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	LARGE SIMULATIONS WITH COMPLEX GEOMETRY

• ELECTROSPRAY Van Berkel G. J. et al. (1999)

3D Laplace Equation

• CRYSTAL GROWTH Phan A-V et al. (2001)

Level Set/Boundary integral technique

• ELECTRONIC APPLICATIONS Masters N. and Ye W. (2004)

MicroElectroMechanical Systems (MEMS)



PROBLEM FORMULATION

• FIELD EQUATION ∇2u = 0 in D

• BOUNDARY CONDITIONS

Dirichlet: u = up on S

Neumann: t ≡ ∂u
∂n = tp on S



BOUNDARY INTEGRAL EQUATION

• SINGULAR BIE∫
S

G(x,y) t(y) dsy −
∫
S

H(x,y)·n(y)u(y) dsy = 0 x∈S

• HYPER-SINGULAR BIE∫
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G(x,y) =
1

4π‖x− y‖
, H(x,y) = ∇yG(x,y) =

1

4π

x− y

‖x− y‖3

Q(x,y) = ∇x∇yG(x,y) =
1

4π

[
I2

‖x− y‖3
− 3

(x− y) ⊗ (x− y)

‖x− y‖5

]
, x 6= y
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BIEM VS DOMAIN METHODS

n

• N = O(n2)

• M = O(n3)

• COMPUTATIONAL COST

BIEM: O(N2) = O(n4)

FEM or FDM: O(M) = O(n3)

• ACCELERATION TECHNIQUES

Greengard L. and Rokhlin V. (1987) =⇒ FMM

Phillips J. R. and White J. K. (1997) =⇒ Precorrected-FFT

Bespalov A. N. (2000) =⇒ RGM O(N1+α logβN), 0 ≤α< 1, β≥0



GALERKIN APPROXIMATION

• DECOMPOSITION u(y) =
∑
j
u(yj)ψj(y), t(y) =

∑
j
t(yj)ψj(y)

• LINEAR SYSTEM G{t} = H{u}



INFLUENCE COEFFICIENTS

• SINGULAR BIE

Gij =
∫
S

∫
S

ψi(x)G(x,y)ψj(y) dsydsx

Hij =
∫
S

∫
S

ψi(x)H(x,y) · n(y)ψj(y) dsydsx

• HYPER-SINGULAR BIE

Gij = −
∫
S

∫
S

ψi(x)N(x) · H(x,y)ψj(y) dsydsx

Hij =
∫
S

∫
S

ψi(x)N(x) · Q(x,y) · n(y)ψj(y) dsydsx
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�
	DRAWBACK G, H =⇒ Dense Matrices =⇒ O(N2)
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∫
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• QUADRATURE ESTIMATE Hk(s,t)ij =
NG∑
β=1

NG∑
α=1

CsβiC
t
αjn

tα
l Hl(x

s,β,yt,α)

• LOCAL INTERPOLATION Hl(x
s,β,yt,α) =

p3∑
r=1

p3∑
q=1

dsrβ d
t
qαHl(x̂

r, ŷq)
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WTĤiV
i, G = WTĜW
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Feature: W, Vi =⇒ Sparse =⇒ O(N)

• PRODUCTS Ĝ{ẑ}, Ĥi{ẑ}, Q̂ij{ẑ} =⇒ FFT =⇒ O(N logN)
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• DECOMPOSITION G = P + WTĜW
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	HYPER-SINGULAR BIE

DOUBLE-LAYER KERNEL

• CELL-NEIGHBOR Pkl = Gkl +
3∑
i=1

Vk,iT Ĥkl
i Wl

• DECOMPOSITION G = P−
3∑
i=1

ViTĤiW

‘QUADRUPLE’-LAYER KERNEL

• CELL-NEIGHBOR Pkl = Hkl −
3∑
i=1

3∑
j=1

Vk,iTQ̂kl
ij Vl,j

• DECOMPOSITION H = P +
3∑
i=1

3∑
j=1

ViTQ̂ijV
j

Feature: P =⇒ Sparse
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�



�
	CONVENTIONAL APPROACH VS PFFT(3): DIRICHLET (time in seconds)

Nodes TMAT Tit Total L2-error

400 110 0 110 1.425×10−2

1024 297 0 297 8.457×10−3

2500 796 1 798 6.002×10−3

4096 1433 3 1437 5.703×10−3

6400 2604 9 2616 5.969×10−3

8281 3692 27 3727 1.392×10−2

10000 4554 23 4589 6.755×10−3

∗ 16384 9205 69 9311 −−

TPFFT(3) Tit Total L2-error

110 0 110 1.425×10−2

298 1 299 8.475×10−3

705 9 714 8.629×10−3

1186 14 1201 8.263×10−3

1923 20 1944 8.449×10−3

2536 50 2587 1.680×10−2

3178 40 3219 9.044×10−3

5750 109 5861 1.091×10−2

Total = TMAT + Tit + TRHS Total = TPFFT(3) + Tit + TRHS

TBICGSTAB(4) = Tit

Intel EM64T 3.2GHz/1MB L2 cache/2GB DDR2-400



RESULTS: SINGULAR BIE
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�
	CONVENTIONAL APPROACH VS PFFT(3): NEUMANN (time in seconds)

Nodes TMAT Tit Total L2-error

400 110 0 110 2.850×10−3

1024 297 0 297 9.024×10−4

2500 797 0 798 1.813×10−4

4096 1436 1 1438 1.049×10−4

6400 2612 2 2618 1.886×10−4

8281 3682 11 3701 3.217×10−4

10000 4562 5 4579 2.534×10−4

∗ 16384 9208 16 9260 −−

TPFFT(3) Tit Total L2-error

110 0 110 2.850×10−3

297 0 297 9.024×10−4

689 7 696 5.421×10−4

1143 7 1150 5.477×10−4

1819 8 1827 5.849×10−4

2417 29 2447 5.925×10−4

2924 9 2934 6.158×10−4

5044 15 5060 6.426×10−4

Total = TMAT + Tit + TRHS Total = TPFFT(3) + Tit + TRHS

TBICGSTAB(4) = Tit

Intel EM64T 3.2GHz/1MB L2 cache/2GB DDR2-400
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�
	CONVENTIONAL APPROACH VS PFFT(3): DIRICHLET (time in seconds)

Nodes TMAT Tit Total L2-error

400 76 0 76 1.442×10−2

1024 206 0 206 9.146×10−3

2500 583 0 584 6.393×10−3

4096 1102 1 1105 5.202×10−3

6400 2118 2 2127 4.508×10−3

8281 3075 11 3101 1.824×10−2

10000 3869 5 3896 4.070×10−3

∗ 16384 8298 16 8381 −−

TPFFT(3) Tit Total L2-error

74 0 74 1.438×10−2

200 1 201 9.126×10−3

468 5 473 7.345×10−3

784 5 790 6.298×10−3

1268 6 1275 5.745×10−3

1707 24 1732 1.863×10−2

2086 8 2095 5.401×10−3

3749 15 3765 5.423×10−3

Total = TMAT + Tit + TRHS Total = TPFFT(3) + Tit + TRHS

TBICGSTAB(4) = Tit

Intel EM64T 3.2GHz/1MB L2 cache/2GB DDR2-400



RESULTS: SINGULAR/HYPER-SINGULAR BIE
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�
	COMPUTER MEMORY (in megabytes)

Singular BIE Hyper-singular BIE

Nodes CA: D/N PFFT(3): D PFFT(3): N PFFT(3): D

400 3.77 6.24 6.37 9.04

1024 17 26 26 26

2500 97 78 52 68

4096 258 146 89 105

6400 628 286 157 186

8281 1024 400 237 271

10000 1536 601 306 356

∗ 16384 4117 1433.6 695 783

CA == Conventional Approach D == Dirichlet N == Neumann



SUMMARY
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	PRECORRECTED-FFT

• ACCELERATION TECHNIQUE

• BOUNDARY INTEGRAL EQUATION

• POTENTIAL THEORY

• DENSE INTO SPARSE MATRICES

• REGULAR GRID

• FFT

• COMPUTATIONALLY EFFICIENT O(N logN) operations =⇒ O(N) memory
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WTĤiV
i, G = WTĜW
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