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Abstract

Common assumptions in most of the previous robot con-
trollers are that the robot kinematics and manipulator
Jacobian are perfectly known and that the robot actu-
ators are able to generate the necessary level of torque
inputs. In this paper, an amplitude-limited torque in-
put controller is developed for revolute robot manipula-
tors with uncertainty in the kinematic and dynamic mod-
els. The adaptive controller yields semi-global asymptotic
regulation of the task-space setpoint error. The advan-
tages of the proposed controller include the ability to ac-
tively compensate for unknown parametric effects in the
dynamic and kinematic model and the ability to ensure
actuator constraints are not breached by calculating the
maximum required torque a priori.

1 Introduction

For a robotic system to interact with and execute tasks
in the workspace, a transformation between objects lo-
cated in the workspace and the robot is typically required.
Since the robot is controlled through inputs to the link ac-
tuators, the robot kinematics and manipulator Jacobian
are used to relate a workspace coordinate system to co-
ordinate systems attached to each actuator. A common
assumption in most of the previous robot controllers is
that the robot kinematics and manipulator Jacobian are
perfectly known and that the robot actuators are able
to generate the necessary level of torque inputs. The
assumption that the robot kinematics and manipulator
Jacobian are perfectly known limits robustness because
measurement errors may lead to degraded performance
or unpredictable responses. Moreover, this assumption
limits the applicability of the controller since many ma-
nipulators may have the same kinematic structure but
different kinematic parameters. The assumption that the
robot actuators are able to generate the necessary level of
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torque is also limiting since robotic actuators have phys-
ical constraints. If the controller commands more torque
than the actuators can supply, degraded or unpredictable
motion control and thermal or mechanical failure may re-
sult.

Based on the need for controllers that take actuator
constraints into account, several researchers have pro-
posed amplitude limited controllers (e.g., see [7]-[9], [11],
[13], [14], [16], [19], and the references within). Specifi-
cally, Santibafiez and Kelly [16], proposed a global asymp-
totic regulating controller that is composed of a saturated
proportional derivative (PD) feedback loop plus an exact
model knowledge feedforward gravity compensation term.
In [11], the same authors generalized a class of regulators
for the control problem given in [16]. Motivated by the
research given in [11] and [16], Loria et al. [13] designed
an output feedback (OFB) global asymptotic regulating
controller; however, exact knowledge of the gravity terms
was still required. To provide for robustness, Colbaugh et
al. [7], [8] designed full-state feedback (FSFB) and OFB
global asymptotic regulating controllers that compensate
for uncertainty; however, the control strategy switches
between one controller that is used to drive the setpoint
error to a small value, and another controller that is used
to drive the setpoint error to zero. In [19], a semi-global
FSFB adaptive controller was developed that includes an
amplitude-limited PD feedback loop plus a feedforward
term that adapts for gravity and static friction effects. In
[14], Loria et al. designed an exact model knowledge OFB
semi-global tracking controller. In [9], Dixon et al. pro-
posed an adaptive FSFB semi-global tracking controller.
Each of the previous amplitude limited controllers tar-
get a joint-space control objective; hence, to achieve an
objective defined in the task-space, the aforementioned
controllers would require perfect knowledge of the ma-
nipulator forward kinematics and Jacobian.

From a review of literature, it seems few controllers
have been developed that target uncertainty in the ma-
nipulator forward kinematics and Jacobian. For example
in [4]-[6], Cheah et al. developed several approximate
Jacobian feedback controllers that exploit a static, best-
guess estimate of the manipulator Jacobian to achieve
task-space regulation objectives despite parametric un-
certainty in the manipulator Jacobian. As reported in



[3], a drawback of the controllers in [4]-[6] is that the
task-space velocity of the robot end-effector is required
to be measureable, and the controller in [5] requires the
computation of an estimate for the Jacobian inverse. In
[3], Cheah et al. resolve these issues by developing a PD
controller that exploits a static, best-guess estimate of the
manipulator Jacobian to achieve a task-space regulation
result.

In this paper, an amplitude-limited torque input con-
troller is developed for revolute robot manipulators with
uncertainty in the kinematic and dynamic models. The
adaptive controller yields semi-global asymptotic regula-
tion of the task-space setpoint error. As in the recent re-
sult in [3], the controller does not require the task-space
velocity of the robot end-effector to be measurable, does
not require the inverse of the estimated Jacobian to be
computed, and does not require exact model knowledge
of the robot dynamics. The current result actively com-
pensates for uncertainty in the gravity and static friction
effects. In contrast to the use of a static, best-guess es-
timate as in [3], the controller in this paper also exploits
a feedforward control term that actively compensates for
the parametric uncertainty in the Jacobian. The advan-
tages of the proposed controller include the ability to ac-
tively compensate for unknown parametric effects in the
dynamic and kinematic model and the ability to ensure
actuator constraints are not breached by calculating the
maximum required torque a priori.

2 Robot Model

The dynamic model for a rigid n-link, serially connected,
direct-drive revolute robot is given as follows [12]

M(q)G + Vin(q,4)q + G(q) + Fesgn(q) = 7. (1)

In (1), q(t),4(t), §(t) € R™ denote the link position, veloc-
ity, and acceleration vectors, respectively, M(q) € R™*"
represents the inertia matrix, V,, (g, ¢) € R™*™ represents
centripetal-Coriolis matrix, G(q) € R™ represents gravity
effects, F;, € R™*"™ denotes the constant diagonal static
friction coefficient matrix, sgn(-) € R™ denotes the vector
signum function, and 7(t) € R™ represents the torque in-
put vector. Let z(¢) € R™ (m < n) represent a task-space
vector that is related to the robot joint-space as follows

x="h(g)  &=J(g)q(t) (2)
where h(q) € R™ denotes the differentiable forward kine-
oh
— € R™*" de-
dq
notes the differentiable manipulator Jacobian.

The dynamic model introduced in (1) has the following
properties that are used in the subsequent control devel-
opment and analysis.

matics of the manipulator, and J(q) £

Property 1: The positive definite and symmetric inertia
matrix, satisfies the following inequalities

my [|€]? < T M(q)€ <ma |lE]?,  VEER™ (3)

where mi, mo € R are known positive bounding con-
stants, and ||| is the standard Euclidean norm.

Property 2: The time derivative of the inertia matrix
and the centripetal-Coriolis matrix satisfy the fol-
lowing skew symmetric relationship

¢ (3@~ Volad) ) €=0 veeR™ (@)

Property 3: The unknown gravitational and static fric-
tion terms can be linearly parameterized as follows

Y(q,4)¢ £ G(q) + Fysgn(q) (5)

where ¢ € RP contains unknown constant parame-
ters, and the regression matrix Y(q,q) € R™*P con-
tains measurable functions of the link position and
link velocity. Lower and upper bounds denoted by
b, ¢ € RP, respectively, are assumed to be known for
each parameter in ¢ as follows

6i<¢;<d Vi=12.p (6)

where ¢, ¢, € R denote the i-th component of ¢ and

¢, respectively, and ¢; € R denotes the i-th compo-
nent of ¢.

Property 4: The time derivative of the inertia matrix,
the centripetal-Coriolis matrix, the gravity vector,
and the static friction matrix can be upper bounded
in the following manner

|3@|_ <l IVl @)l < SNl (7

where (g, (¢, (¢, C,, € R are known positive bound-
ing constants, and ||-||, ., denotes the induced infinity
norm of a matrix.

Remark 1 Since the controller in this paper is developed
for revolute robots, the terms M(q), C(q,q), G(q), and
J(q) are bounded for all possible q(t). That is, these terms
only depend on q(t) as arguments of bounded trigonomet-
ric functions, and

17(D)li0e < 61 (8)

where 61 € R is a known positive constant.

3 Control Development

3.1 Control Objective

As described previously, many robotic tasks are naturally
defined in terms of the task-space. Since the robot con-
troller is defined in the joint-space (i.e., as a motor cur-
rent or a joint torque) the manipulator Jacobian is typi-
cally required to relate the task-space to the joint-space.



The objective for the controller described in this paper
is to regulate the end-effector of a robot manipulator to
a desired task-space setpoint using an amplitude limited
torque input despite uncertainty in the manipulator Jaco-
bian and the dynamic model. To quantify this objective,
a task-space setpoint error denoted by e(t) € R™ is de-
fined as follows

9)

where z(t) was introduced in (2), and 4 € R™ denotes
the known, constant desired setpoint. As in [3], the subse-
quent development is based on the assumption that x(t),
q(t), and ¢(t) are measurable. Specifically, ¢(t) and ¢(t)
can be obtained from encoder/tachometer sensors, and as
in [3], z(t) could be obtained from a camera system.

To facilitate the subsequent amplitude limited control
design, a vector function Tanh(e) € R™ and a matrix
function Cosh(e) € R™*™ are defined as follows

A
e=x—xy

Tanh(e) £ [tanh(e; ), tanh(es), ... ,tanh(e,n)]”  (10)
Cosh(e) = diag {cosh(e;),cosh(ez), ...,cosh(e,,)} (11)

where diag {-} represents the standard diagonal matrix
whose off-diagonal elements are zero. Based on the con-
straint that the manipulator Jacobian is uncertain, a lin-
ear parameterization denoted by Y;(q,e)¢; is defined as
follows

Yy(g,e)¢, £ J" (g)Tanh(e) (12)

where Y;(g,e) € R"*P2 contains measurable functions
of the link position and task-space setpoint error, and
¢; € RP2 contains the unknown constant parameters con-
tained in the Jacobian matrix. To facilitate the subse-
quent analysis, an estimate for (12) is developed as fol-
lows R .

Y;(q.€)9; = J' (q)Tanh(e)

where ¢ s(t) € RP2 denotes a subsequently designed pa-
rameter estimate. Lower and upper bounds denoted by
0] J,q[)_J € RP2 respectively, are assumed to be known for
each parameter in ¢ ; as follows

Sk <O < by

where @ ;. ¢x € R denote the k-th component of [

(13)

Yk =1,2,..p (14)

and (b_J, respectively, and ¢, € R denotes the k-th com-
ponent of ¢;. To facilitate the subsequent design and
analysis, the parameter estimation error signals ¢(t) € R?
and ¢ ;(t) € RP? are defined as follows

PLo—0 b 20—,

where (Aﬁ(t) € RP denotes a subsequently designed para-
meter estimate.

(15)

Remark 2 Based on (8) the following inequality can be
developed

< 2.

100

J(q) (16)

where 62 € R denotes a known positive constant (i.e.,69 >

0).

Remark 3 The following inequalities can be shown to
hold for all e(t) € R™ and ¢(t) € R™ [9]

2 In(cosh (e;)) > | Tanh(e)||* > tanh®(|lel]), (17)
i=1
. 4
I41+4 2 8
ITanh(e)|| [|Tanh(d)|| < [Tanh(e)|* + | Tanh(d)|?,
(19)
ITanh(e)|| |4l < | Tanh(e)|* + |4l (20)
llell = [[Tanh(e)]l, (21)

where Tanh(q) € R™ is defined as in (10), and In(-) de-
notes the natural logarithm.

3.2 Closed-Loop Error System

Based on the control objective and the subsequent stabil-
ity analysis, the following adaptive controller is developed

7=Y(q,d)¢ — kyYs(q, )¢, — kyTanh(q) (22)

where k,, k, € R denote constant control gains. Based
on the subsequent stability analysis, the parameter esti-
mates @(t) and ¢ ,(t) are generated from the following
adaptation laws

b = proj {Qui}  dyult) = proj {Qux}

where Q,;(q,q, e) and Qix(q, ¢, €) denote the i-th and k-
th component of Q,(q, ¢,e) and Q;(q, ¢, e), respectively,
Vi = 1,2,...p and Vk = 1,2,...p2, where the auxiliary
terms ,(q,¢,e) € RP and Q4(q, ¢,e) € RP2 are defined
as

(23)

Qo(q7 (jv 6)
Ql(qa q.v 6)

For the adaptation laws given in (23) and (24), I’y € RP*P
and I'; € RP2XP2 denote constant, diagonal positive def-
inite adaptation gain matrices, € € R is a positive, con-
stant adaptation weighting gain, and the function proj{-}
is defined as follows

—ToY7(g,d) (4+Ya(a,€)d,) (24
Ty YT (g, )d.

(1>

Qoi if &>,
Qoi if ¢;=¢; and Qy >0
proj{@uy & {0 UL Gim g and B <
0 if ¢,=¢; and Q, >0
Qm' ’Lf ¢z = gz and Qoi S 0
Qoi 7’f ¢i < gz
¢ < 6:(0) <9 (25)

where ¢,(t) denotes the i-th component of ¢(¢). The
proj{Qix(q,q¢,e)} is defined in the same manner as in



(25) with regard to ¢, (t). The above projection algo-
rithm ensures that the following inequalities are satisfied
(for further details see [1] and [15])

6 <)< by < Dyi(t) < Py

Based on (23)-(25), the following inequality can also be
shown to hold

0| < 19(a,d, &) < kpAmax {T1} Ya(a, €)1 lld]

(27)
where A\pax {-} denotes the maximum eigenvalue of a ma-
trix. After substituting (22) into (1), the following closed-
loop error system can be determined

M(q)i+Vim(g,@)d = Y (¢,9)d—kp Yy (q, €)$,— ko Tanh(q)

(26)

(28)
where (5) and (15) have been utilized.
e Assumption: Based on (13) and (23)-(25), the fol-
lowing inequalities are assumed to be valid [3]
S316° <€" (@) () vEER"  (29)

where 63 € R denotes a known positive constant (i.e.,
63 >0 )

Remark 4 The time derivative of the linear parameter-
ization Yy (q,€)p;(t) is given by the following expression

4 (V2(0.016,0)) = 5 Ys(a. )30, (0

+%YJ((], €)J(q)id; (1) + Yo (q,€)35(t)

where (2) and (9) were utilized. After taking the norm of
(30), the following expression can be obtained

(30)

H YJ qa ¢J H H_YJ q,¢e

‘ 0
+ P

Oe

Since q(t) and e(t) appear as arguments of bounded
trigonometric functions in Y;(q,e), the following inequal-
ities can be developed

]

Y;(q,e)Jq

[ 6,0| + 1¥s(. )l \

6,00

0 . .
Mol <G [gvoteed]| <ol
0 . .
lvitaos| scmta e

where 81 was defined in (8), and € j1,¢ j9,C y5 € R denote
known positive constants. The inequalities in (26), (27),
(31), and (32) can now be used to formulate the following
upper bound

|5 (v0.0,0)]

where {; € R denotes a known positive constant defined
as follows

¢; £ max {Cmgf{ika € 73610 71> kpAmax {T'1} C?n} - (34)

< ¢y ldl (33)

4 Stability Analysis

Theorem 1 Given the robotic system defined by (1) and
(2), the control torque input given in (22), along with
the adaptation law given in (23)-(25) ensures semi-global
asymptotic regulation of the task-space error in the sense
that

lim [le(?)]| = 0.

t—o0

(35)

The result in (35) is valid, provided the control gains ky
and k, given in (22)-(24), and the adaptation weighting
gain ¢ defined in (24) are chosen to satisfy the following
sufficient conditions

kp > kzv@ >0, (36)
63
. mq kp 1
— 37
e < mm { D6’ 263ms 205 } ’ (87)
and

ky (1 —2e6 A ’

BOZ220) o | =220 ) sy
QECX §m1 — E(SQmQ

where my and mo are defined in (3), 62 and b5 were
defined in (16) and (29), respectively, ¢, € R denotes
a subsequently defined, positive bounding constant, and
A2(t) € R denotes a subsequently defined positive bound-
ing function.

Proof: Let V(t) € R denote the following the nonneg-
ative function

V) 2 qM (@) d+<Tanh (€I ()M (a)d

+ Z kpIn (cosh(e;)) + %(}5

i=1

Based on (3), (17), (19), (20), and (39), the Raleigh-Ritz
Theorem [10] can be used to bound V' (¢) by the following
inequalities

M) < V() < (). (40)

In (40), the positive function A;(t) € R is defined as fol-
lows

[1>

a2 (g - ctama) a1 ()

+ i kp — 26627712) In (COSh(Ei (ﬂ))

,_A

o (55 ]
w57 o]

)

1
3
R
22




and the positive function A(¢) introduced in (38) and
(40) is defined as

2 (Gren)malaol? (42)

Z + 2e63ms) In (cosh(e;(t)))

o (55} [0

%Amax{Ffl} H¢J(t)H '

1
2

Based on (41), it is straightforward that if ¢ is selected
according to (37), then A (¢) > 0; hence, from (40) V(t) >
0.

After taking the time derivative of (39), the following
simplified expression can be obtained

V(t)= —¢"Y¢—eTanh™(e)J(q)Y
~kpd"Y ¢ s — koq" Tanh(q) + ex
—ek,Tanh™ (e)J(q)JT (q)Tanh(e)

—ek,Tanh” (e)J (q)Tanh(q)
~T_ 1~ ~T 4~
6 Tyl — 0,170,
where (4), (12), (13), (15), and (28) were utilized, and
the auxiliary term x(t) € R is defined as follows

(43)

x 2 2 (Yi(a.06,0) M (@) (44)

+Tanh"(¢) (J(@) (M(@) = Vnla.0)) d) -

Based on the form of (44) and the properties of Tanh(-)
defined in (10), the expressions in (3), (7), (16), and (33)
can be utilized to show that

112
IxIl < ¢ lldll

where the positive constant ¢, introduced in (38) and
(45) is defined as

CX = max {ng% 52<m’ 52(6} .

After utilizing (16), (19), (21), (24), (29), and (45), the
following expression can be obtained

(45)

(46)

V(t) < —ckybs ||Tanh(e)|* — ky || Tanh(d)||?

ek, (|| Tanh(e) > + | Tanh(@)]*) + ¢, 4

+<;5TF51 <Qo - &) + %JFII <Ql - (%J>
(47)

By utilizing (23)-(25), the following advantageous expres-
sion! can be developed for the upper bound of (47)

V(t) < —& | Tanh(@)|” -« (kpds — kyb2) I\Tgﬂh(fi)\l2
— (% = ekvba) [ Tanh(@)II” + ¢y all”-
(48)

1 For more details on how the projection algorithm allows one to
proceed from (47) to (48), the reader is referred to [17].

Provided that the condition given in (36) and the follow-
ing inequality are both satisfied

- (% - bt ITanh(@ o6, P <0 (49

the expression in (48) can be used to prove that V() < 0.
To facilitate further analysis, (18), (40), and (41) are used
to obtain the following sufficient condition for (49)

2
Vit

1 ®) +1>
§m1*€m2

If the conditions in (36), (37), and (50) are satisfied,
the inequality in (48) can be used to obtain the following
inequality

(50)

(k‘v — 26]{31,(52) >
2e,, -

V(t) < -8

where 8 € R is a positive constant, and ¥(t) € R™" is
given by

(51)

¢ £ [Tanh™ (e) TanhT((j)]T (52)
From (51), it is clear that V (t) < 0; therefore,
V(2(t),t) < V(2(0),0) < A2(2(0),0) Ve>0 (53)

where \o(t) was defined in (42), and z(t) € R* is given
by

é[uqﬁ Zlncoshez o] H@HQ] - ()

Based on (53), the final sufficient condition for (50) can
be expressed by the inequality in (38). For more details
on the above semi-global stability argument, the reader
is referred to [2], where a similar type of argument was
utilized for a different problem.

From (53) it is clear that V(t) € L; hence, ¢(t),
d(t), b5(t),1h(t) € Loo. Since e(t) € Loy, and the desired
setpoint is constant, it is clear that z(t) € L. Since the
development is directed at revolute robots, ¢(t) only ap-
pears in h(g) in (2) as an argument of bounded trigono-
metric functions; hence, it is typically unclear how the
boundedness of ¢(t) can be proven. However, the bound-
edness of ¢(t) is typically not a concern since ¢(t) only
appears as an argument of bounded trigonometric func-
tions in the controller. From (6), (15), (23)-(25), and

the preceding arguments, it is clear that ¢(t), ¢(t), ¢, (t),
¢, (t), T(t) € Lso. Moreover, (2) and the facts that ¢(t),
J(q) € Lo can be used to prove that &(t), é(t) € Loo;
hence, e(t) is uniformly continuous. From (51), (52), and
the properties of the hyperbolic tangent, it is clear that
q(t), e(t) € Lo [10]. Since e(t), é(t) € Lo and e(t) € Lo,
Barbalat’s Lemma [18] can be invoked to conclude the
result in (35). O

e(t),



Remark 5 An important advantage of the proposed
adaptive controller given by (22)-(25) is that it can be
upper bounded in terms of a priori known terms as fol-
lows

17l < 1Y oo 181 + o 1Y llio [[6]] + B

Furthermore, the adaptive weighting gain € can be selected
arbitrarily small to satisfy the conditions given in (36)-
(88); hence, the magnitude of k, can be made arbitrarily
small.

(55)

5 Conclusion

An amplitude limited controller was developed for ro-
bot manipulators despite uncertainty in the dynamic and
kinematic models. The adaptive controller yields semi-
global asymptotic regulation of the task-space setpoint
error. The advantages of the proposed controller include
the ability to actively compensate for unknown paramet-
ric effects in the dynamic and kinematic model and the
ability to ensure actuator constraints are not breached by
calculating the maximum required torque a priori.
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