PHYSICAL REVIEW A, VOLUME 64, 032501
Properties of some exotic five-particle systems
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The stability of a number of exotic systems consistingNef5 unit charge particles is investigated using the
stochastic variational method. Several interesting exotic molecules are found to be stable. The properties of the
most intriguing systems consisting of two electrons and two positi@gs,e” PsH or Lit Ps) are investigated
in great detail.
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[. INTRODUCTION culty can largely be attributed to the fact that the correlations
between like and opposite charges are quite different due to
The chemical binding of systems of charged particles ighe attractive and repulsive interaction. Another factor which

known to depend crucially on the mass of the particles. Thelays a crucial role in the binding mechanism is the Pauli
structures of p,e,e”), (p,p,e”), and E*,e*,e”) are principle. For systems with identical particles the antisym-
very different and some other combination of these particlesnetry requirement seriously restricts phase space accessible
e.g., p,e",e") are unbound. The bound states of small mol-to the the particles by not allowing the energetically most
ecules formed by heavy multiply charged nuclear centers antivorable configurations. The small binding energies of these
a small number of electrons are well known. Much less idoosely bound systems require very accurate calculations.
known about the possible stability/existence of systems The present study is based on the stochastic variational
formed by particles of unit chargee.g.,e ,e*,u",p,d,t, method[24,25. Correlated Gaussian functions are used for
etc) although the stability of three- and four-particle systemsthe basis because their matrix elements are readily available
for different mass ratios of the constituents has been investfor N-particle systems. This variational approach gives a

gated[1-3]. fairly accurate variational upper bound for the energies of the
The simplest examples of these exotic systems are thiew-particle systems studied here.
positronium ion €*,e7,e”) (predicted by Wheeldi], ex- In Sec. Il the stochastic variational method is introduced

perimentally observed by Millg[5]), the Ps molecule and the basis functions used in the different calculations are
(e*,e*,e”,e7) (predicted by Hylleraas and Of6], not ob-  described. A number of different five-particle systems are
served yet in natuje or the PsH systenfpredicted in Ref. investigated in the Sec. lll. The last section summarizes the
[6] and indirectly observed in Reff7]). These systems have results and discusses possibilities for further research.
been extensively studied by various theoretical methods in
the last few year$8]. Il. THE STOCHASTIC VARIATIONAL METHOD

Most recently, thee* PsH system formed by attaching a ) ) ) )
positron to PsH has been shown to be electronically stable All calculations reported in this work used the stochastic
[9]. The existence of these small systems raises the questigidiiational methodSVM) or a variant of this method. In the
as to whethefsimilarly to molecules larger stable systems ©VM. the wave function is approximated by a linear combi-
containing positrons can also be formed. One can asRation of correlated Gaussians
whether a system ah electronsn positrong for example, an K
(3ef,3e*) S)ist_en] is bound or whether a positrpn, a posi- ‘I’ZE Cib(A; %), 1)
tronium, a PS ion or a Pg molecule can attach itself to an i=1
atom or molecule.

Othe( exa}mples of Coulombic systems where the binding ¢(A,X)=A{ef(1/2)xTAxXSM L )
mechanism is very different from that of atoms or molecules S
are _the positroni_agton{atqms f_ormin_g a bound state_ Wit.h a where X=(Xq, ... Xy_1) IS a set of relative coordinates,
positron, e.g., l&™; or positronium LiPs and 'ghe exc_ltonlc Xswm. IS the spin function, and\ is a matrix of nonlinear
complexes(systems of electrons and holes in semiconduc>"s _
tors. The positronic atoms have been subject of intensivé/ariational parameters with

theoretical studies in the last few yedt®—18. These atoms (N-1)
have not been experimentally observed yet, although pos- TAx= A XX 3
sible experimental protocols have been discu$sef How- XX i,jEzl X% @

ever, there is experimental evidence for the existence of ex-

citonic complexe$20-23. and A is an antisymmetrizer. The wave function is antisym-
The prediction of the stability of Coulombic few-body metrized for each group of identical particles. If a five par-

systems requires very sophisticated calculations. The diffiticle system, for example, consists of two pairs of identical
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particles and a third kind of particke.g., ap™p*e e u* TABLE I. Energy of Coulombic few-body systents atomic
system, then the wave function is antisymmetrized for the units). The mass of the proton is assumed to be infinite in PsH and
indentical pairs(for the two protons and for the two elec- it is taken as 1836.152T, in H,.

trons. Sometimes we want to elucidate the role of the Pauli

principle in the binding mechanism by introducing a ficti- System SVM Basis size Other method
tious particle x” which has 'the s‘;‘ar'ne. mass and charge as :':m PsH —0.789196553 1200  —0.789196714729]
electron, for example, but is a “distinguishable form of it. H, —1.164023731 100 —1.16402502327]

In such case there is no an_t|symmetr|zat|on betweamd Ps, 0516003778 1200 —0.51600130]
the electrons. The energy difference between the two cases,

. - ST . L Hs —1.3185 500

(i.e., when the particle is distinguishable and when it is

identica) shows the effect of the antisymmetrization.

The above ansatz leads to a generalized eigenvalue prob- The stochastic variational method systematically im-
lem. The upper bound of the ground state energy and thgroyes the correlation functions between the particles by

linear coefficients are _obtained by matrix_ diagonalization.tesﬁng different randon;; sets and choosing the one which
The correlated Gaussians offer computational advantage(g !

; : ) ives the lowest energy. In the first stage a basis is con-
fast analytical evaluation of the matrix elements and gooGycted by adding one randomly selected new basis states to

approximation to various wave functions. They also havene pasis "In the next stage these basis states are cyclically

well-known drawbacks such as their slow convergencgeqpiimized by replacing the previous parameters by a new
(compared to exponential functignand the fact that they do  petter random set. This process is repeated until the energy

not satisfy the cusp condition. , o and wave function are deemed to be sufficiently accurate.
The Hamiltonian of this Coulombic system is written as  The method has been tested on a number of many-body

N g2 N problems of different areas of physics and it has been proved
H=—> —V2+> ﬂ (4  to be highly accurate and reliab[@5]. A comprehensive
s12m S |ri_rj| description can be found in Rdi25].

) ) ) This variational trial function works very well for various
The particles are assumed to have unit charges, thaklis systems. In some systems such as in molecules, the particle
=1. We use TOI”ZHIC units so the energy is measured in Hagensities are very tightly localized at large distances. Gauss-
tree H (=mce’/77) and the length is measured in units of jan trial functions are not sufficiently flexible to describe
= - . — . L—0 2
the Bohr radius §=%</m.e“) (m, is the mass of the elec these systems compactly. The functi@hs2i(i—)* peak

tron). atr;=r; and a huge basis is needed to approximate very
pe:\—(;]se gﬁctl;?%ypg;[igiis) Xa(:‘attr?enﬁi)%ﬁ:g;?tlr?:;igg?sly _Io_lﬁfightly I;)calized dgnsity distributions of the nuclear centers,
ber of ters o b imized i I I. ramatically slowing down the convergence of the wave
number of paramelers 1o be opimized IS usually very 1argg, ., ion 1o avoid that problem the following trial function
even for a relatively small system. Conventional determlnls-may be used. Viz
tic optimization methods require many repeated diagonaliza- '
tions and recalculation of matrix elements and may not find
the global energy minimum due to the presence of local
minima. )
Our procedure is a stochastic parameter search whichyith
does not get trapped in local minima. To avoid rediagonal- N-1
ization of large nonsparse matrices, only one basis function _
. - . V= E Ui X . (7)
is changed at a time. That also restricts the number of non- =1
linear parameters optimized at the same time to those in
¢(A;,X). The guadratic form in the exponent of the corre- This function is a special case of the “global vector repre-
lated Gaussian can be written in an equivalent form sentation”[26] for zero angular momentum. The linear com-
bination coefficientsu; and the power ofr are new varia-
tional parameters. The ability of the SVM to obtain very
xAx=2, ay(re—r)? (3 accurate bindin i
“ g energies can be seen from Table | where
SVM energies are compared with state of the art calculations
wherer; are the positions of the particles amg, can be for a number of few body systems. The difficulties of using
expressed by;; and vice versa. The advantage of this nota-simple correlated Gaussians in nonadiabatic molecular calcu-
tion is that it explicitly connects the nonlinear parameters lations has been noted elsewhere and remedies similar to that
to the pair correlation between partidleandj. Ther,—r,  adopted here have been propo$2d|. The above formula-
relative distances do not form a linearly independent set ofion works well for two-center molecules such ag éf LiH,
coordinates and therefore one can choose some af;jh® but it is considerable less efficient for three-center system
be negative(provided thatA remains positive definite and such as H . We have included the nonadiabatic energy of
hence the wave function square integrabe did not find Hj3 obtained by this basis in Table I. To our best knowledge
any obvious advantage in allowing negative valuesagf  there is no other nonadiabatic calculation reported in the lit-
and restricted the calculations for positiug . erature. The convergence for that system is very slow and

¢(A,X) :‘A{|V|2ke*(1/2)xTAxXSMS}, (6)

N
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our result may not be very accurate. The mass ratio in this TABLE Il. Energies ofN-particle systems of unit charges and
case is 1/1836 and the Born-Oppenheimer approach is cegqual masses. The total charge is 0 and 1Noeven and odd,
tainly the method of choice for such systems. The correlategespectively. Atomic units are used.

Gaussians provide very accurate solution up to about 1/26

mass ratio and the systems considered in this work are within =~ N Fermion Boson
this limit. _ _ 2 ~0.250000 —0.250000
For systems .Wlth more than 5 or 6 particles, thg SVM 3 —0.26200 0.26200
becomes very time consuming and it becomes desirable to
approximate the Hamiltonian by assuming a inert core for 4 —0.516004 ~0.516004
P y 9 5 no bound state —0.556489

larger atoms. For example, the IRs, system consists of
four electrons, two positrons, and the nucleus. While a fully
ab initio calculation was able to establish the electronic sta-
bility of this system[9], the time consuming nature of the are considered to be spinless and the spatial part of the wave
calculation prevented the continuation of the calculation tfunction is asymmetric in the coordinates of the identical
get an accurate estimate of the binding energy. The fixed corearticles. In the fermionic case we have considered particles
variant of the SVM was introduced to permit calculations onwith half spin. The lowest energy state turns out to be the
complex atomic systems by treating the core and valencetate where the spin of the pairs of identical particles are
electrons differently14,15. The tightly bound core electron coupled to zero. In this state the spin part of the wave func-
orbitals are obtained from a Hartree-Fock calculation and aréon is antisymmetric and the space part has to be symmetric.
only used to compute the effective potential for the valenceTherefore both the bosonic and fermionic system have sym-
electrons. metric spatial part and their ground state energies are equal.
The bound systems consisting of five distinguishable par-
ticles of equal mass may not seem to be of any practical
importance because there are no such system in the real
In this section we denote a heavy charged particle of arworld. This stability, however, often survives when masses
bitrary mass by the symbdfl © or M ™. Light particles are of the constituents are changed. For example, when the dis-
denoted bym™* or m~. When the particle corresponds to a tinguishable particle in thee(',e ,e*,e*,x) system is a
known particle(e.g., protons, electrons, muons, and their anproton the system still is stable. This systéwhich is dis-
tiparticles the symbol for the particle is used. cussed latéris an example of a physical system predicted by
the presented calculations that can be forntaithough it
would obviously be a very difficult experiment to prove its

Ill. RESULTS OF CALCULATIONS

A. (mT,m*m*,m™~,m")

_ . _ _ existence.
The first set of calculations investigated the system con-
sisting of five equal mass particl_es_. No evidence_ of binding B. (M*,M*M*,m~.m")
could be found for systems consisting of four positinega- o )
tive) charges and one negatiyeositive charge. The most well-known stable Coulombic five particle sys-

For the system consisting of three positive charges anéem is the H molecule. The three protons form an equilat-
two negative charges the ability to bind depended on whethegral triangle and share the two electrons, the system is stable
the systems consisted of bosons or fermions. For a systefaf c=m/M~0. The previous section has shown that the
consisting of three positively charged fermions and twoequal massri*,m",m*,m~,m")(o=1) system with three
negatively charged fermions, no evidence of binding waddentical particles is not bound. In an earlier st@g] an
seen. The constraints imposed by the Pauli principle act t@ttempt was made to find the mass ratio where the stability is
prevent the system from binding. For example, the fivedost. It has been found that the system is bound provided that
particle system consisting of three electrons and two posithe positively charged particles are at least five times heavier
trons does not have a bound state. than the negative one €0o=m/M <0.2). Beyond this mass

However, if the third positive particle is distinguishable ratio, the system dissociates into & {,M*,m~,m") sys-
from the other two, then the system can form a bound statdem plus M *. Another possible dissociation channel is
We refer to such a system as “bosonic” since all the particledM *,M *,m™) plus (M*,m~). The energy of this channel
are effectively distinguishable once the spin projections ar€+2 is always higher than that of thet4.
taken into consideration. An example of a five-particle sys- This shows that the J molecule would remain stable
tem of distinguishable particles is the (,e ,e",e*,x) sys-  even if the protons were be much lighter. A system of three
tem, wherex is a fictitious particle which has the same massholes and two electrons in semiconductors might be a real-
as the electron but is distinguishable from both the electromstic example of this case. The system consisting of three
and the positron. The energies of a number of equal magzotons and two negatively charged muons, i.e.,
boson and fermion systefwith mass equal ton,) are listed (p*,p*,p*,u ", 1) can be mentioned as an exotic example
in Table II. The Ps ion and Pg are well known examples of where 0<0.2 (see Table Ill. The mass ratio between the
such systems. muon and the proton is about=0.11 which is much larger

In Table Il the energies of the bosonic and fermionic sys-than that in the hydrogen atonar & 0.0005). The energy of
tems are equal up tN=4. In the bosonic case the particles the proton-muon atom is-92.92 a.u. and the average
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TABLE IIl. Energies and other properties of selected exotic five particle systamatomic unit3. The notationrZ, stands for the
expectation value of the square distance between parta&leahd “b.” The energies of the relevant thresholds are also includeg. (
=1836.1527h,, my=3670.4827h,, m,=5496.921581,, m,-=206.76826n), =(T)/(2V).

Category System Threshold Category System Threshold
+ ot nt o + ot =, =
B (Pp™.p"p u 1) (PP uu) E —0.81007844 —0.7890280
E —203.10453 —199.63069 ,7 1'23%%%17 01'2929:; 115
7 0.999984 0.999998 rg*e* ; ;187 ; 2'3183
. 4.28x10°4 1.47x10°% fpre 15' 167 15 om0
rf-ﬂ_ 2.93x10°* 2.35x10°* fome- oo 5o '
re, . 3.32x10°4 1.35x10°% forer :
P More 33.800 15.5881
C (p*.p"e.e,u’) (prpree) |E (pT.pTeern) (7P s
E 1206583 1164023 E —102.750286 —102.723336
” 0.999741 0.999989 7 0.999995337 1.000003912
rz+p+ 3.86 226 rgm_ 1.81x10 1.81x 10
i 5.63 5.92 ge 23.4841
2 415 r§+e, 11.067f34 3.001714
2 4.48 (ype 2.89x10 2.89<10
e ut )
ffm— 377 3.22 Mo 11.0676 3.0011
+ 4+ - A A + 4+ ,,— A—
D (p",ptute,e) (p*,ute,e) E (d",t"u e ,e7) (d",t",u",e")
E 1271788 1149679 E —111.889612 —111.864106
” 0.999833 0.999614 )7 1.0000135 1.00000034
wrut : 2 —4 —4
t " 573 6.04 rd;#_ 1.37x10 1.37x10
fznﬁ 4.05 236 r£+e_ 9.8831 2.9965
rE,# 395 328 Ige- 9.8831 2.9965
2, 3.76 3.89 Mo 9.8831 2.9965
: 2 e 21.1378
2 — 4 -yl
b (" et et e .e) (p.e*.em.e7) g 1.93x10 1.93x 10
E —0.8099127 —0.788865 G (P".p"p e e) (p*.p*.p7.e7)
7 1.0000029 0.999991
P2, 31917 16.2709 E —481.605173 —481.580324
rE+Er 7493 78249 K 1.00000}56 1.00000};29
r§+e+ 65.682 rg_e_ 21.382
r§+67 33.808 15.5927 rg+e— 9.9285 2.995
r8+p, 1.43x10°° 1.43x10°°
D (d+,e+,e+,e_,e_) (d,e+,e_,e_) pe 99285 2995

square distance between the proton and mLﬁan, is 8.6  between the protons in Table Ill. Ip{,p*,p"u ", u") the

X 10 ° atomic unit. The molecule formed by two proton- protons are further away from each other so the system is
muon atoms is deeply bound just like the hydrogen moleculénore loosely bound and by increasingit will dissociate.
[any (M*,M’'" ,m~,m~) system is bound irrespective of the The energy of the{*,p*, ") ion is —102.22 a.u., cor-
M/M’ ratio if m<M,M’]. The binding energy divided by roborating the fact that the energy of the-3 dissociation

the reduced mass of the proton-muon atom is 0.07 irchannelis higher than that of the+4.

(p*.pT,u w7 )and0.02inp*,pt,p", ", 7). The cor-

responding ratios of jHand Hj are 0.16 and 0.18, that is the C.(p*.,p*.e7.e7 m+)

(p*,p*,p ") much more loosely bound than theg H In this example the properties of the system are investi-
That is also clear by comparing the average square distancgated as mass of one of heavy particle ig i$ changed.
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FIG. 1. Energy of p*,p".e",e”,m,) as a function of FIG. 2. Energy of " ,m,:,m,+,e ,e”) as a function of
me/my. The dots shows the mass ratios where the energies were , (solid line). The dashed line shows the energy of the
calculated. The horizontal line marks the tHreshold. Atomic units (,\2+ Ifn +,e",e") threshold. Atomic units are used

[l Xy ) . .

are used.

Figure 1 shows how the total energy varies with investigated in detail later. Table 11l shows that the energy of
=m./m,. The total energy rapidly decreases toward the (p™,u",u",e7,e7), justlike thatof p*,p",u",e7,7) is
energy of the H threshold. The system becomes unboundthe previous example, is close to that of HThe proton and
aroundm,/me=2.5. This result shows that a,Hnolecule the muon are likely to form an isosceles triangle but now the
can bind a positively charged particle provided that it is atlike particles are further away from each other so the base of
least 2.5 times heavier than an electron. So while the Hthe triangle is longer than the sides in this case. The most
cannot bind a positron it forms a bound system with a posiimportant difference is that by changing time,/m, ratio

tive muonu ™ (see Table Il). The properties of this system is between 0 and 1 this system remains bound.

fairly similar to that of H . In H; the three protons form an

equilateral triangle, here the two protons and the muon form E.(M*,M* e e, m.)

an isosceles triangle where the two protons are s_omewhat Another Coulombic five-body system which has attracted
closer to each other than to the muon. Correspondingly, the

electrons are slightly closer to the protons that to the muon?ttem'pn is the Bl ion. This ion is not _bound, but the H-H
otential energy curve has an attractive part beyond 3.5 a.u.

By decreasing mass of theé" the distance between the pro- P

tons andx® increases and the electrons remain IocalizedTh'S leads to speculation about the possibility of resonant

around the protons. Eventually beyon: /m,-=2.5 the states of this system. The fact that the k$ not bound is a
system dissociates intozl-plusx+ € ' consequence of the Pauli principle. Adding a negatively

The investigation of the general(*,M*,m~,m~,m’ ") charged particlec” which has the same mass as the electron
case would be too tedious but one can expect similar resultg?m is distinguishable from )'tj[O the hydr'ogen molecule
The system is bound fom’~M but the stability is lost gives a bound system. Its binding energy is about 0.096 a.u.

somewhere when the massraf approaches ton. The ?(7 .pa.rt|cle can cling to th‘? &—.imolec_ule because the
Pauli principle does not constrain its motion.

Figure 3 shows the dependence of the binding energy on
the mass ratian./m,.. The threshold in this case is the en-

Starting again from Kl changing the mass of two heavy ergy of the M *,M*,e”,m,-) four-body system. The calcu-
particles at the same tim@r alternatively, by adding two lation is not trivial because the energy and structure very
positive charges to H), yet an other stable system the strongly depends on the,/M mass ratio. Fom,/M~0 we
(M*,m,my+,e,e”) can be created. This system can dis-practically have a hydrogen molecule. In the casengfM
sociate into 41 [(MY,m+,e ,e)+my- and ~1, the M*,M* ,m,-) system forms a Psion-like sys-
(my+,m;+,e",e )+M*] and 3H+2 [(MT,mg,e7) tem. Due to the heavy masses the size of this system will be
+(my+,e”) and M*,e")+(mg+,me+,e)] subsystems. very small compared to that of Psand this small
Figure 2 shows the binding energies as a function of M*,M*,m,-) system will act as a positive charge and
m./m,<1. Fixing the mass of the heavy partidlel) to be  binds the electron. The distances between the particles in
equal to the mass of the protdn* =1836.152W, and as- (M*,M™,m,-) will be very small compared to the distance
suming thatm,<m, the 4+1 threshold is the lowestel- between the center of mass dfl(,M ", m,-) and the elec-
evan). Examples for bound system®{(,u*,u",e",e7) tron. This system can bind one more electron forming
(Table ) or (p*,e*,e*,e”,e"). This latter system will be (M*,M*,m,-,e”,e7), which is akin to H. One can take

D. (Mt , my+,my+,e7,e7)
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n~ in place ofx ™. The (p*,p", ") system is bound, and (M*,M*,M ™). This composite particle, however, cannot be
as the present calculation shows tipé (p*,e*, ) andthe viewed as structureless in the presence of the heawier
(p*,p",e,e ,u") systems are also bound. These systemgarticles. Energetically it is more favorable to form a
remain bound even if the masses of the heavy particles afM*,m~)+(M*,m") molecule than a@¢”,m~,m") sys-
S||ght|y diﬁer' that is the Mir ’M2+ ,e_,e_,mx_) System a|so tem so the b|nd|ng IS IOSt SomeWhere betWeamdl and

bound roughly for 1/3M;/M,<1. 1/o=0.
The accurate calculation of the stability domain for four e
different masses would be very difficult. This last example H. (e7,e™,e”,e”,my+)

shows that at(d,«~) molecule can bind one or two elec-  The previous examples started from systems with two
trons(Table Ill). The average distances in Table Il show thatheavy positive and two light negative charges. The other end
both the p*,p*,u",e",e7) and the {*,d",u",e ,e") of the mass spectrum where one has two light positive and
system can be considered ag(at,p",u"),e”,e ] and a two light negative charges was also investigated. In this case
[(t",d*,u"),e ,e"] three body system. Theo(,p*,u~)  the two negative particles were electrons and the two posi-
and ions form a tiny center and act as a positive charge. Ldive particles were positrons. The sign of the chargenpis
us take the example ofp(,p*,u”). Its energy is not important in this case. For the calculations reported in
—102.2202 a.u. The square distance between the two protdhis section the extra charged particig+ is assumed to be
is 2.89x10 * a.u. the square distance between the protorlistinguishable from the electron and the positron.
and muon is 1.8% 10 *. By adding one or two electrons  The five-body binding energy versus thg/my ratio is
these distances do not change so §hé,p*, ") subsystem shownin Fig. 7. When the system has a mass ratio satisfying
remains unchanged. The binding energies of thé™>Me, the lowest energy threshold is the energy of the
(p*,p*,u,e7) and the p*,p*,u",e ,e7) systems are (My+.e e ,e")+e" dissociation channel. This system is
0.50 a.u. and 0.027 a.u. just like that of the H atom andPound for all mass ratios such thag>m, and the binding
H™ ion. energy of the five-particle system is seen to increase with
increasingm, .
F (M*,M~,m*,m~,m+) When the mass of the distinguishable particle is lighter

) ) L than that of the electron, i.em,<mg, the threshold energy

The next system cons?ere_d |3ﬂ(*,|\_/| ,M",M" M), js the energy of Rs-m,+. The binding energy decreases
The four-body systemN™,M~,m",m") is akin to the  gteadily agn, is decreased. The system is no longer capable
hydrogen-antihydrogen system and it is known to be unyf forming a five-particle bound state whem=0.56x m,.
boynd if the.mass ratim/M is smaller than (_).45. If the mass The structure of theg’,e’,e e ,m,+) system increas-
ratio m/M is small, the two heavy particle of opposite jyg1y resembles the structure of a system best described as
charges form a small neutral particle and the ion formed b)fn)(”aSZ as them,— 0.5am, dissociation limit is approached.

them™, m~, andm,. particle will not be able to form a  “These systems are electronically stable but annihilation

bound five-body system with it. between electron-positron pairs is possible. The most likely
annihilation process is they2process which results in twg

G. (M*,M*,M~,m~,m") rays being emitted. The matrix element for this process is

This system can be characterized by a single mass rati[g,rop_)ortional to the proba_b_ility_of find_ing an electron and a
o=m/M. If m<M then the dissociation threshold is the POSitron at the same position in a spin singlet sfaee Eq.
energy of the 1*,M*,M~,m~) system. The energy of (21) in Ref. [15]]. The. ann!hnatlon rate for' the 2 decay
(M*,M*,M~,m") as a function of sigma is shown in Fig. Summed over all possible final stafel -33 is
4. The M*,M*,M~,m~,m") system is bound with respect
to this thresholdsee Fig. 5 The (o*,p",p~,e",e") sys-
tem would be an example for this caee Table IlJ. This
example shows that a hydrogen molecule is capable to binfihe symbols in front of the integral sign represent the usual
an antiproton forming a system similar to HIf m>M then  quantities in atomic physics,is the speed of lightw is the
the relevant dissociation threshold is given by the energy ofine structure constant. The operaff is a projection op-
(MF,M",m",m7). The M",M*",M~,m™,m") system is erator that selects spin-0 combinations of the electron and
bound in the Xxm/M <2 interval (see Fig. 6. the positron. The . andr, vectors are the positions of an

There is a very interesting difference between these twelectron and a positron.
cases. In the first case is between 0 and 1. For smaf
values the three heaviyl particles form a small positive
chargec™ and that composite particle binds the two ligther
charges forming ¢*,m~,m~). The size of the composite =~ The e*PsH system §,e ,e ,e",e*) corresponds to a
particle is small and it behaves as a single structureless posnodel with m,=m, and it is clear from Fig. 7 that this
tive charge. The mechanism and the system is very similar teystem is bound. The system is stable against dissociation
H™. In the second casedMNaries between 0 and 1. Here in into the H+Ps", p+Ps, or the PsH-e* channels. The
the limiting case where &/=0 one has two heavsn™ par-  lowest threshold is the energy of the PsE’ channel
ticles and a composite positive chargge” formed by (—0.789197 a.0.ande*PsH is bound by 0.021050 Hartree

I'=4mca®alNg(¥|0%(ro—r,)| V). (8)

I. The et PsH system.
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FIG. 3. Binding energy ofg*,p*,e",e”,m,-) as a function of FIG. 4. Energy of 1*,M*,M~,m") as a function oft/M for

me/m, . Atomic units are used. m<M . Atomic units are used. The figure correspondsmte m,,

the energy unit should be multiplied loy/ m,, for other choice ofn.

with respect to this threshold. The"PsH system has been o _

investigated more carefully since it represents the simplegherefore to a good approximation the’Ltore can be re-

stable coulombic system that can be formed with two posigarded as a single entity.

trons (apart from Pg and the antimatter analogues of psH ~ Calculations for the LiPs, system have been performed
Some of the properties @' PsH are listed in Table IV. It within the fixed core SVM. Although a fullab initio seven

is intriguing to compare the relative distances between th@article calculation has been carried out upon theAs)

particles in PsH ande*PsH. The electron-nucleus or system, the calculation was extremely tedious and the wave

electron-electron relative distances are almost the same in tﬁgnctlon was far from converge®,13). The fixed core SVM

two systems and indicates that the electron charge distribtp—10del with only five active particles was able to generate a
model energy that was much closer to convergence. The

tion is not altered by the addition of t'he se'co'nd positron. Thig resent results represent a continuation of the calculation re-
would suggest that the second positron is likely to be foun orted in Ref[13] and the details of the model Hamiltonian

at comparatively large distances from the nucleus since ajye o unchanged. The basis dimension has been enlarged and
additional positron located outside the electronic chargg ner optimization of the energy was carried out. The re-
cloud could not have much effect on the electron charggts of this improved calculation are presented in Table IV.

distributions. This is confirmed by the fact that the averagerpe pinding energy only changed by 2% and other expecta-
nucleus-positron distance &"PsH is larger than that of

PsH. Furthermore, the annihilation rate of"PsH, 0.06
2.74x10° s lis only 10% larger than the PsH annihilation

rate. This is also consistent with a model consisting of the
additional positron orbiting the PsH subsystem at a relatively

large distance from the nucleus.

0.04 b
J. The Li*Ps, and Na*Ps, systems

The stability of the ¢*,e",e”,e”,m,+) system for such
a wide variety ofm, suggests that other singly charged ob-
jects could also bind two electrons and two positrons. Theg 0.02 I
lithium cation, Li" can substitute fom, and it has been
previously shown that this system can form an electronically
stable compleX9,13]. This system is denoted as ‘IRs,
since this seems to give the best intuitive description of the
structure[13]. 0 .
Although the Li"Ps, system consists of seven particles, a 0 0.5 1
triply charged nucleus, four electrons and two positrons, for mM
all practical purposes the system is best described as a five F|G. 5. Binding energy of {1 *,M*,M~,m~,m") as a function
particle system. Two of the electrons are tightly bound to thesf m/M for m<M. Atomic units are used anm=m, is assumed.
Li®* nucleus(with binding energies of about 100 §¥nd  See the caption of Fig. 4 as well.

ding energy (a.u.)
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FIG. 6. Energy of M",M",M~,m~,m") as a function of FIG. 7. Energy of f,«,m",m*,m~,m") (solid line). The hori-

m/M for m>M (solid ling). The dashed line shows the energy of zontal line shows the energy of the,Retom, the dashed line is the

the M*",M",m",m") threshold. Atomic units are used and energy of the fn,+,m",m~,m") threshold. Atomic units are used
m=m, is assumed. See the caption of Fig. 4 as well. andm=m, is assumed.

tion values were similarly unaffected. The present results

should be regarded as superseding earlier values. regarded as an analogue of an alkali atom. An earlier work
The interparticle expectation values listed in Table IV jus-on the simpler fn,+,e~,e") system was able to explain pos-

tify the usage of LiPs, to denote this system. All of the itron binding to group | and IB atoms by using the energy of

expectation values are within 5% of the expectation values othe (m,+,e”) subsystem as the characteristic varigtdd).

the Ps ground state. The structure of the (Orfi.+,e*,e",e”,e”) system shows
The lithium atom is not the only alkali atom that can bind obvious similarities to NaPs, and Li*Ps, and the binding

two positrons and an additional electrons. The next obviougnergy and annihilation rate of the (fZ:,e™,e",e”,e")

candidate is sodium and it has previously been shown thajystem are close to that of LPs. Also the interparticle

the system best described as'¥s; is electronically stable expectation values generally lie within 5% of IRs, and
[13] with a binding energy of about 0.0057 Hartree. While g+ Ps.

this binding energy was sufficiently large to clearly indicate
binding, the wave function was far from converged. Onc
again, the results reported in Table IV for Nes, represent a
continuation of the calculations reported in REE3]. Al-
though the binding energy of N®s, has increased by al-
most 10% to 0.0063 Hartree, most of the expectation value
have hardly changed from the values reported in RE3].
The interparticle radial expectation values listed in Table IV
agree with those of Bgto within 2% and confirm that the
best intuitive description is as a Pmolecule bound to the
Na* core.

However, wherm,+ increases, the P<luster undergoes
€obvious distortions. The (1nG+,e*,e*,e,e”) system has
an annihilation rate that is 25% smaller than that of. s
addition,(r.-.-) has gotten smaller as the the electrons have
started to approacimn,+. There has been an increase in
fre+e+> and(re+-) for the larger value ofmy-. In the lim-
iting casem,+ =0, the system collapses to a positron orbit-
ing PsH.

The crucial mass ratio ofe(",e*,e”,e”,m,+) occurs
whenm,=0.56Xm,. This corresponds to an energy for the
(my+,e”) subsystem of 0.1795 Hartree. Since the heavier

; ; ; +
NaIBe ngt{ﬁglcexiqgnggsgwr:;S;rucet:: tgfblssz g%:gd alkali atoms(K, Rb, C9 all have binding energies smaller
> bp 2 than this, one is lead to the conclusion that Bisding to the

system can explained in terms of energetics and the structu € avier alkali ions cannot be quaranteed
of the (e*,e*,e”,e",m,+) system. When the mass of,+ 9 '
is changed, one effectively changes the binding energy of the
(my+,e7) subsystem. Systems with small+ are character-
ized by a well defined Bssubsystem since the mass scaled Systems of unit charge particles have been considered so
interaction potential between tha,+ and thee™ is not far. One can extend this study for atoms or molecules con-
strong enough to disrupt the Psubsystem. In Table IV, sisting multiple charged heavy centers. Other examples of a
results are presented fan,+=0.7m.,. The (0.Tn.+,e7) five-body Coulomb systems consist of the lithium hydride
subsystem has a binding energy of 0.20588 Hartree. Sinceation, LiH" and positronic lithiume™ Li [10]. The stability

the binding energy of the (OnT,+,e") subsystem is roughly of these systems with the two different mass extrefnes,
similar to the binding energies of the (Lie™) (0.198 Har- e" to p) suggests stability for all possible masses in be-
tree and (N& ,e”) (0.188 Hartreg alkali atoms it can be tween; therefore the system’Li is probably stable.

K. Miscellaneous systems
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TABLE IV. Properties of the family of systems consisting ef'(e*,e,e™) and another positive singly
charged objectX"). The basis size is denoted By All quantities are given in atomic units. Properties of
PsH and Psare shown for the sake of comparison. The masses of the proton, and Li and Na nucleii are
assumed to be infinite.

Property e*PsH° Li*Ps Na*Ps, my=mg  m,=0.7m, PsH* Ps

K 850 660 780 600 400 1000 1000
(V)I(T) 1.999980 1.999938 1.999999 1.999999

E —0.810247 —0.529408 —0.522319 —0.556489 —-0.528733 —0.789197 —0.516004
e 0.021050 0.013404 0.006315 0.040485 0.012129

(Fyte) 2.281 6.458 7.772 4.987 7.344 2.312

(Fyret) 4.944 7.397 8.486 6.598 8.371 3.662

(Fe—e-) 3.507 5.871 5.977 5.482 5.767 3.575 6.033
(Fetet) 7.382 6.261 6.158 6.599 6.295 6.033
(Fete-) 4.966 4.706 4.648 4.965 4.765 3.480 4.487
r 2.744 3.881 4.044 3.247 3.717 2.470 4.470

“valence” particle in the five-body system. For example, one
V. SUMMARY cannot simplify the five-body system to a,Hor Ps

—(at at o)\ _
Several intriguing few-particle systems have been studied ;es 't?s 'gte)n:'ke.”t::g?igr?:yeSg:taemo.?ﬁccil;sreeth: tﬁé ' res-
in this paper. Some of these calculations may help to tes ubsystem will v pol g€t P
ence of heavier particles.

other techniques, since the calculation of the binding ener- A ar f stabl tem nb nerated by chanain
gies of these exotic systems is a stringent test of the effi- group of stable systems can be generated by changing

ciency and accuracy of any few-body approach. the mass of_some of the constituen_t of thg kbn. This
There are a large variety of systems that can be formed b§YStém remains stable, for example, if the mass of two pro-
five unit charge particles. To calculate the stability domain ad0NS IS continuously decreased till their mass is equal or even
a function of the masses of particles would be quite compl; little lighter then+thf eLect_ron_mass. So just like theard
cated task. We have tried to highlight a few different possi-P%- the H; and (p”e”,e",e”,e”) can also be connected by
bilities in this paper. The first, rather trivial observation is & changing the mass of two positive charges. _
that the total charge of a bound five particle system must be The present results for the systems with two positrons
+1, that is, we did not find any bound system with (—, represent an improvement on those calculated previously.
— —,—) charges. Another simple rule is that if the particles The fact that thele™,e",e",e”,m,) system is not stable
are distinguishable and their masses are equal or nearly eqU&f Mx<0.56Xm, has implications for the binding of pso
then they form a bound system. The main forces to deterthe alkali cations. The ability of the heavier alkali cations
mine the stability domains are the Pauli principle and theli-€- K*, Rb", and Cs)) to bind Ps is by no means certain.
mass ratios. The Pauli principle severely restricts the avail- There is a very strong interest in excitonic complexes

able configuration space so for example a five particle sysiSystems of electrons and holem semiconductors. The
tem formed by (n*,m*,m*,m~,m™)-like indistinguishable ~ Main motivation of this research is that light emitted by the

particles is unbound and the stability domain of theelectron-hole recombinations in these systems can be used to
(M*,M*,M*,m~,m")-type systems is very limited. This Make better lasers, photodiodes, etc. Some of the system

latter system is only stable if the mass difference is so larg&tudied in this paper may have direct relevance to that re-
that the three slowly moving positive charges can be adiaS€arch. The predicted bound state of (BSH and
batically treated, that is they are practically distinguishable.(M . my+,my+,e",e") , for example, suggests that a biex-
Another group of stable combinations can be definecfiton (bound state of two electrons and two holean form
when three charges, e.g+4 (+,—), form a charged compos- & bound' state with a donaa smgle.ﬁxed positive charge
ite particle, and the two remaining particles does not polariz@resent in some semiconductprSimilar example is a sys-
or disturb this subsystem. In this case we have a quasi threé&m of two electrons and three holes,h,h,h) or possible
particle system and the stability of this system follows from@ (€,€,h,h,h") system where one of the hole is different
the stability of the corresponding well studied three-particleffom the other two.
systems. Examples are th@*(,p*,p7), (p".p".u"), or
(t*,d*,u”) plus two lighter particle(e.g., electroh sys-
tems. These systems are all behave as theidth and al-
though we treated them as five particle systems one can This work was supported by the OTKA Grant No.
equivalently and accurately solve these cases as three-bod$29003(Hungary. K.V. acknowledges the support of the
problems. The region where the-(+,—) system can be U.S. Department of Energy under Contract No. DE-ACO05-
considered as a structureless single charge very much d80OR22725 with the Oak Ridge National Laboratory, man-
pends on the mass ratios of the constituents and the twaged by UT-Battelle, LLC.
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