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The discrete WL algorithm

e F. Wang and D. P. Landau, Phys. Rev. Lett. 86, 2050 (2001).

e Density of states g(£;): Number of microscopic states
(configurations) atenergy £,, i = 1,2,..., N

e FEstimated density of states (histogram): g '(£)).

* The Random walker is guided by p(f .. & (£})
| Y
e Update g'(£)) by f-g'(E,) “once in a while”.

e Convergence: g'(E,) > g(E)+O(/In f) for arbitrary
initial estimation.

e Then reduce the modification factor f to improve the accuracy
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Continuous models and joint density of states

e Microscopic degrees of freedom: 15;,55,...Sy
e Macroscopic observables: O(s,,s,,...,5, )
e For example, Heisenberg model of ferromagnet

H=-J)S,:S,, M= ESZ or =1)'S,

<i,j>

e Joint density of states:
p(M,E)= J5(E NIH(S))S(M NIM(S)HCZ’S

e (M,E) defines the macroscopic state

OAK RIDGE NATIONAL LABORATORY
U. S. DEPARTMENT OF ENERGY UT-BATTHLLE



Support of joint density of states
Z = [ pM,E)e "N dMAE

M=N_12Siz M:lesl‘
+d| E £
I, g(M,E)>0
——
I 0 +1
a—g >0
oE
g(E,M)=0 -d
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Numerical representation of
continuous density of states

e Binning
e Binning + interpolation M. S. Shell et. al. Phys. Rev. E 66,056703
(2002). ot
A Estimation 4

Fz KOf g(x) x /7’\ iistogram
7 TN

/ {

o Kernel Density Estimation Y. D. Wu J. Chem. Phys. 121, 1193
(2004). x;: independent samples

g(x)= Zf((x X)/G) f(...): kernel function,

localized and smooth
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Local update with kernel density
estimation (KDE)

o Let x=(M,E) w(x)=log, p'(x)
w(x)— w)+6- f(x—x)/0)
* Kernel function: Gaussian kernel : f (x)z exp(— xz)

Epanechnikov kernel : f(x) = ﬁ— le

e Random walk acceptance ratio:

A ;= min{l, expkx(W(x f) —w(x;) )JJl

e Accumulation: W, (x)= loga p(x)+ C(t)+ OW)L
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Difficulties in the simulation

o Efficiency decreases due to the flat accumulation in the visited

N = [log, g(M,E)dMdE

darea.

e Continuous models usually has zero density of states on the
boundary, leading to logarithmic divergence in w(x)

Log denSIty of states

In p(M,E)
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Global updates for efficiency

e Add a constant shift to the interior of the known density of
states q

w,(x) = w, (x)+ K exp > (;))L—CU

Q(Wt (X) _m)

e Random walker is driven to the
boundary.
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Heisenberg ferromagnet
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« L =5, 3D Heisenberg ferromagnet

* Density of states flat in M at low energies due to the rotational

symmetry. p
L
« Scaling to larger size: Ing, (x)z == Ing,, (x)
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Conclusions

e Initial accumulation stage
— Local updates that preserve the continuity of the model.
— Global updates to save CPU time and increase the
efficiency.
* Refining stage
— Reduce the amplitude of the kernel function
(modification factor) to increase the accuracy.
e Measure the observables by numerical
integration.
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