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The Hartree Fock Bogolyubov method in a Transformed Harmonic Oscillator basis
(HFB+THO) is presented as a practical tool for axially deformed configuration-
space calculations. It is shown that the HFB+THO results almost exactly repro-
duce those of coordinate-space HFB calculations for spherical and axially deformed
nuclei. The HFB4+THO procedure, as currently formulated, is fully automated,
thereby facilitating the systematic investigation of large sets of nuclei.

Recent advances in radioactive ion beam technology have opened up the pos-
sibility of exploring very weskly-bound nuclei in the neighborhood of the par-
ticle drip lines!. A framework for a reliable theoretical description of such
exotic nucle is provided by coordinate-space Hartree-Fock-Bogoliubov (HFB)
theory?. Serious difficulties arise, however, when this methodoiogy is applied
to deformed nuclei®.

In the absence of reliable coordinate-space solutions to the deformed HFB
equations, it is useful to consider instead the configuration-space approach,
whereby the HFB solution is expanded in a complete single-particle basis.
This method, with an expansion in a harmonic oscillator basis (HEFB4-HO),
has been applied extensively in nuclear physics using Skyrme forces, the Gogny
effective interaction, or in calculations based on a relativistic Lagrangian. For
nuclel at the drip lines, however, the HFB+HO expansion converges much too
| slowly?, producing wave functions that decrease too steeply at large distances.
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An dlternative approach has recently been proposed whereby the quasi-
particle HFB wave functions are expanded in a complete set of Transformed
Harmonic Oscillator (THO) wave functions® obtained by applying a local-
scaling coordinate transformation” (LST) to the standard HO basis. The
THO basis preserves many useful properties of the HO wave functions, but in
addition gives us access to the precise form dictated by the desired asymptotic
behavior of the densities.

Applications of this new HFB+THO methodology have been reported
both in the non-relativistic and relativistic domains?. In al of these cacu-
lations, specific global parametrizations were employed for the scalar LST
function that defines the THO basis. Severa points in such an approach re-
quire special attention: (i) Any global parameterization of the LST function
modifies properties throughout the entire nuclear volume in order to'improve
the asymptotic density at large distances. This is not necessary, however,
since the HFB+HO results are usualy reliable in the nuclear interior; even
for weskly-bound systems. (i) Because of the matching conditions between
the interior and exterior regions, the global LST function has a complicated
behavior, especialy around the classical turning point, and therefore it can-
not be easily parameterized with a simple expression. (iii) The minimization
procedure applied to optimize the basis parameters becomes very time .con-
suming, especially when a large number of shells are included. Also, in some
cases, the minimization agorithm is ill-behaved and thus does not bring any
substantial improvement in preeision.

In the present work, we study how to better define the THO basis for
a practical and reliable HFB+THO theory of weakly-bound nuclei far from

closed shells. We first examine carefully\ the differences between the resuilts -

that emerge from coordinate-space HFB~ and configuration-space HFB+HO

calculations for spherical nuclei. We will see that it is possible to precisely e
define the region where HFB+HO starts to deviate from the coordinate-space -

HFB solution. Based on this observatién, one can propose a prescription
for a correct continuation -of the HFB-+HO density by introducing the L.ST -

function. The resulting THO basis leads to HFB-+THO results which almost

exactly reproduce the coordinate HFB tesults for spherical nuclei? and the
axially deformed nuclei®. The new method is naturally suited for systenilatic
investigations of nuclear properties of wepkly bound systems.
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Figure 1. Left: logarithmic derivative of the density (upper panel), and the density in the
logarithmic scale (lower panel), as functions of the radial distance. The coordinate-space
HFB results (solid line) are compared with those for the HFB+HO method with Ngp=12
and 20 HO shells, as well with the approximation given by Eq. (6) (small circles). Right:
comparison of the HFB+HQ (closed symbols) and HFB4+THO (open symbols) densities in
the linear (upper panel) and logarithmic (lower panel) scales. Though the calculations were
carried out for a specific nucleus and Skyrme interaction, the features exhibited are generic.

2 New representation of the LST function

2.1 Coordinate versus configurationa HFB calculations

The main differences between coordinate HFB and configurational HFB+HO ,
results can be seen clearly in plots of the associated local density distributions.
A typica example is shown in the left part of Fig. 1 where the densities
and their logarithmic derivatives from coordinate-space HFB calculations are !
compared with those from the configurationa HFB+HO method. .
Invariably the logarithmic derivative p/p associated with the coordinate- :
space HFB solution shows a well-defined minimum around some point Ry in ¢
the asymptotic region, after which it smoothly approaches the constant value
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k=2k, where

K = ) 2m(Bin — N)/B? | | (1)

is associated with the HFB asymptotic behaviour for the lowest quasiparticle
state that has the corresponding quasiparticle energy Ep, (see Ref.2). This
property is clearly seen in the upper left panel of Fig. 1. One can aso see
that the HFB+4-HO densities and logarithmic derivatives are in amost perfect
agreement with the coordinate-space results up to (or around) the distance
Rmin. Consequently, we conclude that the HFB+HO densities are numerically
reliable up to that point.

Moreover, the HFB vaue of the density decay constant &, when cal culated
from Eq. (1), is aso correctly reproduced by the HFB+HO results. It is
not possible to distinguish between the values of k that emerge from the
coordinate-space and harmonic-oscillator HFB calculations, both values being
shown by the same line in the upper left panel of Fig. 1.

Soon beyond the point Ry, the HFB+HO density begins to deviate dra-
matically from the coordinate-space results. When the number of harmonic
oscillator shells Ny, is increased, the logarithmic derivative of the HFB+HO
density develops oscillations around the exact solution, As a result, the log-
arithmic derivative of the HFB+HO density is very close to the coordinate-
space result around the mid point R, = (Rmax — Bmin)/2, Where Ry, is the
position of the first maximum of the logarithmic derivative after Rpin.

In summary, the following HFB+HO quantities agree with the coordinate-
space HFB results: (i) the value of the density decay constant &; (ii) the local
density up to the point Ry, where the logarithmic derivative p//p shows a
clearly-defined minimum; (%) the actual value of this point Ruyig; () the
value of the logarithmic derivative of the density a the point R,, defined
above. In fact. the last of the above is pot established nearly as firmly as
the first three; nevertheless, we shall mall<e use of it in developing the new
formulation of the HFB+THO method. !

Beyond the point R, the HFB+HO solution fails to capture the physics
of the coordinate-space results, especially in the far asymptotic, region. It is

this incorrect large-r behavior that we wil} Now try to cure by introducing the
THO basis.

2.2 Approximation to HFB local densitizs

‘Our godl is to try to find ahapproxima,tion to ‘the exact (coordinatesbace)
HFB density that is based only oninformation Contained in the HFB-+HO
results. For this purpose, one can use the WKB asymptotic solution of the
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single-particle Schrédinger equation for a given potential v(r), under the
assumption that beyond the classical turning point only the state with lowest
decay constant « contributes to the local density. Under this assumption, the
logarithmic derivative of the density can be written as

o'(r) 2 - 2V
[ A = — k24 - 2
O T TR VR Y 5T @
where the first term comes from the three-dimensional volume eleinent, while

the next two terms correspond to the first and the second order WKB solu-
tions. The reduced potentia V,

V) = V() = vy LD 2m 2 ®)
i} 72 B2 or

is the sum of the nuclear, centrifugal, and Coulomb (for protons) contribu-
tions, where £ is the multipolarity of the particular state. In practical appli-
cations it turns out that near R,, the next-to-lowest quasiparticle states do
till. contribute to the local density p, and this effect is much more important
than the second-order WKB term shown in Eq. (2). Therefore, we use the
asymptotic approximation that has the form

p'(r) __2_ /i3 2
e =~ VE2 + av + C/r2. 4

lr—s00

Since the decay congtant & is known from the HFB+HO calculation, and
assuming that the nuclear part Vy is smdl, we are left with only one rmdefined
phenomenological parameter C in the logarithmic derivative. One can fix
the actual value of C from the condition that the logarithmic derivative (4)
coincides with the HFB+HO result a the mid point R,,. Then, in order
to make a smooth transition from the HFB4HO density g(r) in the inner
region to the approximate asymptotic expression (4) in the outer region, we
introduce the following representation for the logarithmic density derivative:

E‘_:(%.) : ' for 7 < Rumin
7(r) _ .
’ ﬁ(r) N —¢ + b (Rmin - T) /r for Rmiﬂ S T S Rmux (5)

-2 \/R+ay+C/r? Cfor 7 > Rmex
The constants a, b and m are determined from the condition that the logarith-
mic derivative of the density (5) and its first derivative be smooth functions
at Ry and R,,. Notice that the first derivative of (5) at Ruin iS automat-

icaly zero so that there is no need to introduce a fourth parameter to satisfy
this condition.




500

Having determined a smooth expression for 5'(r)/p(r) and its first deriv-
aive, we can derive a corresponding approximate expression for the local
density distribution g(r) by simply integrating Eq. (5). The result is

a(r) for 7 < Rimax

. —_ 2 R2
B(r) = Ae " exp ;Tgﬁ (59},;\— %ﬁn + Ti“‘n;‘)] for Ruyin <7 < Ryax

Br~?exp| — [ 1/k? + 4V (x) d.'z:) for 7 > Rmax
| )
where the integration constants A and B are determined from a matching

condition for the density at the points Ry, and Rpax, respectively. Findly,
A(r) should be normalized to the appropriate particle number.

The approximation 5(r) works fairly well for al nuclei that we have con-
Sidered. As seen in Fig. 1, the density that emerges from prescription (6) is
in perfect agreement with the coordinate-space HFB resullts.

2.3 LST function for HFB+THQ caculations

The starting point of our new and improved HFB+THO procedure is thus.

to carry out a standard HFB+HO calculatlon for the nucleus of interest,
thereby generating its loca density, and then to use the method outlined in
the previous section to correct that densty in the large-r regime [see Eq. (6)]:

The HFB+HO density can be expressed as an expansion in the HO basis
according to

px) =Y _ Pasbi(r)ps(r)- (7)
af i
The next step is to define the LST* lso that it transforms the HFB+HO

density (7) into the corrected density of Eq. (6). This requirement leads to
the following first-order differential equation,

N 2R) Of(R

o N 2 1)) ®
which for spherical densities and the 1mt§1a| condition f(0) = O can aways be
solved for f(R). In the case of axialy-deformed nuclei, we instead carry out
a Legendre expansion of the deformed HEB--HO local density in terms of the
spherically symmetric components ﬁ,(r).] Only the' scalar component, p=o(7),
has the normalization of the total densify distribution. Therefore, in the case
of deformed nuclei, we use pi—o(r) in EQi(8) to define the LST function f(R).-

~
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Figure 2. Comparison of HFB+THO results (black symbols) with the results of Terasaki
et al.” (open symbols) for the quadrupole deformations (upper left panel), quadrupole

moments (lower left panel), rms radii (upper right panel) and S, values (lower right panel)
within the Mg chain.

In this way, the solution f(R) of Eq. (8) generates a THO basis that
when gpplied to the HFB+HO density 5,4 leads to the corrected density j(r)
which has proper asymptotic behavior. Most importantly, no information is
required to build the THO basis beyond the results of a standard HFB+HO
caculation. Since no further parameters enter, there is no need to minimize
the HFB4+THO total energy. As a consequence, with this new methodology we
are able to systematically treat large sets of nuclei within a single calculation.

3 Comparison with available coordinate-space HFB results
3.1 Comparison for spherical nuclei

We have performed configurational HFB+THO calculations for a number of
spherical nuclei. Sample results are compared with those from coordinate-
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space HPB caculations? in the right panels of Fig. 1. As expected, the
HFB+THO results are in excellent agreement with the exact HFB results.
This and other comparisons we have carried out suggest the usefulness of the
THO basis in configuration-space HFB calculations of weakly-bound systems.

3.2 Comparison for axidly deformed nuclei

Coordinate-space discretization algorithms become technically very compli-
cated when applied to deformed nucle. It is therefore very difficult to carry
out comparisons of the HFB+THO formalism with exact coordinate-space re-
sults in such nuclei. So far, there has only been one chain of nuclei — the even
Mg isotopes — that has been systematicaly investigated in the coordinate-
space framework, by dombining the imaginary-time evaluation method with
a diagonaization of the HFB Hamiltonian in a restricted space of canonical
states orbitals®.

We have performed HFB+THO calculations for the Mg chain using our
new HFB+THO prescription and with the same hamiltonian as used in
Ref. 6). In Fig. 2, we compare our results with those of Ref. 3) in for nu-
clear deformations, quadrupole moments, rms radii and two-neutron separa-
tion energies. From the comparison, we see that our HFB+THO results are
in perfect agreement with the coordinate results® for the entire Mg chain.

4 Drip-line-to-drip-line calculatiq:ns

Having tested the new HFB+THO procedure and shown that it very accu-
rately reproduces all known results from the coordinate-space approach, we
can now begin to use it as a tool for detalled investigations of nucle :across
the periodic chart. Recently, we have performed systematic axially-deformed

HFB+THO calculations for all even-even nuclei from the proton drip-line to .

the neutron drip-line with proton numbers Z = 4,6,8, . . . . 104. To clarify the
role of the pairing force, we have performed the cal culations with both volume

and surface pairing. The analysis of tl,ie,large array of data for these nucle
(more than 7500) is presently under way.
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