(Qc) for
several temperatures as a function of wave-vector transferQc . The
solid line is the theoretical prediction given by Eq.~29!. The dashed
line is the prediction for infinite temperature.
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close to the ordering temperatureTN . At these temperature
and at the noncritical 1D wave vector (0.81,0.81,1) the c
relation length is shorter than is predicted for isolated cha
and the gap is higher than expected. Surprisingly, the in
sities of the excitations do not scale with the 1/v law which
is typical for antiferromagnets. These results are in sh
contrast with the predictions of the random phase appro
mation and with the single mode approximation.

The magnetic excitations remain resonant and disper
up to T550 K.2J, a temperature comparable with th
spin-band width. They remain resonant because the energ
the spin excitations renormalizes upward more rapidly th
their damping. The temperature dependence of the disper
along the chain direction was measured, and the excita
energyD(T) and the spin velocityvs(T) were determined
for 6 K,T,50 K. We found that the relationj
5Avs

21a2/4/D, which is predicted by the single mode a
proximation, remains valid in the entire temperature regi
This suggests that the excitation spectrum around the ant
romagnetic point consists of single-particle excitations ev
at T550 K where the excitations are broad. It also hints
the existence of a hidden spin order which carries the pro
gating excitations as predicted by numerical calculatio
The observed excitations may be regarded as domain w
~solitons! of the hidden string order, whose energy scale iJ
rather thanD.

At T5200 K the scattering is well described as param
netic scattering and extends to;10 meV energy transfer a
the antiferromagnetic point. The upper boundary of the pa
magnetic scattering exhibits a broad maximum at the anti
romagnetic point.

The structure factor and the second energy moment
consistent with the first-order high-temperature series exp
sion. These results call for an extension to higher tempe
tures of the theory for gapped weakly-coupled spin chain
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