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Discontinuous Galerkin Method'

Properties:

e Can handle complicated geometries.
e Simple treatment of boundary conditions.

e High order accuracy.

— Proven: ek + % order accuracy for general case.

ek + 1 order accuracy in special cases.

— Numerically: k + 1 order accuracy
e Flexibility for adaptivity.

e Highly parallelizable.




/ Discontinuous Galerkin Method. \

Consider u; + f(u
Find up(x,t) € V3, such that

/I (up)evdz = /1 flun)vedr — f((un);yp1)vi 1 + f((un);_1)v; 1

2
7

for all v € V3.

Vi, =span{l,&,£2,--- [ £Fi=1,--- N}, where & = - on
I; = (x; — A;Z,xi + A;i), and up(x,t) = leo ug >( t)ebif x € ;.

Use upwind monotone flux

Numerical Scheme:

/I (Uh)t’l)da? = /I‘ f(’U,h)’deiE — fi—l—l/Qvi_—f—l/Q —+ fi—l/Qv;__l/Q

7 7

\Vv c Vh. /
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Post-Processor '

Cockburn, Luskin, Shu, € Sili (2003)

e Discontinuous Galerkin approximation allows us to use

negative order error estimates:
[up, — ul|—1 = O(R***).

e Post-processor extracts this information.

e Works for a locally uniform mesh:
— Translation invariant

—— Post-Processor is local

-




/ Negative Order Sobolev Norm' \

|ul| .0 = sup Jo u(z)o(x)d
| PeCg® 9],

0>

Example:

uy =sin(2rNz), Q=(-1,1), £>1

1
(2w N )¢

= |lun||—e,0 =




Post-Processor Kernel. Kernel Properties I

e Independent of the partial Bramble & Schatz (1977)
differential equation. Mock € Lax (1978)
e Applied only at the final e Compact Support.
time.
e Reproduces polynomials of
e Filters out oscillations in degree 2k + 1 by
the error. convolution.

e Linear combination of

B-splines.




/ ‘ Post-Processed Solution I

Post-processed solution: u*(x) = be(kﬂ)’kﬂ * Up,.

k
Kfzb(k+1),k+1(x> _ % Z C§(k+1),k+1¢(k+1) (% B 'y)

y=—k

h = Ax; for all 7, and ci(kﬂ)’kﬂ c R.

(0 = §y, (™ = (=1 v for n > 2, where

1, =€ (— ,%),

N

0, else.

-
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Example I

Second Order Approximation

=3 [ K un)ds

where
1
K%)= 7 (PP (G - D)+t () + e (f 1)

h h h h

1—|x | <1

0 else
EVATARVARNR
Xi5/2 Xi.a/2 X1/jl Xiv1i2 X2 Xi, 5/

X
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Example I

Find ¢y, v=—1,0,1:

Use Kﬁ’2>kp:pforp: 1, x,x°

Second Order Approximation




/ ‘ Implementation I

Know form of approximation and kernel =

L [ o(kt1),k+1
L[ gk
/ ;
Z J2(k41), k:+1( _5‘3) Zu(n
]
j— Qk/%—i-J

(1)
Z ZU’HJ

j=—2k 1=0

u' () = g%

) up (y) dy

j7l7k7w)

2(k+1),k+1

y=—k Cy h

Jro, WD (40

—v)(

\/@f = [(3k +1)/2] < 2k

Y—Titj

— Litj )l dy

(=

)l dy € P2+

/




Derivatives I

Approximation | Post-Processed

N | L? error | order | L? error | order
Errors in First Derivative for P?

20 | 3.48E-03 — | 6.24E-06 —

40 | 8.72E-04 2.00 | 1.61E-07 5.28

80 | 2.18E-04 2.00 | 4.51E-09 5.16

160 | 5.45E-05 2.00 | 1.39E-10 5.02
Errors in Second Derivative for P?

20 | 6.78E-02 — | 3.64E-05 —

40 | 3.39E-02 1.00 | 2.15E-06 4.08

80 | 1.70E-02 1.00 | 1.32E-07 4.03

8.48E-03 1.00 | 8.19E-09 4.01

\160

~

du™ (x) 2k
dx = P

Ut + Uy =0
u(x,0) = sin(x)
x € (0,2m)

T =125




Derivatives of Post-Processed Solution

P2 Id/dx(u-u,)l, Before Post-Processing P?: Id/dx(u-u,)l, After Post-Processing

10°
- e P - N=10
N , N v
\\‘/, ;/\.N/
10° | R . o t-vr—N=20
N “\\ J‘// Iy r
— NV N
pe [ i \
21077_ | I N=40
Q
N=80
107 10°

"ylu14%%““%%\&=160

or ol W””MWMJﬂmwww*““““‘“W““"“rmmmp,

WW

U T T ey L L T L
X X
P?: 1d*/dx*(u-u,)l, Before Post-Processing P?: 1d%dx*(u-u,)l, After Post-Processing
AN N=1O ,‘
RRA (\z/‘/N=20 107
\r‘\; N=40
N=80 ) )
3 it il
! 10 /\ // »/ ‘\J’/\ | /\ / \/ ~ //“ ‘/
- Lo Ny 0 N/ N=10
Sy Loy b
=10°} 100 e e
(< [ S Ib N
E’ E’ vl (1 N=20
107 107 ‘
N=40
10°L 10° |- N=80
1 1 1 1 1 I 1 1 1 1 1 1
1 2 3 4 5 6 1 2 3 4 5 6




/ 2—D Approximation & Kernel.

Kz(k+1)’k+1(x,

Yx Yy

~

2(k+1),(k+1,k+1) , (k+1) [ T (k+1) [ Y
70 G T (G ) (G o)

_q/m PR

Solving: u; + f(u)z + g(u)y =0

k
Vh :span{l,fi,nj,fg,fmj,n?)"' 75?7”' 7?7j7
Z:1, ,ngjzla"' 7Ny}

h h r—x; _
onl; ;= (z;— 22 o+ 22) x (y; — 2,y + L) for & = 2 ) =

Approximation form: up(x,y,t) = S5 S u(l ™) (t)&inT for

o
\x,y cl;;.




‘2 — D System'

un(x,12.5) u*(x,12.5)
N | L? error | order | L? error | order
Pl
10% | 1.22E-01 1.22E-01
20 | 1.96E-02 | 2.63 | 1.90E-02 | 2.68
40° | 2.85E-03 | 2.78 | 2.48E-03 | 2.93
80% | 4.71E-04 | 2.59 | 3.14E-04 | 2.98
]P)Q
10% | 2.66E-03 1.97E-03
20 | 2.52E-04 | 3.40 | 5.66E-05 | 5.12
40° | 3.10E-05 | 3.02 | 1.67E-06 | 5.08
\802 3.88E-06 | 3.00 | 5.06E-08 | 5.05

~

Errors in u
Ut — Uy — Vy = 0

UVt + Uz — Uy =0
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1 — D Variable Coefficient Equation'

un(x,12.5) u*(x,12.5)

mesh | L? error | order | L? error | order
pl

10 | 1.83E-02 — | 7.82E-02 —

20 | 4.35E-03 2.07 | 1.08E-03 2.86

40 | 1.07E-03 2.03 | 1.39E-04 2.96

80 | 2.66E-04 2.01 | 1.75E-05 2.99
P2

10 | 8.61E-04 — | 1.34E-04 —

20 | 1.07E-04 3.01 | 2.34E-06 5.84

40 | 1.34E-05 3.00 | 4.55E-08 5.69

\ 80 | 1.67E-06 3.00 | 1.09E-09 5.38




1-D Variable Coefficient

el = LTI

. - 2 - -
P?: Without Post-Processing P“: With Post-processing
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/ Aeroacoustic Example I

Scatter of a plane wave off of a cylinder: wavelength \ = 2.5r

~




/ Aeroacoustic Example I \

Scatter of a plane wave off of a cylinder: Fine Mesh

Log, ¢
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‘Aeroacoustic Test Problem'

10°

—Ww— p=2
—B—— p=2, post-processed
—@— p=4
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Symmetric Post—ProcessorI

k' k
w@)= D > ul; ULk, )

X512 Xi.3/2 XH/jl Xiv12 Xiva2 Xi 5/ j=—k’ 1=0
X
C(j,l,k,a:) — Z C?y(k—i—l),k—l—l/ w(k-i—l) (yT _7) (yTZﬂ) dy
y=—k Liyj




/ ‘ Left Post-Processor ' \

0 k
* l .
u (z)= D Y ul CGL Lk )
j:—Qk/ =0
| | | | | |
Xi-9/2 X 7/2 X 5/2 X 3/2 Xi-1/2 T Xi+1/2
xi
-1 1 ,
Cllha) = > aee | VD () (€ -y — ) d
y=—2k—1 —3—(&i+)
For k =1:

2 2 35 2
K(z) = %w )(z+3) - %7¢< Mz +2) + S (@ +1)

~

. /
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Time

-
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‘Domains with Different Mesh Sizes'

e N=total number of elements

Domain 1: Domain 2:

] N,=[2N/3] N, = N-N1 for the 2 domains combined.
124
" e [0,7), has a more refined
101

S mesh.

7 e Solving a hyperbolic equation
* with smooth initial conditions
54

4 over [0, 27].

2] e Calculating approximation for
e . . .

E 2 periods in time.

0 L 1 L 2 L 3 L 4 L 5 L é 1

X

/




P?: Without Post-Processing

1-D Multi-Domain

P*: With Post-processing
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1-D Multi-Domain
Using One-Sided Post-Processor

P?: Without Post-Processing P*: With Post-processing
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‘ Multi-Domain Problem I

mesh | L? error | order | L? error | order
up(x,12.5) u*(z,12.5)
p!
20 | 3.48E-01 — | 3.76E-01 —
40 | 6.20E-02 2.49 | 6.32E-02 2.97
80 | 9.55E-03 2.70 | 1.02E-02 2.63
160 | 1.46E-03 2.71 | 1.25E-03 3.03
P2
20 | 9.77TE-03 — | 3.20E-01 —
40 | 7.95E-04 3.62 | 9.96E-03 5.01
80 | 1.05E-04 2.92 | 2.67E-04 5.22
160 | 1.31E-05 3.01 | 1.03E-05 4.69

~

U +ue =0

u(x,0) = sin(3x)
z € (0,2m)
T =125




/ Stencil Choices I

For P!, 5 candidate stencils:

2.5 T
Right: {uj,uj+1,uj+2,uj+3,uj+4}
2+ R
1.5+ . )
Right-1: {uj_1,uj,uj+1,uj+2,uj+3}
1 L
0.5r .
Centered: {uj_z,uj_ pUpUi g ,uj+2}
0= | T 1 ) 1 T T :
05t Ui-“ Ui-3 Ui-2 Ui-1 Uj Uj+1 Ui+2 j+3 Ui+4
Left+1 : {uj_s,uj_z,uj_1,uj,uj+1}
-1t
-1.5¢ Left -
eft . {uj_ 4,uj_3,uj_2,uj_1,uj}
_2— -
-2.5 :




‘Choosing the Post-Processing Stencil'

Two Approaches

e Using Essentially Non-Oscillatory (ENO) type method:

Smoothness of candidate post-processing stencils. (S. Gottlieb)

e FEdge Detection method: Finds shock location based on
numerical solution. (R. Archibald, A. Gelb)

. /




‘ENO Type Stencil Choosing'

e Calculate undivided differences at downwind point:

D]1~ = \Uj+1($j—1/2> — Uj<$j—1/2>‘a

D =|Dj, - Dj|, r=1,---,3

: 1 4
e Find maX; 4<;<j+3 Dz , o, IMNaXy _4<i<y Dz .

-




ENO Type Stencil Choosing, IPﬂI

Center Center Lef£+1 Left Riéht Right-1 Center Center

-

~
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1 — D Discontinuous Coefficient Equation'

u(z,t)e + (a(x)u(z,t)) =0

u(z,0) = {cos(%raz), x € [—1, 1]\)(—%, %),

—2m cos(dnz) =z € (—3,1
u(—=1,t) =u(l,t), T =12.5

Case of two stationary shocks.

. /




Stencil Choices '

stencil choice

sten

spatial domain spatial domain

Two stationary shocks problem for £k = 1. The S32 stencil is on the left
and the Si32 and Ss432 stencils on the right. The S32 stencil has smeared

the left shock location and biases unnecessarily, especially for 40 points.

The S432 and Ss432 are perfect.

. /




stencil choice

~

Stencil Choices '

Two stationary shocks problem
for k = 2.

The Ss32 Si32 and Ss432

stencils are all the same.

spatial domain




1-D Discontinuous Coefficient
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1-D Discontinuous Coefficient

Using One-Sided Post-Processor

P?: Without Post-Processing

P*: With Post-processing
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/ 1 — D Discontinuous Coefficient Equation' \

Case of two stationary shocks

mesh | L? error | order | L? error | order
un(x,12.5) u*(x,12.5)
p!
20 | 8.55E-01 — | 8.17E-01 —
40 | 1.93E-01 2.15 | 1.80E-01 2.18
80 | 2.72E-02 2.83 | 2.58E-02 2.80
160 | 3.69E-03 2.88 | 3.34E-03 2.95
P2
40 | 1.45E-03 — | 2.04E-02 —
80 | 1.54E-04 3.24 | 4.48E-04 5.51
\ 160 | 1.90E-05 3.02 | 5.87E-06 6.25
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1 — D Discontinuous Coefficient Equation'

u(z,t): + (a(x)u(zx,t)), =0,

o {11 e [~2,2]\(—1,1),

x € (—1,1)

U(CB,O) - (;OS,(%QZ)7 T e [_2’ 2]\(_17 1);
ssin(nz) x € (—1,1).
w(-2,1) = u(21), T=1.

Case of two stationary and two moving shocks.

-

~




1-D Discontinuous Coefficient

P?: Without Post-Processing

P?: With Post-processing
A
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1-D Discontinuous Coefficient
Using One-Sided Post-Processor

P?: Without Post-Processing

P*: With Post-processing
A

u+(au),=0

Xin(-2,2), T=1




/ 1 — D Discontinuous Coefficient Equation' \

Case of two stationary and two moving shocks

mesh | L? error | order | L? error | order

un(x,2) u*(x,2)

p!
40 | 1.36E-03 — | 2.05E-03 —
80 | 3.35E-04 2.02 | 9.57E-05 4.42

160 | 8.30E-05 2.01 | 4.61E-06 4.38

320 | 2.07E-05 2.01 | 3.40E-07 3.76

P2

40 | 3.79E-05 — | 1.90E-04 —

80 | 4.77TE-06 2.99 | 2.44E-06 6.28

\ 160 | 5.98E-07 3.00 | 2.80E-08 6.45 /
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Smoothly Varying Mesh'

Mesh defined by = = £ + 1 sin(§) where £ =ih, i =1,---, N is the

uniform mesh variable:

) g 3T Yl 3

j=—k’ 1=0 y=—k

l
y—x Y — Titj
o (252 ) ()
‘/I\i—|—j ACBZ ACEH_j

K = [(3k +1)/2]

-
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I=(x,

J

~

Smoothly Varying Mesh'

i—12%5412)

\/

T

Post-processing solution on cell I;.

e (Create locally uniform mesh of

mesh size: h = x;

e Project up(x,T) to locally
uniform mesh for all x; in the

post-processing region.

o Use un(x,T) to find
post-processed solution on I :
u'(x) =

2k k l .
Zj:—Qk Zz:() U/ngi)_m-) C(j,l,k,x)

/




Smoothly Varying Mesh

Approximation level errors for mesh type x = £ + £ sin(¢).

, Before Post-Processing , After Post-Processing
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Smoothly Varying Mesh' \

Approximation Post-Processed

N L? error | order L? error | order
p!

10 | 1.5358E-02 — | 3.2149E-03 —

20 | 3.9029E-03 1.98 | 2.2069E-04 3.86

40 | 9.7975E-04 1.99 | 1.5756E-05 3.81

80 | 2.4519E-04 2.00 | 1.2682E-06 3.64
P2

10 | 1.2175E-03 — | 6.1679E-04 —

20 | 1.5490E-04 2.97 | 1.0484E-05 5.88

40 | 1.9448E-05 2.99 | 1.6048E-07 6.03

\80 2.4337E-06 | 3.00 | 2.3281E-09 | 6.11

Approximation level

eIrrors.

u(xz) = sin(x)

r =&+ 5sin(¢)




Summary I

(2k + 2 — d)-th order accuracy in for the d-th derivative.
(2k + 1)-th order accuracy for 2—D linear hyperbolic systems.

One-Sided post-processing is able to handle computational

boundaries, mesh interfaces or discontinuous coefficients.

ENO stencil choosing is able to find discontinuities in numerical

solution.

Post-processor is able to improve accuracy for smoothly varying

meshes.
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Future Work I

e Comparing different accuracy enhancement methods.
— Adjerid, Devine, Flaherty, Krivodonova
— Cockburn, Luskin, Shu, Suli

— Zienkiewicz, Zhu
e Nonlinear hyperbolic equations.

e Applications ...
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