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DEVELOPMENT OF IMPROVED BURNABLE POISONS FOR COMMERCIAL 
NUCLEAR POWER REACTORS 

 
 

SUMMARY 
 
Burnable poisons are used in all modern nuclear reactors to permit higher loading of fuel without the 
necessity of an overly large control rod system. This not only permits a longer core life but can also 
be used to level the power distribution. Commercial nuclear reactors commonly use B4C in separate 
non-fueled rods and more recently, zirconium boride coatings on the fuel pellets or gadolinium oxide 
mixed with the fuel. Although the advantages are great, there are problems with using these materials. 
Boron, which is an effective neutron absorber, transmutes to lithium and helium upon absorption of a 
neutron. Helium is insoluble and is eventually released to the interior of the fuel rod, where it 
produces an internal pressure. When sufficiently high, this pressure stress could cause separation of 
the cladding from the fuel, causing overly high centerline temperatures. Gadolinium has several very 
strongly absorbing isotopes, but not all have large cross sections and result in residual burnable 
poison reactivity worth at the end of the fuel life. Even if the amount of this residual absorber is small 
and the penalty in operation small, the cost of this penalty, even if only several days, can be very 
high. 
 
The objective of this investigation was to study the performance of single isotopes in order to reduce 
the residual negative reactivity left over at the end of the fuel cycle. Since the behavior of burnable 
poisons can be strongly influenced by their configuration, four forms for the absorbers were studied: 
homogeneously mixed with the fuel, mixed with only the outer one-third of the fuel pellet, coated on 
the perimeter of the fuel pellets, and alloyed with the cladding. In addition, the numbers of fuel rods 
containing burnable poison were chosen as 8, 16, 64, and 104. Other configurations were chosen for a 
few special cases. An enrichment of 4.5 wt % 235U was chosen for most cases for study in order to 
achieve a 4-year fuel cycle. A standard pressurized water reactor fuel core was chosen for the study, 
and state-of-the-art neutronic reactor core computer codes were used for analysis. Power distribution, 
fuel burnup, reactivity due to burnable poisons and other fission products, spectrum shift, core 
reactivity, moderator void coefficients, as well as other parameters were calculated as a function of 
time and fuel burnup. 

 
The results not only showed advantages of separation of burnable poison isotopes but revealed 
benefits to be achieved by careful selection of the configuration of even naturally occurring elements 
used as burnable poisons. The savings in terms of additional days of operation is shown in Figure 1, 
where the savings is plotted for each of six favorable isotopes in the four configurations. The benefit 
of isotope separation is most dramatic for dysprosium, but even the time savings in the case of 
gadolinium is several days. For a modern nuclear plant, one day’s worth of electricity is worth about 
one million dollars, so the resulting savings of only a few days is considerable. It is also apparent that 
the amount of savings depends upon the configuration of the burnable poison. 
 
The savings in cycle length is not the only factor that must be considered. The following primary 
factors must all be considered in the choice of a burnable poison: 
 
1. Rate of burnout 
2. Initial negative reactivity worth 
3. Available volume for burnable poison loading 
4. Effect of burnable poison on the moderator void coefficient of reactivity 
5. Cost of the burnable poison material 
6. Compatibility of the burnable poison with the fuel or cladding 
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The rate of burnout of the burnable poison is perhaps the most important factor. A burnable poison 
that burns away in the first month of operation is not useful even if it burns so completely that its 
presence is not detectable at the end of the fuel cycle. Gadolinium can be distributed such that over 
99% is burned in the first 120 days, but this is not ideal if a long fuel cycle is desired. Figures 2 and 3 
illustrate the time dependence of six elements for the case of the burnable poison distributed in the 
outer one-third of the fuel for naturally occurring elements and single isotopes, respectively. In this 
configuration Gd might be used for a 1-year fuel cycle but not for a 4-year cycle. There is a big 
advantage to using 149Sm over natural samarium, but the time dependence is not favorable in this 
configuration. However, 167Er burns at an approximately linear rate over 4 years, and there is a 
significant advantage of separating out 167Er, of which only 1% remains at the end of 4 years. 
Although the benefit is not as great, 164Dy also demonstrates favorable performance.  

 
Six isotopes were identified as having sufficiently favorable performance to merit study of the 
efficiency and cost of isotope separation and compatibility with the fuel and cladding. They are 157Gd, 
149Sm, 167Er, 164Dy, 177Hf, and 151Eu. Even the lowest savings of isotope separation is on the order of 
several million dollars over the term of one fuel cycle, and isotope separation costs are expected to be 
far lower than this value for all six of the isotopes considered.  

     Figure 1. Savings in full power days at the end of a four-year fuel cycle 
achieved by using the single isotopes specified rather than naturally occurring 
elements. 
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     Figure 2. Percentage of burnable poison burned at the end of 120 days, 1 year, 
and 4 years for naturally occurring elements mixed in the outer third of the fuel rod 
volume. Eight fuel rods contain burnable poison. 

 
 

     Figure 3. Percentage of burnable poison burned at the end of 120 days, 1 year, and 
4 years for single isotopes mixed in the outer third of the fuel rod volume. Eight fuel 
rods contain burnable poison. 
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INTRODUCTION 
 
 
A reactor core containing fresh fuel must have excess reactivity to compensate for fuel depletion, 
production of fission product poisons, and temperature effects that introduce negative reactivity. 
Control rods can be designed to compensate for this high beginning-of-life (BOL) excess reactivity, 
but this leads to the requirement of inserting the regulating control rods deeper into the core and/or 
inserting rods with higher control rod reactivity worths. This leads to the existence of large 
nonuniform power distributions throughout much of the core life. In pressurized water reactors 
(PWRs), a soluble boron compound is added to the coolant to compensate for excess reactivity; its 
concentration is reduced as the fuel is depleted. However, large concentrations of the soluble boron 
compound lead to an unacceptable reduction in the negative moderator void coefficient of reactivity 
(MVC). The amount of soluble boron that can be dissolved in the reactor coolant is limited due to the 
requirement that the MVC must remain negative over the fuel cycle. Too much boron, typically 
greater than 1,300 ppm at full power, will make the MVC positive. 

 
In order to avoid power peaking in the fuel at full power, the regulating control rods can be inserted 
only a small distance into the core. In order to compensate for the excess reactivity introduced by 
freshly loaded fuel and to increase fuel loading and enrichment to extend fuel-cycle length, burnable 
poisons (BPs) such as B4C, ZrB2, Gd2O3, Er2O3 and other absorbing materials can be incorporated in 
the fuel rods or can be located in separate non-fueled pins. The methods of choice in most PWRs are 
B4C in separate non-fueled rods and, more recently, a thin coating of ZrB2 surrounding the fuel pellets 
of a number of fuel rods, or Gd2O3 and Er2O3 dispersed inside the fuel pellets of selected fuel rods. In 
boiling water reactors (BWRs) the method of choice is the incorporation of Gd2O3 homogeneously 
mixed in the fuel pellets of a number of fuel rods. 
 
In the proposed use of the Canadian Deuterium Uranium (CANDU) reactor for burning weapons 
grade plutonium as a mixed oxide (MOX), depleted uranium is used as the matrix material throughout 
the fuel bundle (ref 1). In the central fuel rod and in the next ring of fuel rods, Dy burnable poison is 
mixed with the depleted uranium of those fuel rods not containing plutonium. This increases the 
amount of plutonium required to achieve a given burnup (and thus increases the Pu disposition rate), 
reduces the local peak power after refueling, and reduces the local positive moderator void coefficient 
in the middle of the fuel bundle. As a result, the Dy makes the overall bundle MVC more negative. 
 
As the fuel burns, so does the absorber. Ideally, when the fuel is depleted toward the end-of-life 
(EOL) of the fuel, so would the combined negative reactivity worth of the burnable poison and its 
daughters. A BP with a high absorption cross section would be very effective in small concentrations 
at BOL but would deplete rapidly unless its daughters have a high absorption cross section. A poison 
with too low an absorption cross section would be present in too high a concentration at EOL of the 
fuel, thus shortening the fuel life. In a lumped configuration, a shelf-shielding effect can be achieved 
so that a slower depletion rate of the BP takes place. This can be achieved by incorporating the total 
required BP inside fewer fuel rods or using a higher concentration of the poison. One way that the 
depletion rate can be accelerated is by incorporating the poison over a smaller radial volume of the 
pellets (pellet zoning). The configuration of the BP is limited only by the creativity of the designer. In 
some cases, self-shielding is achieved on a microscopic scale by precipitation of an absorber-rich 
phase from a fuel-BP mixture (ref 2). In the present study, alloying the BP with the cladding is 
suggested, a new configuration, which offers several advantages. The details of self-shielding have 
been worked out by Radkowsky as part of the U.S. Naval Reactors Program, and the techniques have 
been in use for many years (ref 3).  
 



6 

The two most commonly used BPs throughout the world are boron and gadolinium (ref 4). Both 
homogeneous and lumped configurations have been used. Gadolinium has been used in BWRs for 
many years (ref 5) and has more recently been used in PWRs (ref 6,7) and VVERs (VVER is the 
Russian acronym for a water-cooled, water-moderated atomic reactor). The gadolinium is dispersed 
homogeneously throughout the fuel pellets of a number of fuel rods. Another configuration is 
application of a thin coating of ZrB2 to the perimeter of the fuel pellets (ref 6). 

 
The use of natural gadolinium as a burnable poison, as well as less commonly used absorber 
materials, suffers from a disadvantage in that it has seven naturally occurring isotopes, several of 
which have low effective absorption cross sections. These would be present in too high 
concentrations at EOL of the fuel. The situation is complicated by the fact that some of the burnable 
poison isotopes transmute or decay into other highly neutron-absorbing isotopes. The result is that the 
burnable poison isotopes and their daughters do not completely burn up. Some residual reactivity 
remains at EOL of the fuel, thus shortening the useful life of the fuel. To correct this problem either 
more fuel must be initially loaded or the initial fissile enrichment must be increased to compensate for 
this negative reactivity burden.  

 
In the case of boron used as a burnable poison, only 10B has a significant absorption (n,α) cross 
section, and 10B does not transmute into highly absorbing isotopes, although residual reactivity is a 
disadvantage (ref 8). Of more concern, however, is the production of helium by the reaction  
 

10B + n �4He + 7Li 
 
The helium increases the internal pressure of the fuel rods. At a sufficiently high burnup, the 
combination of fission product gases and helium from boron transmutation can attain a pressure 
higher than the reactor coolant pressure. When this occurs, the cladding can creep away from the fuel, 
producing a gap that impedes heat transfer. This results in higher fuel temperatures, and in some 
cases, fuel melting can occur. The increase in internal pressure can be reduced by spreading the boron 
burnable absorber over more fuel rods, thus reducing the boron loading in each of the fuel rods 
containing the poison. This, however, increases cost and increases the burnup rate of the boron. 

 
It can be concluded that all burnable poisons in use suffer from disadvantages that limit the level of 
initial fissile loading and the level of fuel burnup. One solution to the problem might be to use other 
absorbers, but the number of useful neutron-absorbing elements is small. However, if isotopes were 
separated so that only the isotopes with desirable neutron absorption cross sections were used, and the 
isotopes that result in residual negative reactivity burdens were removed, the disadvantages would 
vanish. 

 
An example of a candidate for isotope separation is samarium, which has six stable isotopes. 
Separation of 149Sm, which constitutes 13.8% of natural samarium, would provide a high-cross-
section absorber that burns to a much more weakly absorbing isotope. Gadolinium has several stable 
isotopes, many of which are strong absorbers, but 157Gd (15.8% natural isotopic abundance) has a 
very high thermal-absorption cross section, and it transmutes to 158Gd, which has a thermal absorption 
cross section of only a few barns. Separation of this particular isotope has also been suggested by 
Hove and Spetz, whose calculations have shown significantly reduced residual negative reactivity  
(ref 9). Erbium presents a similar situation; 167Er (22.9% natural isotopic abundance) has a 660-barn 
thermal-capture cross section, producing 168Er with a two-barn thermal cross section. Dysprosium has 
eight stable isotopes, several of which are strong absorbers. Neutron capture in several of those would 
lead to another strong absorber, thus resulting in a substantial residual negative reactivity burden at 
EOL of the fuel. 164Dy (28.1% natural isotopic abundance) with a 2,650-barn thermal absorption cross 
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section transmutes to 165Dy, which then decays to 165Ho with a half-life of 2.3 hours. 165Ho has a 65-
barn capture cross section. This can capture to 166Ho, which has a large thermal cross section. 

 
A major disadvantage to using separated isotopes in the past has been the high cost of separation. As 
an example, using magnetic separation by a calutron, 157Gd is estimated to cost about $1000 per gram 
(ref 10). At this rate, the burnable poison loading for a typical BWR would cost more than the fuel. 
However newer isotope separation processes are now available that are less expensive. For example, 
the plasma separation process (PSP) is estimated to cost about a factor of ten less than the calutron 
process. 

 
The calculations for the first phase of the project have assumed that the isotopes have been separated 
completely. In reality, the achievable enrichment depends upon the particular isotope, its abundance, 
and the number of passes in the enrichment process. It is estimated that a single pass in the PSP 
process to obtain 157Gd would result in 46% to 73% enrichment, depending upon the magnetic field 
strength used. Higher enrichments of 157Gd would, as would other isotopes, require additional passes 
through the PSP process, which would increase cost. The use of single pass burnable poison 
enrichments, including the performance of the burnable poisons, will be done in the second phase of 
the project. 

 
The introduction of burnable poisons in the core hardens the spectrum. Partial voiding of the 
moderator might reduce the negative reactivity worth of the burnable poison, depending on the 
presence or absence of low-lying resonances. Voiding of the moderator without the presence of 
burnable absorbers usually decreases reactivity. This depends on the soluble boron content in the 
water. The effect of single-pass burnable poison enrichments on the MVC will be further investigated 
during the second phase. 
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METHOD OF CALCULATION 
 
 
CONFIGURATIONS FOR STUDY 

 
In the first phase of this study, emphasis will be placed on the neutronics performance studies of the 
use of different burnable poisons in PWRs. To reduce the scope and extent of the studies in this 
project, we will concentrate on one standard reactor design. In particular, we will use the standard 
Westinghouse 17 × 17 fuel assembly design, containing 264 fuel rods, 24 guide tubes (waterholes) 
and one instrument tube. The Zircaloy-4 clad fuel rods contain UO2-fuel pellets with a density of 
approximately 95% of theoretical density. When a burnable poison oxide was homogeneously mixed 
with the pellet, a density of 95% of the theoretical density of the combined UO2 - burnable poison 
compound was used. The active fuel height was assumed to be 3.66 m (144 in.). A uniform axial fuel 
enrichment was used. The fuel rod pitch was 12.6 mm (0.495 in.), the clad outside diameter 9.53 mm 
(0.375 in.), the clad inside diameter 8.36 mm (0.329 in.), the diametrical gap (cold) 0.17 mm 
(0.0065 in.), and the pellet outside diameter (cold) 8.192 mm (0.3225 in.). Each fuel rod contained a 
plenum in the top region of several inches in height to collect fission-product gases and to reduce the 
buildup of the internal fuel rod pressure during fuel burnup. The plenum is pre-pressurized with argon 
gas to avoid densification of the fuel pellets. 

 
The initial fuel enrichment was set at 4.5 wt % 235U in order to use a fuel lifetime of 4 years at full 
power. Several additional studies were made for initial fuel enrichments of 6.0 wt %, together with a 
5-year-long fuel lifetime at full power. This enabled us to investigate whether the residual negative 
reactivity worth of the burnable poisons could be further reduced with longer fuel lifetimes and thus 
higher burnups. The reactor core contained 193 fuel assemblies, and the rated reactor core power that 
was used in this study was 3,400 MWth. The average power per fuel assembly was thus 17.6 MWth.  

 
Four different types of burnable poison rods were investigated. 
 
1. A homogeneous mixture of the burnable poison as an oxide inside the fuel pellets of a limited 

number of fuel rods. 
2. A homogeneous mixture of the burnable poison inside the outer one-third volume of the fuel 

pellets. During this study it was found that because of self-shielding effects inside the pellets that 
contain burnable poisons, the required amount of burnable poisons to achieve a given initial 
negative reactivity was smaller than for the case where the poisons were mixed over the entire 
volume of the pellet. As a consequence, the residual negative reactivity worth at EOL of the fuel 
was smaller for the case of BP in a one-third outer volume than for the cases where the BP was 
homogeneously mixed over the entire pellet. However, the initial rate of depletion of the burnable 
absorbers was higher. Although it would make the fuel fabrication process more complex, it is 
felt that making layered fuel pellets is not unreasonable. Fuel pellets are normally cold-pressed 
and sintered. A two-compartment die, might be designed for the pressing operation. Alternatively, 
a smaller core pellet of fuel could be pressed then centered in another die, where the burnable 
poison would be introduced and pressed around it. As with the entire effort to increase efficiency, 
the net cost savings will determine feasibility. Making layered fuel pellets might be an easier 
alternative to coating the fuel pellets with burnable poisons such as Gd2O3, Er2O3, and others. 

3. An oxide burnable poison coating on the surface of the pellets in a limited number of fuel rods. 
This is similar to the technique, recently in use in several PWRs, of using a thin ZrB2 coating on 
the outer radial surface of the pellets. The use of burnable poisons such as Gd2O3, Sm2O3, and 
others with natural isotopic abundances, might require too thick a pellet coating, which might 
impede heat transfer. The use of enriched burnable poisons requires a much thinner coating to 
achieve a given initial negative reactivity worth. 
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4.  A homogeneous mixture of the burnable poison in the form of a metal alloyed with the Zircaloy 
cladding of a number of fuel rods. The use of burnable poisons with natural isotopic abundances 
would require a significantly higher concentration in the clad than would single isotopes. In some 
cases, this level of a rare earth would exceed the solubility limit and would precipitate as a second 
phase, which could harden the metal and reduce its ductility. Even for the cases where the 
burnable poison remains in solid solution, it could harden and embrittle the clad. The use of 
enriched burnable poisons would require a much smaller concentration to achieve a given initial 
negative reactivity. This increases the probability of finding a burnable poison that does not 
degrade the integrity of the cladding. This issue is to be addressed in the final phase of the 
project. However, preliminary studies have demonstrated that concentrations of 0.5 wt % Gd and 
2 wt % Dy do not embrittle zirconium. The use of burnable absorbers inside the cladding also 
changes the chemistry and compatibility issue to one of cladding rather than fuel. The results of 
the neutronics performance studies show that the introduction of enriched burnable poisons into 
the clad of selected fuel rods is indeed very promising.  

 
The layout of a standard Westinghouse 17 × 17 fuel assembly design is shown in Figure 4.  
 
 

      1  2  3  4  5  6  7  8  9 10 11 12 13 14 15 16 17    
 
  1   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  2   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  3   F  F  F  F  F  O  F  F  O  F  F  O  F  F  F  F  F    
  4   F  F  F  O  F  F  F  F  F  F  F  F  F  O  F  F  F    
  5   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  6   F  F  O  F  F  O  F  F  O  F  F  O  F  F  O  F  F    
  7   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  8   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  9   F  F  O  F  F  O  F  F  I  F  F  O  F  F  O  F  F    
 10   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
 11   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
 12   F  F  O  F  F  O  F  F  O  F  F  O  F  F  O  F  F    
 13   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
 14   F  F  F  O  F  F  F  F  F  F  F  F  F  O  F  F  F    
 15   F  F  F  F  F  O  F  F  O  F  F  O  F  F  F  F  F    
 16   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
 17   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
F: Fuel rod 
O: Guide tube 
I: Instrument tube 
 
     Figure 4. Diagram showing the model of a standard 17 × 17 fuel assembly 
layout. 
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A fuel assembly contains 264 fuel rods, 24 guide tubes (waterholes), and one instrument tube. In 
normal PWR operation, non-fueled rods containing B4C pellets are inserted inside a number of guide 
tubes of fresh fuel assemblies to compensate for the excess initial reactivity at BOL of the fresh fuel. 
Depending upon the location of the fuel assemblies in the reactor core, the standard burnable absorber 
pin configurations can contain 4, 8, 12, 16, 20, or 24 non-fueled burnable poison rods per fuel 
assembly. Layouts of standard fuel assemblies with 8 and 16 non-fueled burnable poison rods are 
shown in Figures 5 and 6, respectively. 
 
 

      1  2  3  4  5  6  7  8  9 10 11 12 13 14 15 16 17    
 
  1   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  2   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  3   F  F  F  F  F  O  F  F  O  F  F  O  F  F  F  F  F    
  4   F  F  F (O) F  F  F  F  F  F  F  F  F (O) F  F  F    
  5   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  6   F  F  O  F  F  O  F  F (O) F  F  O  F  F  O  F  F    
  7   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  8   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  9   F  F  O  F  F (O) F  F  I  F  F (O) F  F  O  F  F    
 10   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
 11   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
 12   F  F  O  F  F  O  F  F (O) F  F  O  F  F  O  F  F    
 13   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
 14   F  F  F (O) F  F  F  F  F  F  F  F  F (O) F  F  F    
 15   F  F  F  F  F  O  F  F  O  F  F  O  F  F  F  F  F    
 16   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
 17   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
F: Fuel rod 
O: Guide tube 
I: Instrument tube 
(O) Non-fueled burnable poison rod 
 
     Figure 5. Diagram showing the model of a standard 17 × 17 fuel assembly 
layout with eight non-fueled burnable poison rods. 
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      1  2  3  4  5  6  7  8  9 10 11 12 13 14 15 16 17    
  
  1   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  2   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  3   F  F  F  F  F (O) F  F  O  F  F (O) F  F  F  F  F    
  4   F  F  F (O) F  F  F  F  F  F  F  F  F (O) F  F  F    
  5   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  6   F  F (O) F  F  O  F  F (O) F  F  O  F  F (O) F  F    
  7   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  8   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  9   F  F  O  F  F (O) F  F  I  F  F (O) F  F  O  F  F    
 10   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
 11   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
 12   F  F (O) F  F  O  F  F (O) F  F  O  F  F (O) F  F    
 13   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
 14   F  F  F (O) F  F  F  F  F  F  F  F  F (O) F  F  F    
 15   F  F  F  F  F (O) F  F  O  F  F (O) F  F  F  F  F    
 16   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
 17   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
F: Fuel rod 
O: Guide tube 
I: Instrument tube 
(O): Non-fueled burnable poison rod 
 
     Figure 6. Diagram showing the model of a standard 17 × 17 fuel 
assembly layout with 16 non-fueled burnable poison rods. 

 
 
In the present analyses of the advanced poisons, no burnable absorber rods were inserted inside the 
guide tubes of the fuel assemblies. The guide tubes were left open for control-rod motion, or they 
were left open filled with the water coolant. The burnable poisons were placed only inside fuel rods. 
These are usually referred to as integral fuel burnable absorbers (IFBAs). Four different checkerboard 
fuel assembly models containing IFBA rods were used in this study. They contained 8, 16, 64, or 
104 fuel rods with burnable absorbers. The layouts and the locations of the IFBA rods are shown in 
Figures 7 through 10. In the configuration with 104 IFBA rods, the fuel rods surrounding the 
waterholes are replaced with IFBA rods to reduce power peaking. In this configuration each 
waterhole is surrounded by seven or eight IFBA rods. During the early phases of the research, several 
cases containing 16 IFBA rods were explored that contained two or four extra IFBA rods. These are 
reported as cases containing 18 or 20 IFBA rods. The layouts are displayed in Figures 8a and 8b, 
respectively. Note that the presence of water holes in a fuel assembly promote localized inner-
assembly power density peaks caused by the increase in moderation. To reduce the localized power 
peaks, the IFBA rods are preferentially placed around the water holes. Note: The layouts displayed in 
Figures 9 and 10 are nondesign, nonproprietary layouts, not actual ones. 
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      1  2  3  4  5  6  7  8  9 10 11 12 13 14 15 16 17    
 
  1   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  2   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  3   F  F  F  F  F  O  F  F  O  F  F  O  F  F  F  F  F    
  4   F  F  F  O  F  F  F  F (*) F  F  F  F  O  F  F  F    
  5   F  F  F  F (*) F  F  F  F  F  F  F (*) F  F  F  F    
  6   F  F  O  F  F  O  F  F  O  F  F  O  F  F  O  F  F    
  7   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  8   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  9   F  F  O (*) F  O  F  F  I  F  F  O  F (*) O  F  F    
 10   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
 11   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
 12   F  F  O  F  F  O  F  F  O  F  F  O  F  F  O  F  F    
 13   F  F  F  F (*) F  F  F  F  F  F  F (*) F  F  F  F    
 14   F  F  F  O  F  F  F  F (*) F  F  F  F  O  F  F  F    
 15   F  F  F  F  F  O  F  F  O  F  F  O  F  F  F  F  F    
 16   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
 17   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
 
F: Fuel rod 
O: Guide tube 
I: Instrument tube 
(*): Fuel rod with burnable absorber (IFBA) 
 
     Figure 7. Diagram showing the model of a standard 17 × 17 fuel 
assembly layout with eight integral fuel burnable absorbers (IFBAs). 

 
 

      1  2  3  4  5  6  7  8  9 10 11 12 13 14 15 16 17    
 
  1   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  2   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  3   F  F  F  F  F  O (*) F  O  F (*) O  F  F  F  F  F    
  4   F  F  F  O  F  F  F  F  F  F  F  F  F  O  F  F  F    
  5   F  F  F  F (*) F  F  F  F  F  F  F (*) F  F  F  F    
  6   F  F  O  F  F  O  F  F  O  F  F  O  F  F  O  F  F    
  7   F  F (*) F  F  F  F  F  F  F  F  F  F  F (*) F  F    
  8   F  F  F  F  F  F  F (*) F (*) F  F  F  F  F  F  F    
  9   F  F  O  F  F  O  F  F  I  F  F  O  F  F  O  F  F    
 10   F  F  F  F  F  F  F (*) F (*) F  F  F  F  F  F  F    
 11   F  F (*) F  F  F  F  F  F  F  F  F  F  F (*) F  F    
 12   F  F  O  F  F  O  F  F  O  F  F  O  F  F  O  F  F    
 13   F  F  F  F (*) F  F  F  F  F  F  F (*) F  F  F  F    
 14   F  F  F  O  F  F  F  F  F  F  F  F  F  O  F  F  F    
 15   F  F  F  F  F  O (*) F  O  F (*) O  F  F  F  F  F    
 16   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
 17   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
F: Fuel rod 
O: Guide tube 
I: Instrument tube 
(*): Fuel rod with burnable absorber 
 
     Figure 8. Diagram showing the model of a standard 17 × 17 fuel 
assembly layout with 16 integral fuel burnable absorbers (IFBAs). 



14 

      1  2  3  4  5  6  7  8  9 10 11 12 13 14 15 16 17    
 
  1   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  2   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  3   F  F  F  F  F  O (*) F  O  F (*) O  F  F  F  F  F    
  4   F  F  F  O  F  F  F  F  F  F  F  F  F  O  F  F  F    
  5   F  F  F  F (*) F  F  F (*) F  F  F (*) F  F  F  F    
  6   F  F  O  F  F  O  F  F  O  F  F  O  F  F  O  F  F    
  7   F  F (*) F  F  F  F  F  F  F  F  F  F  F (*) F  F    
  8   F  F  F  F  F  F  F (*) F (*) F  F  F  F  F  F  F    
  9   F  F  O  F  F  O  F  F  I  F  F  O  F  F  O  F  F    
 10   F  F  F  F  F  F  F (*) F (*) F  F  F  F  F  F  F    
 11   F  F (*) F  F  F  F  F  F  F  F  F  F  F (*) F  F    
 12   F  F  O  F  F  O  F  F  O  F  F  O  F  F  O  F  F    
 13   F  F  F  F (*) F  F  F (*) F  F  F (*) F  F  F  F    
 14   F  F  F  O  F  F  F  F  F  F  F  F  F  O  F  F  F    
 15   F  F  F  F  F  O (*) F  O  F (*) O  F  F  F  F  F    
 16   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
 17   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
F: Fuel rod 
O: Guide tube 
I: Instrument tube 
(*): Fuel rod with burnable absorber 

 
     Figure 8a. Diagram showing the model of a standard 17 × 17 fuel 
assembly layout with 18 integral fuel burnable absorbers (IFBAs). 

 
 

      1  2  3  4  5  6  7  8  9 10 11 12 13 14 15 16 17    
 
  1   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  2   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
  3   F  F  F  F  F  O (*) F  O  F (*) O  F  F  F  F  F    
  4   F  F  F  O  F  F  F  F  F  F  F  F  F  O  F  F  F    
  5   F  F  F  F (*) F  F  F (*) F  F  F (*) F  F  F  F    
  6   F  F  O  F  F  O  F  F  O  F  F  O  F  F  O  F  F    
  7   F  F (*) F  F  F  F  F  F  F  F  F  F  F (*) F  F    
  8   F  F  F  F  F  F  F (*) F (*) F  F  F  F  F  F  F    
  9   F  F  O  F (*) O  F  F  I  F  F  O (*) F  O  F  F    
 10   F  F  F  F  F  F  F (*) F (*) F  F  F  F  F  F  F    
 11   F  F (*) F  F  F  F  F  F  F  F  F  F  F (*) F  F    
 12   F  F  O  F  F  O  F  F  O  F  F  O  F  F  O  F  F    
 13   F  F  F  F (*) F  F  F (*) F  F  F (*) F  F  F  F    
 14   F  F  F  O  F  F  F  F  F  F  F  F  F  O  F  F  F    
 15   F  F  F  F  F  O (*) F  O  F (*) O  F  F  F  F  F    
 16   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
 17   F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F  F    
 
F: Fuel rod 
O: Guide tube 
I: Instrument tube 
(*): Fuel rod with burnable absorber 
 
     Figure 8b. Diagram showing the model of a standard 17 × 17 fuel 
assembly layout with 20 integral fuel burnable absorbers (IFBAs). 



15 

 
 
 
 
 
 
 
 
 
 

Figure Not Available 
 
 
 
 
 
 
 
 
 
 

     Figure 9. Diagram showing the model of a standard 17 × 17 fuel 
assembly layout with 64 integral fuel burnable absorbers (IFBAs). 

 
 

 
 
 
 
 
 
 
 
 
 

Figure Not Available 
 
 
 
 
 
 
 
 
 
 

     Figure 10. Diagram showing the model of a standard 17 × 17 fuel 
assembly layout with 104 integral fuel burnable absorbers (IFBAs). 
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SELECTION OF ISOTOPES 
 
Scoping calculations were performed to evaluate candidate isotopes prior to using complex computer 
codes to select burnable poisons. As an example, gadolinium has two naturally occurring isotopes 
with very high cross sections. Neglecting isotopes with very small cross sections, the following chain 
can be used as an approximation for the neutron absorption behavior:  
 

2.2%  14.8%  20.5%  15.7%  24.8% 
154Gd  155Gd  156Gd  157Gd  158Gd 
100 b  61,000 b  11.5 b  254,000 b  2.4 b 

 
where the natural isotopic abundances are shown above the element symbols, and the 2,200 m/s 
neutron capture cross sections are shown below the element symbols.  The chain is assumed to end 
with 158Gd because of its low cross section.  The time dependence of the concentrations of each 
isotope can be described by the following series of coupled differential equations: 
 

dN

dt
N

154
154 154= − σ φ 

 
dN

dt
N N

155
154 154 155 155= −σ φ σ φ 

(1) 
dN

dt
N N

156
155 155 156 156= −σ φ σ φ 

 
dN

dt
N N

157
156 156 157 157= −σ φ σ φ 

 
where N represents the concentrations of respective isotopes and σ represents the respective neutron 
absorption cross sections. 
 
This series of equations can be solved analytically and the concentrations of each isotope plotted as a 
function of time. Average one-group spectrum-weighted cross sections were generated for rods of 
burnable poison at beginning of life using the GP-TALLY code. Figure 11 shows the macroscopic 
absorption cross section of the four isotopes of Gd beginning with naturally occurring Gd exposed to 
a neutron flux of 5 × 10+13 n/cm2/sec. Figure 12 shows a similar plot with 154Gd and 156Gd initially 
absent. The residual negative reactivity, for which the macroscopic cross section is used as a measure, 
is reduced by about a factor of five for the case of the separated isotopes.  

 
Such an analysis can be used for all candidate elements in order to obtain a qualitative picture of the 
behavior and to provide guidance for the complete analyses. However, for many elements, the 
number of isotopes initially present and the number of daughters created by radioactive decay become 
so large as to make an analytical solution impractical. The ORIGEN2 program (ref 11), using one-
group spectrum-weighted cross sections for the burnable poison rods at beginning of life, was used 
for the subsequent preliminary analyses. As an example, the behavior of samarium as a function of 
time is shown in Figure 13 for the naturally occurring element and in Figure 14 for pure 149Sm. In this 
case, the advantage is not nearly as great, about a factor of two less residual reactivity for the case of 
pure 149Sm. However, all calculations of this type suffer from several oversimplifications, for 
example:  
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     Figure 11. Time-dependent macroscopic cross section of Gd isotopes 
produced by irradiating naturally occurring Gd. 

 
 
 
 

 
     Figure 12. Time-dependent macroscopic cross section of Gd isotopes 
produced by irradiating Gd with 154Gd and 156Gd initially removed. 
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     Figure 13. Time-dependent macroscopic cross section of Sm isotopes produced by 
irradiating naturally occurring Sm. 

 
 
 
 

 
     Figure 14. Time-dependent macroscopic cross section of Sm isotopes produced by 
irradiating pure 149Sm. 
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1. They assume constant cross sections over the lifetime of the fuel when in fact they vary as the 
spectrum shifts as the poison burns. 

2. The calculation is for one rod only and does not consider the assembly as a whole. 
3. Burnout of the fuel is not considered.  
 
Such calculations are useful for guidance, but complex calculations modeling entire detailed 
assemblies are necessary.  
 
Through the use of both the simple ORIGEN2 calculations and early core-modeling calculations, 
several stable isotopes were selected for further investigation: 149Sm, 157Gd, 167Er, 164Dy, 177Hf, 151Eu, 
176Lu. All separated isotopes were modeled as 100% enriched. 

 
In the cases where the burnable poisons were mixed with fuel or coated on the surface, the burnable 
poisons were used in the form of sesquioxides, except for Hf, which was used in the form of HfO2. In 
the case of alloying with the cladding, the burnable poisons were used in the metallic form alloyed 
with Zircaloy-4. In addition, several calculations of the neutronics performance were done for ZrB2 
burnable absorbers for the purpose of comparison. Nondesign nonproprietary dimensions and 
concentrations were used, although they were made reasonable.  
 
 
REACTOR NEUTRONICS CALCULATIONS 
 
Detailed neutronics calculations were performed using state-of-the-art computer codes such as 
HELIOS version 1.4 and the TALLY-MCNP4C-ORIGEN2.5 Monte Carlo sequence. Initially the 
two-dimensional HELIOS code version 1.4 (ref 12,13) was used. HELIOS is a neutron and γ-ray 
transport code for lattice burnup in generalized two-dimensional geometry. The methods used to 
obtain fluxes, currents, and number densities were calculation of resonance-shielded microscopic 
cross sections, calculation of fluxes and currents by the current-coupling collision probability (CCCP) 
method for particle transport, evaluation of first-flight probabilities, evaluation of the criticality 
spectrum using the B1 method for the rebalancing of the spectrum of the CCCP solution, and 
depletion calculations using built-in burnup chains to obtain new number densities after each burnup 
step. The HELIOS code can be used to calculate detailed neutron spectra in each of the fuel rods. 
Detailed models of the fuel assemblies can be set up. Each individual fuel rod and burnable poison 
rod can be specifically incorporated into the computer models. However, fine group cross sections for 
certain burnable poison isotopes of interest for this study were not available in the HELIOS neutron 
cross-section libraries. Generation of those cross sections for HELIOS requires proprietary computer 
codes that are not available to ORNL.  

 
Because of the absence of cross sections for certain burnable poison isotopes of interest in the 
HELIOS neutron libraries, we switched to the three-dimensional TALLY-MCNP4C-ORIGEN2.5 
sequence of computer codes (hereafter called the GP-TALLY code). The generation of pointwise 
cross sections of the burnable poison isotopes of interest can be performed with the NJOY code 
(ref 14). This provided more flexibility in investigating the neutronic performance of different 
burnable poison isotopes. In addition, full three-dimensional models of the fuel assemblies and 
reactor core could be set up.  

 
The MCNP4C code (ref 15) is a general-purpose Monte Carlo N-Particle code that can be used for 
neutron, photon, electron, or coupled neutron/photon/electron transport, including the capability to 
calculate eigenvalues for critical systems. The MCNP4C code can treat any arbitrary three-
dimensional geometry configuration bounded by first- and second-degree surfaces. Pointwise cross 
sections for different reaction types, such as (n,fission), (n,γ), (n,2n), (n,3n), (n,p), (n,α) and others, 
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derived from particular cross-section evaluations such as ENDF/B-VI, are available or can be 
generated with the NJOY code (ref 14). The thermal scattering S(α,β) data as a function of 
temperature are available for water and other moderators of interest. 

 
The ORIGEN2.5 code is an advanced and updated version of ORIGEN2.1 (ref 11,16). The ORIGEN 
code is widely used in calculations of the depletion, buildup, and decay of materials during neutron 
irradiation. It uses the matrix exponential method for burnup and decay. It uses spectrum-weighted 
one-group cross sections for a variety of neutron reaction types such as (n,fission), (n,γ), (n,2n), 
(n,3n), (n,p), (n,α) and others. Using different neutron spectra for each of the different regions in the 
fuel, the burnable poison, and fuel assemblies, region-dependent spectrum-weighted cross sections 
were used during depletion. The different isotopes in ORIGEN are subdivided into three distinct 
groups: activation, actinides, and fission products. In order to differentiate the depletion, 
transmutation, and reactivity worths of the burnable absorbers such as samarium, gadolinium, erbium, 
and others from the fission products, all the burnable poison isotopes and their decay daughters were 
placed into the activation products group.  

 
Some of the differences between ORIGEN2.5 and the standard version of ORIGEN2.1 can be 
summarized as follows. The ORIGEN2.1 code uses ENDF/B-V fission product yields for a limited 
number of actinides, such as 235U, 238U, and 239Pu. The ORIGEN2.5 code uses ENDF-B/VI fission 
product yields for 34 actinides, including the fission product yields from the spontaneous fission of 
several actinides. Since the fission product yields depend on the energy of the neutrons that induce 
fission, the TALLY module can be used to generate spectrum-weighted fission product yields for 
each of different depletion regions in the fuel. Several hundred nuclides were also added to the basic 
ORIGEN libraries. They relate mostly to short-lived isotopes. Note that these capabilities in 
ORIGEN2.5 were previously implemented in other projects related to the burnup or generation of 
minor actinides in special-purpose reactor cores or targets. 

 
In the burnable absorber performance studies, each of the fuel and burnable-absorber regions was 
individually modeled. The depletion of the fuel and burnable poison isotopes was individually 
followed for each of the different regions of each fuel rod as a function of burnup time. The reactivity 
worths of the poisons and their daughters were also determined as a function of time. The fuel pellets 
of the rods containing burnable poison were radially subdivided into three or six equal volume 
regions. This enabled us to follow the self-shielding effects and depletion in the fuel pellets of each 
fuel rod due to the presence of the burnable poison isotopes. Typically 27 depletion time points for 
each full-power-year (FPY) were used. However, in the first year, additional depletion steps were 
used to better track the larger depletion rates of the burnable poisons at BOL. In most cases a fuel 
lifetime of 4 years at full power was used. Several additional studies were made for longer fuel 
lifetimes (5 years at full power). At BOL of the fuel, four small depletion time steps of 6 hours each 
were taken in order to account for equilibrium xenon. The time steps were chosen such that, by 
doubling the total number of time steps (each time was further subdivided into two equal parts), the 
change in the residual reactivity worth fraction was less than 2%. Because of the massive amounts of 
data that were generated at each depletion time step, and in order to reduce the size of the burnup-
dependent data files, only the data for every nine time points were kept to make tables and figures for 
this report. While typically 27 depletion time points were used for each FPY, only the data for 3 
points were kept per FPY. The GP-TALLY code keeps track of approximately 1,100 individual 
nuclides for each depletion zone at each depletion time step. 

 
The TALLY module can be considered as a driver, a pre-processor, and a post-processor for the 
MCNP4C and ORIGEN2.5 modules. It sets up all the necessary inputs to the MCNP4C code that are 
used for the calculations of the eigenvalue, neutron fluxes, and neutron reaction rates. TALLY also 
updates all the number densities in the inputs to the MCNP4C and ORIGEN2.5 modules at each 
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burnup time step and for each depletion zone. Typically, the TALLY module sets up the necessary 
MCNP4C “tally” input for each depletion zone and for approximately 200 individual isotopes. This 
includes all the actinides and all the important fission products. In addition, TALLY sets up the tally 
input for each of the burnable poison isotopes and their daughters in each of the burnable absorber 
regions.  

 
The MCNP4C calculated fluxes and spectrum-weighted one-group reaction rates for each of the 
different fuel and burnable absorber zones are placed into a “tally” data file. This file is then read by 
the TALLY module. Using the fission rates and their associated power densities and volumes, the 
TALLY module then normalizes the fluxes to achieve a “user requested” reactor or fuel assembly 
power, which can be changed at each depletion time step. The neutron fluxes and reaction rates for 
each isotope and for each depletion zone are then used by TALLY to calculate the region-dependent 
(n,fission), (n,γ), (n,p), (n,2n), (n,3n), (n,α) neutron spectrum-weighted cross sections. If available, 
the (n,γ) neutron spectrum-weighted cross section into the metastable state of the daughter nuclide 
was also calculated in TALLY for use in ORIGEN2.5. If needed, TALLY recalculates the spectrum-
weighted fission product yields for each of the actinides and for each of the fuel regions. The different 
one-group weighted cross sections for six reaction types are then used by the TALLY module to set 
up the ORIGEN cross-section libraries and the inputs for a multitude of different ORIGEN2.5 runs, 
including isotope concentrations (approximately 1,600 isotopes for each depletion zone). After 
depletion and/or decay, the ORIGEN2.5 code generates updated isotope concentrations for the fuel 
and burnable absorbers for each of the depletion zones. These are then used by TALLY to update the 
MCNP4C input of the isotope concentrations. For a fuel assembly with 264 fuel rods, 104 of them 
containing burnable poisons and a radial subdivision of the fuel into three radial depletion zones, and 
if fuel assembly material symmetry can be taken into account, a total of approximately 150 depletion 
zones (each containing more than 200 isotopes) are followed per fuel assembly for each axial zone. 
Thus at each depletion time step, typically a total of 150 ORIGEN2.5 runs were performed for each 
axial zone. Assuming six different reaction types for each isotope, TALLY typically sets up the input 
for approximately 150 × 200 × 6 = 180,000 different tallies. Because of the limitation on the number 
of individual tallies that can be set up in one input deck to the MCNP4C code, the input for all the 
requested tallies is placed within one major neutron tally, into which the sub-tallies for each depletion 
zone, each isotope, and each reaction type are staged. This TALLY-MCNP4C-ORIGEN2.5 procedure 
is then repeated for each of the different depletion time steps. Although TALLY has the capability to 
set up the necessary inputs for photon tallies, this option was not used in the neutronics performance 
studies of the burnable absorbers. The photon option was previously implemented in 238Pu production 
studies, in which the effect of the (γ,n) reactions in generating parasitic 236Pu was investigated. 

 
It was found that the calculation of 180,000 sub-tallies increased the MCNP4C computer times 
substantially. In some cases the eigenvalue calculations required central processing unit (CPU) times 
that were an order of magnitude greater than the CPU times for the same MCNP case but with no 
tallies. To circumvent this major disadvantage, a new feature was added to the TALLY code. At each 
depletion time step, TALLY accessed the point-wise cross sections for each of the different isotopes 
and depletion zones in the model. A unified energy structure was then set up that included all the 
point-wise energy points, including all the energies that describe the cross sections and each of the 
resonances for the different reaction types of interest. Typically, a unified neutron energy grid 
contained approximately 15,000 energy points. The TALLY code then added to the MCNP input a 
neutron flux tally input containing these 15,000 energy groups. The MCNP4C CPU requirements 
with this very fine neutron group tally was only slightly higher than the CPU requirements for the 
MCNP4C cases with no tallies. After completion of an MCNP4C eigenvalue calculation, the TALLY 
code accessed the MCNP4C tally file, and each of the MCNP4C cross-section files that were used in 
the MCNP4C problem. TALLY then generated spectrum-weighted one-group cross sections for each 
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reaction type, each isotope, and each depletion zone. This feature also enabled us to determine the 
reactivity worths of each of the burnable absorber isotopes and their daughters. 

 
In this study, we have not analyzed the change in the control rod worth due to the presence of 
burnable poisons. The loading of burnable poisons result in a shift of the maxwellian spectrum to 
higher energies, which might change the effective absorption cross section of control rods. In 
addition, if the control rod worth depends to a considerable extent upon resonance absorption, then 
the worths might also change with the loading of burnable absorbers. 
In phase one of the project, we have strictly performed assembly lattice calculations. The reactor core 
was filled with the same fuel assemblies, and fuel assembly reshuffling in the reactor core was not 
performed. An average soluble boron content of 550 ppm was used. The density of the coolant at 
power was 0.7795 g/cm3. Typically, the number of source particles per generation was 3,000 to 
25,000, and the number of generations was 250 to 500. The statistical standard deviation (STD) for 
keff was approximately 0.1% (at one sigma confidence level). The STD for the weighted cross sections 
was approximately 1 to 3%. 

 
The MVCs were calculated by decreasing the water coolant density by 10%. The one-sigma STDs of 
the eigenvalues were better than 0.03%. The MVCs were determined using two different approaches. 
In the first approach, the “generation” eigenvalues were followed for the MCNP4C run containing the 
nominal water density at full-power conditions and 2,200 psia, and in the second MCNP4C run the 
“generation” eigenvalues were followed for the same MCNP4C case, but with a water density 
reduction of 10%. In the second approach, the “perturbation” option in MCNP4C was used, in which 
the water density was reduced by 10%. The MCNP4C option with first- and second-order 
perturbation was used. The differences between the two approaches were usually small and within 
one STD. 
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RESULTS OF ANALYSIS  
 
 
NEUTRONICS PERFORMANCE RESULTS FOR ZrB2 

 
In the cases where boron is used as a burnable poison in fuel rods, only the isotope 10B has a 
significant absorption (n,α) cross section, and 10B does not transmute into high absorbing isotopes. Of 
more concern, however, is the production of helium via the 10B (n,α) 7Li reaction. The production of 
helium gas increases the internal pressure of the fuel rods. It is this disadvantage that provides part of 
the incentive for this project. The methods of choice in most PWRs are the use of B4C in separate 
non-fueled rods, and more recently, the use of a thin coating of ZrB2 surrounding the radial surface of 
the fuel pellets in a number of fuel rods. 

 
Neutronic performance calculations for ZrB2 burnable absorber were done as part of this project so 
they could be used for comparison with the proposed burnable absorbers. A summary of the results 
for ZrB2 is shown in Table 1. Note that the dimensions and concentrations for ZrB2 are non-design 
values, since the actual values used in commercial reactors are proprietary. The table displays the 
initial reactivity worth of the burnable absorber for the entire reactor core. The table also displays the 
residual reactivity worth fraction of the burnable poison at EOL of the fuel. The fraction is defined as 
the ratio of the negative reactivity worth of the burnable absorber isotopes and their daughters after 
4 years at full power, to the initial negative reactivity worth of the burnable poison at EOL of the fuel. 

 
For a fuel assembly with 104 IFBA rods and 30 wt % 10B-enriched boron, the residual reactivity ratio 
is 2.404 × 10–4. The initial reactivity worth (δkeff/keff) of the ZrB2 was –1.279 × 10–1. The residual 
reactivity worth is mostly due to the zirconium in the ZrB2 compound. This residual reactivity worth 
ratio is very small, and thus negligible. 

 
Table 1 also shows the effect of using the same ZrB2 coating over a smaller number of IFBA rods, but 
the residual reactivity ratios are similar even though the initial reactivities are smaller. However, if 
there is a requirement of having the same total initial reactivity worth spread over a smaller number of 
rods, then the ratio becomes larger, since the poison rods would have been more self-shielded, and the 
burnout rate would thus have been smaller. The use of natural boron increases the residual reactivity 
ratio only very slightly (3.29 × 10–4 vs 2.40 × 10–4). Note that the residual reactivity ratios are very 
small for all the cases that use ZrB2 as BP. 

 
If the thickness of the ZrB2 coating is a limiting factor due to heat transfer considerations, then the use 
of enriched boron would require a smaller number of IFBA rods in order to achieve a given initial 
reactivity worth of the burnable absorber. This could reduce fabrication cost of the fuel. However, the 
cost of boron increases. Also, the amount of 4He generation per fuel rod will be higher if the boron is 
distributed over fewer rods. 

 
Tables 2 and 3 show detailed results for the ZrB2 case with 104 IFBA rods and a 10B enrichment of 
30 wt %. Note that the reactivity worths of the isotopes into which ZrB2 transmutes are very small. 
For this case, with an initial total loading of 30.7 grams 10B, the 4He production after four full-power-
years (FPYs) is approximately 13.7 grams per fuel assembly. Tables 4a, 4b, and 4c display the 
relative fission power density maps at one full-power-day (FPD), one FPY, and four FPYs, 
respectively. For each IFBA location, the tables display four values. The first three values represent 
the relative fission power densities for the inner one-third, the middle one-third, and the outer one-
third of the fuel pellets that are radially surrounded by the ZrB2 coatings. The fourth value represents 
the relative fission power densities for the burnable absorber ZrB2 coating (which in this case should 
be zero). This loading provides a fairly flat power distribution over the fuel life, so that the absolute 
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rod power density (fuel assembly relative power density multiplied by the relative fuel rod power 
density) does not violate thermodynamics limits. At BOL of the fuel, the fuel in the IFBA rods is 
partially self-shielded, and less fission power is thus generated than in the neighboring fuel rods. 
Toward EOL of the fuel, the relative power is higher since more fissile materials are still present in 
the fuel of these IFBA rods than in the regular fuel rods. 

 
Figures 15–19 display the values of the reactivity worth of the burnable poison isotopes and their 
daughters as a function of fuel depletion time. The figures also show the values of the eigenvalues 
with and without BP. Since 10B does not transmute into higher absorption isotopes, and because of the 
use of a large number of IFBA rods, the rate of change of δkeff/keff of the burnable absorbers is almost 
linear as a function of depletion time and levels off because of the presence of the zirconium in the 
ZrB2 coating. The value of δkeff/keff at which the burnable poison worth levels off is very small and 
negligible. 

 
Figures 15 and 16 display the results for 104 IFBA rods per fuel assembly for ZrB2 coatings 
containing natural boron and enriched boron (30 wt % 10B) respectively. Figures 17 and 18 display 
the results for 64 IFBA rods per fuel assembly for two different thicknesses of the ZrB2 coatings. 
Figure 19 displays the results for 16 IFBA rods per assembly. 

 
Figures 15–19 also display the masses of the isotopes of the burnable poison compound and its 
daughters as a function of depletion time. Note how the 4He builds up rapidly during the first 
200 FPDs (approximately 7,350 MWD/MTU burnup). Figure 20 displays the masses of the actinides 
as a function of fuel burnup. The ratio of fissile to total Pu is also shown on the right side of the 
graph. 

 
Because of a relatively fast burnout, the use of ZrB2 coatings limits the time over which the burnable 
absorbers will have a strong negative reactivity worth, and thus it could not be used for very long 
cycle times. Mixing of a boron compound inside the fuel pellets suffers from the disadvantage of 
creating additional gas within the pellet. Comparison of the results for the different cases for ZrB2 
displayed in Table 1 show that the initial reactivity worths of the burnable poison are almost 
proportional to the amount of 10B in the fuel assembly. The effect of self-shielding by the BP is thus 
relatively small. Self-shielding could be increased by spreading the ZrB2 in thicker coatings inside 
fewer IFBA rods. If the thickness of the coating is a limiting factor, then highly enriched boron could 
be used. However, this increases cost, and also increases the internal pressure in the IFBA rods due to 
the generation of an increased amount of 4He. The use of a sufficient amount of enriched burnable 
absorber isotopes of gadolinium, samarium, erbium, and others, mixed inside the pellets in a 
sufficient quantity to create a larger self-shielding effect to delay burnout, together with a ZrB2 
coating, might extend appreciably the lifetime over which combined burnable absorbers will have a 
large negative reactivity worth. However, for cycle times of the order of 1 to 2 years, a combined 
IFBA is not needed or attractive, but it might be advantageous to use it when very long cycle times 
with no fuel reloads are required. In this study we have restricted ourselves to analyses of single 
burnable poisons. No analyses were performed for combined burnable absorbers. 

 
The MVCs were calculated by decreasing the water coolant density by 10%. The one-sigma STDs of 
the eigenvalues were better than 0.03%. Note that for all the cases displayed in Table 1, the MVCs 
remain negative. For comparison purposes, we also have displayed the MVC for a case with no BP 
(see case B-none). 



                      
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
T
a
b
l
e
 
1
.
 
 
B
o
r
o
n
 
B
u
r
n
a
b
l
e
 
P
o
i
s
o
n
 
i
n
 
a
 
Z
r
B
2
 
C
o
a
t
i
n
g
 
b
e
t
w
e
e
n
 
t
h
e
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
U
O
2
 
F
u
e
l
 
P
e
l
l
e
t
 
a
n
d
 
t
h
e
 
Z
r
-
4
 
C
l
a
d
d
i
n
g
 
o
f
 
S
e
l
e
c
t
e
d
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
F
u
e
l
 
R
o
d
s
 
-
 
S
u
m
m
a
r
y
 
R
e
s
u
l
t
s
 

 
 
 
 
 
I
n
i
t
i
a
l
 
E
n
r
i
c
h
-
 
T
h
i
c
k
n
e
s
s
 
I
n
i
t
i
a
l
 
 
I
n
i
t
i
a
l
 
 
N
u
m
b
e
r
 
 
 
 
B
P
 
M
a
s
s
 
 
 
 
I
n
i
t
i
a
l
 
 
 
 
 
 
 
 
 
 
 
R
e
a
c
t
i
v
i
t
y
 
R
a
t
i
o
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
R
e
a
c
t
i
v
i
t
y
 
R
a
t
i
o
s
 
 
 
 
 
 
B
P
 
 
 
 
 
 
 
H
e
4
 
 
 
 
 
 
 
 
 
 
M
V
C
 

 
 
 
B
P
 
 
 
 
m
e
n
t
 
B
P
 
 
B
P
 
L
a
y
e
r
 
D
e
n
s
i
t
y
 
 
 
F
u
e
l
 
 
 
F
u
e
l
 
R
o
d
s
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
B
P
 
 
 
 
 
 
 
1
2
0
 
F
P
D
 
v
s
.
B
O
L
 
 
1
 
F
P
Y
 
v
s
.
 
B
O
L
 
 
 
 
 
 
 
 
 
 
 
4
 
F
P
Y
 
v
s
.
 
B
O
L
 
 
 
 
 
 
P
e
n
a
l
t
y
 
 
P
r
o
d
u
c
t
i
o
n
 
 
 
 
 
a
t
 
B
O
L
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
 

 
I
s
o
t
o
p
e
 
(
w
t
%
B
1
0
)
 
(
m
i
l
l
s
)
 
 
F
r
a
c
t
i
o
n
 
E
n
r
i
c
h
-
 
 
w
i
t
h
 
B
P
 
 
(
p
e
r
 
F
u
e
l
 
 
R
e
a
c
t
i
v
i
t
y
 
 
-
-
-
-
-
-
-
-
-
-
-
-
-
-
 
 
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
 
 
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
 
a
t
 
4
 
F
P
Y
 
 
a
t
 
4
 
F
P
Y
 
 
d
k
e
f
f
 
p
e
r
 
-
1
0
%
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
B
P
 
Z
r
B
2
 
 
 
m
e
n
t
 
 
 
(
p
e
r
 
F
u
e
l
 
A
s
s
e
m
b
l
y
)
 
 
W
o
r
t
h
 
f
o
r
 
 
 
 
 
 
B
P
-
t
o
t
 
 
 
 
 
 
 
 
 
B
P
-
t
o
t
 
 
 
 
 
 
 
 
 
Z
r
B
2
-
t
o
t
 
H
e
3
+
H
e
4
 
 
Z
r
(
Z
r
B
2
)
 
(
F
P
D
)
 
 
 
 
(
g
r
a
m
)
 
 
 
 
w
a
t
e
r
 
d
e
n
s
i
t
y
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(
w
t
%
U
2
3
5
)
 
A
s
s
e
m
b
l
y
)
 
(
g
r
a
m
-
B
1
0
)
 
R
e
a
c
t
o
r
 
C
o
r
e
 
 
 
 
p
e
r
 
 
 
 
 
 
 
 
 
 
 
 
p
e
r
 
 
 
 
 
 
 
 
 
 
 
 
 
p
e
r
 
 
 
 
 
 
p
e
r
 
 
 
 
 
 
p
e
r
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
c
h
a
n
g
e
 
 
(
S
T
D
)
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
-
d
k
e
f
f
/
k
e
f
f
)
 
 
 
B
(
B
O
L
)
 
 
 
 
 
 
 
 
 
B
(
B
O
L
)
 
 
 
 
 
 
 
 
 
B
(
B
O
L
)
 
 
 
B
(
B
O
L
)
 
 
 
B
(
B
O
L
)
 

 
 
 
B
-
n
o
n
e
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
 
 
 
 
 
 
0
.
0
 
 
 
 
 
 
 
 
 
0
.
0
 
 
 
 
 
 
 
0
.
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
 
 
 
 
 
 
0
.
0
 
 
 
 
 
 
0
.
0
 
 
 
 
 
 
 
0
.
0
 
 
 
 
0
.
0
 
 
 
 
 
 
 
 
-
1
.
6
6
-
3
 
(
2
.
7
-
4
)
 

 
 
 
B
-
n
a
t
 
 
 
 
1
9
.
8
 
 
 
 
 
 
1
.
5
 
 
 
 
 
 
0
.
2
5
 
 
 
 
 
4
.
5
 
 
 
 
 
1
0
4
 
 
 
 
 
 
2
.
0
3
4
+
0
 
 
 
 
 
9
.
3
4
0
-
2
 
 
 
4
.
7
7
7
-
1
 
(
5
2
.
2
%
)
 
1
.
0
4
5
-
1
 
(
8
9
.
6
%
)
 
 
3
.
2
8
8
-
4
 
 
3
.
1
3
5
-
9
 
 
3
.
1
3
7
-
4
 
 
 
0
.
1
5
 
 
 
9
.
5
5
2
+
0
 
 
 
 
-
1
.
4
4
-
3
 
(
4
.
3
-
4
)
 

 
 
 
B
-
0
1
0
 
 
 
 
3
0
.
0
 
 
 
 
 
 
1
.
5
 
 
 
 
 
 
0
.
2
5
 
 
 
 
 
4
.
5
 
 
 
 
 
 
0
8
 
 
 
 
 
 
2
.
3
6
4
+
0
 
 
 
 
 
1
.
0
9
9
-
2
 
 
 
4
.
9
2
5
-
1
 
(
5
0
.
8
%
)
 
1
.
1
1
9
-
1
 
(
8
8
.
8
%
)
 
 
2
.
1
6
2
-
4
 
 
6
.
4
0
8
-
9
 
 
2
.
0
0
7
-
4
 
 
 
0
.
0
1
 
 
 
2
.
3
3
4
+
0
 
 
 
 
-
1
.
2
7
-
3
 
(
2
.
9
-
4
)
 

 
 
 
B
-
0
1
0
 
 
 
 
3
0
.
0
 
 
 
 
 
 
1
.
5
 
 
 
 
 
 
0
.
2
5
 
 
 
 
 
4
.
5
 
 
 
 
 
 
1
8
 
 
 
 
 
 
5
.
3
1
8
+
0
 
 
 
 
 
2
.
4
1
0
-
2
 
 
 
4
.
9
7
8
-
1
 
(
5
0
.
2
%
)
 
1
.
1
5
2
-
1
 
(
8
8
.
5
%
)
 
 
2
.
2
4
3
-
4
 
 
4
.
4
0
9
-
9
 
 
2
.
0
7
0
-
4
 
 
 
0
.
0
3
 
 
 
3
.
5
1
7
+
0
 

 
 
 
B
-
0
1
0
 
 
 
 
3
0
.
0
 
 
 
 
 
 
1
.
5
 
 
 
 
 
 
0
.
2
5
 
 
 
 
 
4
.
5
 
 
 
 
 
 
6
4
 
 
 
 
 
 
1
.
8
9
1
+
1
 
 
 
 
 
8
.
3
4
4
-
2
 
 
 
4
.
9
4
2
-
1
 
(
5
0
.
6
%
)
 
1
.
1
1
7
-
1
 
(
8
8
.
8
%
)
 
 
2
.
2
8
9
-
4
 
 
3
.
2
6
5
-
9
 
 
2
.
1
4
8
-
4
 
 
 
0
.
0
8
 
 
 
8
.
9
7
4
+
0
 
 
 
 
-
1
.
5
1
-
3
 
(
7
.
5
-
4
)
 

 
B
-
0
1
0
 
 
 
 
3
0
.
0
 
 
 
 
 
 
2
.
0
 
 
 
 
 
 
0
.
2
5
 
 
 
 
 
4
.
5
 
 
 
 
 
 
6
4
 
 
 
 
 
 
2
.
5
1
7
+
1
 
 
 
 
 
1
.
0
5
6
-
1
 
 
 
5
.
1
0
9
-
1
 
(
4
8
.
9
%
)
 
1
.
2
1
8
-
1
 
(
8
7
.
8
%
)
 
 
2
.
4
2
8
-
4
 
 
3
.
2
9
6
-
9
 
 
2
.
2
7
6
-
4
 
 
 
0
.
1
4
 
 
 
1
.
1
4
8
+
1
 
 
 
 
-
2
.
0
1
-
3
 
(
3
.
5
-
4
)
 

 
 
 
B
-
0
1
0
 
 
 
 
3
0
.
0
 
 
 
 
 
 
1
.
5
 
 
 
 
 
 
0
.
2
5
 
 
 
 
 
4
.
5
 
 
 
 
 
1
0
4
 
 
 
 
 
 
3
.
0
7
3
+
1
 
 
 
 
 
1
.
2
8
0
-
1
 
 
 
5
.
0
2
0
-
1
 
(
4
9
.
8
%
)
 
1
.
1
9
1
-
1
 
(
8
8
.
1
%
)
 
 
2
.
4
0
4
-
4
 
 
3
.
2
3
5
-
9
 
 
2
.
2
5
1
-
1
 
 
 
0
.
1
1
 
 
 
1
.
3
7
2
+
1
 
 
 
 
-
1
.
5
0
-
3
 
(
3
.
7
-
4
)
 

 
 
 
 

25 



  
 
 
 
 
 
 
 
 
 
T
a
b
l
e
 
2
.
 
 
R
e
a
c
t
i
v
i
t
y
 
W
o
r
t
h
s
 
o
f
 
B
o
r
o
n
 
B
u
r
n
a
b
l
e
 
P
o
i
s
o
n
 
I
s
o
t
o
p
e
s
 
i
n
 
t
h
e
 
Z
r
B
2
 
C
o
a
t
i
n
g
 
o
f
 
U
O
2
 
F
u
e
l
 
P
e
l
l
e
t
s
 
i
n
 
1
0
4
 
F
u
e
l
 
R
o
d
s
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
-
 
E
n
r
i
c
h
m
e
n
t
 
:
 
3
0
w
t
%
B
1
0
,
 
I
n
i
t
i
a
l
 
L
o
a
d
i
n
g
 
:
 
3
0
.
7
 
g
r
a
m
s
 
B
1
0
 

 
 
 

 
 
 
 
 
C
a
s
e
 
:
 
z
b
0
1
0
_
0
3
0
_
7
f
_
1
0
0
p
_
h
2
o
_
1
0
4
_
b
p
_
f
u
e
l
_
2
a
_
 

 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
 

 
 
 
 
 
F
P
D
 
 
 
 
 
 
I
_
t
i
m
e
 
 
k
e
f
f
 
 
 
 
 
 
 
 
 
d
k
e
f
f
 
 
 
 
 
 
 
 
d
k
e
f
f
 
 
 
 
 
 
 
 
d
k
e
f
f
 
 
 
 
 
 
 
 
d
k
e
f
f
 
 
 
 
 
 
 
 
d
k
e
f
f
 
 
 
 
 
 
 
 
d
k
e
f
f
 
 
 
 
 
 
 
 
d
k
e
f
f
 
 
 
 
 
 
 
 
d
k
e
f
f
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
w
i
t
h
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
b
 
i
n
 
h
2
o
 
 
 
 
 
b
 
i
n
 
h
2
o
 
 
 
 
 
z
r
 
i
n
 
c
l
a
d
 
 
 
b
+
z
r
 
i
n
 
b
p
 
 
 
b
-
1
0
 
i
n
 
b
p
 
 
 
b
-
1
1
 
i
n
 
b
p
 
 
 
h
e
-
3
 
i
n
 
b
p
 
 
 
h
e
-
4
 
i
n
 
b
p
 
 
 
z
r
 
i
n
 
b
p
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
l
i
-
6
 
i
n
 
b
p
 
 
 
l
i
-
7
 
i
n
 
b
p
 
 
 
b
p
 
r
a
t
i
o
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
 

 
  
 
0
.
0
0
0
0
0
E
+
0
0
 
 
 
 
 
 
1
 
 
 
1
.
1
6
9
5
E
+
0
0
 
 
-
7
.
7
9
4
1
E
-
0
2
 
 
-
8
.
5
2
9
2
E
-
0
3
 
 
-
1
.
2
7
5
5
E
-
0
1
 
 
-
1
.
2
7
5
2
E
-
0
1
 
 
-
4
.
1
7
7
4
E
-
0
7
 
 
 
0
.
0
0
0
0
E
+
0
0
 
 
 
0
.
0
0
0
0
E
+
0
0
 
 
-
3
.
5
4
7
3
E
-
0
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
0
E
+
0
0
 
 
 
0
.
0
0
0
0
E
+
0
0
 
 
 
0
.
0
0
0
0
E
+
0
0
 

 
  
 
1
.
0
0
0
0
0
E
+
0
0
 
 
 
 
 
 
2
 
 
 
1
.
1
5
3
3
E
+
0
0
 
 
-
7
.
5
4
7
6
E
-
0
2
 
 
-
8
.
3
3
9
1
E
-
0
3
 
 
-
1
.
2
2
2
1
E
-
0
1
 
 
-
1
.
2
2
1
7
E
-
0
1
 
 
-
4
.
0
6
4
5
E
-
0
7
 
 
-
1
.
3
7
8
0
E
-
1
6
 
 
-
2
.
6
1
2
5
E
-
1
2
 
 
-
3
.
4
4
9
4
E
-
0
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
0
E
+
0
0
 
 
-
7
.
2
0
0
1
E
-
0
9
 
 
 
0
.
0
0
0
0
E
+
0
0
 

 
  
 
1
.
5
0
0
0
0
E
+
0
1
 
 
 
 
 
 
3
 
 
 
1
.
1
4
1
5
E
+
0
0
 
 
-
7
.
4
3
9
1
E
-
0
2
 
 
-
8
.
2
7
6
2
E
-
0
3
 
 
-
1
.
1
1
2
1
E
-
0
1
 
 
-
1
.
1
1
1
7
E
-
0
1
 
 
-
4
.
0
4
9
4
E
-
0
7
 
 
 
0
.
0
0
0
0
E
+
0
0
 
 
-
3
.
7
4
3
5
E
-
1
1
 
 
-
3
.
4
5
8
8
E
-
0
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
-
4
.
1
2
1
2
E
-
1
6
 
 
-
1
.
0
2
8
7
E
-
0
7
 
 
 
0
.
0
0
0
0
E
+
0
0
 

 
  
 
3
.
0
0
0
0
0
E
+
0
1
 
 
 
 
 
 
4
 
 
 
1
.
1
4
4
7
E
+
0
0
 
 
-
7
.
4
7
0
8
E
-
0
2
 
 
-
8
.
3
8
1
8
E
-
0
3
 
 
-
1
.
0
3
1
6
E
-
0
1
 
 
-
1
.
0
3
1
2
E
-
0
1
 
 
-
4
.
0
5
0
3
E
-
0
7
 
 
 
0
.
0
0
0
0
E
+
0
0
 
 
-
7
.
2
4
8
0
E
-
1
1
 
 
-
3
.
4
8
1
3
E
-
0
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
-
1
.
6
5
2
4
E
-
1
5
 
 
-
2
.
0
1
1
9
E
-
0
7
 
 
 
0
.
0
0
0
0
E
+
0
0
 

 
  
 
1
.
2
0
0
0
0
E
+
0
2
 
 
 
 
 
 
5
 
 
 
1
.
1
7
0
2
E
+
0
0
 
 
-
7
.
6
9
4
8
E
-
0
2
 
 
-
8
.
4
6
8
7
E
-
0
3
 
 
-
6
.
5
3
7
7
E
-
0
2
 
 
-
6
.
5
3
4
1
E
-
0
2
 
 
-
4
.
3
3
7
9
E
-
0
7
 
 
 
0
.
0
0
0
0
E
+
0
0
 
 
-
2
.
3
9
1
1
E
-
1
0
 
 
-
3
.
5
7
6
6
E
-
0
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
-
1
.
9
9
6
1
E
-
1
4
 
 
-
6
.
9
5
5
8
E
-
0
7
 
 
 
0
.
0
0
0
0
E
+
0
0
 

 
  
 
2
.
4
0
0
0
0
E
+
0
2
 
 
 
 
 
 
6
 
 
 
1
.
1
6
7
1
E
+
0
0
 
 
-
7
.
7
6
9
9
E
-
0
2
 
 
-
8
.
5
6
0
3
E
-
0
3
 
 
-
3
.
2
8
9
9
E
-
0
2
 
 
-
3
.
2
8
6
2
E
-
0
2
 
 
-
4
.
5
8
1
1
E
-
0
7
 
 
 
0
.
0
0
0
0
E
+
0
0
 
 
-
3
.
6
9
8
8
E
-
1
0
 
 
-
3
.
6
3
6
1
E
-
0
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
-
5
.
9
2
2
0
E
-
1
4
 
 
-
1
.
1
1
5
1
E
-
0
6
 
 
 
0
.
0
0
0
0
E
+
0
0
 

 
  
 
3
.
6
5
0
0
0
E
+
0
2
 
 
 
 
 
 
7
 
 
 
1
.
1
5
7
2
E
+
0
0
 
 
-
7
.
7
7
9
4
E
-
0
2
 
 
-
8
.
4
8
5
3
E
-
0
3
 
 
-
1
.
5
2
1
1
E
-
0
2
 
 
-
1
.
5
1
7
5
E
-
0
2
 
 
-
4
.
6
8
4
2
E
-
0
7
 
 
 
0
.
0
0
0
0
E
+
0
0
 
 
-
4
.
3
8
2
8
E
-
1
0
 
 
-
3
.
6
2
5
3
E
-
0
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
-
1
.
3
2
8
9
E
-
1
3
 
 
-
1
.
3
4
7
4
E
-
0
6
 
 
 
0
.
0
0
0
0
E
+
0
0
 

 
  
 
4
.
8
5
0
0
0
E
+
0
2
 
 
 
 
 
 
8
 
 
 
1
.
1
2
3
4
E
+
0
0
 
 
-
7
.
6
0
2
8
E
-
0
2
 
 
-
8
.
2
7
6
7
E
-
0
3
 
 
-
6
.
7
9
0
0
E
-
0
3
 
 
-
6
.
7
5
3
4
E
-
0
3
 
 
-
4
.
6
1
3
5
E
-
0
7
 
 
-
1
.
4
5
5
6
E
-
1
6
 
 
-
4
.
6
0
9
8
E
-
1
0
 
 
-
3
.
6
1
2
5
E
-
0
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
-
2
.
1
9
8
2
E
-
1
3
 
 
-
1
.
4
2
4
8
E
-
0
6
 
 
 
0
.
0
0
0
0
E
+
0
0
 

 
  
 
6
.
0
5
0
0
0
E
+
0
2
 
 
 
 
 
 
9
 
 
 
1
.
0
9
5
5
E
+
0
0
 
 
-
7
.
4
8
8
1
E
-
0
2
 
 
-
8
.
0
5
3
6
E
-
0
3
 
 
-
2
.
9
6
9
9
E
-
0
3
 
 
-
2
.
9
3
4
6
E
-
0
3
 
 
-
4
.
5
5
8
5
E
-
0
7
 
 
 
0
.
0
0
0
0
E
+
0
0
 
 
-
4
.
6
7
4
9
E
-
1
0
 
 
-
3
.
4
7
6
3
E
-
0
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
-
3
.
0
8
2
6
E
-
1
3
 
 
-
1
.
4
6
4
4
E
-
0
6
 
 
 
0
.
0
0
0
0
E
+
0
0
 

 
  
 
7
.
3
0
0
0
0
E
+
0
2
 
 
 
 
 
1
0
 
 
 
1
.
0
5
5
5
E
+
0
0
 
 
-
7
.
2
8
9
5
E
-
0
2
 
 
-
7
.
8
5
7
8
E
-
0
3
 
 
-
1
.
1
8
6
7
E
-
0
3
 
 
-
1
.
1
5
2
4
E
-
0
3
 
 
-
4
.
4
7
7
8
E
-
0
7
 
 
-
1
.
4
7
9
7
E
-
1
6
 
 
-
4
.
6
3
2
2
E
-
1
0
 
 
-
3
.
3
8
2
8
E
-
0
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
-
3
.
8
3
0
1
E
-
1
3
 
 
-
1
.
4
5
6
3
E
-
0
6
 
 
 
0
.
0
0
0
0
E
+
0
0
 

 
  
 
8
.
5
0
0
0
0
E
+
0
2
 
 
 
 
 
1
1
 
 
 
1
.
0
2
5
7
E
+
0
0
 
 
-
7
.
2
0
2
6
E
-
0
2
 
 
-
7
.
6
2
8
7
E
-
0
3
 
 
-
4
.
8
4
6
7
E
-
0
4
 
 
-
4
.
5
1
3
7
E
-
0
4
 
 
-
4
.
4
2
2
5
E
-
0
7
 
 
-
1
.
4
9
4
7
E
-
1
6
 
 
-
4
.
5
6
5
6
E
-
1
0
 
 
-
3
.
2
8
6
5
E
-
0
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
-
4
.
6
8
8
0
E
-
1
3
 
 
-
1
.
4
4
6
2
E
-
0
6
 
 
 
0
.
0
0
0
0
E
+
0
0
 

 
  
 
9
.
7
0
0
0
0
E
+
0
2
 
 
 
 
 
1
2
 
 
 
9
.
9
6
3
2
E
-
0
1
 
 
-
7
.
1
2
4
7
E
-
0
2
 
 
-
7
.
4
6
3
8
E
-
0
3
 
 
-
2
.
0
0
6
6
E
-
0
4
 
 
-
1
.
6
8
1
4
E
-
0
4
 
 
-
4
.
3
7
8
3
E
-
0
7
 
 
-
1
.
5
1
1
2
E
-
1
6
 
 
-
4
.
4
7
9
9
E
-
1
0
 
 
-
3
.
2
0
8
6
E
-
0
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
-
5
.
5
9
1
2
E
-
1
3
 
 
-
1
.
4
3
4
5
E
-
0
6
 
 
 
0
.
0
0
0
0
E
+
0
0
 

 
  
 
1
.
0
9
5
0
0
E
+
0
3
 
 
 
 
 
1
3
 
 
 
9
.
6
6
7
9
E
-
0
1
 
 
-
7
.
0
5
4
3
E
-
0
2
 
 
-
7
.
3
5
0
0
E
-
0
3
 
 
-
8
.
9
3
6
4
E
-
0
5
 
 
-
5
.
6
9
5
5
E
-
0
5
 
 
-
4
.
3
1
1
8
E
-
0
7
 
 
-
6
.
1
2
1
5
E
-
1
6
 
 
-
4
.
4
2
5
2
E
-
1
0
 
 
-
3
.
1
9
7
8
E
-
0
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
-
6
.
5
9
9
9
E
-
1
3
 
 
-
1
.
4
2
3
9
E
-
0
6
 
 
 
0
.
0
0
0
0
E
+
0
0
 

 
  
 
1
.
2
1
5
0
0
E
+
0
3
 
 
 
 
 
1
4
 
 
 
9
.
3
2
9
0
E
-
0
1
 
 
-
6
.
9
0
8
0
E
-
0
2
 
 
-
7
.
1
1
0
4
E
-
0
3
 
 
-
4
.
9
6
3
6
E
-
0
5
 
 
-
1
.
8
6
1
8
E
-
0
5
 
 
-
4
.
2
2
2
1
E
-
0
7
 
 
-
4
.
6
1
3
2
E
-
1
6
 
 
-
4
.
3
2
7
1
E
-
1
0
 
 
-
3
.
0
5
9
7
E
-
0
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
-
7
.
3
5
3
0
E
-
1
3
 
 
-
1
.
3
9
6
7
E
-
0
6
 
 
 
0
.
0
0
0
0
E
+
0
0
 

 
  
 
1
.
3
3
5
0
0
E
+
0
3
 
 
 
 
 
1
5
 
 
 
9
.
0
5
2
1
E
-
0
1
 
 
-
6
.
8
1
5
3
E
-
0
2
 
 
-
6
.
9
1
7
6
E
-
0
3
 
 
-
3
.
5
9
5
3
E
-
0
5
 
 
-
5
.
7
7
8
9
E
-
0
6
 
 
-
4
.
2
1
1
0
E
-
0
7
 
 
-
9
.
3
1
3
8
E
-
1
6
 
 
-
4
.
2
5
4
7
E
-
1
0
 
 
-
2
.
9
7
5
3
E
-
0
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
-
8
.
1
6
3
5
E
-
1
3
 
 
-
1
.
3
8
1
9
E
-
0
6
 
 
 
0
.
0
0
0
0
E
+
0
0
 

 
  
 
1
.
4
6
0
0
0
E
+
0
3
 
 
 
 
 
1
6
 
 
 
8
.
7
0
3
1
E
-
0
1
 
 
-
6
.
6
9
1
8
E
-
0
2
 
 
-
6
.
7
2
7
5
E
-
0
3
 
 
-
3
.
0
7
8
9
E
-
0
5
 
 
-
1
.
5
8
3
6
E
-
0
6
 
 
-
4
.
1
0
6
7
E
-
0
7
 
 
-
1
.
0
8
6
5
E
-
1
5
 
 
-
4
.
1
4
7
0
E
-
1
0
 
 
-
2
.
8
7
9
5
E
-
0
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
-
9
.
1
8
9
4
E
-
1
3
 
 
-
1
.
3
5
6
7
E
-
0
6
 
 
 
2
.
4
1
3
8
E
-
0
4
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d
k
e
f
f
 
R
a
t
i
o
s
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
-
-
-
-
-
-
-
-
-
-
-
-
-
 
-
-
-
-
-
-
-
-
-
-
-
-
-
-
 
-
-
-
-
-
-
-
-
-
-
-
-
-
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
b
+
z
r
_
b
p
(
e
n
d
)
 
 
h
e
-
3
,
4
_
b
p
(
e
n
d
)
 
z
r
_
b
p
(
e
n
d
)
 
 
 
 
 
b
p
_
t
o
t
(
e
n
d
)
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
/
 
 
 
 
 
 
 
 
 
 
 
 
 
/
 
 
 
 
 
 
 
 
 
 
 
 
 
 
/
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
b
+
z
r
_
b
p
(
i
n
i
t
)
 
b
+
z
r
_
b
p
(
i
n
i
t
)
 
 
b
+
z
r
_
b
p
(
i
n
i
t
)
 
 
b
+
z
r
_
b
p
(
i
n
i
t
)
 

 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
2
.
4
1
3
8
E
-
0
4
 
 
 
 
 
3
.
2
5
1
2
E
-
0
9
 
 
 
 
 
2
.
2
5
7
5
E
-
0
4
 
 
 
 
 
2
.
4
1
3
8
E
-
0
4
 

26 



  
 
 
 
 
 
 
 
 
 
T
a
b
l
e
 
3
.
 
 
M
a
s
s
e
s
 
o
f
 
B
o
r
o
n
 
B
u
r
n
a
b
l
e
 
P
o
i
s
o
n
 
I
s
o
t
o
p
e
s
 
i
n
 
t
h
e
 
Z
r
B
2
 
C
o
a
t
i
n
g
 
o
f
 
U
O
2
 
F
u
e
l
 
P
e
l
l
e
t
s
 
i
n
 
1
0
4
 
F
u
e
l
 
R
o
d
s
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
-
 
E
n
r
i
c
h
m
e
n
t
 
:
 
3
0
w
t
%
B
1
0
,
 
I
n
i
t
i
a
l
 
L
o
a
d
i
n
g
 
:
 
3
0
.
7
 
g
r
a
m
s
 
B
1
0
 

 
 

 
 

 
 
 
 
 
C
a
s
e
 
:
 
z
b
0
1
0
_
0
3
0
_
7
f
_
1
0
0
p
_
h
2
o
_
1
0
4
_
b
p
_
f
u
e
l
_
2
a
_
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
 

 
 
 
 
 
F
P
D
 
 
 
 
 
 
I
_
t
i
m
e
 
 
k
e
f
f
 
 
 
 
 
 
 
 
 
g
r
a
m
 
 
 
 
 
 
 
 
 
g
r
a
m
 
 
 
 
 
 
 
 
 
g
r
a
m
 
 
 
 
 
 
 
 
 
g
r
a
m
 
 
 
 
 
 
 
 
 
g
r
a
m
 
 
 
 
 
 
 
 
 
g
r
a
m
 
 
 
 
 
 
 
 
 
g
r
a
m
 
 
 
 
 
 
 
 
 
g
r
a
m
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
w
i
t
h
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
b
 
i
n
 
h
2
o
 
 
 
 
 
b
 
i
n
 
h
2
o
 
 
 
 
 
z
r
 
i
n
 
c
l
a
d
 
 
 
b
+
z
r
 
i
n
 
b
p
 
 
 
b
-
1
0
 
i
n
 
b
p
 
 
 
b
-
1
1
 
i
n
 
b
p
 
 
 
h
e
-
3
 
i
n
 
b
p
 
 
 
h
e
-
4
 
i
n
 
b
p
 
 
 
z
r
 
i
n
 
b
p
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
l
i
-
6
 
i
n
 
b
p
 
 
 
l
i
-
7
 
i
n
 
b
p
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
 

 
 

 
 
0
.
0
0
0
0
0
E
+
0
0
 
 
 
 
 
 
1
 
 
 
1
.
1
6
9
5
E
+
0
0
 
 
 
8
.
1
2
1
1
E
+
0
1
 
 
 
1
.
0
6
7
7
E
+
0
5
 
 
 
5
.
7
7
2
3
E
+
0
2
 
 
 
3
.
0
7
2
6
E
+
0
1
 
 
 
7
.
8
8
6
3
E
+
0
1
 
 
 
1
.
2
0
1
4
E
-
1
5
 
 
 
4
.
6
3
7
6
E
-
1
5
 
 
 
4
.
6
7
6
4
E
+
0
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
6
.
9
5
6
4
E
-
1
5
 
 
 
8
.
1
1
5
8
E
-
1
5
 

 
 

 
 
1
.
0
0
0
0
0
E
+
0
0
 
 
 
 
 
 
2
 
 
 
1
.
1
5
3
3
E
+
0
0
 
 
 
8
.
1
2
1
0
E
+
0
1
 
 
 
1
.
0
6
7
7
E
+
0
5
 
 
 
5
.
7
7
0
6
E
+
0
2
 
 
 
3
.
0
5
5
8
E
+
0
1
 
 
 
7
.
8
8
6
2
E
+
0
1
 
 
 
1
.
1
8
8
4
E
-
1
5
 
 
 
6
.
7
9
5
5
E
-
0
2
 
 
 
4
.
6
7
6
4
E
+
0
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
4
9
3
5
E
-
1
1
 
 
 
1
.
1
7
5
4
E
-
0
1
 

 
 

 
 
1
.
5
0
0
0
0
E
+
0
1
 
 
 
 
 
 
3
 
 
 
1
.
1
4
1
5
E
+
0
0
 
 
 
8
.
1
2
1
0
E
+
0
1
 
 
 
1
.
0
6
7
7
E
+
0
5
 
 
 
5
.
7
4
8
0
E
+
0
2
 
 
 
2
.
8
3
0
3
E
+
0
1
 
 
 
7
.
8
8
6
2
E
+
0
1
 
 
 
1
.
0
2
0
2
E
-
1
5
 
 
 
9
.
8
1
1
9
E
-
0
1
 
 
 
4
.
6
7
6
4
E
+
0
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
3
.
9
5
6
7
E
-
0
9
 
 
 
1
.
6
9
6
0
E
+
0
0
 

 
 

 
 
3
.
0
0
0
0
0
E
+
0
1
 
 
 
 
 
 
4
 
 
 
1
.
1
4
4
7
E
+
0
0
 
 
 
8
.
1
2
1
0
E
+
0
1
 
 
 
1
.
0
6
7
7
E
+
0
5
 
 
 
5
.
7
2
5
6
E
+
0
2
 
 
 
2
.
6
0
5
4
E
+
0
1
 
 
 
7
.
8
8
6
2
E
+
0
1
 
 
 
8
.
6
8
5
2
E
-
1
6
 
 
 
1
.
8
9
2
7
E
+
0
0
 
 
 
4
.
6
7
6
4
E
+
0
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
6
5
2
6
E
-
0
8
 
 
 
3
.
2
6
9
6
E
+
0
0
 

 
 

 
 
1
.
2
0
0
0
0
E
+
0
2
 
 
 
 
 
 
5
 
 
 
1
.
1
7
0
2
E
+
0
0
 
 
 
8
.
1
2
1
0
E
+
0
1
 
 
 
1
.
0
6
7
7
E
+
0
5
 
 
 
5
.
6
2
2
7
E
+
0
2
 
 
 
1
.
5
7
7
7
E
+
0
1
 
 
 
7
.
8
8
6
2
E
+
0
1
 
 
 
3
.
7
2
7
5
E
-
1
6
 
 
 
6
.
0
7
7
3
E
+
0
0
 
 
 
4
.
6
7
6
3
E
+
0
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
9
8
3
9
E
-
0
7
 
 
 
1
.
0
4
6
3
E
+
0
1
 

 
 

 
 
2
.
4
0
0
0
0
E
+
0
2
 
 
 
 
 
 
6
 
 
 
1
.
1
6
7
1
E
+
0
0
 
 
 
8
.
1
2
1
0
E
+
0
1
 
 
 
1
.
0
6
7
7
E
+
0
5
 
 
 
5
.
5
4
2
9
E
+
0
2
 
 
 
7
.
8
0
0
7
E
+
0
0
 
 
 
7
.
8
8
6
2
E
+
0
1
 
 
 
2
.
6
6
5
4
E
-
1
6
 
 
 
9
.
3
6
5
2
E
+
0
0
 
 
 
4
.
6
7
6
3
E
+
0
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
5
.
6
4
2
2
E
-
0
7
 
 
 
1
.
6
0
4
5
E
+
0
1
 

 
 

 
 
3
.
6
5
0
0
0
E
+
0
2
 
 
 
 
 
 
7
 
 
 
1
.
1
5
7
2
E
+
0
0
 
 
 
8
.
1
2
1
0
E
+
0
1
 
 
 
1
.
0
6
7
6
E
+
0
5
 
 
 
5
.
5
0
0
6
E
+
0
2
 
 
 
3
.
5
8
2
1
E
+
0
0
 
 
 
7
.
8
8
6
2
E
+
0
1
 
 
 
5
.
5
2
2
9
E
-
1
6
 
 
 
1
.
1
1
5
8
E
+
0
1
 
 
 
4
.
6
7
6
2
E
+
0
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
2
5
3
4
E
-
0
6
 
 
 
1
.
8
9
9
8
E
+
0
1
 

 
 

 
 
4
.
8
5
0
0
0
E
+
0
2
 
 
 
 
 
 
8
 
 
 
1
.
1
2
3
4
E
+
0
0
 
 
 
8
.
1
2
1
0
E
+
0
1
 
 
 
1
.
0
6
7
6
E
+
0
5
 
 
 
5
.
4
8
1
0
E
+
0
2
 
 
 
1
.
6
2
8
8
E
+
0
0
 
 
 
7
.
8
8
6
2
E
+
0
1
 
 
 
1
.
2
6
2
6
E
-
1
5
 
 
 
1
.
2
0
4
4
E
+
0
1
 
 
 
4
.
6
7
6
1
E
+
0
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
2
.
1
0
4
0
E
-
0
6
 
 
 
2
.
0
3
6
5
E
+
0
1
 

 
 

 
 
6
.
0
5
0
0
0
E
+
0
2
 
 
 
 
 
 
9
 
 
 
1
.
0
9
5
5
E
+
0
0
 
 
 
8
.
1
2
1
0
E
+
0
1
 
 
 
1
.
0
6
7
6
E
+
0
5
 
 
 
5
.
4
7
1
7
E
+
0
2
 
 
 
7
.
1
2
7
4
E
-
0
1
 
 
 
7
.
8
8
6
2
E
+
0
1
 
 
 
2
.
5
5
2
6
E
-
1
5
 
 
 
1
.
2
5
1
9
E
+
0
1
 
 
 
4
.
6
7
6
0
E
+
0
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
2
.
9
7
9
5
E
-
0
6
 
 
 
2
.
1
0
0
5
E
+
0
1
 

 
 

 
 
7
.
3
0
0
0
0
E
+
0
2
 
 
 
 
 
1
0
 
 
 
1
.
0
5
5
5
E
+
0
0
 
 
 
8
.
1
2
1
0
E
+
0
1
 
 
 
1
.
0
6
7
5
E
+
0
5
 
 
 
5
.
4
6
7
3
E
+
0
2
 
 
 
2
.
8
6
4
7
E
-
0
1
 
 
 
7
.
8
8
6
2
E
+
0
1
 
 
 
4
.
7
2
5
7
E
-
1
5
 
 
 
1
.
2
8
0
6
E
+
0
1
 
 
 
4
.
6
7
5
8
E
+
0
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
3
.
7
9
9
5
E
-
0
6
 
 
 
2
.
1
3
0
4
E
+
0
1
 

 
 

 
 
8
.
5
0
0
0
0
E
+
0
2
 
 
 
 
 
1
1
 
 
 
1
.
0
2
5
7
E
+
0
0
 
 
 
8
.
1
2
1
0
E
+
0
1
 
 
 
1
.
0
6
7
5
E
+
0
5
 
 
 
5
.
4
6
5
5
E
+
0
2
 
 
 
1
.
1
3
6
8
E
-
0
1
 
 
 
7
.
8
8
6
2
E
+
0
1
 
 
 
7
.
7
9
5
7
E
-
1
5
 
 
 
1
.
2
9
9
3
E
+
0
1
 
 
 
4
.
6
7
5
7
E
+
0
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
4
.
7
2
9
0
E
-
0
6
 
 
 
2
.
1
4
2
4
E
+
0
1
 

 
 

 
 
9
.
7
0
0
0
0
E
+
0
2
 
 
 
 
 
1
2
 
 
 
9
.
9
6
3
2
E
-
0
1
 
 
 
8
.
1
2
1
0
E
+
0
1
 
 
 
1
.
0
6
7
5
E
+
0
5
 
 
 
5
.
4
6
4
6
E
+
0
2
 
 
 
4
.
2
8
7
0
E
-
0
2
 
 
 
7
.
8
8
6
2
E
+
0
1
 
 
 
1
.
2
1
0
4
E
-
1
4
 
 
 
1
.
3
1
4
6
E
+
0
1
 
 
 
4
.
6
7
5
6
E
+
0
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
5
.
7
2
1
3
E
-
0
6
 
 
 
2
.
1
4
7
4
E
+
0
1
 

 
 

 
 
1
.
0
9
5
0
0
E
+
0
3
 
 
 
 
 
1
3
 
 
 
9
.
6
6
7
9
E
-
0
1
 
 
 
8
.
1
2
1
0
E
+
0
1
 
 
 
1
.
0
6
7
4
E
+
0
5
 
 
 
5
.
4
6
4
2
E
+
0
2
 
 
 
1
.
4
6
4
8
E
-
0
2
 
 
 
7
.
8
8
6
2
E
+
0
1
 
 
 
1
.
8
1
8
0
E
-
1
4
 
 
 
1
.
3
2
9
1
E
+
0
1
 
 
 
4
.
6
7
5
4
E
+
0
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
6
.
8
3
5
7
E
-
0
6
 
 
 
2
.
1
4
9
3
E
+
0
1
 

 
 

 
 
1
.
2
1
5
0
0
E
+
0
3
 
 
 
 
 
1
4
 
 
 
9
.
3
2
9
0
E
-
0
1
 
 
 
8
.
1
2
1
0
E
+
0
1
 
 
 
1
.
0
6
7
4
E
+
0
5
 
 
 
5
.
4
6
3
9
E
+
0
2
 
 
 
4
.
8
8
8
6
E
-
0
3
 
 
 
7
.
8
8
6
2
E
+
0
1
 
 
 
2
.
5
7
2
0
E
-
1
4
 
 
 
1
.
3
4
2
8
E
+
0
1
 
 
 
4
.
6
7
5
3
E
+
0
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
7
.
8
2
1
0
E
-
0
6
 
 
 
2
.
1
5
0
0
E
+
0
1
 

 
 

 
 
1
.
3
3
5
0
0
E
+
0
3
 
 
 
 
 
1
5
 
 
 
9
.
0
5
2
1
E
-
0
1
 
 
 
8
.
1
2
1
0
E
+
0
1
 
 
 
1
.
0
6
7
4
E
+
0
5
 
 
 
5
.
4
6
3
8
E
+
0
2
 
 
 
1
.
5
3
5
3
E
-
0
3
 
 
 
7
.
8
8
6
2
E
+
0
1
 
 
 
3
.
5
3
3
0
E
-
1
4
 
 
 
1
.
3
5
6
9
E
+
0
1
 
 
 
4
.
6
7
5
1
E
+
0
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
8
.
8
2
5
8
E
-
0
6
 
 
 
2
.
1
5
0
2
E
+
0
1
 

 
 

 
 
1
.
4
6
0
0
0
E
+
0
3
 
 
 
 
 
1
6
 
 
 
8
.
7
0
3
1
E
-
0
1
 
 
 
8
.
1
2
1
0
E
+
0
1
 
 
 
1
.
0
6
7
4
E
+
0
5
 
 
 
5
.
4
6
3
6
E
+
0
2
 
 
 
4
.
2
8
5
2
E
-
0
4
 
 
 
7
.
8
8
6
2
E
+
0
1
 
 
 
4
.
8
0
1
3
E
-
1
4
 
 
 
1
.
3
7
2
2
E
+
0
1
 
 
 
4
.
6
7
5
0
E
+
0
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
1
5
8
E
-
0
5
 
 
 
2
.
1
5
0
2
E
+
0
1
 

 
  

27 



  
 
 
 
 
 
 
 
 
 
T
a
b
l
e
 
4
a
.
 
 
R
e
l
a
t
i
v
e
 
F
i
s
s
i
o
n
 
P
o
w
e
r
 
D
e
n
s
i
t
y
 
M
a
p
 
a
t
 
1
 
F
P
D
 
-
 
Z
r
B
2
 
C
o
a
t
i
n
g
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
o
f
 
t
h
e
 
U
O
2
 
F
u
e
l
 
P
e
l
l
e
t
s
 
i
n
 
1
0
4
 
F
u
e
l
 
R
o
d
s
,
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
E
n
r
i
c
h
m
e
n
t
 
:
 
3
0
w
t
%
B
1
0
,
 
I
n
i
t
i
a
l
 
L
o
a
d
i
n
g
 
:
 
3
0
.
7
 
g
r
a
m
s
 
B
1
0
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
C
a
s
e
 
:
 
 
z
b
0
1
0
_
0
3
0
_
7
f
_
1
0
0
p
_
h
2
o
_
1
0
4
_
b
p
_
f
u
e
l
_
2
f
_
 

 
 
 
 
 
 
 
 
 
 
T
i
m
e
 
:
 
 
1
.
0
0
0
 
F
P
D
 

 
 
 
 
1
.
2
5
1
 
1
.
1
5
2
 
1
.
1
1
0
 
1
.
1
1
4
 
1
.
1
1
4
 
1
.
1
1
9
 
1
.
1
0
5
 
1
.
0
9
5
 
1
.
1
0
8
 
1
.
0
9
5
 
1
.
1
0
5
 
1
.
1
1
9
 
1
.
1
1
4
 
1
.
1
1
4
 
1
.
1
1
0
 
1
.
1
5
2
 
1
.
2
5
1
 

 
 
 
 
1
.
1
5
2
 
0
.
9
7
1
 
1
.
0
2
7
 
1
.
0
1
2
 
1
.
0
2
8
 
0
.
9
7
7
 
1
.
0
3
2
 
1
.
0
2
7
 
0
.
9
7
5
 
1
.
0
2
7
 
1
.
0
3
2
 
0
.
9
7
7
 
1
.
0
2
8
 
1
.
0
1
2
 
1
.
0
2
7
 
0
.
9
7
1
 
1
.
1
5
2
 

 
 
 
 
 
 
 
 
0
.
9
8
9
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
0
2
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
1
2
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
0
2
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
8
9
 

 
 
 
 
 
 
 
 
1
.
0
0
8
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
3
1
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
3
1
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
3
1
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
0
8
 

 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
1
1
0
 
1
.
0
2
7
 
1
.
0
0
9
 
0
.
9
4
6
 
0
.
9
4
0
 
 
 
 
 
 
 
0
.
9
3
0
 
0
.
9
3
5
 
 
 
 
 
 
 
0
.
9
3
5
 
0
.
9
3
0
 
 
 
 
 
 
 
0
.
9
4
0
 
0
.
9
4
6
 
1
.
0
0
9
 
1
.
0
2
7
 
1
.
1
5
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
6
6
 
0
.
9
7
5
 
 
 
 
 
 
 
0
.
9
5
2
 
0
.
9
5
6
 
 
 
 
 
 
 
0
.
9
5
6
 
0
.
9
5
2
 
 
 
 
 
 
 
0
.
9
7
5
 
0
.
9
6
6
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
9
2
 
0
.
9
9
8
 
 
 
 
 
 
 
0
.
9
7
6
 
0
.
9
7
7
 
 
 
 
 
 
 
0
.
9
7
7
 
0
.
9
7
6
 
 
 
 
 
 
 
0
.
9
9
8
 
0
.
9
9
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 

 
 
 
 
1
.
1
1
4
 
1
.
0
1
2
 
0
.
9
4
6
 
 
 
 
 
 
 
0
.
9
2
9
 
0
.
9
2
3
 
0
.
9
6
2
 
0
.
9
5
7
 
0
.
9
1
2
 
0
.
9
5
7
 
0
.
9
6
2
 
0
.
9
2
3
 
0
.
9
2
9
 
 
 
 
 
 
 
0
.
9
4
6
 
1
.
0
1
2
 
1
.
1
1
4
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
6
6
 
 
 
 
 
 
 
0
.
9
5
1
 
0
.
9
4
6
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
3
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
6
 
0
.
9
5
1
 
 
 
 
 
 
 
0
.
9
6
6
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
9
2
 
 
 
 
 
 
 
0
.
9
7
1
 
0
.
9
6
3
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
6
1
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
6
3
 
0
.
9
7
1
 
 
 
 
 
 
 
0
.
9
9
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
1
1
4
 
1
.
0
2
8
 
0
.
9
4
0
 
0
.
9
2
9
 
0
.
9
6
6
 
0
.
9
0
9
 
0
.
9
5
8
 
0
.
9
5
9
 
0
.
8
9
2
 
0
.
9
5
9
 
0
.
9
5
8
 
0
.
9
0
9
 
0
.
9
6
6
 
0
.
9
2
9
 
0
.
9
4
0
 
1
.
0
2
8
 
1
.
1
1
4
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
7
5
 
0
.
9
5
1
 
 
 
 
 
 
 
0
.
9
2
8
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
3
1
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
2
8
 
 
 
 
 
 
 
0
.
9
5
1
 
0
.
9
7
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
9
8
 
0
.
9
7
1
 
 
 
 
 
 
 
0
.
9
5
8
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
8
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
8
 
 
 
 
 
 
 
0
.
9
7
1
 
0
.
9
9
8
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 

 
 
 
 
1
.
1
1
9
 
0
.
9
7
7
 
 
 
 
 
 
 
0
.
9
2
3
 
0
.
9
0
9
 
 
 
 
 
 
 
0
.
9
0
7
 
0
.
9
1
2
 
 
 
 
 
 
 
0
.
9
1
2
 
0
.
9
0
7
 
 
 
 
 
 
 
0
.
9
0
9
 
0
.
9
2
3
 
 
 
 
 
 
 
0
.
9
7
7
 
1
.
1
1
9
 

 
 
 
 
 
 
 
 
1
.
0
0
2
 
 
 
 
 
 
 
0
.
9
4
6
 
0
.
9
2
8
 
 
 
 
 
 
 
0
.
9
2
9
 
0
.
9
3
1
 
 
 
 
 
 
 
0
.
9
3
1
 
0
.
9
2
9
 
 
 
 
 
 
 
0
.
9
2
8
 
0
.
9
4
6
 
 
 
 
 
 
 
1
.
0
0
2
 

 
 
 
 
 
 
 
 
1
.
0
3
1
 
 
 
 
 
 
 
0
.
9
6
3
 
0
.
9
5
8
 
 
 
 
 
 
 
0
.
9
5
2
 
0
.
9
5
0
 
 
 
 
 
 
 
0
.
9
5
0
 
0
.
9
5
2
 
 
 
 
 
 
 
0
.
9
5
8
 
0
.
9
6
3
 
 
 
 
 
 
 
1
.
0
3
1
 

 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
1
0
5
 
1
.
0
3
2
 
0
.
9
3
0
 
0
.
9
6
2
 
0
.
9
5
8
 
0
.
9
0
7
 
0
.
9
5
2
 
0
.
9
5
7
 
0
.
8
8
9
 
0
.
9
5
7
 
0
.
9
5
2
 
0
.
9
0
7
 
0
.
9
5
8
 
0
.
9
6
2
 
0
.
9
3
0
 
1
.
0
3
2
 
1
.
1
0
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
2
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
2
9
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
1
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
2
9
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
7
6
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
2
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
5
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
2
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
7
6
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
0
9
5
 
1
.
0
2
7
 
0
.
9
3
5
 
0
.
9
5
7
 
0
.
9
5
9
 
0
.
9
1
2
 
0
.
9
5
7
 
0
.
9
6
0
 
0
.
8
7
9
 
0
.
9
6
0
 
0
.
9
5
7
 
0
.
9
1
2
 
0
.
9
5
9
 
0
.
9
5
7
 
0
.
9
3
5
 
1
.
0
2
7
 
1
.
0
9
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
6
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
3
1
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
0
5
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
3
1
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
6
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
7
7
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
3
6
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
7
7
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
1
0
8
 
0
.
9
7
5
 
 
 
 
 
 
 
0
.
9
1
2
 
0
.
8
9
2
 
 
 
 
 
 
 
0
.
8
8
9
 
0
.
8
7
9
 
 
 
 
 
 
 
0
.
8
7
9
 
0
.
8
8
9
 
 
 
 
 
 
 
0
.
8
9
2
 
0
.
9
1
2
 
 
 
 
 
 
 
0
.
9
7
5
 
1
.
1
0
8
 

 
 
 
 
 
 
 
 
1
.
0
1
2
 
 
 
 
 
 
 
0
.
9
3
0
 
0
.
9
3
1
 
 
 
 
 
 
 
0
.
9
1
0
 
0
.
9
0
5
 
 
 
 
 
 
 
0
.
9
0
5
 
0
.
9
1
0
 
 
 
 
 
 
 
0
.
9
3
1
 
0
.
9
3
0
 
 
 
 
 
 
 
1
.
0
1
2
 

 
 
 
 
 
 
 
 
1
.
0
3
1
 
 
 
 
 
 
 
0
.
9
6
1
 
0
.
9
4
8
 
 
 
 
 
 
 
0
.
9
4
5
 
0
.
9
3
6
 
 
 
 
 
 
 
0
.
9
3
6
 
0
.
9
4
5
 
 
 
 
 
 
 
0
.
9
4
8
 
0
.
9
6
1
 
 
 
 
 
 
 
1
.
0
3
1
 

 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 

28 



     
 
 
 
 
 
 
 
 
 
T
a
b
l
e
 
4
a
.
 
 
R
e
l
a
t
i
v
e
 
F
i
s
s
i
o
n
 
P
o
w
e
r
 
D
e
n
s
i
t
y
 
M
a
p
 
a
t
 
1
 
F
P
D
 
-
 
Z
r
B
2
 
C
o
a
t
i
n
g
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
o
f
 
t
h
e
 
U
O
2
 
F
u
e
l
 
P
e
l
l
e
t
s
 
i
n
 
1
0
4
 
F
u
e
l
 
R
o
d
s
,
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
E
n
r
i
c
h
m
e
n
t
 
:
 
3
0
w
t
%
B
1
0
,
 
I
n
i
t
i
a
l
 
L
o
a
d
i
n
g
 
:
 
3
0
.
7
 
g
r
a
m
s
 
B
1
0
 
(
c
o
n
t
i
n
u
e
d
)
 

   
 
1
.
0
9
5
 
1
.
0
2
7
 
0
.
9
3
5
 
0
.
9
5
7
 
0
.
9
5
9
 
0
.
9
1
2
 
0
.
9
5
7
 
0
.
9
6
0
 
0
.
8
7
9
 
0
.
9
6
0
 
0
.
9
5
7
 
0
.
9
1
2
 
0
.
9
5
9
 
0
.
9
5
7
 
0
.
9
3
5
 
1
.
0
2
7
 
1
.
0
9
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
6
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
3
1
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
0
5
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
3
1
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
6
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
7
7
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
3
6
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
7
7
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
1
0
5
 
1
.
0
3
2
 
0
.
9
3
0
 
0
.
9
6
2
 
0
.
9
5
8
 
0
.
9
0
7
 
0
.
9
5
2
 
0
.
9
5
7
 
0
.
8
8
9
 
0
.
9
5
7
 
0
.
9
5
2
 
0
.
9
0
7
 
0
.
9
5
8
 
0
.
9
6
2
 
0
.
9
3
0
 
1
.
0
3
2
 
1
.
1
0
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
2
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
2
9
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
1
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
2
9
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
7
6
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
2
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
5
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
2
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
7
6
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
1
1
9
 
0
.
9
7
7
 
 
 
 
 
 
 
0
.
9
2
3
 
0
.
9
0
9
 
 
 
 
 
 
 
0
.
9
0
7
 
0
.
9
1
2
 
 
 
 
 
 
 
0
.
9
1
2
 
0
.
9
0
7
 
 
 
 
 
 
 
0
.
9
0
9
 
0
.
9
2
3
 
 
 
 
 
 
 
0
.
9
7
7
 
1
.
1
1
9
 

 
 
 
 
 
 
 
 
1
.
0
0
2
 
 
 
 
 
 
 
0
.
9
4
6
 
0
.
9
2
8
 
 
 
 
 
 
 
0
.
9
2
9
 
0
.
9
3
1
 
 
 
 
 
 
 
0
.
9
3
1
 
0
.
9
2
9
 
 
 
 
 
 
 
0
.
9
2
8
 
0
.
9
4
6
 
 
 
 
 
 
 
1
.
0
0
2
 

 
 
 
 
 
 
 
 
1
.
0
3
1
 
 
 
 
 
 
 
0
.
9
6
3
 
0
.
9
5
8
 
 
 
 
 
 
 
0
.
9
5
2
 
0
.
9
5
0
 
 
 
 
 
 
 
0
.
9
5
0
 
0
.
9
5
2
 
 
 
 
 
 
 
0
.
9
5
8
 
0
.
9
6
3
 
 
 
 
 
 
 
1
.
0
3
1
 

 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
1
1
4
 
1
.
0
2
8
 
0
.
9
4
0
 
0
.
9
2
9
 
0
.
9
6
6
 
0
.
9
0
9
 
0
.
9
5
8
 
0
.
9
5
9
 
0
.
8
9
2
 
0
.
9
5
9
 
0
.
9
5
8
 
0
.
9
0
9
 
0
.
9
6
6
 
0
.
9
2
9
 
0
.
9
4
0
 
1
.
0
2
8
 
1
.
1
1
4
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
7
5
 
0
.
9
5
1
 
 
 
 
 
 
 
0
.
9
2
8
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
3
1
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
2
8
 
 
 
 
 
 
 
0
.
9
5
1
 
0
.
9
7
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
9
8
 
0
.
9
7
1
 
 
 
 
 
 
 
0
.
9
5
8
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
8
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
8
 
 
 
 
 
 
 
0
.
9
7
1
 
0
.
9
9
8
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 

 
 
 
 
1
.
1
1
4
 
1
.
0
1
2
 
0
.
9
4
6
 
 
 
 
 
 
 
0
.
9
2
9
 
0
.
9
2
3
 
0
.
9
6
2
 
0
.
9
5
7
 
0
.
9
1
2
 
0
.
9
5
7
 
0
.
9
6
2
 
0
.
9
2
3
 
0
.
9
2
9
 
 
 
 
 
 
 
0
.
9
4
6
 
1
.
0
1
2
 
1
.
1
1
4
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
6
6
 
 
 
 
 
 
 
0
.
9
5
1
 
0
.
9
4
6
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
3
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
6
 
0
.
9
5
1
 
 
 
 
 
 
 
0
.
9
6
6
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
9
2
 
 
 
 
 
 
 
0
.
9
7
1
 
0
.
9
6
3
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
6
1
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
6
3
 
0
.
9
7
1
 
 
 
 
 
 
 
0
.
9
9
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
1
1
0
 
1
.
0
2
7
 
1
.
0
0
9
 
0
.
9
4
6
 
0
.
9
4
0
 
 
 
 
 
 
 
0
.
9
3
0
 
0
.
9
3
5
 
 
 
 
 
 
 
0
.
9
3
5
 
0
.
9
3
0
 
 
 
 
 
 
 
0
.
9
4
0
 
0
.
9
4
6
 
1
.
0
0
9
 
1
.
0
2
7
 
1
.
1
5
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
6
6
 
0
.
9
7
5
 
 
 
 
 
 
 
0
.
9
5
2
 
0
.
9
5
6
 
 
 
 
 
 
 
0
.
9
5
6
 
0
.
9
5
2
 
 
 
 
 
 
 
0
.
9
7
5
 
0
.
9
6
6
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
9
2
 
0
.
9
9
8
 
 
 
 
 
 
 
0
.
9
7
6
 
0
.
9
7
7
 
 
 
 
 
 
 
0
.
9
7
7
 
0
.
9
7
6
 
 
 
 
 
 
 
0
.
9
9
8
 
0
.
9
9
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 

 
 
 
 
1
.
1
5
2
 
0
.
9
7
1
 
1
.
0
2
7
 
1
.
0
1
2
 
1
.
0
2
8
 
0
.
9
7
7
 
1
.
0
3
2
 
1
.
0
2
7
 
0
.
9
7
5
 
1
.
0
2
7
 
1
.
0
3
2
 
0
.
9
7
7
 
1
.
0
2
8
 
1
.
0
1
2
 
1
.
0
2
7
 
0
.
9
7
1
 
1
.
1
5
2
 

 
 
 
 
 
 
 
 
0
.
9
8
9
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
0
2
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
1
2
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
0
2
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
8
9
 

 
 
 
 
 
 
 
 
1
.
0
0
8
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
3
1
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
3
1
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
3
1
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
0
8
 

 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
2
5
1
 
1
.
1
5
2
 
1
.
1
1
0
 
1
.
1
1
4
 
1
.
1
1
4
 
1
.
1
1
9
 
1
.
1
0
5
 
1
.
0
9
5
 
1
.
1
0
8
 
1
.
0
9
5
 
1
.
1
0
5
 
1
.
1
1
9
 
1
.
1
1
4
 
1
.
1
1
4
 
1
.
1
1
0
 
1
.
1
5
2
 
1
.
2
5
1
 

 
 
 

29 



  
 
 
 
 
 
 
 
 
 
T
a
b
l
e
 
4
b
.
 
 
R
e
l
a
t
i
v
e
 
F
i
s
s
i
o
n
 
P
o
w
e
r
 
D
e
n
s
i
t
y
 
M
a
p
 
a
t
 
1
 
F
P
Y
 
-
 
Z
r
B
2
 
C
o
a
t
i
n
g
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
o
f
 
t
h
e
 
U
O
2
 
F
u
e
l
 
P
e
l
l
e
t
s
 
i
n
 
1
0
4
 
F
u
e
l
 
R
o
d
s
,
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
E
n
r
i
c
h
m
e
n
t
 
:
 
3
0
w
t
%
B
1
0
,
 
I
n
i
t
i
a
l
 
L
o
a
d
i
n
g
 
:
 
3
0
.
7
 
g
r
a
m
s
 
B
1
0
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
C
a
s
e
 
:
 
 
z
b
0
1
0
_
0
3
0
_
7
f
_
1
0
0
p
_
h
2
o
_
1
0
4
_
b
p
_
f
u
e
l
_
2
f
_
 

 
 
 
 
 
 
 
 
 
 
T
i
m
e
 
:
 
 
3
6
5
.
0
0
0
 
F
P
D
 

 
 
 
 
1
.
1
0
8
 
1
.
0
5
4
 
1
.
0
3
7
 
1
.
0
3
5
 
1
.
0
2
9
 
1
.
0
3
8
 
1
.
0
3
5
 
1
.
0
3
5
 
1
.
0
2
4
 
1
.
0
3
5
 
1
.
0
3
5
 
1
.
0
3
8
 
1
.
0
2
9
 
1
.
0
3
5
 
1
.
0
3
7
 
1
.
0
5
4
 
1
.
1
0
8
 

 
 
 
 
1
.
0
5
4
 
0
.
9
2
3
 
0
.
9
6
9
 
0
.
9
8
0
 
0
.
9
9
5
 
0
.
9
6
9
 
0
.
9
9
7
 
0
.
9
9
3
 
0
.
9
6
5
 
0
.
9
9
3
 
0
.
9
9
7
 
0
.
9
6
9
 
0
.
9
9
5
 
0
.
9
8
0
 
0
.
9
6
9
 
0
.
9
2
3
 
1
.
0
5
4
 

 
 
 
 
 
 
 
 
0
.
9
5
3
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
0
1
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
0
1
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
0
1
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
3
 

 
 
 
 
 
 
 
 
1
.
0
6
7
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
1
9
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
2
6
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
1
9
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
6
7
 

 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
0
3
7
 
0
.
9
6
9
 
0
.
9
7
7
 
0
.
9
7
4
 
0
.
9
6
2
 
 
 
 
 
 
 
0
.
9
4
1
 
0
.
9
3
0
 
 
 
 
 
 
 
0
.
9
3
0
 
0
.
9
4
1
 
 
 
 
 
 
 
0
.
9
6
2
 
0
.
9
7
4
 
0
.
9
7
7
 
0
.
9
6
9
 
1
.
0
5
4
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
0
2
 
1
.
0
0
9
 
 
 
 
 
 
 
0
.
9
7
9
 
0
.
9
6
6
 
 
 
 
 
 
 
0
.
9
6
6
 
0
.
9
7
9
 
 
 
 
 
 
 
1
.
0
0
9
 
1
.
0
0
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
2
9
 
1
.
1
3
1
 
 
 
 
 
 
 
1
.
0
9
9
 
1
.
1
0
3
 
 
 
 
 
 
 
1
.
1
0
3
 
1
.
0
9
9
 
 
 
 
 
 
 
1
.
1
3
1
 
1
.
1
2
9
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 

 
 
 
 
1
.
0
3
5
 
0
.
9
8
0
 
0
.
9
7
4
 
 
 
 
 
 
 
0
.
9
6
4
 
0
.
9
4
4
 
0
.
9
7
6
 
0
.
9
7
7
 
0
.
9
5
4
 
0
.
9
7
7
 
0
.
9
7
6
 
0
.
9
4
4
 
0
.
9
6
4
 
 
 
 
 
 
 
0
.
9
7
4
 
0
.
9
8
0
 
1
.
0
3
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
0
2
 
 
 
 
 
 
 
1
.
0
1
1
 
0
.
9
8
7
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
9
6
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
8
7
 
1
.
0
1
1
 
 
 
 
 
 
 
1
.
0
0
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
2
9
 
 
 
 
 
 
 
1
.
1
4
1
 
1
.
1
1
4
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
2
1
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
1
4
 
1
.
1
4
1
 
 
 
 
 
 
 
1
.
1
2
9
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
0
2
9
 
0
.
9
9
5
 
0
.
9
6
2
 
0
.
9
6
4
 
1
.
0
1
7
 
0
.
9
6
0
 
0
.
9
6
8
 
0
.
9
6
6
 
0
.
9
2
7
 
0
.
9
6
6
 
0
.
9
6
8
 
0
.
9
6
0
 
1
.
0
1
7
 
0
.
9
6
4
 
0
.
9
6
2
 
0
.
9
9
5
 
1
.
0
2
9
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
0
9
 
1
.
0
1
1
 
 
 
 
 
 
 
0
.
9
9
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
7
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
9
0
 
 
 
 
 
 
 
1
.
0
1
1
 
1
.
0
0
9
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
3
1
 
1
.
1
4
1
 
 
 
 
 
 
 
1
.
1
1
0
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
7
3
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
1
0
 
 
 
 
 
 
 
1
.
1
4
1
 
1
.
1
3
1
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 

 
 
 
 
1
.
0
3
8
 
0
.
9
6
9
 
 
 
 
 
 
 
0
.
9
4
4
 
0
.
9
6
0
 
 
 
 
 
 
 
0
.
9
2
8
 
0
.
9
2
5
 
 
 
 
 
 
 
0
.
9
2
5
 
0
.
9
2
8
 
 
 
 
 
 
 
0
.
9
6
0
 
0
.
9
4
4
 
 
 
 
 
 
 
0
.
9
6
9
 
1
.
0
3
8
 

 
 
 
 
 
 
 
 
1
.
0
0
1
 
 
 
 
 
 
 
0
.
9
8
7
 
0
.
9
9
0
 
 
 
 
 
 
 
0
.
9
6
3
 
0
.
9
6
4
 
 
 
 
 
 
 
0
.
9
6
4
 
0
.
9
6
3
 
 
 
 
 
 
 
0
.
9
9
0
 
0
.
9
8
7
 
 
 
 
 
 
 
1
.
0
0
1
 

 
 
 
 
 
 
 
 
1
.
1
1
9
 
 
 
 
 
 
 
1
.
1
1
4
 
1
.
1
1
0
 
 
 
 
 
 
 
1
.
0
8
1
 
1
.
0
8
9
 
 
 
 
 
 
 
1
.
0
8
9
 
1
.
0
8
1
 
 
 
 
 
 
 
1
.
1
1
0
 
1
.
1
1
4
 
 
 
 
 
 
 
1
.
1
1
9
 

 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
0
3
5
 
0
.
9
9
7
 
0
.
9
4
1
 
0
.
9
7
6
 
0
.
9
6
8
 
0
.
9
2
8
 
0
.
9
5
3
 
0
.
9
6
2
 
0
.
9
2
3
 
0
.
9
6
2
 
0
.
9
5
3
 
0
.
9
2
8
 
0
.
9
6
8
 
0
.
9
7
6
 
0
.
9
4
1
 
0
.
9
9
7
 
1
.
0
3
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
7
9
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
6
3
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
6
8
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
6
3
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
7
9
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
9
9
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
8
1
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
7
5
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
8
1
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
9
9
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
0
3
5
 
0
.
9
9
3
 
0
.
9
3
0
 
0
.
9
7
7
 
0
.
9
6
6
 
0
.
9
2
5
 
0
.
9
6
2
 
0
.
9
7
0
 
0
.
9
3
4
 
0
.
9
7
0
 
0
.
9
6
2
 
0
.
9
2
5
 
0
.
9
6
6
 
0
.
9
7
7
 
0
.
9
3
0
 
0
.
9
9
3
 
1
.
0
3
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
6
6
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
6
4
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
7
1
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
6
4
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
6
6
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
0
3
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
8
9
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
9
8
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
8
9
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
0
3
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
0
2
4
 
0
.
9
6
5
 
 
 
 
 
 
 
0
.
9
5
4
 
0
.
9
2
7
 
 
 
 
 
 
 
0
.
9
2
3
 
0
.
9
3
4
 
 
 
 
 
 
 
0
.
9
3
4
 
0
.
9
2
3
 
 
 
 
 
 
 
0
.
9
2
7
 
0
.
9
5
4
 
 
 
 
 
 
 
0
.
9
6
5
 
1
.
0
2
4
 

 
 
 
 
 
 
 
 
1
.
0
0
1
 
 
 
 
 
 
 
0
.
9
9
6
 
0
.
9
7
0
 
 
 
 
 
 
 
0
.
9
6
8
 
0
.
9
7
1
 
 
 
 
 
 
 
0
.
9
7
1
 
0
.
9
6
8
 
 
 
 
 
 
 
0
.
9
7
0
 
0
.
9
9
6
 
 
 
 
 
 
 
1
.
0
0
1
 

 
 
 
 
 
 
 
 
1
.
1
2
6
 
 
 
 
 
 
 
1
.
1
2
1
 
1
.
0
7
3
 
 
 
 
 
 
 
1
.
0
7
5
 
1
.
0
9
8
 
 
 
 
 
 
 
1
.
0
9
8
 
1
.
0
7
5
 
 
 
 
 
 
 
1
.
0
7
3
 
1
.
1
2
1
 
 
 
 
 
 
 
1
.
1
2
6
 

 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 

30 



     
 
 
 
 
 
 
 
 
 
T
a
b
l
e
 
4
b
.
 
 
R
e
l
a
t
i
v
e
 
F
i
s
s
i
o
n
 
P
o
w
e
r
 
D
e
n
s
i
t
y
 
M
a
p
 
a
t
 
1
 
F
P
Y
 
-
 
Z
r
B
2
 
C
o
a
t
i
n
g
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
o
f
 
t
h
e
 
U
O
2
 
F
u
e
l
 
P
e
l
l
e
t
s
 
i
n
 
1
0
4
 
F
u
e
l
 
R
o
d
s
,
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
E
n
r
i
c
h
m
e
n
t
 
:
 
3
0
w
t
%
B
1
0
,
 
I
n
i
t
i
a
l
 
L
o
a
d
i
n
g
 
:
 
3
0
.
7
 
g
r
a
m
s
 
B
1
0
 
(
c
o
n
t
i
n
u
e
d
)
 

 
 
 
 
 
 
1
.
0
3
5
 
0
.
9
9
3
 
0
.
9
3
0
 
0
.
9
7
7
 
0
.
9
6
6
 
0
.
9
2
5
 
0
.
9
6
2
 
0
.
9
7
0
 
0
.
9
3
4
 
0
.
9
7
0
 
0
.
9
6
2
 
0
.
9
2
5
 
0
.
9
6
6
 
0
.
9
7
7
 
0
.
9
3
0
 
0
.
9
9
3
 
1
.
0
3
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
6
6
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
6
4
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
7
1
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
6
4
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
6
6
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
0
3
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
8
9
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
9
8
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
8
9
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
0
3
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
0
3
5
 
0
.
9
9
7
 
0
.
9
4
1
 
0
.
9
7
6
 
0
.
9
6
8
 
0
.
9
2
8
 
0
.
9
5
3
 
0
.
9
6
2
 
0
.
9
2
3
 
0
.
9
6
2
 
0
.
9
5
3
 
0
.
9
2
8
 
0
.
9
6
8
 
0
.
9
7
6
 
0
.
9
4
1
 
0
.
9
9
7
 
1
.
0
3
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
7
9
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
6
3
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
6
8
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
6
3
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
7
9
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
9
9
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
8
1
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
7
5
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
8
1
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
9
9
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
0
3
8
 
0
.
9
6
9
 
 
 
 
 
 
 
0
.
9
4
4
 
0
.
9
6
0
 
 
 
 
 
 
 
0
.
9
2
8
 
0
.
9
2
5
 
 
 
 
 
 
 
0
.
9
2
5
 
0
.
9
2
8
 
 
 
 
 
 
 
0
.
9
6
0
 
0
.
9
4
4
 
 
 
 
 
 
 
0
.
9
6
9
 
1
.
0
3
8
 

 
 
 
 
 
 
 
 
1
.
0
0
1
 
 
 
 
 
 
 
0
.
9
8
7
 
0
.
9
9
0
 
 
 
 
 
 
 
0
.
9
6
3
 
0
.
9
6
4
 
 
 
 
 
 
 
0
.
9
6
4
 
0
.
9
6
3
 
 
 
 
 
 
 
0
.
9
9
0
 
0
.
9
8
7
 
 
 
 
 
 
 
1
.
0
0
1
 

 
 
 
 
 
 
 
 
1
.
1
1
9
 
 
 
 
 
 
 
1
.
1
1
4
 
1
.
1
1
0
 
 
 
 
 
 
 
1
.
0
8
1
 
1
.
0
8
9
 
 
 
 
 
 
 
1
.
0
8
9
 
1
.
0
8
1
 
 
 
 
 
 
 
1
.
1
1
0
 
1
.
1
1
4
 
 
 
 
 
 
 
1
.
1
1
9
 

 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
0
2
9
 
0
.
9
9
5
 
0
.
9
6
2
 
0
.
9
6
4
 
1
.
0
1
7
 
0
.
9
6
0
 
0
.
9
6
8
 
0
.
9
6
6
 
0
.
9
2
7
 
0
.
9
6
6
 
0
.
9
6
8
 
0
.
9
6
0
 
1
.
0
1
7
 
0
.
9
6
4
 
0
.
9
6
2
 
0
.
9
9
5
 
1
.
0
2
9
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
0
9
 
1
.
0
1
1
 
 
 
 
 
 
 
0
.
9
9
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
7
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
9
0
 
 
 
 
 
 
 
1
.
0
1
1
 
1
.
0
0
9
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
3
1
 
1
.
1
4
1
 
 
 
 
 
 
 
1
.
1
1
0
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
7
3
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
1
0
 
 
 
 
 
 
 
1
.
1
4
1
 
1
.
1
3
1
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 

 
 
 
 
1
.
0
3
5
 
0
.
9
8
0
 
0
.
9
7
4
 
 
 
 
 
 
 
0
.
9
6
4
 
0
.
9
4
4
 
0
.
9
7
6
 
0
.
9
7
7
 
0
.
9
5
4
 
0
.
9
7
7
 
0
.
9
7
6
 
0
.
9
4
4
 
0
.
9
6
4
 
 
 
 
 
 
 
0
.
9
7
4
 
0
.
9
8
0
 
1
.
0
3
5
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
0
2
 
 
 
 
 
 
 
1
.
0
1
1
 
0
.
9
8
7
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
9
6
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
8
7
 
1
.
0
1
1
 
 
 
 
 
 
 
1
.
0
0
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
2
9
 
 
 
 
 
 
 
1
.
1
4
1
 
1
.
1
1
4
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
2
1
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
1
4
 
1
.
1
4
1
 
 
 
 
 
 
 
1
.
1
2
9
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
0
3
7
 
0
.
9
6
9
 
0
.
9
7
7
 
0
.
9
7
4
 
0
.
9
6
2
 
 
 
 
 
 
 
0
.
9
4
1
 
0
.
9
3
0
 
 
 
 
 
 
 
0
.
9
3
0
 
0
.
9
4
1
 
 
 
 
 
 
 
0
.
9
6
2
 
0
.
9
7
4
 
0
.
9
7
7
 
0
.
9
6
9
 
1
.
0
5
4
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
0
2
 
1
.
0
0
9
 
 
 
 
 
 
 
0
.
9
7
9
 
0
.
9
6
6
 
 
 
 
 
 
 
0
.
9
6
6
 
0
.
9
7
9
 
 
 
 
 
 
 
1
.
0
0
9
 
1
.
0
0
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
2
9
 
1
.
1
3
1
 
 
 
 
 
 
 
1
.
0
9
9
 
1
.
1
0
3
 
 
 
 
 
 
 
1
.
1
0
3
 
1
.
0
9
9
 
 
 
 
 
 
 
1
.
1
3
1
 
1
.
1
2
9
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 

 
 
 
 
1
.
0
5
4
 
0
.
9
2
3
 
0
.
9
6
9
 
0
.
9
8
0
 
0
.
9
9
5
 
0
.
9
6
9
 
0
.
9
9
7
 
0
.
9
9
3
 
0
.
9
6
5
 
0
.
9
9
3
 
0
.
9
9
7
 
0
.
9
6
9
 
0
.
9
9
5
 
0
.
9
8
0
 
0
.
9
6
9
 
0
.
9
2
3
 
1
.
0
5
4
 

 
 
 
 
 
 
 
 
0
.
9
5
3
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
0
1
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
0
1
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
0
1
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
3
 

 
 
 
 
 
 
 
 
1
.
0
6
7
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
1
9
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
2
6
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
1
9
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
0
6
7
 

 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
1
0
8
 
1
.
0
5
4
 
1
.
0
3
7
 
1
.
0
3
5
 
1
.
0
2
9
 
1
.
0
3
8
 
1
.
0
3
5
 
1
.
0
3
5
 
1
.
0
2
4
 
1
.
0
3
5
 
1
.
0
3
5
 
1
.
0
3
8
 
1
.
0
2
9
 
1
.
0
3
5
 
1
.
0
3
7
 
1
.
0
5
4
 
1
.
1
0
8
 

 
 
 

31 



  
 
 
 
 
 
 
 
 
 
T
a
b
l
e
 
4
c
.
 
 
R
e
l
a
t
i
v
e
 
F
i
s
s
i
o
n
 
P
o
w
e
r
 
D
e
n
s
i
t
y
 
M
a
p
 
a
t
 
4
 
F
P
Y
 
-
 
Z
r
B
2
 
C
o
a
t
i
n
g
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
o
f
 
t
h
e
 
U
O
2
 
F
u
e
l
 
P
e
l
l
e
t
s
 
i
n
 
1
0
4
 
F
u
e
l
 
R
o
d
s
,
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
E
n
r
i
c
h
m
e
n
t
 
:
 
3
0
w
t
%
B
1
0
,
 
I
n
i
t
i
a
l
 
L
o
a
d
i
n
g
 
:
 
3
0
.
7
 
g
r
a
m
s
 
B
1
0
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
C
a
s
e
 
:
 
 
z
b
0
1
0
_
0
3
0
_
7
f
_
1
0
0
p
_
h
2
o
_
1
0
4
_
b
p
_
f
u
e
l
_
2
f
_
 

 
 
 
 
 
 
 
 
 
 
T
i
m
e
 
:
 
 
1
4
6
0
.
0
0
0
 
F
P
D
 

 
 
 
 
1
.
0
3
6
 
1
.
0
1
0
 
1
.
0
0
8
 
1
.
0
0
6
 
1
.
0
1
0
 
1
.
0
0
5
 
1
.
0
1
8
 
1
.
0
1
0
 
0
.
9
8
7
 
1
.
0
1
0
 
1
.
0
1
8
 
1
.
0
0
5
 
1
.
0
1
0
 
1
.
0
0
6
 
1
.
0
0
8
 
1
.
0
1
0
 
1
.
0
3
6
 

 
 
 
 
1
.
0
1
0
 
0
.
8
9
5
 
0
.
9
9
1
 
1
.
0
0
3
 
1
.
0
0
1
 
0
.
8
9
5
 
0
.
9
8
9
 
0
.
9
9
1
 
0
.
8
9
7
 
0
.
9
9
1
 
0
.
9
8
9
 
0
.
8
9
5
 
1
.
0
0
1
 
1
.
0
0
3
 
0
.
9
9
1
 
0
.
8
9
5
 
1
.
0
1
0
 

 
 
 
 
 
 
 
 
0
.
9
4
6
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
3
2
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
3
2
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
6
 

 
 
 
 
 
 
 
 
1
.
1
6
4
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
6
8
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
8
4
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
6
8
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
6
4
 

 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
0
0
8
 
0
.
9
9
1
 
0
.
9
9
7
 
0
.
9
0
2
 
0
.
9
1
1
 
 
 
 
 
 
 
0
.
9
0
2
 
0
.
9
0
8
 
 
 
 
 
 
 
0
.
9
0
8
 
0
.
9
0
2
 
 
 
 
 
 
 
0
.
9
1
1
 
0
.
9
0
2
 
0
.
9
9
7
 
0
.
9
9
1
 
1
.
0
1
0
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
9
 
0
.
9
4
9
 
 
 
 
 
 
 
0
.
9
3
8
 
0
.
9
5
6
 
 
 
 
 
 
 
0
.
9
5
6
 
0
.
9
3
8
 
 
 
 
 
 
 
0
.
9
4
9
 
0
.
9
4
9
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
8
4
 
1
.
1
9
2
 
 
 
 
 
 
 
1
.
1
7
8
 
1
.
2
0
1
 
 
 
 
 
 
 
1
.
2
0
1
 
1
.
1
7
8
 
 
 
 
 
 
 
1
.
1
9
2
 
1
.
1
8
4
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 

 
 
 
 
1
.
0
0
6
 
1
.
0
0
3
 
0
.
9
0
2
 
 
 
 
 
 
 
0
.
9
0
5
 
0
.
9
0
7
 
1
.
0
0
3
 
1
.
0
1
2
 
0
.
8
9
4
 
1
.
0
1
2
 
1
.
0
0
3
 
0
.
9
0
7
 
0
.
9
0
5
 
 
 
 
 
 
 
0
.
9
0
2
 
1
.
0
0
3
 
1
.
0
0
6
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
9
 
 
 
 
 
 
 
0
.
9
4
8
 
0
.
9
5
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
2
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
0
 
0
.
9
4
8
 
 
 
 
 
 
 
0
.
9
4
9
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
8
4
 
 
 
 
 
 
 
1
.
1
9
4
 
1
.
1
9
7
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
6
4
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
9
7
 
1
.
1
9
4
 
 
 
 
 
 
 
1
.
1
8
4
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
0
1
0
 
1
.
0
0
1
 
0
.
9
1
1
 
0
.
9
0
5
 
1
.
0
1
8
 
0
.
9
1
2
 
1
.
0
0
5
 
0
.
9
8
8
 
0
.
9
0
5
 
0
.
9
8
8
 
1
.
0
0
5
 
0
.
9
1
2
 
1
.
0
1
8
 
0
.
9
0
5
 
0
.
9
1
1
 
1
.
0
0
1
 
1
.
0
1
0
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
9
 
0
.
9
4
8
 
 
 
 
 
 
 
0
.
9
5
1
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
9
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
1
 
 
 
 
 
 
 
0
.
9
4
8
 
0
.
9
4
9
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
9
2
 
1
.
1
9
4
 
 
 
 
 
 
 
1
.
1
8
9
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
9
6
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
8
9
 
 
 
 
 
 
 
1
.
1
9
4
 
1
.
1
9
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 

 
 
 
 
1
.
0
0
5
 
0
.
8
9
5
 
 
 
 
 
 
 
0
.
9
0
7
 
0
.
9
1
2
 
 
 
 
 
 
 
0
.
9
0
5
 
0
.
9
1
1
 
 
 
 
 
 
 
0
.
9
1
1
 
0
.
9
0
5
 
 
 
 
 
 
 
0
.
9
1
2
 
0
.
9
0
7
 
 
 
 
 
 
 
0
.
8
9
5
 
1
.
0
0
5
 

 
 
 
 
 
 
 
 
0
.
9
3
2
 
 
 
 
 
 
 
0
.
9
5
0
 
0
.
9
5
1
 
 
 
 
 
 
 
0
.
9
5
1
 
0
.
9
4
4
 
 
 
 
 
 
 
0
.
9
4
4
 
0
.
9
5
1
 
 
 
 
 
 
 
0
.
9
5
1
 
0
.
9
5
0
 
 
 
 
 
 
 
0
.
9
3
2
 

 
 
 
 
 
 
 
 
1
.
1
6
8
 
 
 
 
 
 
 
1
.
1
9
7
 
1
.
1
8
9
 
 
 
 
 
 
 
1
.
1
9
6
 
1
.
1
9
6
 
 
 
 
 
 
 
1
.
1
9
6
 
1
.
1
9
6
 
 
 
 
 
 
 
1
.
1
8
9
 
1
.
1
9
7
 
 
 
 
 
 
 
1
.
1
6
8
 

 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
0
1
8
 
0
.
9
8
9
 
0
.
9
0
2
 
1
.
0
0
3
 
1
.
0
0
5
 
0
.
9
0
5
 
0
.
9
8
7
 
1
.
0
0
7
 
0
.
8
9
3
 
1
.
0
0
7
 
0
.
9
8
7
 
0
.
9
0
5
 
1
.
0
0
5
 
1
.
0
0
3
 
0
.
9
0
2
 
0
.
9
8
9
 
1
.
0
1
8
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
3
8
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
1
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
1
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
3
8
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
7
8
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
9
6
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
9
0
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
9
6
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
7
8
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
0
1
0
 
0
.
9
9
1
 
0
.
9
0
8
 
1
.
0
1
2
 
0
.
9
8
8
 
0
.
9
1
1
 
1
.
0
0
7
 
1
.
0
0
6
 
0
.
9
1
3
 
1
.
0
0
6
 
1
.
0
0
7
 
0
.
9
1
1
 
0
.
9
8
8
 
1
.
0
1
2
 
0
.
9
0
8
 
0
.
9
9
1
 
1
.
0
1
0
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
6
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
4
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
8
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
4
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
6
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
2
0
1
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
9
6
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
2
0
3
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
9
6
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
2
0
1
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
0
.
9
8
7
 
0
.
8
9
7
 
 
 
 
 
 
 
0
.
8
9
4
 
0
.
9
0
5
 
 
 
 
 
 
 
0
.
8
9
3
 
0
.
9
1
3
 
 
 
 
 
 
 
0
.
9
1
3
 
0
.
8
9
3
 
 
 
 
 
 
 
0
.
9
0
5
 
0
.
8
9
4
 
 
 
 
 
 
 
0
.
8
9
7
 
0
.
9
8
7
 

 
 
 
 
 
 
 
 
0
.
9
4
0
 
 
 
 
 
 
 
0
.
9
4
2
 
0
.
9
4
9
 
 
 
 
 
 
 
0
.
9
4
0
 
0
.
9
4
8
 
 
 
 
 
 
 
0
.
9
4
8
 
0
.
9
4
0
 
 
 
 
 
 
 
0
.
9
4
9
 
0
.
9
4
2
 
 
 
 
 
 
 
0
.
9
4
0
 

 
 
 
 
 
 
 
 
1
.
1
8
4
 
 
 
 
 
 
 
1
.
1
6
4
 
1
.
1
9
6
 
 
 
 
 
 
 
1
.
1
9
0
 
1
.
2
0
3
 
 
 
 
 
 
 
1
.
2
0
3
 
1
.
1
9
0
 
 
 
 
 
 
 
1
.
1
9
6
 
1
.
1
6
4
 
 
 
 
 
 
 
1
.
1
8
4
 

 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 

32 



  
 
 
 
 
 
 
 
 
 
T
a
b
l
e
 
4
c
.
 
 
R
e
l
a
t
i
v
e
 
F
i
s
s
i
o
n
 
P
o
w
e
r
 
D
e
n
s
i
t
y
 
M
a
p
 
a
t
 
4
 
F
P
Y
 
-
 
Z
r
B
2
 
C
o
a
t
i
n
g
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
o
f
 
t
h
e
 
U
O
2
 
F
u
e
l
 
P
e
l
l
e
t
s
 
i
n
 
1
0
4
 
F
u
e
l
 
R
o
d
s
,
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
E
n
r
i
c
h
m
e
n
t
 
:
 
3
0
w
t
%
B
1
0
,
 
I
n
i
t
i
a
l
 
L
o
a
d
i
n
g
 
:
 
3
0
.
7
 
g
r
a
m
s
 
B
1
0
 
(
c
o
n
t
i
n
u
e
d
)
 

   
 
1
.
0
1
0
 
0
.
9
9
1
 
0
.
9
0
8
 
1
.
0
1
2
 
0
.
9
8
8
 
0
.
9
1
1
 
1
.
0
0
7
 
1
.
0
0
6
 
0
.
9
1
3
 
1
.
0
0
6
 
1
.
0
0
7
 
0
.
9
1
1
 
0
.
9
8
8
 
1
.
0
1
2
 
0
.
9
0
8
 
0
.
9
9
1
 
1
.
0
1
0
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
6
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
4
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
8
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
4
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
6
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
2
0
1
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
9
6
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
2
0
3
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
9
6
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
2
0
1
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
0
1
8
 
0
.
9
8
9
 
0
.
9
0
2
 
1
.
0
0
3
 
1
.
0
0
5
 
0
.
9
0
5
 
0
.
9
8
7
 
1
.
0
0
7
 
0
.
8
9
3
 
1
.
0
0
7
 
0
.
9
8
7
 
0
.
9
0
5
 
1
.
0
0
5
 
1
.
0
0
3
 
0
.
9
0
2
 
0
.
9
8
9
 
1
.
0
1
8
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
3
8
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
1
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
1
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
3
8
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
7
8
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
9
6
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
9
0
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
9
6
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
7
8
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
0
0
5
 
0
.
8
9
5
 
 
 
 
 
 
 
0
.
9
0
7
 
0
.
9
1
2
 
 
 
 
 
 
 
0
.
9
0
5
 
0
.
9
1
1
 
 
 
 
 
 
 
0
.
9
1
1
 
0
.
9
0
5
 
 
 
 
 
 
 
0
.
9
1
2
 
0
.
9
0
7
 
 
 
 
 
 
 
0
.
8
9
5
 
1
.
0
0
5
 

 
 
 
 
 
 
 
 
0
.
9
3
2
 
 
 
 
 
 
 
0
.
9
5
0
 
0
.
9
5
1
 
 
 
 
 
 
 
0
.
9
5
1
 
0
.
9
4
4
 
 
 
 
 
 
 
0
.
9
4
4
 
0
.
9
5
1
 
 
 
 
 
 
 
0
.
9
5
1
 
0
.
9
5
0
 
 
 
 
 
 
 
0
.
9
3
2
 

 
 
 
 
 
 
 
 
1
.
1
6
8
 
 
 
 
 
 
 
1
.
1
9
7
 
1
.
1
8
9
 
 
 
 
 
 
 
1
.
1
9
6
 
1
.
1
9
6
 
 
 
 
 
 
 
1
.
1
9
6
 
1
.
1
9
6
 
 
 
 
 
 
 
1
.
1
8
9
 
1
.
1
9
7
 
 
 
 
 
 
 
1
.
1
6
8
 

 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
0
1
0
 
1
.
0
0
1
 
0
.
9
1
1
 
0
.
9
0
5
 
1
.
0
1
8
 
0
.
9
1
2
 
1
.
0
0
5
 
0
.
9
8
8
 
0
.
9
0
5
 
0
.
9
8
8
 
1
.
0
0
5
 
0
.
9
1
2
 
1
.
0
1
8
 
0
.
9
0
5
 
0
.
9
1
1
 
1
.
0
0
1
 
1
.
0
1
0
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
9
 
0
.
9
4
8
 
 
 
 
 
 
 
0
.
9
5
1
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
9
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
1
 
 
 
 
 
 
 
0
.
9
4
8
 
0
.
9
4
9
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
9
2
 
1
.
1
9
4
 
 
 
 
 
 
 
1
.
1
8
9
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
9
6
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
8
9
 
 
 
 
 
 
 
1
.
1
9
4
 
1
.
1
9
2
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 

 
 
 
 
1
.
0
0
6
 
1
.
0
0
3
 
0
.
9
0
2
 
 
 
 
 
 
 
0
.
9
0
5
 
0
.
9
0
7
 
1
.
0
0
3
 
1
.
0
1
2
 
0
.
8
9
4
 
1
.
0
1
2
 
1
.
0
0
3
 
0
.
9
0
7
 
0
.
9
0
5
 
 
 
 
 
 
 
0
.
9
0
2
 
1
.
0
0
3
 
1
.
0
0
6
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
9
 
 
 
 
 
 
 
0
.
9
4
8
 
0
.
9
5
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
2
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
5
0
 
0
.
9
4
8
 
 
 
 
 
 
 
0
.
9
4
9
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
8
4
 
 
 
 
 
 
 
1
.
1
9
4
 
1
.
1
9
7
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
6
4
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
9
7
 
1
.
1
9
4
 
 
 
 
 
 
 
1
.
1
8
4
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
0
0
8
 
0
.
9
9
1
 
0
.
9
9
7
 
0
.
9
0
2
 
0
.
9
1
1
 
 
 
 
 
 
 
0
.
9
0
2
 
0
.
9
0
8
 
 
 
 
 
 
 
0
.
9
0
8
 
0
.
9
0
2
 
 
 
 
 
 
 
0
.
9
1
1
 
0
.
9
0
2
 
0
.
9
9
7
 
0
.
9
9
1
 
1
.
0
1
0
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
9
 
0
.
9
4
9
 
 
 
 
 
 
 
0
.
9
3
8
 
0
.
9
5
6
 
 
 
 
 
 
 
0
.
9
5
6
 
0
.
9
3
8
 
 
 
 
 
 
 
0
.
9
4
9
 
0
.
9
4
9
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
8
4
 
1
.
1
9
2
 
 
 
 
 
 
 
1
.
1
7
8
 
1
.
2
0
1
 
 
 
 
 
 
 
1
.
2
0
1
 
1
.
1
7
8
 
 
 
 
 
 
 
1
.
1
9
2
 
1
.
1
8
4
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 
 
 
 
 
 
 
0
.
0
0
0
 
0
.
0
0
0
 

 
 
 
 
1
.
0
1
0
 
0
.
8
9
5
 
0
.
9
9
1
 
1
.
0
0
3
 
1
.
0
0
1
 
0
.
8
9
5
 
0
.
9
8
9
 
0
.
9
9
1
 
0
.
8
9
7
 
0
.
9
9
1
 
0
.
9
8
9
 
0
.
8
9
5
 
1
.
0
0
1
 
1
.
0
0
3
 
0
.
9
9
1
 
0
.
8
9
5
 
1
.
0
1
0
 

 
 
 
 
 
 
 
 
0
.
9
4
6
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
3
2
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
3
2
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
9
4
6
 

 
 
 
 
 
 
 
 
1
.
1
6
4
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
6
8
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
8
4
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
6
8
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
1
.
1
6
4
 

 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
0
.
0
0
0
 

 
 
 
 
1
.
0
3
6
 
1
.
0
1
0
 
1
.
0
0
8
 
1
.
0
0
6
 
1
.
0
1
0
 
1
.
0
0
5
 
1
.
0
1
8
 
1
.
0
1
0
 
0
.
9
8
7
 
1
.
0
1
0
 
1
.
0
1
8
 
1
.
0
0
5
 
1
.
0
1
0
 
1
.
0
0
6
 
1
.
0
0
8
 
1
.
0
1
0
 
1
.
0
3
6
 

33 



1.0e-06

1.0e-05

1.0e-04

1.0e-03

1.0e-02

1.0e-01

1.0e+00

0 10 20 30 40 50 60 70
5.0e-01

6.0e-01

7.0e-01

8.0e-01

9.0e-01

1.0e-00

1.1e+00

1.2e+00

1.3e+00

1.4e+00

1.5e+00

 -
 d

el
ta

 k
ef

f/k
ef

f 

 k
in

f 

Fuel Burnup (GWD/MTU)

Figure 15.  Negative Reactivity and Masses BP for B-nat and transmutation daughters 
 as a function of fuel life for 17x17 fuel assemblies with 104 poison rods, 

  1.5 mill thick ZrB2 poison coating on the outer radial surface of the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : zb000_7f_100p_h2o_104_bp_fuel o)
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Figure 16.  Negative Reactivity and Masses BP for 30wt% Boron and transmutation daughters 
 as a function of fuel life for 17x17 fuel assemblies with 104 poison rods, 

  1.5 mill ZrB2 poison coating on the outer radial surface of the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : zb010_030_7f_100p_h2o_104_bp_fuel_2a_ o)

kinf ->
kinf(no BP) ->
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Figure 17.  Negative Reactivity and Masses BP for 30wt% Boron and transmutation daughters 
 as a function of fuel life for 17x17 fuel assemblies with 64 poison rods, 

  1.5 mill ZrB2 poison coating on the outer radial surface of the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : zb010_030_7f_64_bp_fuel o)

kinf ->
kinf(no BP) ->

b+zr bp
b-10 bp
b-11 bp
he-3 bp
he-4 bp

zr   bp
li-6 bp
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Figure 18.  Negative Reactivity and Masses BP for 30wt% Boron and transmutation daughters 
 as a function of fuel life for 17x17 fuel assemblies with 64 poison rods, 

  2.0 mill ZrB2 poison coating on the outer radial surface of the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : zb010_030_2f_64_bp_fuel o)

kinf ->
kinf(no BP) ->

b+zr bp
b-10 bp
b-11 bp
he-3 bp
he-4 bp
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li-6 bp
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Figure 19.  Negative Reactivity and Masses BP for 30wt% Boron and transmutation daughters 
 as a function of fuel life for 17x17 fuel assemblies with 18 poison rods, 

  1.5 mill thick ZrB2 poison coating on the outer radial surface of the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : zb010_030_7f_16_bp_fuel o)

kinf ->
kinf(no BP) ->

b+zr bp
b-10 bp
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Figure 20.  Masses Actinides for 30wt% Boron and transmutation daughters 
 as a function of fuel life for 17x17 fuel assemblies with 104 poison rods, 

  1.5 mill ZrB2 poison coating on the outer radial surface of the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (case : zb010_030_7f_100p_h2o_104_bp_fuel_2a_ o)

pu(239/t) ->
pu(fis/t) ->
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NEUTRONICS PERFORMANCE RESULTS FOR GADOLINIUM 
 
The method of choice for adding burnable poisons in most PWRs is the use of B4C in separate non-
fueled rods, and more recently, the application of a thin coating of ZrB2 surrounding the fuel pellets, 
or the homogeneous dispersal of Gd2O3 or Er2O3 inside the fuel pellets of selected fuel rods (ref 6,7). 
In BWRs the method of choice is the incorporation of Gd2O3 homogeneously mixed in the UO2 
pellets of a number of fuel rods. 

 
In this section, we will investigate the potential benefits of using enriched gadolinium as a burnable 
absorber in PWRs. Four different configurations of the gadolinium burnable poison were 
investigated. 
 
1. A homogeneous mixture of the burnable poison as an oxide [gadolinia (Gd2O3)] inside the fuel 

pellets of a limited number of fuel rods. A summary of the results is given in Table 5. The plots of 
reactivity worths and masses of the BP isotopes and their daughters are displayed in 
Appendix A1.  

2. A homogeneous mixture of the burnable poison gadolinia inside the outer one-third volume of the 
fuel pellets. A summary of the results is given in Table 6. This configuration of the BP was used 
to show the effect of zoning the burnable poisons on the burnout times. Plots of the reactivity 
worths and the masses of the BP isotopes and their daughters are displayed in Appendix A2.  

3. A coating of the burnable poison gadolinia on the surface of the fuel pellets, similar to the ZrB2 
coatings. A summary of the results is given in Table 7. Plots of the reactivity worths and the 
masses of the BP isotopes and their daughters are displayed in Appendix A3.  

4. A homogeneous mixture of the burnable poison gadolinium in the form of a metal alloyed with 
the Zircaloy cladding of a number of fuel rods. A summary of the results is given in Table 8. 
Plots of the reactivity worths and the masses of the BP isotopes and their daughters are displayed 
in Appendix A4.  
 

In all the neutronics calculations presented in this section, a theoretical density of 7.41 g/cm3 was 
used for gadolinia (Gd2O3), and 7.95 g/cm3 for metallic gadolinium. A theoretical density of 
10.97 g/cm3 was used for UO2. The actual density fraction of the fuel pellets and of the burnable 
poison pellets was 95% of theoretical density. 
 
The half-lives, natural isotopic abundances, and burnup chains related to the depletion and 
transmutation of gadolinium are given below. Note that the adjacent bands of isotopes such as the Dy 
isotopes (decay from Tb isotopes) and Sm isotopes (decay from Eu isotopes) are not shown. Also, the 
isomeric states of certain isotopes are not shown. However, the generation of these daughters was 
taken into account in the BP depletion and decay calculations. 
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Figure 21 displays the capture cross sections for the gadolinium isotopes. The 155Gd and 157Gd stable 
isotopes of gadolinium exhibit very large neutron capture cross sections. The natural isotopic 
abundances are 14.8% for 155Gd and 15.7% for 157Gd. Other stable isotopes of gadolinium exhibit 
small capture cross sections. In the use of gadolinium with natural isotopic abundances as a burnable 
absorber, their presence will cause a residual negative reactivity worth at EOL of the fuel. The 
removal of these stable isotopes by enriching gadolinium in 155Gd or 157Gd, will thus reduce the 
residual negative reactivity worths. In addition, in order to achieve a given initial negative reactivity 
worth and for a given number of IFBA rods, the percentage of gadolinium enriched in 155Gd or 157Gd 
that has to be mixed in the UO2 fuel, coating or cladding will be much smaller. Because of the very 
large thermal neutron capture cross section of 155Gd and especially of 157Gd, a larger self-shielding 
effect of the poison can be achieved with the same weight percent of gadolinia in the fuel. If the 
weight percent of gadolinia in the UO2 pellets is limited due to material considerations, then the use 
of enriched gadolinium could lead to longer burnout times of the burnable poisons. 

 
Note that the 158Gd (n,γ)  159Gd reaction produces  159Gd with a half-life of 18.5 days, which then 
decays into 159Tb. Figure 22 displays the capture cross section for 159Tb. Note that the neutron capture 
cross section of  159Tb is approximately 23 barns at 0.0253 eV and that 159Tb exhibits large resonances 
in the epithermal energy region [resonance integral (RI) 420 barns]. For the same initial reactivity 
worth of the BP, the relative residual reactivity worth at EOL due to 159Tb will thus be larger for 157Gd 
than for natural Gd or 155Gd. 

 
Table 5 displays the results of using Gd2O3 mixed homogeneously with the fuel pellets of a number of 
fuel rods. For three different cases containing 16 IFBA rods per fuel assembly and having a similar 
initial reactivity worth of the burnable poison (1.10 × 10–1 for natural Gd and 4 wt % Gd2O3, 1.095 × 
10–1 for 155Gd and 2 wt % Gd2O3, 1.075 × 10–1 for 157Gd and 1.0 wt % Gd2O3), the residual reactivity 
worth fraction was 2.51 × 10–2 for natural Gd, 1.89 × 10–2 for 155Gd and 5.06 × 10–3 for 157Gd. The use 
of 155Gd gave a slight improvement over natural Gd, and the use of 157Gd gave an improvement by a 
factor of approximately five. The residual reactivity worth of the BP at EOL of the fuel can be given 
as an equivalent penalty in FPDs of operation of the reactor: 11.3 FPD for the natural Gd case, 
8.6 FPDs for the 155Gd case, and 2.3 FPDs for the 157Gd case. Note also that for these cases (which 
have a similar initial reactivity worth of the burnable poison), the use of 157Gd decreased the required 
mass of gadolinia by a factor of four. The residual negative reactivity worth due to the buildup of Tb 
in the BP is 10% of the total for natural Gd, 1% for 155Gd, and 30% for 157Gd. The residual worth due 
to the buildup of Eu isotopes is zero for the 155Gd and 157Gd burnable poison cases and less than 1% 
for the natural Gd case. 

 
Note that for each case, all the BP isotopes and their daughters (which are not present in the initial 
loading of the BP) have been added as traces to the BP with a number density of 1.0 × 10–15 instead of 
zero. This is to avoid problems with the calculations at the beginning of cycle (BOC) with the 
MCNP4C code and to avoid computer exception errors (division by zero) when calculating spectrum-
weighted cross sections in the GP-TALLY code. 
 
Figures 23–30 display the reactivity worths for several cases that have 16 IFBA rods per fuel 
assembly. The worths displayed are for a reactor core containing 193 fuel assemblies at a total power 
level of 3,400 MWth. The IFBA rods contained 4.0 wt % Gd2O3 with natural Gd (natural isotopic 
abundances of gadolinium) (Figure 23), 8.0 wt % Gd2O3 with natural Gd (Figure 24), 1.0 wt % Gd2O3 
with 155Gd (gadolinium 100 wt % enriched in 155Gd) (Figure 25), 2.0 wt % Gd2O3 with 155Gd (Figure 
26), 0.5 wt % Gd2O3 with 157Gd (gadolinium 100 wt % enriched in 157Gd) (Figure 27), 1.0 wt % 
Gd2O3 with 157Gd (Figure 28), 2.0 wt % Gd2O3 with 157Gd (Figure 29), and 4.0 wt % Gd2O3 with 
157Gd (Figure 30), respectively. Figures 23–30 also show the values of the fuel assembly lattice kinf 
with and without BP. Note that during the calculations with the GP-TALLY code, nine depletion time 
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steps were taken between each of the symbols displayed on the figures. Figures 23–30 also display 
the masses of the burnable poison isotopes and their daughters as a function of depletion time. The 
figures exhibit several interesting features. For example, the case with 16 IFBA rods whose fuel 
pellets contain 4.0 wt % Gd2O3 with natural Gd (displayed in Figure 23) exhibit several interesting 
effects. The reactivity worth of the burnable poison isotope 157Gd decreases rapidly with depletion 
time and reaches a nearly constant value at approximately 600 FPDs [approximately 22 gigawatt days 
per metric ton of uranium (GWD/MTU) burnup]. The reactivity worth of 156Gd increases slightly with 
depletion time, due the production of 156Gd through the 155Gd (n,γ) 156Gd reaction, and it reaches a 
nearly equilibrium value. Since the neutron capture cross section of 157Gd is much greater than that of 
156Gd, the capture reaction rate (and thus the reactivity worth) of 157Gd reaches a secular equilibrium 
with the capture reaction rate of 156Gd. After most of the original 157Gd nuclei have burned out, 157Gd 
nuclei are produced through the 156Gd (n,γ) 157Gd reaction. Since the neutron capture cross section of 
157Gd is much larger than that of 156Gd, these 157Gd nuclei will burn away at a much higher rate than 
the 156Gd nuclei, essentially immediately after they were created. This effect is similar to the secular 
equilibrium effect in the decay of a parent isotope that has a very long half-life, together with its 
daughter, which has a very short half-life. In the case of 156Gd/157Gd we reach a secular equilibrium 
between a parent isotope that has a small neutron capture cross section (156Gd), together with its 
daughter, which has a very large cross section (157Gd). Another secular equilibrium of the reactivity 
worths is reached between the burnable poison isotopes 154Gd (small absorption cross section) and 
155Gd (large absorption cross section). 
 
Another interesting effect is the increase of the reactivity worth of 155Gd as a function of depletion 
time at the beginning of the fuel cycle (see figure 23), even though the mass of 155Gd decreases (see 
BP masses in figure 23). This can be explained as follows: The natural isotopic abundances for 155Gd 
and 157Gd are similar (14.8% vs 15.7%). However, the neutron capture cross section of 157Gd is much 
larger than the capture cross section of 155Gd. Due to the higher cross section of 157Gd, the total mass 
of 157Gd decreases faster with depletion time than the mass of 155Gd. The faster reduction of the 
amount of 157Gd will make the neutron spectrum softer and thus the spectrum-weighted capture cross 
section of 155Gd will increase even though the mass of 155Gd decreases. However, after approximately 
100 days (approximately 4 GWD/MTU burnup), a sufficient amount of 155Gd has been burned out 
that the reactivity worth of the 155Gd starts to decrease. 

 
The use of 0.5 wt % Gd2O3 fully enriched with 157Gd gives an initial reactivity worth of the BP of 
9.800 × 10–2 (see Table 5). Doubling the content to 1.0 wt % Gd2O3 with 157Gd increases only slightly 
the initial reactivity worth to 1.075 × 10–1, an increase of 9.5%. Increasing the content to 2 wt % 
Gd2O3 increases the initial worth to 0.118, an increase of only 12%. The large neutron capture cross 
section of 157Gd makes the IFBA pellets virtually “black,” and adding more BP only slightly changes 
the initial reactivity worth of the BP. In Table 5 we also have displayed the relative BP reactivity 
ratios at 120 FPD and 1 FPY. The burnout times of the BP for the 1.0 wt % loading are substantially 
longer than for the 0.5 wt % loading. The burnout rates of the BP can be controlled with the loading 
and thus with the “blackness” of the BP. Note however that the residual negative reactivity worth at 
4 FPY increases from 2.150 × 10–3 to 5.055 × 10–3. Comparison of the total worth of the burnable 
poison for the 0.5 wt %, 1.0 wt %, and 2.0 wt % Gd2O3 loadings clearly show that the burnout times 
are much longer for the 1.0 wt % loading than for the 0.5 wt % loading, and even longer for the 
2.0 wt % loading. Note also that the trend of the fuel assembly lattice kinf as a function of depletion 
time remains relatively flat for longer depletion times (compare figures 27, 28, and 29). 

 
Comparison of the cases containing 64 IFBA rods with the cases containing 16 or 8 IFBA rods 
clearly show that, for a given initial reactivity worth, the burnout rates are much greater for 64 IFBA 
rods than for 16 or 8 IFBA rods. This is clearly due to the self-shielding effect of the neutrons inside 
the IFBA pellets. Note that the residual BP reactivity worths are smaller for the 64 IFBA cases. In 
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Appendix A1, we have displayed the plots of the reactivity worths and the masses for each of the 
cases displayed in Table 5. The reactivity worths for each of the BP isotopes and their daughters are 
shown. Note that for a given initial reactivity worth of the BP, the burnout rate is high when the BP is 
spread over 64 IFBA rods. 

 
The MVCs were calculated by decreasing the water coolant density by 10%. The one-sigma STDs of 
the fuel assembly lattice kinf were better than 0.03%. Note that for all the cases containing 8 and 16 
IFBA rods, the MVCs remain negative. For the cases with 64 IFBA rods, the MVC becomes positive 
for the lattices containing identical standard 17 × 17 fuel assemblies with the same BP loadings. 
Calculations of the MVC were not performed for checkerboard loadings of fuel assemblies containing 
64 IFBA rods in selected reactor core locations, or for fuel assemblies with different fuel-to-water 
ratios. 

 
Figure 31 displays the initial reactivity worths of the BP as a function the equivalent penalty (given in 
FPDs of reactor operation) for several configurations containing 16 IFBA rods. The FPD penalty is 
directly related to the residual negative reactivity worth of the BPs and their daughters at EOL of the 
fuel. The trend for the four different forms of the BPs are very similar. Note also the clear advantage 
of using gadolinium enriched in 157Gd over gadolinium with natural isotopic abundances. Figure 32 
displays the initial reactivity worths vs FPD penalty for fuel assembly configurations containing 
64 IFBA rods. For the cases where the BP is mixed uniformly with the cladding of a number of fuel 
rods (see Table 8 and Appendix A4), the required loading using natural gadolinium might be too high 
(e.g., 8 wt %). In order to achieve a given initial reactivity worth of the BP, the use of gadolinium 
enriched in 157Gd substantially reduces the required loading in the cladding. Further studies of the 
metallurgical behavior of the Zircaloy cladding in the presence of gadolinium will be done during 
phase 3 of the project. 
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Figure 21(cont).  Neutron Cross-Sections as a Function of Energy 
   Gd-157 (64157.40c)

gd157 (n,g) gd158
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Figure 21(cont).  Neutron Cross-Sections as a Function of Energy 
   Gd-160 (64160.40c)

gd160 (n,g) gd161
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Figure 22.  Neutron Cross-Sections as a Function of Energy 
   Tb-159 (65159.40c)

tb159 (n,g) tb160
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Figure 23.  Negative Reactivity and Masses BP for Gd-nat and transmutation daughters 
 as a function of fuel life for 17x17 fuel assemblies with 16 poison rods, 

  4.0wt% Gd2O3 poison homogeneously mixed in the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : gd000_3_100p_h2o_16_bp_fuel_2_ o)
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Figure 24.  Negative Reactivity and Masses BP for Gd-nat and transmutation daughters 
 as a function of fuel life for 17x17 fuel assemblies with 16 poison rods, 

  8.0wt% Gd2O3 poison homogeneously mixed in the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : gd000_4_100p_h2o_16_bp_fuel_2_ o)

kinf ->
kinf(no BP) ->

gd-total bp
gd-152 bp
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Figure 25.  Negative Reactivity and Masses BP for Gd-155 and transmutation daughters 
 as a function of fuel life for 17x17 fuel assemblies with 16 poison rods, 

  1.0wt% Gd2O3 poison homogeneously mixed in the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : gd155_1_100p_h2o_16_bp_fuel_2_ o)

kinf ->
kinf(no BP) ->

gd-total bp
gd-152 bp
gd-153 bp
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gd-155 bp
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Figure 26.  Negative Reactivity and Masses BP for Gd-155 and transmutation daughters 
 as a function of fuel life for 17x17 fuel assemblies with 16 poison rods, 

  2.0wt% Gd2O3 poison homogeneously mixed in the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : gd155_2_100p_h2o_16_bp_fuel_2_ o)

kinf ->
kinf(no BP) ->

gd-total bp
gd-152 bp
gd-153 bp
gd-154 bp
gd-155 bp
gd-156 bp
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Figure 27.  Negative Reactivity and Masses BP for Gd-157 and transmutation daughters 
 as a function of fuel life for 17x17 fuel assemblies with 16 poison rods, 

  0.5wt% Gd2O3 poison homogeneously mixed in the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : gd157_0_100p_h2o_16_bp_fuel_2_ o)

kinf ->
kinf(no BP) ->

gd-total bp
gd-152 bp
gd-153 bp
gd-154 bp
gd-155 bp
gd-156 bp
gd-157 bp
gd-158 bp
gd-159 bp
gd-160 bp
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Figure 28.  Negative Reactivity and Masses BP for Gd-157 and transmutation daughters 
 as a function of fuel life for 17x17 fuel assemblies with 16 poison rods, 

  1.0wt% Gd2O3 poison homogeneously mixed in the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : gd157_1_100p_h2o_16_bp_fuel_2_ o)

kinf ->
kinf(no BP) ->

gd-total bp
gd-152 bp
gd-153 bp
gd-154 bp
gd-155 bp
gd-156 bp
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gd-159 bp
gd-160 bp
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Figure 29.  Negative Reactivity and Masses BP for Gd-157 and transmutation daughters 
 as a function of fuel life for 17x17 fuel assemblies with 16 poison rods, 

  2.0wt% Gd2O3 poison homogeneously mixed in the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : gd157_2_100p_h2o_16_bp_fuel_2_ o)

kinf ->
kinf(no BP) ->

gd-total bp
gd-152 bp
gd-153 bp
gd-154 bp
gd-155 bp
gd-156 bp
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gd-159 bp
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Figure 30.  Negative Reactivity and Masses BP for Gd-157 and transmutation daughters 
 as a function of fuel life for 17x17 fuel assemblies with 16 poison rods, 

  4.0wt% Gd2O3 poison homogeneously mixed in the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : gd157_3_100p_h2o_16_bp_fuel_2_ o)

kinf ->
kinf(no BP) ->

gd-total bp
gd-152 bp
gd-153 bp
gd-154 bp
gd-155 bp
gd-156 bp
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gd-158 bp
gd-159 bp
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NEUTRONICS PERFORMANCE RESULTS FOR SAMARIUM 
 
The use of samarium with natural isotopic abundances as a burnable poison has been previously 
discarded because of the large residual negative reactivity worth of the samarium burnable poison 
isotopes and their daughters at EOL of the fuel. The use of samarium enriched in 149Sm greatly 
reduces this residual absorber burden. 

 
In this section, we will investigate the potential benefits of using enriched samarium as a burnable 
absorber in PWRs. Four different configurations of the samarium burnable poison, similar to those of 
the case of Gd, were investigated. 
 
1. A homogeneous mixture of the burnable poison samaria (Sm2O3) inside the fuel pellets of a 

limited number of fuel rods. A summary of the results is given in Table 9. The plots of the 
reactivity worths and the masses of the BP isotopes and their daughters are displayed in 
Appendix B1. 

2. A homogeneous mixture of the burnable poison as an oxide (samaria) in the outer one-third 
volume of the fuel pellets. A summary of the results is given in Table 10. Plots of the reactivity 
worths and the masses of the BP isotopes and their daughters are displayed in Appendix B2. 

3. An oxide burnable poison coating (samaria) on the surface of the fuel pellets in a limited number 
of fuel rods, similar to the ZrB2 coatings. A summary of the results is given in Table 11. Plots of 
the reactivity worths and the masses of the BP isotopes and their daughters are displayed in 
Appendix B3. 

4. A homogeneous mixture of the burnable poison samarium in the form of a metal alloyed with the 
Zircaloy cladding of a number of fuel rods. Because of the low boiling point of samarium metal, 
it is conceived to first form a Sn-Sm alloy, which then would be mixed with zirconium to form a 
Zircaloy-samarium alloy. Feasibility experiments will be done during phase 3. A summary of the 
neutronics results is given in Table 12. Plots of the reactivity worths and the masses of the BP 
isotopes and their daughters are displayed in Appendix B4. 

 
In all the neutronics calculations presented in this section, a theoretical density of 7.43 g/cm3 was 
used for Sm2O3, and 7.7 g/cm3 for metallic samarium. For UO2 a theoretical density of 10.97 g/cm3 
was used. The actual density fraction of the fuel pellets and of the burnable poison pellets was 95% of 
theoretical density. 

 
The half-lives, natural isotopic abundances, and burnup chains related to the depletion and 
transmutation of samarium are given below. Note that the adjacent bands of isotopes such as the Gd 
isotopes (decay from Eu isotopes) and Nd isotopes (decay from Pm isotopes) are not shown. Also the 
isomeric states of certain isotopes are not shown. However, the generation of these daughters was 
taken into account in the BP depletion and decay calculations. 
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Figure 33 displays the neutron capture cross sections for the samarium isotopes, and Figure 34 
displays the capture cross sections of several of the europium decay daughters from samarium. The 
149Sm stable isotope (13.8% natural isotopic abundance) exhibits a very large neutron capture cross 
section (thermal cross section of 40,150 barns and a RI of 3,400 barns). The 149Sm (n,γ) 150Sm 
reaction leads to 150Sm, which is stable and has a thermal capture cross section of 104 barns. 144Sm 
(3%) and 148Sm (11%) have small capture cross sections (thermal values of 0.7 and 2.5 barns, 
respectively). 154Sm (27%) has a capture cross section of approximately 10 barns at 0.0253 eV. The 
other stable isotopes, such as 147Sm (15%) and 150Sm (7%), have thermal capture cross sections of the 
order of 57 and 104 barns, respectively. The 150Sm (n,γ) 151Sm reaction leads to 151Sm, which has a 
very large neutron capture cross section (thermal value of 15,200 barns and RI of 3,520 barns). 151Sm 
decays to 151Eu with a half-life of 93 years. Because of the long half-life, only very small amounts of 
151Eu will be generated. Note that 151Eu exhibits a very large capture cross section. (thermal value of 
9,200 barns and RI of 3,300 barns). Because of the long half-life of 151Sm and the very large thermal 
capture cross section of 151Sm, the preferential path will be the transmutation of 151Sm into 152Sm. The 
stable isotope 152Sm (26.7%) has a large neutron capture cross section (thermal value of 206 barns 
and RI 2,970 barns). The 152Sm (n,γ) 153Sm reaction leads to 153Sm which decays to 153Eu with a half-
life of 46.7 hours. Because of the relatively short half-life of 153Sm, most of the generated 153Sm will 
be converted into 153Eu. 153Eu is stable and exhibits a very large capture cross section. Transmutation 
to 154Eu (8.6 year half-life) and 155Eu (4.76 year half-life) will still result in an appreciable combined 
residual capture. Because of the presence of isotopes with small to medium capture cross sections in 
samarium with natural isotopic abundances, and because of the generation of 153Eu, enriching 
samarium in 149Sm should lead to a smaller residual neutron absorption of the BP. 

 
Table 9 displays the results of using Sm2O3, mixed homogeneously with the fuel pellets of a number 
of fuel rods. Note that for the same initial reactivity worth of the BP, the residual negative reactivity 
worth of samarium enriched in 149Sm is smaller than the residual worth of samarium with natural 
isotopic abundances. The relative contribution from the europium daughters is also smaller. 

 
The reactivity worths of the BP isotopes, for a 4.0 wt % loading of Sm2O3 with natural isotopic 
abundances, homogeneously mixed inside the fuel pellets of 16 IFBA rods per fuel assembly, are 
shown in Figure 35. The initial reactivity worth of the BP is 0.112 and the residual reactivity ratio is 
16.1%. For a 1.0 wt % homogeneous loading in 16 IFBA rods containing Sm2O3 fully enriched in 
149Sm, the results are shown in Figure 37. The initial reactivity worth of the BP is 0.114, and the 
residual reactivity ratio is 5.5%. While for these two cases the initial reactivity worth of the BP is the 
same, the use of samarium enriched in 149Sm requires a loading that is four times smaller than a BP 
containing samarium with natural isotopic abundances. If the weight percentage loading of the BP is a 
limiting factor due to material considerations, then the use of 149Sm will produce an added benefit, 
such as increased allowable amounts of BP in each of the IFBA rods. Longer burnout times with the 
same initial reactivity worth of the BP can then be achieved, which are needed for long fuel cycles. 
 
In Table 9 the residual reactivity worths, due to the Pm daughters of the BP containing samarium 
enriched in 149Sm, should essentially be zero, since only the decay of 145Sm leads to 145Pm. There are 
essentially no paths from the transmutation of 149Sm to any of the Pm isotopes. However, the table 
shows residual reactivity worths of the order of 1.0 × 10–10. This is because for each case, all the BP 
isotopes and their daughters (which are not present in the initial loading of the BP) have been added 
as traces to the BP with a number density of 1.0 × 10–15 instead of zero. This is to avoid problems at 
the BOC in the input to the MCNP4C code and to avoid computer exception errors (division by zero) 
when calculating spectrum-weighted cross sections in the TALLY code. 
 
Comparison of the cases containing 64 IFBA rods with the cases containing 16 or 8 IFBA rods 
clearly show that, for a given initial reactivity worth, the burnout rates are greater for 64 IFBA rods 
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than for 16 or 8 IFBA rods. This is clearly due to the self-shielding effect of the neutrons in the IFBA 
rods. Note that the residual BP reactivity worths are smaller for the 64 IFBA cases. 
 
Figures 35 and 36 display the results of the reactivity worths for several cases with 16 IFBA rods per 
fuel assembly. The IFBA rods contained respectively 4 wt % and 8 wt % Sm2O3 BP homogeneously 
mixed in the pellets. The Sm2O3 material contained samarium with natural isotopic abundances. The 
initial reactivity worth for the 4 wt % case is 0.112. Doubling the loading of Sm2O3 to 8 wt % only 
slightly increases the initial worth by 14%. This is due to the increased neutron self-shielding effect 
and the slightly lower uranium loading in the IFBA rods. Note that the combined UO2-Sm2O3 density 
was kept at 95% of the theoretical density of the mixture. The burnout time for the 8 wt % is also 
much longer than the 4 wt % case. Note also that the trend of the fuel assembly lattice kinf as a 
function of depletion time is fairly flat for much longer fuel depletion times. Figures 35 and 36 also 
display the masses of the burnable poison isotopes and their daughters as a function of depletion time. 
 
The figures exhibit several interesting features. For example, the case with 16 IFBA rods whose fuel 
pellets contain 4.0 wt % Sm2O3 with natural Sm (displayed in Figure 35) exhibit several interesting 
effects. The reactivity worth of the burnable poison isotope 149Sm decreases rapidly with depletion 
time, and reaches a nearly constant value at approximately 350 FPDs (approximately 13 GWD/MTU 
burnup). The reactivity worth of 148Sm increases slightly with depletion time, due the production of 
148Sm through the 147Sm (n,γ) 148Sm reaction, and it reaches a nearly equilibrium value. Since the 
neutron capture cross section of 149Sm is much greater than that of 148Sm, the capture reaction rate 
(and thus the reactivity worth) of 149Sm reaches a secular equilibrium with the capture reaction rate of 
148Sm. After most of the original 149Sm nuclei have burned out, 149Sm nuclei are produced through the 
148Sm (n,γ) 149Sm reaction. Since the neutron capture cross section of 149Sm is much larger than that of 
148Sm, these 149Sm nuclei will burn away at a much higher rate than the 148Sm nuclei, essentially 
immediately after they were created. This effect is similar to the secular equilibrium effect in the 
decay of a parent isotope that has a very long half-life together with its daughter, which has a very 
short half-life. In the case of 148Sm/149Sm, we reach a secular equilibrium between a parent isotope 
that has a small neutron capture cross section (148Sm), together with its daughter, which has a very 
large cross section (149Sm). 
 
Figures 37–39 show the reactivity worths of three different cases containing 16 IFBA rods per fuel 
assembly, when the samarium in the BP is fully enriched in 149Sm. The Sm2O3 loadings for these 
figures are 1.0 wt %, 2 wt %, and 4 wt %, respectively. The initial reactivity worths are 0.114, 0.127 
and 0.141. Doubling the loading from 1 wt % to 2 wt % increased the initial reactivity worth by 11%, 
and by 24% when the Sm2O3 loading was quadrupled. However, the burnout times increase almost 
proportionally with the loadings. Note also that the trend of the fuel assembly lattice kinf as a function 
of depletion time remains relatively flat for longer depletion times. The flatness increases with the 
loading (compare figures 37, 38, and 39). Figures 37–39 also display the masses of the burnable 
poison isotopes and their daughters as a function of depletion time. 
 
In Appendix B1, we have displayed the plots of the reactivity worths for each of the cases displayed 
in Table 9. In each plot the reactivity worths for each of the BP isotopes and their daughters are 
shown. Note that for a given initial reactivity worth of the BP, the burnout rate is higher when the BP 
is spread over 64 IFBA rods.  
 
The MVCs were calculated by decreasing the water coolant density by 10%. Note that for all the 
cases containing 8 and 16 IFBA rods, the MVCs remain negative. For the cases with 64 IFBA rods, 
the MVC becomes positive for the lattices containing identical standard 17 × 17 fuel assemblies with 
the same BP loadings. Calculations of the MVC were not performed for checkerboard loadings of 
selected fuel assemblies containing 64 IFBA rods. 
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Figure 40 displays the initial reactivity worths of the samarium-based BP as a function of the residual 
BP penalty in FPDs for several configurations containing 16 IFBA rods. The trend for the four 
different forms of BP are very similar. Note also the clear advantage of using samarium enriched in 
149Sm over samarium with natural isotopic abundances. Figure 41 displays the initial reactivity worths 
of the BP vs FPD penalty for fuel assembly configurations containing 64 IFBA rods. 
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Figure  33.  Neutron Cross-Sections as a Function of Energy 
   Sm-144 (62144.40c)

sm144 (n,g) sm145
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Figure 33(cont).  Neutron Cross-Sections as a Function of Energy 
   Sm-147 (62147.40c)

sm147 (n,g) sm148
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Figure  33(cont).  Neutron Cross-Sections as a Function of Energy 
   Sm-150 (62150.40c)

sm150 (n,g) sm151

1.0e-04

1.0e-03

1.0e-02

1.0e-01

1.0e+00

1.0e+01

1.0e+02

1.0e+03

1.0e+04

1.0e+05

1.0e+06

1.0e-04 1.0e-03 1.0e-02 1.0e-01 1.0e+00 1.0e+01 1.0e+02 1.0e+03 1.0e+04 1.0e+05 1.0e+06 1.0e+07 1.0e+08

C
ro

ss
-S

ec
tio

n 
(b

ar
ns

)

Neutron Energy (eV)

. 
   Sm-151 (62151.40c)

sm151 (n,g) sm152

1.0e-04

1.0e-03

1.0e-02

1.0e-01

1.0e+00

1.0e+01

1.0e+02

1.0e+03

1.0e+04

1.0e+05

1.0e+06

1.0e-04 1.0e-03 1.0e-02 1.0e-01 1.0e+00 1.0e+01 1.0e+02 1.0e+03 1.0e+04 1.0e+05 1.0e+06 1.0e+07 1.0e+08

C
ro

ss
-S

ec
tio

n 
(b

ar
ns

)

Neutron Energy (eV)

. 
   Sm-152 (62152.40c)

sm152 (n,g) sm153

74



1.0e-04

1.0e-03

1.0e-02

1.0e-01

1.0e+00

1.0e+01

1.0e+02

1.0e+03

1.0e+04

1.0e+05

1.0e+06

1.0e-04 1.0e-03 1.0e-02 1.0e-01 1.0e+00 1.0e+01 1.0e+02 1.0e+03 1.0e+04 1.0e+05 1.0e+06 1.0e+07 1.0e+08

C
ro

ss
-S

ec
tio

n 
(b

ar
ns

)

Neutron Energy (eV)

Figure 33(cont).  Neutron Cross-Sections as a Function of Energy 
   Sm-153 (62153.40c)

sm153 (n,g) sm154
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Figure 34.  Neutron Cross-Sections as a Function of Energy 
   Eu-148 (63148.40c)

eu148 (n,g) eu149
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Figure 34(cont).  Neutron Cross-Sections as a Function of Energy 
   Eu-150m1 (63150.41c)

eu150m1 (n,g) eu151
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Figure 34(cont).  Neutron Cross-Sections as a Function of Energy 
   Eu-152m1 (63152.41c)

eu152m1 (n,g) eu153
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Figure 34(cont).  Neutron Cross-Sections as a Function of Energy 
   Eu-155 (63155.40c)

eu155 (n,g) eu156
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Figure 35.  Negative Reactivity and Masses BP for Sm-nat and transmutation daughters 
 as a function of fuel life for 17x17 fuel assemblies with 16 poison rods, 

  4.0wt% Sm2O3 poison homogeneously mixed in the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : sm000_3_100p_h2o_16_bp_fuel_2_ o)
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Figure 36.  Negative Reactivity and Masses BP for Sm-nat and transmutation daughters 
 as a function of fuel life for 17x17 fuel assemblies with 16 poison rods, 

  8.0wt% Sm2O3 poison homogeneously mixed in the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : sm000_4_100p_h2o_16_bp_fuel_2_ o)
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Figure 37.  Negative Reactivity and Masses BP for Sm-149 and transmutation daughters 
 as a function of fuel life for 17x17 fuel assemblies with 16 poison rods, 

  1.0wt% Sm2O3 poison homogeneously mixed in the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : sm149_1_100p_h2o_16_bp_fuel_2_ o)
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Figure 38.  Negative Reactivity and Masses BP for Sm-149 and transmutation daughters 
 as a function of fuel life for 17x17 fuel assemblies with 16 poison rods, 

  2.0wt% Sm2O3 poison homogeneously mixed in the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : sm149_2_100p_h2o_16_bp_fuel_2_ o)

kinf ->
kinf(no BP) ->
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Figure 39.  Negative Reactivity and Masses BP for Sm-149 and transmutation daughters 
 as a function of fuel life for 17x17 fuel assemblies with 16 poison rods, 

  4.0wt% Sm2O3 poison homogeneously mixed in the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : sm149_3_100p_h2o_16_bp_fuel_2_ o)

kinf ->
kinf(no BP) ->
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NEUTRONICS PERFORMANCE RESULTS FOR ERBIUM 
 
Erbia (Er2O3) as a burnable poison has been used in designs of the modular high temperature reactors 
(MHTRs). More recently Er2O3 has also been used as burnable poisons in System-80 PWRs. In this 
section, we will investigate the potential benefits of using enriched erbium as a burnable absorber in 
PWRs. Four different types of burnable poison rods containing erbium, similar to those of the cases 
of Gd, were investigated. 
 
1. A homogeneous mixture of the burnable poison Er2O3 inside the fuel pellets of a limited number 

of fuel rods. A summary of the results is given in Table 13. The plots of the reactivity worths and 
the masses of the BP isotopes and their daughters are displayed in Appendix C1. 

2. A homogeneous mixture of the burnable poison as an oxide (erbia) in the outer one-third volume 
of the fuel pellets. A summary of the results is given in Table 14. Plots of the reactivity worths 
and the masses of the BP isotopes and their daughters are displayed in Appendix C2. 

3. An oxide burnable poison coating (erbia) on the surface of the fuel pellets in a limited number of 
fuel rods, similar to the ZrB2 coatings. A summary of the results is given in Table 15. Plots of the 
reactivity worths and the masses of the BP isotopes and their daughters are displayed in 
Appendix C3. 

4. A homogeneous mixture of the burnable poison erbium in the form of a metal alloyed with the 
Zircaloy cladding of a number of fuel rods. The summary results are given in Table 16. Plots of 
the reactivity worths and the masses of the BP isotopes and their daughters are displayed in 
Appendix C4. 

 
In all the neutronics calculations presented in this section, a theoretical density of 8.64 g/cm3 was 
used for Er2O3, and 9.00 g/cm3 for metallic erbium. For UO2, a theoretical density of 10.97 g/cm3 was 
used. The actual density fraction of the fuel pellets and of the burnable poison pellets was 95% of 
theoretical density. 

 
The half-lives, natural isotopic abundances, and burnup chains related to the depletion and 
transmutation of erbium are given below. Note that the adjacent bands of isotopes such as the Yb 
isotopes (decay from Tm isotopes) and Dy isotopes (decay from Ho isotopes) are not shown. Also the 
isomeric states of certain isotopes are not shown. However, the generation of these daughters was 
taken into account in the BP depletion and decay calculations. 
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Figure 42 displays the capture cross sections for the erbium isotopes, Figure 43 displays the capture 
cross sections of several of the holmium decay daughters from erbium, and Figure 44 displays the 
cross sections of thulium decay daughters from erbium. The erbium stable isotope 167Er (22.9% 
natural isotopic abundance) exhibits a large neutron capture cross section (thermal cross section of 
660 barns and a RI of 2,970 barns). The isotopes 162Er (0.14% natural isotopic abundance), 164Er 
(1.6%), 166Er (33.4%), and 170Er (14.9%) have smaller capture cross sections: 162Er (thermal 19 barns, 
RI 480 barns), 164Er (thermal 13 barns, RI 105 barns), 166Er (thermal 19.6 barns, RI 96 barns), and 
170Er (thermal 5.8 barns, RI 45 barns). Because of the small cross sections, these isotopes are difficult 
to burn out and they will thus leave a residual negative reactivity burden at EOL of the BP. 168Er 
(27.1% natural isotopic abundance) has a small neutron capture cross section (thermal 2.7 barns, 
RI 37 barns). The 167Er (n,γ) 168Er reaction, together with the use of erbium fully enriched in 167Er, 
will thus mainly lead to 168Er. The residual burden of the BP enriched in 167Er should thus be small. 
The 168Er (n,γ) 169Er reaction leads to 169Er, which decays into 169Tm with a half-life of 9.4 days. The 
169Tm capture cross section is large (thermal 105 barns, RI 1,720 barns). In erbium with natural 
isotopic abundances, 168Er has an isotopic abundance of 26.8%. Even though the capture cross section 
of 168Er is small, the 168Er (n,γ) 169Er reaction will lead to 169Tm. Also, 170Er (14.9% natural isotopic 
abundance) has a small neutron capture cross section (thermal 5.8 barns, RI 45 barns), but the 170Er 
(n,γ) 171Er reaction will lead to 171Er, which decays with a half-life of 7.5 hours to 171Tm. The capture 
cross section of 171Tm is large (thermal 160 barns, RI 118 barns). Note that the use of 167Er will not 
create any of the holmium isotopes. The use of erbium with natural isotopic abundances will lead to 
163Ho and 165Ho. These have large capture cross sections. However, since the natural isotopic 
abundances of 162Er and 164Er are small, they will only slightly contribute to the residual reactivity 
burden at EOL of the BP. 
 
Table 13 displays the results of using Er2O3 mixed homogeneously with the fuel pellets of a number 
of fuel rods. Note that for the same initial reactivity worth of the BP, the residual negative reactivity 
worth of erbium fully enriched in 167Er is smaller than for erbium with natural isotopic abundances. 
The relative contribution from the thulium daughters is also smaller. 
 
The reactivity worths of the BP isotopes, for a 4.0 wt % loading of Er2O3 with natural isotopic 
abundances, homogeneously mixed inside the fuel pellets of 64 IFBA rods per fuel assembly, are 
shown in Figure 45. The initial reactivity worth of the BP is 0.141 and the residual reactivity ratio is 
9.0%. For a 1.0 wt % homogeneous loading in 64 IFBA rods of Er2O3 fully enriched in 167Er, the 
results are shown in Figure 46. The initial reactivity worth of the BP is 0.140 and the residual 
reactivity ratio is 1.6%. The use of erbium enriched in 167Er, instead of with natural isotopic 
abundances, will thus lead to a substantial reduction of the residual reactivity burden at EOL of the 
fuel. Note that the trends of the fuel assembly lattice kinf’s are fairly flat for almost 2 years of reactor 
operation. Figures 45 and 46 also display the masses of the burnable poison isotopes and their 
daughters as a function of depletion time. Figure 45 also displays a secular equilibrium between the 
166Er and 167Er neutron capture reaction rates. However, since the cross section of 167Er is smaller than 
in the case of gadolinium or samarium, the secular equilibrium happens much later (approximately 
4 years). 
 
In Tables 13 through 16 the residual reactivity worths, due to the Ho daughters of the BP containing 
erbium enriched in 167Er, should essentially be zero, since only the decay of 163Er and 165Er leads to 
163Ho and 165Ho, respectively. There are essentially no paths from the transmutation of 167Er to any of 
the Ho isotopes. However, the tables show residual reactivity worths of the order of 1.0 × 10–10. This 
is because for each case, all the BP isotopes and their daughters (which are not present in the initial 
loading of the BP) have been added as traces to the BP with a number density of 1.0 × 10–15 instead of 
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zero. This is to avoid problems at the BOC in the input to the MCNP4C code and to avoid computer 
exception errors (division by zero) when calculating spectrum-weighted cross sections. 
 
The MVCs were calculated by decreasing the water coolant density by 10% (see Tables 13–16). Note 
that for all the cases containing 8, 16, and 64 IFBA rods, the MVCs remain negative. This is in 
contrast to the use of 64 IFBA rods containing gadolinium or samarium as the BP. 
 
Figure 47 displays the initial reactivity worths of the erbium based BP as a function the residual BP 
penalty in FPDs for several configurations containing 16 IFBA rods. Figure 48 displays the initial 
reactivity worths of the BP vs FPD penalty for fuel assembly configurations containing 64 IFBA rods. 
The trends for the four different forms of BPs are very similar. Note also the clear advantage of using 
enriched erbium (enriched in 167Er) over erbium with natural isotopic abundances. 
 
For the cases where the BP is mixed uniformly with the cladding of a number of fuel rods (see Table 
16 and Appendix C4), the required loading using natural Er might be too high (e.g., 4.0 wt %). In 
order to achieve a given initial reactivity worth of the BP, the use of erbium enriched in 167Er 
substantially reduces the required loading in the cladding. Further studies of the metallurgical 
behavior of the Zircaloy cladding in the presence of erbium will be done during phase 3 of the 
project. 
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Figure 42.  Neutron Cross-Sections as a Function of Energy 
   Er-162 (68162.40c)

er162 (n,g) er163
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Figure 42(cont).  Neutron Cross-Sections as a Function of Energy 
   Er-166 (68166.40c,46c)

er166 (n,g) er167  
er166 (n,g) er167m1
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Figure 42(cont).  Neutron Cross-Sections as a Function of Energy 
   Er-169 (68169.40c)

er169 (n,g) er170
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Figure 42(cont).  Neutron Cross-Sections as a Function of Energy 
   Er-172 (68172.40c)

er172 (n,g) er173
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Figure 43.  Neutron Cross-Sections as a Function of Energy 
   Ho-163 (67163.40c)

ho163 (n,g) ho164
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Figure 43(cont).  Neutron Cross-Sections as a Function of Energy 
   Ho-165 (67165.40c,46c)

ho165 (n,g) ho166  
ho165 (n,g) ho166m1
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Figure 44.  Neutron Cross-Sections as a Function of Energy 
   Tm-168 (69168.40c)

tm168 (n,g) tm169
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Figure 44(cont).  Neutron Cross-Sections as a Function of Energy 
   Tm-171 (69171.40c)

tm171 (n,g) tm172
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Figure 45.  Negative Reactivity and Masses BP for Er-nat and transmutation daughters 
 as a function of fuel life for 17x17 fuel assemblies with 64 poison rods, 

  4.0wt% Er2O3 poison homogeneously mixed in the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : er000_3_100p_h2o_64_bp_fuel_2_ o)
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Figure 46.  Negative Reactivity and Masses BP for Er-167 and transmutation daughters 
 as a function of fuel life for 17x17 fuel assemblies with 64 poison rods, 

  1.0wt% Er2O3 poison homogeneously mixed in the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : er167_1_64_bp_fuel o)
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NEUTRONICS PERFORMANCE RESULTS FOR DYSPROSIUM 
 
In the proposed use of the CANDU reactor for burning ex-weapons plutonium as MOX, depleted 
uranium is used as the matrix material throughout the fuel bundle (ref 1). In the central fuel rod and in 
the next ring of fuel rods, dysprosium burnable poison is mixed with the depleted uranium of those 
fuel rods not containing plutonium. This increases the amount of plutonium required to achieve a 
given burnup (and thus increases the Pu disposition rate), reduces the local peak power after 
refueling, and reduces the local positive MVC in the middle of the fuel bundle (and thus the 
dysprosium makes the overall bundle MVC more negative). In this case the residual reactivity worth 
should remain high throughout the life of the fuel. 
 
In this section, we will show that the use of enriched dysprosium (fully enriched in 164Dy) will 
improve the performance of dysprosium-based BPs in PWRs. The residual reactivity worth ratio for 
BPs containing dysprosium with natural isotopic abundances is high, between 30 and 40%, depending 
on the dysprosium initial loading and the number of IFBA rods per fuel assembly. The use of 
dysprosium fully enriched in 164Dy reduces the residual reactivity worth ratio of the BPs to between 
8 and 18%. 
 
Four different configurations of the dysprosium burnable poison, similar to those of the cases of Gd, 
were investigated. 
 
1. A homogeneous mixture of the burnable poison dysprosia (Dy2O3) inside the fuel pellets of a 

limited number of fuel rods. A summary of the results is given in Table 17. The plots of the 
reactivity worths and the masses of the BP isotopes and their daughters are displayed in 
Appendix D1. 

2. A homogeneous mixture of the burnable poison as an oxide (dysprosia) in the outer radial one-
third volume of the fuel pellets. A summary of the results is given in Table 18. Plots of the 
reactivity worths and the masses of the BP isotopes and their daughters are displayed in 
Appendix D2. 

3. An oxide burnable poison coating (dysprosia) on the surface of the fuel pellets in a limited 
number of fuel rods, similar to the ZrB2 coatings. A summary of the results is given in Table 19. 
Plots of the reactivity worths and the masses of the BP isotopes and their daughters are displayed 
in Appendix D3. 

4. A homogeneous mixture of the burnable poison dysprosium in the form of a metal alloyed with 
the Zircaloy cladding of a number of fuel rods. The summary results are given in Table 20. Plots 
of the reactivity worths and the masses of the BP isotopes and their daughters are displayed in 
Appendix D4. 
 

In all the neutronics calculations presented in this section, a theoretical density of 7.81 g/cm3 was 
used for Dy2O3, and 8.56 g/cm3 for metallic dysprosium. For UO2 a theoretical density of 10.97 g/cm3 
was used. The actual density fraction of the fuel pellets and of the burnable poison pellets was 95% of 
theoretical density. 

 
The half-lives, natural isotopic abundances and burnup chains related to the depletion and 
transmutation of dysprosium are given below. Note that the adjacent bands of isotopes such as the Er 
isotopes (decay from Ho isotopes) are not shown. Also, the isomeric states of certain isotopes are not 
shown. However, the generation of these daughters was taken into account in the BP depletion and 
decay calculations. 
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Figure 49 displays the capture cross sections for the dysprosium isotopes. Figure 50 displays the 
capture cross sections of several of the holmium decay daughters from dysprosium. The generation of 
Tb isotopes is essentially zero, since the natural isotopic abundances of 156Dy (0.06%) and 158Dy 
(0.1%) are very small. 

 
The stable isotopes 156Dy (0.06% natural isotopic abundance, thermal cross section 33 barns, 
RI 884 barns), 158Dy (0.1%, thermal 43 barns, RI 120 barns), 160Dy (2.3%, thermal 56 barns, 
RI 1,160 barns), 162Dy (25.5%, thermal 194 barns, RI 2,755 barns) and 163Dy (24.9%, thermal 
124 barns, RI 1,470 barns) exhibit medium-sized capture cross sections, while 161Dy (18.9%, thermal 
600 barns, RI 1,200 barns) and 164Dy (28.1%, thermal 2,650 barns, RI 340 barns) have large capture 
cross sections (see Figure 49). Since the majority of the stable dysprosium isotopes (160Dy through 
164Dy) are adjacent to each other (in the chart of the nuclides), and since they have medium to large 
capture cross sections, the residual reactivity ratio of BPs containing dysprosium with natural isotopic 
abundances will be high. Also, the 164Dy (n,γ) 165Dy reaction leads to 165Dy, which decays to 165Ho 
with a half-life of 2.33 hours. The thermal capture cross section of 165Ho is approximately 65 barns, 
and the RI is 670 barns. Dysprosium with natural isotopic abundances is thus attractive if the burnout 
of the BP has to be minimized (such as for use in the Pu-burner CANDU). Since the thermal capture 
cross section of 164Dy is much larger than that for 165Ho, enriching dysprosium in 164Dy will thus 
reduce the residual reactivity ratio of the BP. 

 
Table 17 displays the results of using Dy2O3, mixed homogeneously with the fuel pellets of a number 
of fuel rods. For the same initial reactivity worth of the BP, the residual negative reactivity worth 
ratio of dysprosium, fully enriched in 164Dy, is more than two times smaller than the residual worth of 
dysprosium with natural isotopic abundances. The relative contribution to the residual reactivity ratio 
from 165Ho is higher for BP containing enriched 164Dy. 

 
The reactivity worths of the BP isotopes, for a 4.0 wt % loading of Dy2O3 with natural isotopic 
abundances, homogeneously mixed in the fuel pellets of 16 IFBA rods per fuel assembly, are shown 
in Figure 51. The initial reactivity worth of the BP is 6.08 × 10–2 and the residual reactivity ratio is 
38.5%. Figure 51 also displays the masses of the burnable poison isotopes and their daughters. The 
residual reactivity worth of the Tb daughters is essentially zero, since the natural isotopic abundances 
of 156Dy and 158Dy are very small, 0.06% and 0.10%, respectively. 

 
For a 4.0 wt % homogeneous loading of Dy2O3 (fully enriched in 164Dy) in 16 IFBA rods, the results 
of the reactivity worths are shown in Figure 52. The initial reactivity worth of the BP is 6.75 × 10–2 
and the residual reactivity ratio is 18.0%. The total loading of 164Dy per fuel assembly is 1,150 grams 
of 164Dy. Most of the residual reactivity burden of the enriched dysprosium BP comes from the 
buildup of 165Ho. Figure 52 also displays the masses of the burnable poison isotopes. The use of 
dysprosium as a BP, enriched in 164Dy instead of with natural isotopic abundances, thus leads to a 
reduction of the residual reactivity burden at EOL of the fuel. Figure 53 displays the results of the 
reactivity worths for a 1.0 wt % loading of enriched Dy2O3 in 64 IFBA rods, and figure 53 also shows 
the masses of the burnable poison isotopes and daughters. The total loading of 164Dy per fuel 
assembly is 1,163 grams of 164Dy, which is essentially the same as for the 4.0 wt % loading in 
16 IFBA rods. The initial reactivity worth of the BP is 0.109, which is larger, and the residual 
reactivity ratio is 10.0%, instead of 18%. Comparison between the fuel assembly lattice kinf’s as a 
function of depletion time, for the cases represented in Figures 52 and 53, shows that the shape of the 
fuel assembly lattice kinf’s is flatter for the case with 64 IFBA rods. The BP burnout rate is slower, 
which might be useful in applications requiring longer fuel cycles. 
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Figure 54 displays the reactivity worths for an oxide burnable poison coating of 0.5 mils of dysprosia 
on the surface of the fuel pellets in 104 IFBA rods. Note that the BP burnout time is fairly long. The 
BP masses are also shown in Figure 54. 
 
In Tables 17 through 20 the residual reactivity worths, due to the Tb daughters of the BP containing 
dysprosium enriched in 164Dy, should be zero, since there are essentially no paths from the 
transmutation of 164Dy to any of the Tb isotopes. However, the tables show residual reactivity worths 
of the order of 1.0 × 10–11. This is because for each case, all the BP isotopes and their daughters 
(which are not present in the initial loading of the BP) have been added as traces to the BP with a 
number density of 1.0 × 10–15 instead of zero. This is to avoid problems at the BOC in the input to the 
MCNP4C code and to avoid computer exception errors (division by zero) when calculating spectrum-
weighted cross sections. 
 
The MVCs were calculated by decreasing the water coolant density by 10%. Note that for all the 
cases containing 8, 16, and 64 IFBA rods, the MVCs remain negative. 

 
Figure 55 displays the initial reactivity worths of the BP containing dysprosium as a function of the 
residual BP penalty in FPDs for several configurations containing 64 IFBA rods. The trends for the 
different forms of the BPs are very similar. Note also the advantage of using dysprosium enriched in 
164Dy over dysprosium with natural isotopic abundances. 
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Figure 49.  Neutron Cross-Sections as a Function of Energy 
   Dy-156 (66156.40c)
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Figure 49(cont).  Neutron Cross-Sections as a Function of Energy 
   Dy-159 (66159.40c)

dy159 (n,g) dy160
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Figure 49(cont).  Neutron Cross-Sections as a Function of Energy 
   Dy-162 (66162.40c)

dy162 (n,g) dy163
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Figure 49(cont).  Neutron Cross-Sections as a Function of Energy 
   Dy-165 (66165.40c)

dy165 (n,g) dy166
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Figure 50.  Neutron Cross-Sections as a Function of Energy 
   Ho-165 (67165.40c,46c)

ho165 (n,g) ho166  
ho165 (n,g) ho166m1
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Figure 51.  Negative Reactivity and Masses BP for Dy-nat and transmutation daughters 
 as a function of fuel life for 17x17 fuel assemblies with 16 poison rods, 

  4.0wt% Dy2O3 poison homogeneously mixed in the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : dy000_3_100p_h2o_16_bp_fuel_2_ o)
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Figure 52.  Negative Reactivity and Masses BP for Dy-164 and transmutation daughters 
 as a function of fuel life for 17x17 fuel assemblies with 16 poison rods, 

  4.0wt% Dy2O3 poison homogeneously mixed in the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : dy164_3_100p_h2o_16_bp_fuel_2_ o)

kinf ->
kinf(no BP) ->
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Figure 53.  Negative Reactivity and Masses BP for Dy-164 and transmutation daughters 
 as a function of fuel life for 17x17 fuel assemblies with 64 poison rods, 

  1.0wt% Dy2O3 poison homogeneously mixed in the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : dy164_1_64_bp_fuel o)
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Figure 54.  Negative Reactivity and Masses BP for Dy-164 and transmutation daughters
as a function of fuel life for 17x17 fuel assemblies with 64 poison rods, 

  0.5 mill thick Dy2O3 poison coating on the outer radial surface of the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : dy164_0f_64_bp_fuel o)

kinf ->
kinf(no BP) ->

dy-total bp
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NEUTRONICS PERFORMANCE RESULTS FOR EUROPIUM 
 
The stable isotopes of europium, 151Eu (47.8% natural isotopic abundance) and 153Eu (52.2%), exhibit 
very large thermal neutron capture cross sections. The radioactive isotopes 152Eu, 154Eu, and 155Eu, 
produced by neutron capture, have multi-year half-lives and exhibit large neutron capture cross 
sections. Because of these characteristics, europium with natural isotopic abundances will not burn 
out easily. It is thus an ideal control rod material and has been used in research reactors [e.g., the High 
Flux Isotope Reactor (HFIR)]. In this section, we will investigate whether europium, enriched in 
151Eu, could be used as a burnable poison in PWRs. 
 
The half-lives, natural isotopic abundances, and burnup chains related to the depletion and 
transmutation of europium are given below. The isomeric states of certain isotopes are not shown. 
However, the generation of these daughters was taken into account in the BP depletion and decay 
calculations. 
 
 

Half-life stable  241.6d  stable stable stable stable 
 152Gd 153Gd 154Gd 155Gd 156Gd 157Gd 
 
 

  β- β- β-  

Nat. Abund. 47.8% 13.54y 52.2% 8.59y 4.75y 15.2d 
 151Eu 152Eu 153Eu 154Eu 155Eu 156Eu 
 
 

 EC,β+     

Half-life stable 90y stable 1.928d stable 22.2m 
 150Sm 151Sm 152Sm 153Sm 154Sm 155Sm 

 
 
Figure 56 displays the neutron capture cross sections for the europium isotopes. The europium stable 
isotope 151Eu (47.8% natural isotopic abundance) exhibits a thermal capture cross section of 
9,200 barns and a RI of 3,300 barns. The 151Eu (n,γ) 152Eu reaction leads to 152Eu, which has a half-life 
of 13.54 years, a thermal neutron capture cross section of 12,800 barns, and a RI of 1,580 barns. The 
other stable europium isotope, 153Eu (52.2% natural isotopic abundance) has a thermal neutron 
capture cross section of 310 barns and a RI of 1,420 barns. The 153Eu (n,γ) 154Eu reaction leads to 
154Eu, which has a half-life of 8.6 years, a thermal neutron capture cross section of 1,340 barns, and a 
RI of 800 barns. Because of the long half-life of 154Eu, the principal transmutation route for 154Eu will 
be via the 154Eu (n,γ) 155Eu reaction, leading to 155Eu, which has a half-life of 4.75 years, a capture 
cross section of 3,950 barns, and a RI of 23,200 barns. Again, because of the long half-life of 155Eu, 
the principal transmutation route for 155Eu will be via the 155Eu (n,γ) 156Eu reaction, leading to 156Eu, 
which decays to 156Gd with a half-life of 15.2 days. 156Gd has a capture cross section of 1.5 barns and 
a RI of 104 barns. The use of 151Eu in a BP will lead by transmutation to 152Eu, which has a higher 
thermal neutron capture cross section than 151Eu. Transmutation of 152Eu leads to 153Eu, which has a 
much smaller thermal cross section than either 151Eu or 152Eu. The sequence of 151Eu and 152Eu, 
exhibits a pair of very high thermal cross sections, followed by 153Eu with a much smaller cross 
section. This will lead to a decrease of the burnout rate of the BP, together with a reduction of the 
residual reactivity fraction of the BP. The use of 153Eu as a BP will lead to 154Eu, which has a higher 
thermal neutron capture cross section than 153Eu. Further transmutation leads to 155Eu, which has an 
even higher thermal cross section than 154Eu. Transmutation to 156Eu will lead to a 15.2-day decay of 
156Eu to 156Gd, which has a very small thermal cross section. Since the thermal cross section of 153Eu 
is smaller than that of 151Eu, a larger amount of 153Eu is needed than of 151Eu in order to achieve a 
desired initial reactivity worth of the BP. In addition, the sequence 153Eu-154Eu-155Eu exhibits an 
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increasing thermal neutron capture cross section. This will thus give rise to a much higher residual 
reactivity fraction than the use of a BP fully enriched in 151Eu. Enriching europium in the 151Eu 
isotope should thus reduce the residual negative reactivity fraction of the BP, together with decreasing 
the burnout rate of the BP. 
 
In all the neutronics calculations presented in this section, a theoretical density of 7.42 g/cm3 was 
used for europia (Eu2O3), and 5.22 g/cm3 was used for metallic europium. For UO2, a theoretical 
density of 10.97 g/cm3 was used. The actual density fraction of the fuel pellets and of the burnable 
poison pellets was 95% of theoretical density. 
 
In this section, we will investigate the potential benefits of using enriched europium as a burnable 
absorber in PWRs. Four different configurations of the europium burnable poison, similar to those of 
the case of Gd, were investigated. 
 
1. A homogeneous mixture of the burnable poison europia inside the fuel pellets of a limited 

number of fuel rods. A summary of the results is given in Table 21. The plots of the reactivity 
worths and the masses of the BP isotopes and their daughters are displayed in Appendix E1. 

2. A homogeneous mixture of the burnable poison as an oxide (europia) in the outer radial one-third 
volume of the fuel pellets. A summary of the results is given in Table 22. Plots of the reactivity 
worths and the masses of the BP isotopes and their daughters are displayed in Appendix E2. 

3. An oxide burnable poison coating of europia on the surface of the fuel pellets in a limited number 
of fuel rods, similar to the ZrB2 coatings. A summary of the results is given in Table 23. Plots of 
the reactivity worths and the masses of the BP isotopes and their daughters are displayed in 
Appendix E3. 

4. A homogeneous mixture of the burnable poison europium in the form of a metal alloyed with 
Zircaloy cladding of a number of fuel rods. The summary results are given in Table 24. Plots of 
the reactivity worths and the masses of the BP isotopes and their daughters are displayed in 
Appendix E4. Table 24 displays the results of using europium, mixed homogeneously and alloyed 
with the Zircaloy cladding of a number of fuel rods. Note that for a similar value of the initial 
reactivity worth of the BP, the residual negative reactivity worth fraction for europium enriched 
in 151Eu is smaller than for europium with natural isotopic abundances. The relative contribution 
from the gadolinium daughters is also smaller. 

 
The reactivity worths of the BP isotopes, for a 2.0 wt % loading of europium with natural isotopic 
abundances, alloyed with the Zircaloy cladding of 64 fuel rods per fuel assembly, are shown in 
Figure 57. The initial reactivity worth of the BP is 0.124, and the residual reactivity ratio was 11.4%. 
Figure 57 also displays the masses of the burnable poison isotopes. The total initial mass of natural 
europium was 457 grams per fuel assembly containing BPs. 
 
For a 1.0 wt % homogeneous loading of europium, fully enriched in 151Eu, alloyed in the Zircaloy 
cladding of 64 fuel rods, the reactivity worths and the masses of the BP isotopes are shown in Figure 
58. The initial reactivity worth of the BP was 0.118 and the residual reactivity ratio was 6.8%. The 
total initial mass of 151Eu was 229 grams per fuel assembly. Figure 58 also shows that the reactivity 
worths of the BP transmutation daughters 152Eu to 155Eu initially increase with depletion time, then 
reach a maximum, followed by a decrease of the reactivity worth. The time at which the reactivity 
worth reaches its maximum increases with the isotope transmutation sequence chain from 152Eu to 
155Eu. 
 
For a 0.5 wt % loading of 151Eu, alloyed with the Zircaloy cladding of 104 IFBA rods, the reactivity 
worths and the masses of the BP isotopes are shown in Figure 59. The initial reactivity worth of the 
BP was 0.108, and the residual reactivity ratio was 6.1%. The total initial mass of 151Eu was 186 
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grams per fuel assembly. Note that the shape of the fuel assembly lattice kinf’s as a function of 
depletion time for this case are almost identical with the shape of the eigenvalues for the case of 
104 IFBA rods per fuel assembly with ZrB2 coatings containing enriched boron (30 wt % 10B) (see 
Figure 16). 
 
The reactivity worths for a 0.2-mil coating of Eu2O3, fully enriched in 151Eu, on the surface of the fuel 
pellets in 64 IFBA rods, is shown in Figure 60. The BP masses are also shown in Figure 60. The 
initial reactivity worth was 9.80 × 10–2, and the residual reactivity worth fraction was 7.0%. The mass 
of 151Eu was 190 grams per fuel assembly. The shape of the fuel assembly lattice kinf’s as a function 
of depletion time is very similar to the ZrB2 coatings. 
 
The use of europium enriched in 151Eu, instead of with natural isotopic abundances, will thus lead to a 
reduction of the residual reactivity burden at EOL of the fuel. 
 
The MVCs were calculated by decreasing the water coolant density by 10%. The results are shown in 
Tables 21 through 24. For all the cases containing 64 and 104 IFBA rods, the MVCs remain negative. 
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Figure 56.  Neutron Cross-Sections as a Function of Energy 
   Eu-148 (63148.40c)
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Figure 56(cont).  Neutron Cross-Sections as a Function of Energy 
   Eu-150m1 (63150.41c)

eu150m1 (n,g) eu151
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Figure 56(cont).  Neutron Cross-Sections as a Function of Energy 
   Eu-152m1 (63152.41c)
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Figure 56(cont).  Neutron Cross-Sections as a Function of Energy 
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Figure 57.  Negative Reactivity and Masses BP for Eu-nat and transmutation daughters
 as a function of fuel life for 17x17 fuel assemblies with 64 poison rods, 

  2.0wt% Eu poison homogeneously mixed in the fuel cladding, 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 
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Figure 58.  Negative Reactivity and Masses BP for Eu-151 and transmutation daughters
 as a function of fuel life for 17x17 fuel assemblies with 64 poison rods, 

  1.0wt% Eu poison homogeneously mixed in the fuel cladding, 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : eu151_1c_100p_h2o_64_bp_fuel_2_ o)

kinf ->
kinf(no BP) ->

eu-total bp
eu-151 bp
eu-152 bp
eu-153 bp
eu-154 bp
eu-155 bp
eu-156 bp

sm-total bp
gd-total bp

total bp

1.0e-02

1.0e-01

1.0e+00

1.0e+01

1.0e+02

1.0e+03

0 10 20 30 40 50 60 70
1.0e-02

1.0e-01

1.0e+00

1.0e+01

1.0e+02

1.0e+03

  M
as

s 
pe

r 
F

ue
l A

ss
em

bl
y 

(g
ra

m
) 

  M
as

s 
pe

r 
F

ue
l A

ss
em

bl
y 

(g
ra

m
) 

Fuel Burnup (GWD/MTU)

.

eu-total bp
eu-151 bp
eu-152 bp
eu-153 bp
eu-154 bp
eu-155 bp
eu-156 bp

sm-total bp
gd-total bp

total bp

137



1.0e-06

1.0e-05

1.0e-04

1.0e-03

1.0e-02

1.0e-01

1.0e+00

0 10 20 30 40 50 60 70
5.0e-01

6.0e-01

7.0e-01

8.0e-01

9.0e-01

1.0e-00

1.1e+00

1.2e+00

1.3e+00

1.4e+00

1.5e+00

 -
 d

el
ta

 k
ef

f/k
ef

f 

 k
in

f 

Fuel Burnup (GWD/MTU)

Figure 59.  Negative Reactivity and Masses BP for Eu-151 and transmutation daughters
 as a function of fuel life for 17x17 fuel assemblies with 104 poison rods, 

  0.5wt% Eu poison homogeneously mixed in the fuel cladding, 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : eu151_0c_104_bp_fuel o)

kinf ->
kinf(no BP) ->

eu-total bp
eu-151 bp
eu-152 bp
eu-153 bp
eu-154 bp
eu-155 bp
eu-156 bp

sm-total bp
gd-total bp

total bp

1.0e-02

1.0e-01

1.0e+00

1.0e+01

1.0e+02

1.0e+03

0 10 20 30 40 50 60 70
1.0e-02

1.0e-01

1.0e+00

1.0e+01

1.0e+02

1.0e+03

  M
as

s 
pe

r 
F

ue
l A

ss
em

bl
y 

(g
ra

m
) 

  M
as

s 
pe

r 
F

ue
l A

ss
em

bl
y 

(g
ra

m
) 

Fuel Burnup (GWD/MTU)

.

eu-total bp
eu-151 bp
eu-152 bp
eu-153 bp
eu-154 bp
eu-155 bp
eu-156 bp

sm-total bp
gd-total bp

total bp

138



1.0e-06

1.0e-05

1.0e-04

1.0e-03

1.0e-02

1.0e-01

1.0e+00

0 10 20 30 40 50 60 70
5.0e-01

6.0e-01

7.0e-01

8.0e-01

9.0e-01

1.0e-00

1.1e+00

1.2e+00

1.3e+00

1.4e+00

1.5e+00

 -
 d

el
ta

 k
ef

f/k
ef

f 

 k
in

f 

Fuel Burnup (GWD/MTU)

Figure 60.  Negative Reactivity and Masses BP for Eu-151 and transmutation daughters
as a function of fuel life for 17x17 fuel assemblies with 64 poison rods, 

  0.2 mill thick Eu2O3 poison coating on the outer radial surface of the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : eu151_8f_64_bp_fuel o)

kinf ->
kinf(no BP) ->
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NEUTRONICS PERFORMANCE RESULTS FOR HAFNIUM 
 
The half-lives, natural isotopic abundances, and burnup chains related to the depletion and 
transmutation of hafnium are given below. The isomeric states of certain isotopes are not shown. 
However, the generation of these daughters was taken into account in the BP depletion and decay 
calculations. 
 
 

Half-life       Stable 114.4d 
       181Ta 182Ta 
 
 

      β-  

Nat. Abund. 0.162% 70.0d 5.21% 18.61% 27.30% 13.63% 35.10% 42.4d 
 174Hf 175Hf 176Hf 177Hf 178Hf 179Hf 180Hf 181Hf 

 
 

 EC       

Half-life   stable stable 160.7d 28.5m 4.6h 5.7m 
   175Lu 176Lu 177Lu 178Lu 179Lu 180Lu 

 
 
Figure 61 displays the neutron capture cross sections as a function of energy for the hafnium isotopes. 
The stable hafnium isotopes are 174Hf (0.16% natural isotopic abundance, thermal capture cross 
section 560 barns, RI 436 barns), 176Hf (5.2%, 23 barns, RI 880 barns), 177Hf (18,6%, 373 barns, RI 
7,173 barns), 178Hf (27.1%, 84 barns, RI 1,950 barns), 179Hf (13.7%, 41 barns, RI 630 barns), and 
180Hf (35.2%, 13 barns, RI 35 barns). Transmutation reactions of the hafnium isotopes through the 
(n,γ) reaction lead to other hafnium isotopes with relatively high capture cross sections. The 180Hf 
(n,γ) 181Hf reaction leads to 181Hf, which decays to 181Ta with a half-life of 42.4 days. 181Ta has a 
thermal cross section of 20 barns and a RI of 660 barns. The relatively high capture cross sections of 
the transmutant hafnium isotopes will lead to a substantial residual negative reactivity worth ratio of 
the BP. However, the 177Hf (n,γ) 178Hf reaction leads to 178Hf, which has a lower capture cross section 
than that of 177Hf. Further transmutation to 179Hf and 180Hf will lead to progressively smaller thermal 
neutron capture cross sections. Enriching hafnium in 177Hf should thus lead to a lower residual 
reactivity burden than that of hafnium with natural isotopic abundances. 
 
In all the neutronics calculations presented in this section, a theoretical density of 9.69 g/cm3 was 
used for hafnia (HfO2), and 13.11 g/cm3 for metallic hafnium. For UO2 a theoretical density of 
10.97 g/cm3 was used. The actual density fraction of the fuel pellets and of the burnable poison pellets 
was 95% of theoretical density. 
 
In this section, we will investigate the potential benefits of using enriched hafnium as a burnable 
absorber. Four different configurations of the hafnium burnable poison, similar to those of the case of 
Gd, were investigated. 
 
1. A homogeneous mixture of the burnable poison hafnia inside the fuel pellets of a limited number 

of fuel rods. A summary of the results is given in Table 25. The plots of the reactivity worths and 
the masses of the BP isotopes and their daughters are displayed in Appendix F1. 

2. A homogeneous mixture of the burnable poison as an oxide (hafnia) in the outer radial one-third 
volume of the fuel pellets. A summary of the results is given in Table 26. Plots of the reactivity 
worths and the masses of the BP isotopes and their daughters are displayed in Appendix F2. 

3. An oxide burnable poison coating of hafnia on the surface of the fuel pellets in a limited number 
of fuel rods, similar to the ZrB2 coatings. A summary of the results is given in Table 27. Plots of 
the reactivity worths and the masses of the BP isotopes and their daughters are displayed in 
Appendix F3. 
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4. A homogeneous mixture of the burnable poison hafnium in the form of a metal alloyed with the 
Zircaloy cladding of a number of fuel rods. The summary results are given in Table 28. Plots of 
the reactivity worths and the masses of the BP isotopes and their daughters are displayed in 
Appendix F4. 

 
The results, given in Tables 25 through 28, show that a reduction of the residual reactivity ratio by a 
factor of two can be achieved by enriching hafnium in 177Hf. 
 
The reactivity worths of the BP isotopes for a 1.0-mil coating of the fuel pellets with HfO2 (fully 
enriched in 177Hf) inside 64 IFBA rods are shown in Figure 62. The initial reactivity worth of the BP 
is 0.112, and the residual reactivity ratio is approximately 8.8%. Figure 62 also displays the masses of 
the burnable poison isotopes. The total initial mass of 177Hf was 1,212 grams per fuel assembly 
containing BPs. 
 
The use of hafnium enriched in 177Hf instead of with natural isotopic abundances will thus lead to a 
reduction of the residual reactivity burden at EOL of the fuel. However, the savings is small. 
The MVCs were calculated by decreasing the water coolant density by 10%. Note that for the cases 
containing 64 and 104 IFBA rods, the MVCs remain negative. 
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Figure 61.  Neutron Cross-Sections as a Function of Energy 
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Figure 61(cont).  Neutron Cross-Sections as a Function of Energy 
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Figure 61(cont).  Neutron Cross-Sections as a Function of Energy 
   Hf-180 (72180.40c)
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Figure 61(cont).  Neutron Cross-Sections as a Function of Energy 
   Hf-182 (72182.40c)

hf182 (n,g) hf183
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Figure 62.  Negative Reactivity and Masses BP for Hf-177 and transmutation daughters
as a function of fuel life for 17x17 fuel assemblies with 64 poison rods, 

  1.0 mill thick HfO2 poison coating on the outer radial surface of the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : hf177_1f_64_bp_fuel o)
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NEUTRONICS PERFORMANCE RESULTS FOR OTHER ELEMENTS 
 
During this project, we investigated the potential of enriching other elements for use as burnable 
poisons. We have discarded them, however, mostly for economic reasons, with the exception of 
lutetium, which, although costly, was considered worth evaluation. 
 
The use of lutetium as a burnable poison was investigated. The lutetium stable isotopes are 175Lu and 
176Lu, with natural isotopic abundances of 97.4% and 2.6%, respectively. 175Lu has a thermal neutron 
capture cross section of 30 barns and a RI of 610 barns. The (n,γ) reaction on 176Lu leads to 177Lu and 
177m1Lu. The 176Lu (n,γ) 177Lu reaction has a thermal neutron capture cross section of 2,090 barns and 
a RI of 1,090 barns. 177Lu decays to 177Hf with a half-life of 6.71 days. Another branch in the (n,γ) 
reaction on 176Lu leads to 177m1Lu with a thermal capture cross section of 7.0 barns. 177m1Lu decays to 
177Hf with a half-life of 160.7 days. The 177Hf (n,γ) 178Hf reaction leads to 178Hf with a thermal 
neutron capture cross section of 373 barns and a RI of 7,173 barns. The 178Hf (n,γ) 179Hf reaction 
leads to 179Hf with a thermal capture cross section of 84 barns and a RI of 1,950 barns. The sequence 
176Lu → 177Lu → 177Hf → 178Hf → 179Hf will lead via neutron transmutations and decay to nuclides 
with smaller and smaller thermal neutron capture cross sections. The 175Lu (n,γ) 176Lu reaction will 
thus transmute 175Lu, which has a small thermal cross section, into 176Lu, which has a much larger 
capture cross section. In order to achieve a desired initial reactivity worth of the BP, the use of natural 
lutetium will require a much larger amount of lutetium than lutetium fully enriched in 176Lu. The 
transmutation from 175Lu into the 176Lu → 177Lu → 177Hf → 178Hf → 179Hf sequence will thus lead to 
a substantially greater residual reactivity fraction of the BP. Enriching lutetium in 176Lu will thus 
reduce substantially the residual reactivity worth ratio of the BP. 
 
A summary of the results for lutetium is shown in Table 29. The table shows that the decrease of the 
residual reactivity ratio of lutetium fully enriched in 176Lu is substantial when compared with the use 
of lutetium with natural isotopic abundances. Plots for the reactivity worths and the masses of the BP 
isotopes and their daughters are displayed in Appendix G1. 
 
The reactivity worths of the BP isotopes, for a 0.5-mil thick coating with Lu2O3 (fully enriched in 
176Lu) of the fuel pellets in 64 IFBA rods, are shown in Figure 63. The masses of the BP isotopes are 
also displayed in Figure 63. The initial reactivity worth of the BP was 0.171, and the residual 
reactivity ratio is approximately 3.8%. The total mass of 176Lu per fuel assembly was 614 grams. 
Figure 64 displays the reactivity worths and the masses of the BP for a 1.0-mil coating of enriched 
Lu2O3 in 64 IFBA rods. The initial reactivity worth of the BP was 0.241, and the residual reactivity 
ratio is approximately 4.4%. The total mass of 176Lu per fuel assembly was 1,226 grams. 
 
Note that the shapes of the fuel assembly lattice kinf’s for theses cases are fairly flat. However, the 
natural isotopic abundance of 176Lu is only 2.6%. Enriching lutetium in 176Lu will probably be 
expensive. 
 
Other elements and isotopes, such as Nd and 143Nd and Os and 184Os, were also investigated. We have 
discarded them because of the very low natural abundance or the very small reduction in the residual 
reactivity worth ratios of the BP. 
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Figure 63.  Negative Reactivity and Masses BP for Lu-176 and transmutation daughters
as a function of fuel life for 17x17 fuel assemblies with 64 poison rods, 

  0.5 mill thick Lu2O3 poison coating on the outer radial surface of the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 
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Figure 64.  Negative Reactivity and Masses BP for Lu-176 and transmutation daughters
as a function of fuel life for 17x17 fuel assemblies with 64 poison rods, 

  1.0 mill thick Lu2O3 poison coating on the outer radial surface of the UO2 pellets 
  Reactor power 3400 MWth, 193 fuel assemblies, initial enrichment 4.5wt%U-235 

  (Case : lu176_1f_64_bp_fuel o)

kinf ->
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DISCUSSION 
 
 
The primary objective of the project was to evaluate separated isotopes of candidate burnable poisons. 
This was achieved with pleasing results. In addition, much was learned about configurations of 
burnable poisons. This is especially evident in the suggestion and analysis of incorporating burnable 
poisons in the cladding. It is also noteworthy that the fuel life used was 4 years with a limited number 
of cases explored with 6% enrichment to achieve a 5-year fuel life. 
 
Tables 30 through 48 show a summary of input parameters and results for the four different 
configurations of the natural elements and separated isotopes of 157Gd, 149Sm, 167Er, 164Dy, 177Hf, and 
151Eu. A measure of the isotope separation benefit is the ratio of the residual negative reactivity worth 
at EOL to that at BOL for a separated isotope divided by a similar ratio for the naturally occurring 
element. From these tables it can be observed that the residual reactivity worth ratio changes slightly 
with BP loading and that it is dependent on the number of IFBA rods and on the nature of the BP 
isotopes. The ratio decreases when the poison is spread over more IFBA rods. When the number of 
fuel pins containing BP increases, the BP is spread thinner, and this reduces the rod self-shielding. 
 
Another important parameter that must be considered in selecting a burnable poison is the reactivity 
worth burnout rate of the BP (including the BP daughters). The rate of burnup is considered by 
displaying the ratio of the negative reactivity worth of the BP at three different burnup time intervals 
of interest (e.g., 120 days, 1 year, and 4 years) to the reactivity worth of the BP at BOL. The ratio 
depends on the BP loading, the number of IFBA rods per fuel assembly, the BP loading type, and the 
BP element or isotopes. 
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Table 30.  The effect of isotope separation for the case of burnable poison in the form of  
           gadolinium oxide homogeneously mixed with the fuel. 
  
  
                                 dk_EOL  dk_EOL/dk_BOL|Isot 
Isotope Number %loading -dk_Bol  ------  ------------------  BP Mass     % of BP Worth Burned 
         IFBA                    dk_BOL  dk_EOL/dk_BOL|Nat  (g/assembly) After Specified Time 
                                                                         120 d  1 yr  4 yrs 
  
Gd-nat    08     3.60    5.74-2  2.25-2        0.202            515        32    82    98 
Gd-157    08     1.00    5.74-2  4.53-3                         144        30    86   100 
  
Gd-nat    08     4.00    5.84-2  2.40-2        0.212            570        30    79    98 
Gd-157    08     1.13    5.84-2  5.08-3                         163        27    80   100 
  
Gd-nat    08     6.15    6.31-2  3.12-2        0.243            865        23    64    97 
Gd-157    08     2.00    6.31-2  7.60-3                         288        20    59   100 
  
Gd-nat    08     8.00    6.63-2  3.68-2        0.255           1118        21    52    96 
Gd-157    08     2.86    6.63-2  9.41-3                         409        17    47    99 
  
  
Gd-nat    16     0.50    6.85-2  5.81-3        0.150            145        94   100   100 
Gd-157    16     0.10    6.85-2  8.68-4                          29       100   100   100 
  
Gd-nat    16     0.67    8.17-2  9.31-3        0.155            281        76    99    99 
Gd-157    16     0.20    8.17-2  1.44-3                          58       100   100   100 
  
Gd-nat    16     1.00    8.24-2  9.50-3        0.154            289        75    99    99 
Gd-157    16     0.21    8.24-2  1.47-3                          60        92   100   100 
  
Gd-nat    16     2.00    9.73-2  1.53-2        0.137            575        48    97    98 
Gd-157    16     0.48    9.73-2  2.08-3                         140        66   100   100 
  
Gd-nat    16     2.06    9.80-2  1.56-2        0.138            592        47    97    98 
Gd-157    16     0.50    9.80-2  2.15-4                         145        65   100   100 
  
Gd-nat    16     2.27    0.100   1.68-2        0.150            652        44    95    98 
Gd-157    16     0.57    0.100   2.52-3                         164        58    99   100 
  
Gd-nat    16     3.43    1.08-1  2.25-2        0.225            980        33    84    98 
Gd-157    16     1.00    1.08-1  5.06-3                         289        29    85    99 
  
Gd-nat    16     4.00    1.10-1  2.51-2        0.237           1140        29    79    98 
Gd-157    16     1.22    1.10-1  5.94-3                         352        25    78    99 
  
Gd-nat    16     5.83    1.18-1  3.19-2        0.257           1646        23    66    97 
Gd-157    16     2.00    1.18-1  8.19-3                         575        19    58    99 
  
Gd-nat    16     8.00    1.25-1  3.88-2        0.271           2237        20    52    99 
Gd-157    16     3.05    1.25-1  1.05-2                         871        16    45    99 
  
 
Gd-nat    64     0.27    1.87-1  4.50-3        0.145            310        98    99   100 
Gd-157    64     0.05    1.87-1  6.52-4                          58       100   100   100 
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Table 31.  The effect of isotope separation for the case of burnable poison in the form of  
           samarium oxide homogeneously mixed with the fuel. 
  
  
                                 dk_EOL  dk_EOL/dk_BOL|Isot 
Isotope Number %loading -dk_Bol  ------  ------------------  BP Mass     % of BP Worth Burned 
         IFBA                    dk_BOL  dk_EOL/dk_BOL|Nat  (g/assembly) After Specified Time 
                                                                         120 d  1 yr  4 yrs 
  
Sm-nat    08     4.57    6.04-2  1.64-1        0.317            644        41    82    84 
Sm-149    08     1.00    6.04-2  5.21-2                         144        30    87    95 
  
Sm-nat    08     8.00    6.74-2  2.30-1        0.320           1112        24    67    77 
Sm-149    08     1.85    6.74-2  7.36-2                         264        21    61    93 
  
 
Sm-nat    16     0.65    6.89-2  5.23-1        0.213            186        95    93    95 
Sm-149    16     0.10    6.89-2  1.11-2                          29        99    99    99 
  
Sm-nat    16     1.00    7.94-2  6.77-1        0.224            287        92    92    93 
Sm-149    16     0.16    7.94-2  1.52-2                          45        99    99    99 
  
Sm-nat    16     1.22    8.40-2  7.67-2        0.233            350        89    91    92 
Sm-149    16     0.20    8.40-2  1.79-2                          58        95    99    99 
  
Sm-nat    16     2.00    9.57-2  1.06-1        0.260            572        76    88    89 
Sm-149    16     0.38    9.57-2  2.74-2                         109        66    98    97 
  
Sm-nat    16     2.38    1.0-1  1.18-1         0.274            680        68    87    88 
Sm-149    16     0.47    1.0-1  3.24-2                          135        55    97    97 
  
Sm-nat    16     2.52    1.013-1 1.22-1        0.278            718        65    87    88 
Sm-149    16     0.50    1.013-1 3.40-2                         144        53    97    97 
  
Sm-nat    16     4.00    1.12-1  1.61-1        0.321           1133        43    84    84 
Sm-149    16     0.92    1.12-1  5.17-2                         265        32    89    95 
  
Sm-nat    16     4.28    1.14-1  1.68-1        0.326           1212        41    83    83 
Sm-149    16     1.00    1.14-1  5.48-2                         287        30    87    95 
  
Sm-nat    16     7.97    1.27-1  2.36-1        0.356           2215        24    67    76 
Sm-149    16     2.00    1.27-1  8.38-2                         571        21    58    92 
  
Sm-nat    16     8.00    1.27-1  2.36-1        0.356           2224        24    66    76 
Sm-149    16     2.01    1.27-1  8.41-2                         574        21    57    92 
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Table 32.  The effect of isotope separation for the case of burnable poison in the form of  
           erbium oxide homogeneously mixed with the fuel. 
  
  
                                 dk_EOL  dk_EOL/dk_BOL|Isot 
Isotope Number %loading -dk_Bol  ------  ------------------  BP Mass     % of BP Worth Burned 
         IFBA                    dk_BOL  dk_EOL/dk_BOL|Nat  (g/assembly) After Specified Time 
                                                                         120 d  1 yr  4 yrs 
  
Er-nat    16     4.08    3.83-2  8.36-2        0.173           1181        27    58    92 
Er-167    16     1.00    3.83-2  1.45-2                         292        29    63    99 
  
Er-nat    16     7.93    5.88-2  1.03-1        0.197           2271        22    49    90 
Er-167    16     2.00    5.88-2  2.03-2                         582        23    53    98 
  
Er-nat    16     8.00    5.91-2  1.04-1        0.198           2292        21    49    90 
Er-167    16     2.02    5.91-2  2.04-2                         588        23    53    98 
  
Er-nat    16    12.00    7.45-2  1.22-1        0.240           3402        19    43    88 
Er-167    16     3.10    7.45-2  2.93-2                         901        21    46    97 
  
 
Er-nat    64     1.00    5.08-2  6.53-2        0.159           1167        36    72    93 
Er-167    64     0.24    5.08-2  1.04-2                         284        38    77    99 
  
Er-nat    64     2.00    8.68-2  7.66-2        0.160           2329        30    66    92 
Er-167    64     0.49    8.68-2  1.22-2                         576        32    71    99 
  
Er-nat    64     2.03    8.77-2  7.68-2        0.160           2364        30    66    92 
Er-167    64     0.50    8.77-2  1.23-2                         584        32    71    99 
  
Er-nat    64     2.44    0.100   8.03-2        0.163           2843        29    64    92 
Er-167    64     0.61    0.100   1.31-2                         707        31    69    99 
  
Er-nat    64     3.96    1.40-1  9.02-2        0.179           4589        25    58    91 
Er-167    64     1.00    1.40-1  1.61-2                        1167        27    62    98 
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Table 33.  The effect of isotope separation for the case of burnable poison in the form of  
           dysprosium oxide homogeneously mixed with the fuel. 
  
  
                                 dk_EOL  dk_EOL/dk_BOL|Isot 
Isotope Number %loading -dk_Bol  ------  ------------------  BP Mass     % of BP Worth Burned 
         IFBA                    dk_BOL  dk_EOL/dk_BOL|Nat  (g/assembly) After Specified Time 
                                                                         120 d  1 yr  4 yrs 
  
Dy-nat    16     2.00    3.69-2  3.59-1        0.281            578        16    30    64 
Dy-164    16     1.32    3.69-2  1.01-1                         384        22    47    90 
  
Dy-nat    16     2.75    4.75-2  3.70-1        0.320            793        16    30    63 
Dy-164    16     2.00    4.75-2  1.19-1                         579        20    42    88 
  
Dy-nat    16     4.00    6.08-2  3.85-1        0.405           1146        15    29    62 
Dy-164    16     3.24    6.08-2  1.56-1                         932        17    36    84 
  
Dy-nat    16     4.74    6.75-2  3.93-1        0.459           1353        15    29    61 
Dy-164    16     4.00    6.75-2  1.80-1                        1149        15    32    82 
  
 
Dy-nat    64     0.76    6.52-2  3.23-1        0.253            880        17    32    68 
Dy-164    64     0.50    6.52-2  8.19-2                         583        27    54    92 
  
Dy-nat    64     1.00    8.12-2  3.34-1        0.266           1159        17    32    67 
Dy-164    64     0.68    8.12-2  8.90-2                         797        26    52    91 
  
Dy-nat    64     1.32    0.100   3.45-1        0.282           1523        16    31    66 
Dy-164    64     0.90    0.100   9.73-2                        1049        24    50    90 
  
Dy-nat    64     1.47    1.09-2  3.49-1        0.290           1697        16    31    65 
Dy-164    64     1.00    1.09-2  1.01-1                        1163        24    49    90 
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Table 34.  The effect of isotope separation for the case of burnable poison in the  
           form of gadolinium oxide homogeneously mixed into the outer one-third  
           volume of fuel pellets. 
  
  
                                 dk_EOL  dk_EOL/dk_BOL|Isot 
Isotope Number %loading -dk_Bol  ------  ------------------  BP Mass     % of BP Worth Burned 
         IFBA                    dk_BOL  dk_EOL/dk_BOL|Nat  (g/assembly) After Specified Time 
                                                                         120 d  1 yr  4 yrs 
  
Gd-nat    08    12.00    5.90-2  2.29-2        0.249            549        29    89    98 
Gd-157    08     4.00    6.08-2  5.70-3                         190        23    98    99 
  
  
Gd-nat    16     2.00    7.58-2  6.83-3        0.151            192        90    99    99 
Gd-157    16     0.39    7.58-2  1.03-3                          38        99   100   100 
  
Gd-nat    16     2.41    8.02-2  7.95-3        0.153            231        84    99    99 
Gd-157    16     0.50    8.02-2  1.22-3                          48        99   100   100 
  
Gd-nat    16     4.00    8.96-2  1.13-2        0.161            380        68    98    99 
Gd-157    16     0.88    8.96-2  1.83-3                          84        85   100   100 
  
Gd-nat    16     4.56    9.20-2  1.25-2        0.164            432        63    98    99 
Gd-157    16     1.00    9.20-2  2.04-3                          96        80   100   100 
  
Gd-nat    16     6.96    1.00-1  1.67-2        0.185            652        45    97    98 
Gd-157    16     1.63    1.00-1  3.08-3                         156        49   100   100 
  
Gd-nat    16     8.00    1.028-1 1.84-2        0.194            746        39    97    98 
Gd-157    16     1.94    1.028-1 3.56-2                         186        39   100   100 
  
Gd-nat    16     8.20    1.033-1 1.87-2        0.195            763        38    96    98 
Gd-157    16     2.00    1.033-1 3.65-3                         192        38   100   100 
  
Gd-nat    16    12.00    1.11-1  2.38-2        0.222           1098        28    89    98 
Gd-157    16     3.43    1.11-1  5.28-3                         326        24    98    99 
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Table 35.  The effect of isotope separation for the case of burnable poison in the  
           form of samarium oxide homogeneously mixed into the outer one-third  
           volume of fuel pellets. 
  
  
                                 dk_EOL  dk_EOL/dk_BOL|Isot 
Isotope Number %loading -dk_Bol  ------  ------------------  BP Mass     % of BP Worth Burned 
         IFBA                    dk_BOL  dk_EOL/dk_BOL|Nat  (g/assembly) After Specified Time 
                                                                         120 d  1 yr  4 yrs 
  
Sm-nat    08    10.58    5.78-2  1.42-1        0.290            484        55    85    86 
Sm-149    08     2.00    5.78-2  4.13-2                          95        41    97    96 
  
Sm-nat    08    12.00    5.92-2  1.53-1        0.299            546        46    84    85 
Sm-149    08     2.34    5.92-2  4.57-2                         112        36    95    96 
  
  
Sm-nat    16     1.26    5.85-2  4.07-2        0.233            121        94    94    96 
Sm-149    16     0.20    5.85-2  9.48-3                          19        99    99    99 
  
Sm-nat    16     2.00    7.01-2  5.25-2        0.219            191        93    93    95 
Sm-149    16     0.28    7.01-2  1.15-2                          27        99    99    99 
  
Sm-nat    16     3.26    8.23-2  7.19-2        0.227            309        92    92    93 
Sm-149    16     0.50    8.23-2  1.63-2                          48        99    99    99 
  
Sm-nat    16     4.00    8.73-2  8.21-2        0.236            378        90    91    92 
Sm-149    16     0.64    8.73-2  1.93-2                          61        95    98    98 
  
Sm-nat    16     5.74    9.58-2  1.02-1        0.260            537        83    89    90 
Sm-149    16     1.00    9.58-2  2.66-2                          96        83    98    98 
  
Sm-nat    16     6.84    1.00-1  1.14-1        0.276            636        77    88    89 
Sm-149    16     1.26    1.00-1  3.13-2                         120        73    98    97 
  
Sm-nat    16     8.00    1.04-1  1.25-1        0.292            741        71    87    87 
Sm-149    16     1.58    1.04-1  3.66-2                         150        59    97    97 
  
  
Sm-nat    64     0.35    9.59-2  2.64-2        0.227            135        96    96    97 
Sm-149    64     0.05    9.59-2  6.00-3                          19        99    99   100 
  
Sm-nat    64     0.37    0.100   2.69-2        0.226            143        96    96    97 
Sm-149    64     0.05    0.100   6.10-3                          20       100   100   100 
  
Sm-nat    64     0.50    1.23-1  3.00-2        0.226            192        95    95    97 
Sm-149    64     0.065   1.23-1  6.78-3                          27       100   100   100 
  
Sm-nat    64     1.00    1.78-1  4.13-2        0.232            383        94    94    96 
Sm-149    64     0.18    1.78-1  9.58-3                          58        99    99    99 
  
Sm-nat    64     1.34    2.00-1  4.85-2        0.230            511        93    93    95 
Sm-149    64     0.25    2.00-1  1.12-2                          77        99    99    99 
 



164 

Table 36.  The effect of isotope separation for the case of burnable poison in the  
           form of erbium oxide homogeneously mixed onto the outer one-third  
           volume of fuel pellets. 
  
  
                                 dk_EOL  dk_EOL/dk_BOL|Isot 
Isotope Number %loading -dk_Bol  ------  ------------------  BP Mass     % of BP Worth Burned 
         IFBA                    dk_BOL  dk_EOL/dk_BOL|Nat  (g/assembly) After Specified Time 
                                                                         120 d  1 yr  4 yrs 
  
Er-nat    16     1.00    4.87-3  5.83-2        0.169             97        41    76    94 
Er-167    16     0.24    4.87-3  9.83-3                          23        44    81    99 
  
Er-nat    16     2.00    9.14-3  6.11-2        0.155            194        38    74    94 
Er-167    16     0.47    9.14-3  9.47-3                          46        41    80    99 
  
Er-nat    16     2.11    9.60-3  6.14-2        0.155            205        38    74    94 
Er-167    16     0.50    9.60-3  9.53-3                          49        41    80    99 
  
Er-nat    16     4.00    1.67-2  6.69-2        0.160            386        35    71    93 
Er-167    16     0.98    1.67-2  1.07-2                          95        36    76    99 
  
Er-nat    16     4.09    4.71-2  6.72-2        0.160            395        35    71    94 
Er-167    16     1.00    4.71-2  1.07-2                          97        35    76    99 
  
Er-nat    16     8.00    2.85-2  7.64-2        0.166            764        29    65    92 
Er-167    16     1.94    2.85-2  1.27-2                         188        31    69    99 
  
  
Er-nat    64     2.09    3.78-2  6.28-2        0.156            811        38    74    94 
Er-167    64     0.50    3.78-2  9.78-3                         195        41    79    99 
  
Er-nat    64     4.00    6.46-2  6.97-2        0.157           1544        34    70    94 
Er-167    64     0.96    6.46-2  1.10-2                         375        37    76    99 
  
Er-nat    64     4.15    6.66-2  7.02-2        0.158           1602        34    70    93 
Er-167    64     1.00    6.66-2  1.11-2                         389        36    75    99 
  
Er-nat    64     7.23    1.00-1  7.91-2        0.166           2768        30    65    92 
Er-167    64     1.75    1.00-1  1.31-2                         678        32    70    99 
  
Er-nat    64     8.00    1.07-1  8.12-2        0.167           3056        29    64    92 
Er-167    64     1.94    1.07-1  1.36-2                         752        31    69    99 
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Table 37.  The effect of isotope separation for the case of burnable poison in the  
           form of dysprosium oxide homogeneously mixed into the outer one-third  
           volume of fuel pellets. 
  
  
                                 dk_EOL  dk_EOL/dk_BOL|Isot 
Isotope Number %loading -dk_Bol  ------  ------------------  BP Mass     % of BP Worth Burned 
         IFBA                    dk_BOL  dk_EOL/dk_BOL|Nat  (g/assembly) After Specified Time 
                                                                         120 d  1 yr  4 yrs 
  
Dy-nat    08     6.03    1.88-2  3.45-1        0.272            285        16    31    65 
Dy-164    08     4.00    1.88-2  9.37-2                         192        23    47    91 
  
Dy-nat    08     8.00    2.37-2  3.59-1        0.298            376        16    31    64 
Dy-164    08     5.59    2.37-2  1.07-1                         266        20    44    89 
  
Dy-nat    64     1.00    3.29-2  2.87-1        0.256            387        19    35    71 
Dy-164    64     1.00    4.84-2  7.34-2                         387        29    57    93 
 
 
 
 
Table 38.  The effect of isotope separation for the case of burnable poison in the  
           form of gadolinium oxide deposited in a thin coating on the lateral  
           surface of the fuel pellets. 
  
  
                                           dk_EOL  dk_EOL/dk_BOL|Isot           % of BP Worth 
Isotope Number  Coating  Relative -dk_Bol  ------  ------------------  BP Mass  Burned After 
         IFBA  Thickness Density           dk_BOL  dk_EOL/dk_BOL|Nat  (g/asbl)  Specified Time 
              (0.001 in)                                                       120 d  1 yr  4 yrs 
  
Gd-nat    16     2.18      1.00    9.54-2  1.45-2        0.176           516     55    98    99 
Gd-157    16     0.50      1.00    9.54-2  2.54-3                        119     65   100   100 
  
Gd-nat    16     2.76      1.00    1.00-1  1.69-2        0.184           652     45    97    98 
Gd-157    16     0.650     1.00    1.00-1  3.12-3                        155     47    98   100 
  
Gd-nat    16     3.76      1.00    1.06-1  2.07-2        0.203           885     34    94    98 
Gd-157    16     1.00      1.00    1.06-1  4.20-3                        238     31    99   100 
  
Gd-nat    16     4.00      1.00    1.08-1  2.16-2        0.207           942     32    93    98 
Gd-157    16     1.10      1.00    1.08-1  4.47-3                        260     28    98   100 
  
Gd-nat    16     6.31      1.00    1.17-1  2.88-2        0.239          1473     23    77    97 
Gd-157    16     2.00      1.00    1.17-1  6.87-3                        474     20    79    99 
  
 
Gd-nat    64     0.20      1.00    1.55-1  3.49-3        0.137           191     99   100   100 
Gd-157    64     0.36      0.10    1.55-1  4.80-4                         35    100   100   100 
  
Gd-nat    64     0.24      1.00    1.75-1  3.96-3        0.145           227     82    99   100 
Gd-157    64     0.50      0.10    1.75-1  5.72-4                         48    100   100   100 
  
Gd-nat   104     0.50      0.10    1.05-1  2.13-3        0.189            74    100   100   100 
Gd-157   104     0.20      0.10    1.64-1  4.02-4                         31    100   100   100 
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Table 39.  The effect of isotope separation for the case of burnable poison in the  
           form of samarium oxide deposited in a thin coating on the lateral  
           surface of the fuel pellets. 
  
  
                                           dk_EOL  dk_EOL/dk_BOL|Isot           % of BP Worth 
Isotope Number  Coating  Relative -dk_Bol  ------  ------------------  BP Mass  Burned After 
         IFBA  Thickness Density           dk_BOL  dk_EOL/dk_BOL|Nat  (g/asbl)  Specified Time 
               (0.001 in)                                                       120 d  1 yr  4 yrs 
  
Sm-nat    08     3.70      1.00    5.30-2  1.43-1       0.224            434     58    85    86 
Sm-149    08     0.50      1.00    5.30-2  3.22-2                         59     70    97    97 
  
Sm-nat    08     4.00      1.00    5.42-2  1.52-1       0.231            470     53    84    85 
Sm-149    08     0.56      1.00    5.42-2  3.50-2                         66     61    98    97 
  
  
Sm-nat    16     1.00      1.00    7.13-2  6.70-2       0.207            237     92    92    93 
Sm-149    16     0.13      1.00    7.13-2  1.39-2                         30     99    99    99 
  
Sm-nat    16     1.46      1.00    8.07-2  8.59-2       0.210            345     92    92    91 
Sm-149    16     0.20      1.00    8.07-2  1.80-2                         47     98    98    98 
  
Sm-nat    16     2.00      1.00    8.72-2  1.03-1       0.212            472     86    89    90 
Sm-149    16     0.27      1.00    8.72-2  2.19-2                         65     91    98    98 
  
Sm-nat    16     3.64      1.00    9.98-2  1.48-1       0.223            856     59    84    85 
Sm-149    16     0.50      1.00    9.98-2  3.31-2                        119     69    97    97 
  
Sm-nat    16     3.68      1.00    1.00-1  1.49-1       0.223            865     58    84    85 
Sm-149    16     0.50      1.00    1.00-1  3.33-2                        120     69    97    97 
  
Sm-nat    16     4.00      1.00    1.02-1  1.58-1       0.226            939     52    83    84 
Sm-149    16     0.55      1.00    1.02-1  3.55-2                        131     64    97    97 
  
 
Sm-nat    64     0.36      1.00    1.58-1  4.35-2       0.232            337     94    94    96 
Sm-149    64     0.50      0.10    1.58-1  1.01-2                         47     99    99    99 
  
Sm-nat    64     0.50      1.00    1.82-1  5.21-2       0.232            475     93    93    95 
Sm-149    64     0.50      0.10    1.82-1  1.21-2                         47     99    99    99 
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Table 40.  The effect of isotope separation for the case of burnable poison in the  
           form of erbium oxide deposited in a thin coating on the lateral  
           surface of the fuel pellets. 
  
  
                                           dk_EOL  dk_EOL/dk_BOL|Isot           % of BP Worth 
Isotope Number  Coating  Relative -dk_Bol  ------  ------------------  BP Mass  Burned After 
         IFBA  Thickness Density           dk_BOL  dk_EOL/dk_BOL|Nat  (g/asbl)  Specified Time 
               (0.001 in)                                                       120 d  1 yr  4 yrs 
  
Er-nat    16     4.14      1.00    3.70-2  8.96-2       0.165           1144     25    58    91 
Er-149    16     2.00      1.00    3.70-2  1.46-2                        279     28    63    99 
  
Er-nat    16     8.00      1.00    5.64-2  1.08-1       0.183           2187     19    48    89 
Er-149    16     1.94      1.00    5.64-2  1.98-2                        540     24    53    98 
  
  
Er-nat    64     1.00      1.00    4.85-2  6.74-2       0.161           1118     35    71    93 
Er-149    64     0.24      1.00    4.85-2  1.08-2                        269     37    77    99 
  
Er-nat    64     2.00      1.00    8.32-2  7.81-2       0.159           2228     30    65    92 
Er-149    64     0.48      1.00    8.32-2  1.24-2                        539     33    71    99 
  
Er-nat    64     2.08      1.00    8.54-2  7.88-2       0.159           2314     29    65    92 
Er-149    64     0.50      1.00    8.54-2  1.25-2                        560     33    71    99 
  
Er-nat    64     2.61      1.00    1.00-1  8.32-2       0.161           2904     27    63    92 
Er-167    64     0.63      1.00    1.00-1  1.34-2                        701     31    68    99 
  
Er-nat    64     4.00      1.00    1.33-1  9.30-2       0.171           4429     23    57    91 
Er-149    64     0.96      1.00    1.33-1  1.59-2                       1070     28    68    98 
  
Er-nat   104     1.00      1.00    7.52-2  7.15-2       0.153           1816     34    70    93 
Er-149   104     0.24      1.00    7.52-2  1.10-2                        446     37    75    99 
 
 
 
 
Table 41.  The effect of isotope separation for the case of burnable poison in the  
           form of dysprosium oxide deposited in a thin coating on the lateral  
           surface of the fuel pellets. 
  
  
                                           dk_EOL  dk_EOL/dk_BOL|Isot           % of BP Worth 
Isotope Number  Coating  Relative -dk_Bol  ------  ------------------  BP Mass  Burned After 
         IFBA  Thickness Density           dk_BOL  dk_EOL/dk_BOL|Nat  (g/asbl)  Specified Time 
               (0.001 in)                                                       120 d  1 yr  4 yrs 
  
Dy-nat    64     1.00      1.00    7.40-2  3.17-1       0.259           1005     17    33    68 
Dy-164    64     0.66      1.00    7.40-2  8.19-2                        664     26    53    92 
  
Dy-nat    64     1.00      1.00    7.40-2  3.17-1       0.292           1005     17    33    68 
Dy-164    64     1.00      1.00    9.87-2  9.25-2                       1008     24    50    91 
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Table 42.  The effect of isotope separation for the case of burnable poison in the  
           form of hafnium oxide deposited in a thin coating on the lateral  
           surface of the fuel pellets. 
  
  
                                           dk_EOL  dk_EOL/dk_BOL|Isot           % of BP Worth Burned 
Isotope Number  Coating  Relative -dk_Bol  ------  ------------------  BP Mass  Burned After 
         IFBA  Thickness Density           dk_BOL  dk_EOL/dk_BOL|Nat  (g/asbl)  Specified Time 
               (0.001 in)                                                       120 d  1 yr  4 yrs 
  
Hf-nat    16     7.57      1.00    4.58-2  2.18-1       0.441           2250     18    39    78 
Hf-177    16     2.00      1.00    4.58-2  9.59-2                        604     17    41    90 
  
Hf-nat    16     8.00      1.00    4.77-2  2.20-1       0.449           2376     17    39    78 
Hf-177    16     2.16      1.00    4.77-2  9.89-2                        651     17    41    90 
  
  
Hf-nat    64     2.00      1.00    7.21-2  1.90-1       0.435           2420     23    51    81 
Hf-177    64     0.51      1.00    7.21-2  8.27-2                        618     23    55    92 
  
Hf-nat    64     2.00      1.00    7.21-2  1.90-1       0.466           2420     23    51    81 
Hf-177    64     1.00      1.00    1.12-1  8.86-2                       1212     20    48    91 
  
  
Hf-nat   104     1.00      1.00    6.88-2  1.88-1       0.417           1973     26    56    81 
Hf-177   104     0.26      1.00    6.88-2  7.82-2                        514     27    62    92 
  
Hf-nat   104     1.73      1.00    1.00-1  1.93-1       0.429           3409     24    52    81 
Hf-177   104     0.44      1.00    1.00-1  8.27-2                        864     25    56    92 
  
Hf-nat   104     2.00      1.00    1.11-1  1.95-1       0.433           3910     23    50    81 
Hf-177   104     0.50      1.00    1.11-1  8.43-2                        987     24    54    92 
 
 
 
 
Table 43.  The effect of isotope separation for the case of burnable poison in the  
           form of gadolinium alloyed in the Zircaloy cladding. 
  
  
                                 dk_EOL  dk_EOL/dk_BOL|Isot 
Isotope Number %loading -dk_Bol  ------  ------------------  BP Mass     % of BP Worth Burned 
         IFBA                    dk_BOL  dk_EOL/dk_BOL|Nat  (g/assembly) After Specified Time 
                                                                         120 d  1 yr  4 yrs 
  
Gd-nat    16     1.03    5.27-2  3.28-3        0.139             59        99   100   100 
Gd-157    16     0.20    5.27-2  4.55-4                          11       100   100   100 
  
Gd-nat    16     2.00    6.92-2  4.83-3        0.142            115        97    99   100 
Gd-157    16     0.40    6.92-2  6.85-4                          23       100   100   100 
  
Gd-nat    16     4.00    8.61-2  7.39-3        0.156            231        88    99    99 
Gd-157    16     0.85    8.61-2  1.16-3                          49       100   100   100 
  
Gd-nat    16     4.67    8.96-2  8.22-3        0.159            271        84    99    99 
Gd-157    16     1.00    8.96-2  1.31-3                          58        99   100   100 
  
Gd-nat    16     7.66    1.00-1  1.21-2        0.166            446        65    98    99 
Gd-157    16     1.76    1.00-1  2.00-3                         101        80   100   100 
  
Gd-nat    16     8.00    1.01-1  1.25-2        0.167            467        63    98    99 
Gd-157    16     1.85    1.01-1  2.10-3                         107        77   100   100 
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Table 44.  The effect of isotope separation for the case of burnable poison in the  
           form of samarium alloyed in the Zircaloy cladding. 
  
  
                                 dk_EOL  dk_EOL/dk_BOL|Isot 
Isotope Number %loading -dk_Bol  ------  ------------------  BP Mass     % of BP Worth Burned 
         IFBA                    dk_BOL  dk_EOL/dk_BOL|Nat  (g/assembly) After Specified Time 
                                                                         120 d  1 yr  4 yrs 
  
Sm-nat    16     2.00    5.92-2  3.97-2        0.253            115        95    95    96 
Sm-149    16     0.31    5.92-2  1.00-2                          18        99    99    99 
  
Sm-nat    16     3.39    7.36-2  5.28-2        0.246            196        93    93    95 
Sm-149    16     0.50    7.36-2  1.30-2                          29        99    99    99 
  
Sm-nat    16     4.00    8.00-2  5.86-2        0.252            231        93    93    94 
Sm-149    16     0.62    8.00-2  1.48-2                          35        99    99    99 
  
  
  
  
Table 45.  The effect of isotope separation for the case of burnable poison in the  
           form of erbium alloyed in the Zircaloy cladding. 
  
  
                                 dk_EOL  dk_EOL/dk_BOL|Isot 
Isotope Number %loading -dk_Bol  ------  ------------------  BP Mass     % of BP Worth Burned 
         IFBA                    dk_BOL  dk_EOL/dk_BOL|Nat  (g/assembly) After Specified Time 
                                                                         120 d  1 yr  4 yrs 
  
Er-nat   104     2.14    3.86-2  6.04-2        0.154            805        40    76    94 
Er-167   104     0.50    3.86-2  9.30-3                         187        43    81    99 
  
Er-nat   104     4.00    6.94-2  6.49-2        0.159           1510        31    74    94 
Er-167   104     0.98    6.94-2  1.03-2                         367        40    79    99 
  
 
 
 
Table 46.  The effect of isotope separation for the case of burnable poison in the  
           form of europium alloyed in the Zircaloy cladding. 
  
  
                                 dk_EOL  dk_EOL/dk_BOL|Isot 
Isotope Number %loading -dk_Bol  ------  ------------------  BP Mass     % of BP Worth Burned 
         IFBA                    dk_BOL  dk_EOL/dk_BOL|Nat  (g/assembly) After Specified Time 
                                                                         120 d  1 yr  4 yrs 
  
Eu-nat    64     1.00    7.44-2  9.50-2        0.607            229        53    73    91 
Eu-151    64     0.54    7.44-2  5.77-2                         123        31    84    94 
  
Eu-nat    64     1.51    1.00-1  1.05-1        0.611            346        49    71    90 
Eu-151    64     0.81    1.00-1  6.40-2                         185        43    83    94 
  
Eu-nat    64     1.88    1.18-1  1.12-1        0.613            429        46    69    89 
Eu-151    64     1.00    1.18-1  6.85-2                         229        52    81    93 
  
  
Eu-nat   104     0.50    6.42-2  8.86-2        0.610            186        55    74    91 
Eu-151   104     0.27    6.42-2  5.39-2                         102        62    85    95 
  
Eu-nat   104     0.87    1.00-1  9.78-2        0.608            322        52    72    90 
Eu-151   104     0.46    1.00-1  5.95-2                         171        58    84    94 
  
Eu-nat   104     0.94    1.08-1  9.98-2        0.608            352        51    72    90 
Eu-151   104     0.50    1.08-1  6.07-2                         186        58    84    94 
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Table 47.  The effect of isotope separation for the case of burnable poison in the  
           form of hafnium alloyed in the Zircaloy cladding. 
  
  
                                 dk_EOL  dk_EOL/dk_BOL|Isot 
Isotope Number %loading -dk_Bol  ------  ------------------  BP Mass     % of BP Worth Burned 
         IFBA                    dk_BOL  dk_EOL/dk_BOL|Nat  (g/assembly) After Specified Time 
                                                                         120 d  1 yr  4 yrs 
  
Hf-nat   104     2.21    3.47-2  1.72-1        0.394            837        31    61    83 
Hf-177   104     0.50    3.47-2  6.77-2                         187        35    71    93 
  
Hf-nat   104     4.00    5.89-2  1.85-1        0.407           1524        27    59    82 
Hf-177   104     0.99    5.89-2  7.52-2                         371        30    66    92 
 
 
 
 
Table 48.  The effect of isotope separation for the case of burnable poison in the  
           form of osmium alloyed in the Zircaloy cladding. 
  
  
                                 dk_EOL  dk_EOL/dk_BOL|Isot 
Isotope Number %loading -dk_Bol  ------  ------------------  BP Mass     % of BP Worth Burned 
         IFBA                    dk_BOL  dk_EOL/dk_BOL|Nat  (g/assembly) After Specified Time 
                                                                         120 d  1 yr  4 yrs 
  
Os-nat   264    15.00    8.96-2  5.43-1        0.109          19620        11    17    46 
Os-184   264     0.35    8.96-2  5.92-2                         378        47    77    94 
  
Os-nat   264    17.50    1.00-1  5.44-1        0.111          22291        10    17    46 
Os-184   264     0.40    1.00-1  6.02-2                         432        46    77    94 
  
Os-nat   264    17.67    1.01-1  5.45-1        0.111          22474        10    17    46 
Os-184   264     0.40    1.01-1  6.03-2                         436        46    77    94 
  
Os-nat   264    20.00    1.12-1  5.46-1        0.112          25340        10    17    45 
Os-184   264     0.45    1.12-1  6.13-2                         494        46    77    94 
  
Os-nat   264    25.00    1.39-1  5.48-1        0.117          33050        11    18    45 
Os-184   264     0.60    1.39-1  6.41-2                         651        45    76    94 
 
 
 
 

The results have been further arranged in a set of four summary tables, one for each configuration. 
Tables 49 through 52 show input parameters and results from a representative number of runs to 
compare natural elements with separated isotopes. As much as possible, the initial negative reactivity 
has been held near 10% in these tables. Since the long run time for each case prohibited many 
iterations for fine tuning, there is sometimes a greater variation from 10% than desired; however, the 
effect of this variation has been minimized by taking appropriate ratios. 
 
The calculations for the first phase of the project have assumed that the isotopes have been separated 
completely. In reality, the enrichment achievable depends upon the particular isotope, its abundance, 
and the number of passes in the enrichment process. It is estimated that a single pass in the PSP 
process to obtain 157Gd would result in 46 to 72% enrichment, depending upon the magnetic field 
strength used. Higher enrichments of 157Gd (and other isotopes) would require additional passes 
through the PSP process, which would increase cost. The use of single-pass burnable poison 
enrichments, including the performance and further fine tuning of the burnable poisons, will be done 
in the second phase of the project. 
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Table 49.  The effect of isotope separation for the case of burnable poison in the  
           form of oxide homogeneously mixed with the fuel. 
  
  
                                 dk_EOL  dk_EOL/dk_BOL|Isot 
Isotope Number %loading -dk_Bol  ------  ------------------  BP Mass     % of BP Worth Burned 
         IFBA                    dk_BOL  dk_EOL/dk_BOL|Nat  (g/assembly) After Specified Time 
                                                                         120 d  1 yr  4 yrs 
  
Gd-nat    16     2.27    0.100   1.68-2        0.15             652        44    95    98 
Gd-157    16     0.57    0.100   2.52-3                         164        58    99   100 
  
Sm-nat    16     2.38    0.100   1.18-1        0.27             680        68    87    88 
Sm-149    16     0.47    0.100   3.24-2                         135        55    97    97 
  
Er-nat    16    12.00    7.45-2  1.22-1        0.24            3402        19    43    88 
Er-167    16     3.10    7.45-2  2.93-2                         901        21    46    97 
 
 
Er-nat    64     2.44    0.100   8.03-2        0.16            2843        29    64    92 
Er-167    64     0.60    0.100   1.31-2                         707        31    69    99 
 
 
Dy-nat    16     4.74    6.75-2  3.93-1        0.46            1353        15    29    61 
Dy-164    16     4.00    6.75-2  1.80-1                        1149        15    32    82 
 
 
Dy-nat    64     1.32    0.100   3.45-1        0.28            1523        16    31    66 
Dy-164    64     0.90    0.100   9.73-2                        1049        24    50    90 
 
 
Eu-nat    08     4.00    6.51-2  2.98-1        0.96             567        15    37    70 
Eu-151    08     4.00    7.37-2  2.85-1                         567        11    28    72 
  
Hf-nat    08     4.00    1.43-2  1.97-1        0.65             565        19    46    80 
Hf-177    08     4.00    3.41-2  1.28-1                         564        15    35    87 
  
Lu-nat    08     4.00    1.54-2  4.39-1        0.25             585        29    39    56 
Lu-176    08     4.00    6.26-2  1.08-1                         585        18    32    89 
  
Yb-nat    08     4.00    3.01-3  5.56-1        0.25             583        14    26    44 
Yb-169    08     4.00    4.80-2  1.42-1                         581        11    30    86 
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Table 50.  The effect of isotope separation for the case of burnable poison in the  
           form of oxide homogeneously mixed into the outer one-third volume  
           of fuel pellets. 
  
  
                                 dk_EOL  dk_EOL/dk_BOL|Isot 
Isotope Number %loading -dk_Bol  ------  ------------------  BP Mass     % of BP Worth Burned 
         IFBA                    dk_BOL  dk_EOL/dk_BOL|Nat  (g/assembly) After Specified Time 
                                                                         120 d  1 yr  4 yrs 
  
Gd-nat    16     6.96    0.100   1.67-2        0.18             652        45    98    98 
Gd-157    16     1.63    0.100   3.08-3                         156        49   100   100 
  
Sm-nat    16     6.84    0.100   1.14-1        0.28             636        77    88    89 
Sm-149    16     1.26    0.100   3.13-2                         120        73    97    97 
 
 
Sm-nat    64     3.73-1  0.100   2.69-2        0.23             143        96    96    97 
Sm-149    64     5.06-2  0.100   6.10-3                          20       100   100   100 
 
Er-nat    64     7.23    0.100   7.91-2        0.17            2768        30    65    92 
Er-167    64     1.75    0.100   1.31-2                         678        32    70    99 
  
Dy-nat    64     1.00    3.30-2  2.87-1        0.26             287        19    35    71 
Dy-164    64     1.00    4.84-2  7.34-2                         388        29    57    92 
 
 
Eu-nat    08     8.00    5.44-2  2.40-1        0.62             371        20    42    76 
Eu-151    08     4.00    4.94-2  1.49-1                         189        22    57    85 
  
Hf-nat    08     8.00    1.11-2  1.87-1        0.55             374        22    52    82 
Hf-177    08     8.00    2.67-2  1.03-1                         374        17    40    90 
  
Yb-nat    08    16.00    3.82-3  5.75-1        0.15             760        14    23    43 
Yb-168    08     4.00    2.74-2  8.59-2                         194        14    45    91 
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Table 51.  The effect of isotope separation for the case of burnable poison in the  
           form of oxide deposited in a thin coating on the lateral surface  
           of the fuel pellets. 
  
  
                                 dk_EOL  dk_EOL/dk_BOL|Isot           % of BP Worth 
Isotope Number  Coating -dk_Bol  ------  ------------------  BP Mass  Burned After 
         IFBA  Thickness         dk_BOL  dk_EOL/dk_BOL|Nat  (g/asbl)  Specified Time 
               (0.001 in)                                             120 d  1 yr  4 yrs 
  
Gd-nat    16     2.76    0.100   1.69-2        0.18             652    45    97    98 
Gd-157    16     0.65    0.100   3.12-3                         155    47    98   100 
  
Sm-nat    16     3.68    0.100   1.49-1        0.22             865    58    84    85 
Sm-149    16     0.51    0.100   3.33-2                         120    69    97    97 
  
Er-nat    16     8.0     5.64-2  1.08-1        0.18            2187    19    48    89 
Er-167    16     1.94    5.64-2  1.98-2                         540    24    53    98 
  
 
Er-nat    64     2.61    0.100   8.32-2        0.16            2904    27    63    92 
Er-167    64     0.63    0.100   1.34-2                         701    31    68    99 
  
Dy-nat    64     1.00    7.40-2  3.17-1        0.26            1005    17    33    68 
Dy-164    64     0.66    7.40-2  8.19-2                         664    26    53    92 
  
Eu-nat    64     1.00    1.88-1  1.63-1        0.61             948    33    61    84 
Eu-151    64     0.50    1.75-1  5.90-2                         474    39    74    90 
  
 
Hf-nat    16     8.00    4.77-2  2.20-1        0.45            2376    17    39    78 
Hf-177    16     2.16    4.77-2  9.89-2                         651    17    41    90 
 
 
Hf-nat    64     2.00    7.21-2  1.90-1        0.43            2420    23    51    81 
Hf-177    64     0.51    7.21-2  8.27-2                         618    23    55    92 
 
 
Hf-nat    104    1.73    0.100   1.93-1        0.43            3409    24    52    81 
Hf-177    104    0.44    0.100   8.27-2                         864    25    56    92 
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Table 52.  The effect of isotope separation for the case of burnable poison in the  
           form of a metal alloyed in the Zircaloy cladding. 
  
  
                                 dk_EOL  dk_EOL/dk_BOL|Isot 
Isotope Number %loading -dk_Bol  ------  ------------------  BP Mass     % of BP Worth Burned 
         IFBA                    dk_BOL  dk_EOL/dk_BOL|Nat  (g/assembly) After Specified Time 
                                                                         120 d  1 yr  4 yrs 
  
Gd-nat    16     7.66    0.100   1.20-2        0.17             446        65    98    99 
Gd-157    16     1.76    0.100   2.00-3                         101        80   100   100 
  
Sm-nat    16     4.00    8.00-2  5.86-2        0.25             231        93    93    94 
Sm-149    16     0.62    8.00-2  1.48-2                          35        99    99    99 
  
 
Er-nat   104     4.00    6.94-2  6.49-2        0.16            1510        31    74    94 
Er-167   104     1.00    7.05-2  1.03-2                          37        40    79    99 
  
Dy-nat   104     8.00    1.86-1  3.51-1        0.22            3041        16    32    65 
Dy-164   104     2.00    8.91-2  7.60-2                         750        28    56    92 
  
 
Eu-nat    64     1.51    0.100   1.05-1        0.61             346        49    71    90 
Eu-151    64     0.81    0.100   6.40-2                         185        43    83    94 
  
 
Eu-nat   104     0.87    0.100   9.78-2        0.61             322        52    72    90 
Eu-151   104     0.46    0.100   5.95-2                         171        58    84    94 
  
Hf-nat   104     4.00    5.89-1  1.85-1        0.41            1524        27    59    82 
Hf-177   104     1.00    5.89-1  7.52-2                         371        30    66    92 
  
 
Os-nat   264    17.50    0.100   5.44-1        0.11           22290        10    17    46 
Os-184   264     0.40    0.100   6.02-2                         432        46    77    94 

 
 
RESIDUAL REACTIVITY 
 
Detailed results of the residual reactivity worth of the BPs are displayed in Tables 30 through 48. The 
results are further summarized by graphing the data in Tables 49 through 52 in several forms. The 
first plot is shown in Figure 65, where the residual reactivity ratio, the ratio of negative reactivity due 
to the burnable poison at EOL to the negative reactivity due to the burnable poison at BOL, 
dkEOL/dkBOL, is plotted for each of the four configurations of each of six isotopes. Two observations 
may be made from Figure 65. The first is that the residual reactivity ratios are best for 157Gd and 
worsen in the order of 167Er, 149Sm, 164Dy, 177Hf, and 151Eu. The second observation is that, for the 
same initial reactivity worth of the BP, the ratio decreases when the poison is spread over more IFBA 
rods. When the number of fuel pins containing BP increases, the BP is spread thinner and is placed in 
a higher thermal flux position, and this reduces self-shielding. 
 
Another observation that may be made directly from Tables 49 through 52 is that the loading of 
separated isotopes to achieve the same negative reactivity at BOL is much smaller than for naturally 
occurring elements. This is also an intuitive result and is often not a great benefit. However, in cases 
where the amount of material added is limited, there is a definite benefit. This is particularly true in 
advanced reactors, where it is desired to extend the fuel cycle. Thus more fuel may be added in a 
limited core volume. In the case of coatings, time of deposition, impediment of heat transfer, and 
cracking of thick coatings due to thermal expansion all limit the thickness of the coatings. In the case 
of BP in the cladding, high concentrations of rare earths might alter the structure of the cladding or 
cause degradation by segregation at grain boundaries in the metal. In all these cases, there is a decided 
benefit to isotope separation.  
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A measure of the isotope separation benefit is the ratio of the residual negative reactivity at EOL to 
that at BOL for a separated isotope divided by a similar ratio for the naturally occurring element. This 
compound ratio is shown in Tables 49 through 52 and is plotted in Figure 66. Here it is seen that the 
benefit ratio, defined above, varies with configuration and isotope in the range of 0.15 to 0.96, which 
shows a reactivity ratio benefit of nearly an order of magnitude for 157Gd, 149Sm, and 167Er to almost 
no benefit for 151Eu homogeneously mixed with the fuel in eight IFBAs per fuel assembly. As 
expected, the ratio improves when the self-shielding is minimized by the configuration. Exceptions 
exist in the figure, largely because of differences in initial reactivity due to running a limited number 
of cases. 
 
 

Figure 65
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     Figure 65. Ratio of negative reactivity due to burnable poison (BP) at 
the end of fuel life to that at the beginning of fuel life for various 
configurations of the BP. 

 
 



176 

Figure 66
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     Figure 66. Isotope separation benefit shown by the compound ratio of 
negative reactivity due to the burnable poison (BP) at end of life to that at 
beginning of life for a single isotope to a similar ratio for the corresponding 
natural element. 

 
 
TIME DEPENDENCE 
 
Residual reactivity is not the only parameter that must be considered in selecting a burnable poison. 
Another important consideration is the time dependence of burnup. The residual reactivity ratio can 
be minimized by choosing very high absorbers, but if the BP burns too fast, it will be useless. The 
rate of burnup is considered by displaying the ratio of the negative reactivity worth of the BP at each 
of three time intervals of interest to the reactivity worth of the BP at BOL. The times chosen were 
120 days, 1 year, and 4 years. 
 
The results are tabulated as a percentage of BOL reactivity worth in Tables 49 through 52 and are 
plotted in Figures 67 through 74. From Figure 67, showing the time dependence of burnup of 
burnable poisons mixed in the fuel, it can be seen that, except for Gd and Sm, which burn rather 
rapidly, the time dependence is uniform, but the burnup is incomplete with the exception of Gd, Sm, 
and Er. From Figure 68, for separated isotopes, it can be seen that the 157Gd as well as 149Sm burn too 
rapidly. However, at the end of 4 years, the burnup is greater than 90% for 157Gd, 149Sm, 167Er, and 
164Dy, and almost 90% for 177Hf. 
 
For the case of mixing the BP in the outer one-third of the fuel, Figures 69 and 70 show that both 
natural Gd and 157Gd as well as 149Sm burn too rapidly. However, 167Er and 164Dy now become 
uniformly burning poisons with over 90% burnup at the end of 4 years. Figures 71 and 72 illustrate 
the case of a coating on the fuel pellets. Here it is apparent that Gd and Sm burn too fast to be useful. 
However, 167Er with 96% burnup at the end of 4 years becomes very promising, and 164Dy, 177Hf, and 
151Eu all become candidates. For the case of BP in the cladding, separation of isotopes becomes more 
advantageous. As shown in Figures 73 and 74, the burnup at 4 years is improved for most candidate 
isotopes. For 157Gd and 149Sm, the burnup rates are clearly too high, but natural Eu, 167Er, 164Dy, 177Hf, 
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151Eu, and 184Os all become good candidates on the basis of burnup. However, cost and availability 
are also major factors and will almost certainly eliminate Os and possibly Eu. 
 
 

Figure 67
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     Figure 67. Burn rate for naturally occurring element burnable poisons 
homogeneously mixed in the fuel as oxides shown as a percentage of the 
initial negative reactivity remaining at a given time. 
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     Figure 68. Burn rate for single burnable poisons homogeneously mixed in 
the fuel as oxides shown as a percentage of the initial negative reactivity 
remaining at a given time. 
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Figure 69
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     Figure 69. Burn rate for naturally occurring element burnable poisons 
homogeneously mixed into the outer one-third of the fuel pellets shown as a 
percentage of the initial negative reactivity remaining at a given time. 

 
 

Figure 70
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     Figure 70. Burn rate for single burnable poisons homogeneously mixed 
into the outer one-third of the fuel pellets shown as a percentage of the 
initial negative reactivity remaining at a given time. 
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Figure 71
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     Figure 71. Burn rate for naturally occurring element burnable poisons 
coated on the outer surface of the fuel pellets as oxides, shown as a 
percentage of the initial negative reactivity remaining at a given time. 

 
 

Figure 72
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     Figure 72. Burn rate for single burnable poisons coated on the outer 
surface of the fuel pellets as oxides, shown as a percentage of the initial 
negative reactivity remaining at a given time. 
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Figure 73
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     Figure 73. Burn rate for naturally occurring element burnable poisons in 
the form of a metal alloyed in the Zircaloy cladding, shown as a percentage 
of the initial negative reactivity remaining at a given time. 

 
 

Figure 74
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     Figure 74. Burn rate for single burnable poisons in the form of a metal 
alloyed in the Zircaloy cladding, shown as a percentage of the initial 
negative reactivity remaining at a given time. 
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RESIDUAL REACTIVITY PENALTY 
 
A useful method to evaluate the isotope separation advantage is to plot the initial negative reactivity 
as a function of the number of days lost due to residual BP at the end of 4 years, which we shall call 
the residual absorber penalty (RAP). These parameters are plotted for the both naturally occurring 
elements and separated isotopes. The difference in the RAP in FPDs between the natural element and 
the single isotope is the bonus for using separated isotopes. The initial negative reactivity as a 
function of the RAP (all configurations of the BP), has been previously plotted in Figures 31, 40, and 
47 for the case of 16 rods and in Figures 32, 41, 48, and 55 for the case of 64 rods. Table 53 
summarizes the results. The RAP for the naturally occurring element is given for the cases of 16 and 
64 fuel rods as well as the savings achieved by using the specified separated isotope. It can be seen 
that using 157Gd in 16 rods results in a savings of 6.3 FPD, leaving only one day RAP. The isotope 
167Er results in a savings of 32 days for 16 fuel rods, but a RAP of 33 days remains. On the basis of 
RAP alone, Gd is the most beneficial isotope, but there are other considerations, as discussed 
previously. In order to achieve a uniform burnout over several years, lower absorbing isotopes must 
be used, either alone or in conjunction with Gd. However, in all cases, separation of isotopes results 
in a significant savings, considering that the revenue from a 1000-MW plant is about $1 million 
per day. 
 

Table 53. Savings in full-power days achieved by the use of single 
isotopes over the same naturally occurring elements for 
10% initial negative reactivity 

Isotope 
RAP (natural) 

16 rods 
Savings 
16 rods 

RAP (natural) 
64 rods 

Savings 
64 rods 

157Gd 7 6.3 1 1 
149Sm 50 41 10 10 
167Er 65 32 30 28 
164Dy 200 64 160 110 
177Hf ~100 20   
151Eu   45 30 

 
 
An interesting phenomenon is that the curves are similar for each configuration of the BP. The initial 
reactivity is strongly dependent upon where the BP is placed, but for a given initial negative 
reactivity, the penalty at 4 years is the same. This is not the case when the number of fuel rods 
containing BP is changed. When Sm is distributed in 64 fuel rods, the new set of curves shown in 
Figure 41 is obtained. The savings from isotope separation is nonetheless apparent. 
 
 
ISOTOPE SEPARATION 
 
Preliminary calculations have been performed by Theragenics Corporation to assess the feasibility of 
isotope enrichment of candidate BP materials. Table 54 presents results from the preliminary 
calculations of enrichment fraction and annual production. Feasibility will be tested as soon as the 
equipment is available to obtain an actual separation run to permit cost estimation. 
 
These are calculated values and remain to be demonstrated. However, the fact that production rates 
are given in tens of kilograms per year is encouraging. A loading of an entire fuel assembly requires 
quantities of BP in the range of tens of grams to kilograms. The scale of production is appropriate. 
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Table 54.  Enrichment percentage and annual production for candidate 
           isotopes by plasma separation. 
  
  
     Isotope   Natural Abundance      Enrichment       Production Rate 
                     (%)             (% per pass)         (kg/yr) 
  
                                   2-Tesla  6-Tesla    2-Tesla  6-Tesla 
                                   Device   Device     Device   Device 
  
      157Gd         15.65            45.8     72.5        51      130 
  
      149Sm         13.8             45.8     71.7        43      109 
  
      167Er         22.9             55.5     78.9        79      203 
  
      164Dy         28.2             63.1     83.6        96      245 
  
      177Hf         18.6             46.0     71.9        68      175 
  
      184Os         0.02             0.14     0.41        76      195 
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CONCLUSIONS 
 
 
1. For a PWR, 157Gd, 167Er, 149Sm, 164Dy, and 177Hf have been identified as candidates for isotope 

separation study. 
 
2. Introduction of burnable poison into the fuel cladding is a new method that permits more rapid 

and complete burnup. 
 
3. An understanding of burnable poison behavior in various configurations has been achieved that 

can be applied to advanced reactors with extended fuel cycles. 
 
4. Calculations have demonstrated that there is a potential savings of several million dollars over a 

4 year period; thus further studies in isotope separation are justified. 
 
5. Following isotope separation studies, calculations will be performed with the new data to be 

obtained on isotope enrichment. 
 
The isotopes 157Gd, 149Sm, 167Er, 164Dy, and 177Hf were identified as potential candidates based on 
nuclear performance. All of them result in a significant cost saving over the naturally occurring 
elements. The cost of separation of the isotopes must now be evaluated. It is planned to use plasma 
separation to prepare small amounts of isotopes to assess the feasibility and cost of separation. This 
process typically produces isotopes in kilogram quantities, resulting in a substantial reduction in cost 
over previously used processes such as calutrons. In addition to cost savings, absorbers can be used to 
increase fuel enrichment and extend the fuel cycle. Fuel cycle lengths of several years without 
refueling are possible. 
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