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Abstract - Differentially driven skid-steering vehicles are often considered for navigation in outdoor terrains.

However, the control of such vehicles is challenging because the wheels must skid laterally to follow a curved path, and

motion stability can be lost as a result of excess skidding due to the position of the instantaneous center of rotation

(ICR). To accommodate for the potential loss of stability due to the ICR, the development in this paper places an

artificial operational nonholonomic constraint on the vehicle motion. Based on the operational constraint, a robust

nonlinear controller is presented that can be used to achieve unified tracking and regulation of the vehicle. The dynamic

model of the vehicle is also considered to incorporate further robustness to disturbances such as unknown vehicle

properties and ground interaction forces.

I. INTRODUCTION

Skid-steering mobile robots (SSMR) (e.g., the ATRV
line of vehicles by iRobot, the PIONEER. 3-AT by Ac-
tivMedia Robotics) are considered as all-terrain vehicles
because of the robust nature of the mechanical struc-
ture. The robust mechanical nature of the robot is due,
in part, to the lack of a steering system. Steering of a
SSMR  is achieved by differentially driving wheel pairs
on each side of the robot. Although the steering scheme
yields some mechanical benefits, the control of SSMR
is challenging because the wheels must skid laterally to
follow a curved path (i.e., the wheels are not aligned
with the tangent of the path curve). If the projection of
the instantaneous center of rotation (ICR) of the vehicle
along the longitudinal axis becomes large the vehicle can
loose motion stability as a result of excess skidding. In
contrast, the ICR of traditional car-like vehicles is the-
oretically fixed along the rear wheel axis and the front
wheels are steered tangent to the curved path. [1]

Although significant research has been directed at
path planning and motion control for nonholonomic ve-
hicles (see Dixon et al. [2], [3] for a review of the state
of the art in mobile robot control), research that ex-
amines and accommodates for skid steering effects is
sparse. Recently, Caracciolo et al. investigated the mo-
tion stability of the SSMR when the ICR moves out of
the wheelbase. [4] Specifically, Caracciolo et al. im-
posed an artificial operational constraint on the vehicle
that limited the projection of the ICR along the longi-
tudinal axis to be confined to the wheelbase. A lineariz-
ing feedback kinematic controller was then developed to
yield an exponential tracking result. Due to restrictions
on the controller imposed by Brockett’s condition, [5]
the regulation problem is not solved. [4] To accommo-

date for the dynamics of a SSMR, a dynamic feedback
linearizing controller was proposed that required exact
model knowledge of the vehicle dynamics including the
ground-wheel interaction forces. [4] To develop a more
practical controller, a robust tracking controller was also
proposed; however, the controller was only analyzed for
straight line motion. [4]

Inspired by Caracciolo et al., an operational con-
straint is incorporated in the control design in this pa-
per. In contrast to the research by Carraciolo et al., a
kinematic control structure based on our previous re-
search is exploited that simultaneously solves the track-
ing and regulation problems. [2] Specifically, the kine-
matic controller is based on the strategy of forcing some
transformed states to track an exogenous exponentially
decaying signal. This strategy yields a global exponen-
tial result for the transformed states and a global uni-
formly ultimately bounded (GUUB) result for the actual
position and orientation tracking or regulation errors
(i.e., the errors are bounded by an exponential envelope
that reaches an arbitrarily small neighborhood about
the origin). Motivated by practical issues such as the
desire to accommodate for unknown ground interaction
forces, a robust controller is developed that incorporates
the uncertain dynamic model of the SSMR.

II. KINEMATIC MODEL

In this section, the kinematic model of the vehicle is
developed. To develop the kinematic model, the kine-
matics of the free-body vehicle are developed along with
the wheel kinematics. The wheel velocities are then re-
lated to the vehicle velocities to determine the complete
vehicle kinematics.



A. Free-Body Kinematics

Fig. 1. Free body diagram.

To develop the kinematic model for a SSMR that is
assumed to move in a plane (for simplicity) with an iner-
tial coordinate system, denoted by (X, Yy ), and a local
coordinate system, denoted by (z;, y;), where the origin
of (z;, yi) is fixed to the center of mass (COM) of the
SSMR as illustrated in Fig. 1. The position and orien-
tation of the COM, denoted by ¢(t) € R3, is defined as
follows

¢2[X Y 0 (1)

where X (t), Y(t) € R denote the position of the COM
along the X, and Y} axes, and 6(t) denotes the counter-
clockwise rotation of the the coordinate system (z;, y;)
with respect to (X, Yy). The linear velocity is defined
as ve(t) Ever(t), vey(t)]T where vep (), vey(t) € R de-
note velocity components of the COM along the x; and
y; axes, respectively, and w.(t) £ H(t) denotes the angu-
lar velocity. The following relationship can be developed
from Fig. 1
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B. Wheel Kinematics

To further develop the kinematic model of the SSMR,
the i*" wheel is considered as rotating with angular ve-
locity w;(t), where w;(t) € R Vi = 1,2,...,4 denotes
the angular velocity control input for each wheel. For
simplicity, the thickness of the wheel is neglected and is
assumed to touch the plane at P; as illustrated in Fig.
2. For traditional mobile robots, the wheel rotation is
translated into a linear motion along the tangent of a
curve without longitudinal slippage as described by the
following expressions [6]

Vig = Wir (3)
viy = 0 (4)

where 7 € R is the wheel radius. The relationship in
(4) is only valid for a SSMR moving in a straight line.
Since the wheels of a SSMR are not aligned with the
curve tangent, v, (t) # 0 when w.(t) # 0.

C. Wheels to Vehicle Relationships

The vectors d;(t) £[dix(t), diy ()] and de(t) Z[dex(t),
doy ()T € R? are expressed in (77, y;) and are defined
from the ICR of the vehicle to P; Vi = 1,2,...,4 and
from the ICR to the vehicle COM, respectively, as illus-
trated in Fig. 3. Based on the geometry of Fig. 3, the
following expressions can be developed

Vix Vex Viy Vcy
Yo _ e Yy Y _, (5)
diy  Yicr  dix TICR

where we utilized the fact that the coordinates of the
ICR expressed in (z;, y;), denoted by zjogr(t) and
yror(t) € R, are defined as follows

T
] (6)
From Fig. 3, it is clear that the vectors d;(t) introduced
in (5) satisfy the following relationships

[ #1cr  yicr ]T =[ —dca doy

dly = d2y = dC’y —C
d3y = d4y = dcy +c
diy =dyg =dce —a
d2w = d3w = dC;c +0

(7)

where a, b, c € R are vehicle constants introduced in Fig.
1. Based on the development in (3) and (5)-(7), the indi-
vidual angular wheel velocities (i.e., the kinematic con-
trol inputs) can be related to the individual longitudinal
wheel velocities expressed in (z;, y;) as follows

[wL:wlsz]l[’Ulz:UQz} (8)

WR = W3 = w4 r U3z = U4z

where wp(t), wr(t) € R denote the angular velocities
of the wheels on the left and right side of the vehicle,
respectively, and r is given in (3). From (5)-(8), the
following relationships can be developed to relate wr,(t),
wr(t) to the velocity of the COM expressed in (x, y;)

wr _ o-)c(dC’y - C) — 1 I’IZR Ve

WR we(deoy + ©) 1 —IICCR Vey |
After simple algebraic manipulation, (9) can be used to
develop the following measurable relationship between

the wheel velocities and the velocity of the COM ex-
pressed in (z;, y;)

=)l

Vey

Therefore, v.(t) is used in the subsequent development
as the kinematic input.



Remark 1: The expressions in (5)-(7) can be used to
determine that

Uiy = Vay _ we(doy — a) (11)
Va2y = U3y wc<dCz + b)

|: 0 lez:bR :| |: Ve ] .
0 " Ticr ey

From (11), it is clear that there is no possibility to con-

trol the lateral velocity of the wheels without knowledge
of z7og(t), the zj-axis projection of the ICR.

D. Vehicle Kinematics

The following velocity constraint can be obtained from
(5) .
Vey + rrcrt = 0. (12)

After using (2) and (12) the following expression can be
developed
X
[ —sin® cos® wxrcr || Y | =A(q,t)¢=0. (13)
0
Since the generalized velocity ¢(¢) is always in the null

space of A(q,t), it is possible to obtain the following
kinematic relationship

q= S (Q7t) Ve, (14)
where
S" (q,t) A" (g,t) = O2x1 (15)
and
cosf) —sinf
S(q,t) 2 | sin@ cosf |. (16)
1
0 _1ICR

III. DynaMIC MODEL

Researchers typically focus on the design of kinematic
controllers and path planners to account for the nonholo-
nomic motion constraints, with relatively few controllers
that account for the dynamics of the vehicle. [2], [3], [7],
[8] For SSMR, dynamic issues are especially important
due to the unknown lateral skidding ground interaction
forces. In this section, the wheel forces are examined,
and the dynamic model of the vehicle is developed.

A. Wheel Dynamic Model

In Fig. 4, F;(t), N; € R denote action forces related to
the wheel torque and gravity respectively, and Fj; (¢),
Fs; (¢) € R denote lateral and longitudinal reaction
forces due to friction. Assuming that there is no lon-
gitudinal slippage between wheel and surface, F;(t) is
linearly dependent on the wheel torque control input,
denoted by 7;(t) € R, as follows

Fi =TT;. (17)

Fig. 2. Velocities of one drive wheel.

Fig. 3. Wheel and vehicle velocity relationships.

Fig. 4. Forces for one drive wheel.



Assuming symmetry about the longitudinal midline
axis, IV; can be determined as follows

1 b

Ny = Ny=- 1
1 4 2a+bmg’ (8)
1 a
Ny = N3=-— . 19
2 3 2a—|—bmg ()

where ¢ denotes gravity acceleration, a and b are de-
picted in Fig. 1, and m denotes the vehicle mass. The
lateral and longitudinal reaction forces due to friction
can be determined as follows

(20)
where viscous friction effects have been neglected for
simplicity. In (20), sgn(-) denotes the standard signum
function, and y;, p, denote the static friction coefficients
in the lateral and longitudinal direction, respectively,
that are assumed to be equal for each wheel for simplic-
ity.

B. Vehicle Dynamic Model

The dynamic model of the 4-wheel differentially
driven, SSMR, depicted in Fig. 1 can be expressed in
the generalized coordinates as follows

Mi+ F = Br+ AT\, (21)

Fii (§) = wy Nisgn(vy;)

where M € R3*3 is a constant, diagonal, positive defi-
nite matrix, F (q,q4) € R?® denotes the friction effects,
B(q) € R3*2 denotes a torque transmission matrix,
A is a vector of constraint forces, and 7(t) =[r,(t),
71(t)]T € R? denotes a vector of torques produced by the
angular velocities of the left and right wheels (see (8)),
respectively. [2] The matrices M, B (q), and F (g, q) are
defined as follows

m 0 0 cosf cosf
M2 0 m 0| B(gaLl] sing sing
0 0 I —c ¢

Fs (q) cos — Fy (¢)sinf

F(q,4) = | Fs(g)sinf+ F () cos o

M, (4)

(22)
where I € R denotes the moment of inertia about the
COM, c is depicted in Fig. 1, Fs(¢) € R is a resultant
longitudinal resistance force, Fj(¢) € R is a resultant
lateral force, and M, (¢) € R denotes a resistive moment
around the center of mass. [4] In (22), Fs (¢) and Fj (¢)
are defined as follows

Fy(q) = ZFsi (@), Fi(9)2 _ZFM (4),

and the resistive moment is defined as

M, (§) = b(Fi2(q)+ Fi3(9) — a(Fu () + Fua (9))
+c(=Fa (§) — Fe2 (4) + Fs3 () + Fsa (4))

where Fj; (¢) and Fj; (¢) are defined in (20). [4]

IV. CONTROL DEVELOPMENT
A. Operational Constraint

For straight line motion, the coordinates of the ICR
expressed in (x, y;) are (0, 00); hence, (12) can be used
to conclude that ve,(t) = 0 (i.e., there is no lateral skid-
ding). For curved motion, the z;-axis projection of the
ICR becomes nonzero, and (12) indicates that v., (t) # 0
(i.e., lateral skidding occurs). Some lateral skidding is
required to enable the vehicle to traverse curved paths;
however, excessive skidding can result in a loss of motion
stability. Carraciolo et al. quantify excessive skidding
as the value of v, (t) when |x;cr(t)] is greater than the
wheelbase (e.g., if |zrcr(t)] > a). [4]

To develop a controller that limits the magnitude of
the skidding, a so-called operational nonholonomic con-
straint on the vehicle motion can be incorporated. [4]
Specifically, the following constraint is artificially im-
posed on the motion of the vehicle from (12)

Vey + 200 = 0 (23)

where o € R is a positive constant (i.e., a skid limiting
gain). For example, x¢ could be selected as 0 < zg < a
to ensure that |z;or(t)] > a. [4] By introducing the
artificial constraint in (23), the expression in (16) can
be rewritten as follows

cosf —sinf
S(q) = sig@ 00510 . (24)

xo

B. Tracking Control Objective

The control objective for the robot is to ensure that
q(t) tracks a reference position and orientation, denoted
by q.(t) £[X.(t), Y,.(t), 0,.(t)]7 € R3. To quantify this
objective, a pose tracking error, denoted by G(t) € R3,
is defined as follows

(25)

The SSMR reference trajectory can be generated as fol-
lows

Gr = S(QT)UT (26)

where S(-) was defined in (24), and v, (t) £[veer (1),
Veyr(t)]T € R? denotes the reference velocity. [9], [10]
With regard to (26), it is assumed that the signal v, (t)
is constructed to produce the desired motion and that
ve(t), Or(t), ¢-(t), and ¢.(t) are bounded for all time.

C. Kinematic Control

C.1 Transformation

To facilitate the development of the kinematic con-
troller, the auxiliary variables w(t) € R and z(t) € R?
are related to the tracking errors introduced in (25) as
follows [2]

[w 27" 2P (0,0)q (27)



In (27), the global invertible transformation P (9, 5) €
R3%3 is defined as [2]

P11 P12 —2xg

P (9,@) 21 0 0 1 (28)
cosf sinf 0

where p11 (0, é), D12 (9, é) € R are defined as

P11 (Q,é) 2 _fcosh+ 2sinb

D12 (9,9) L _fsinh — 2cosé.

The structure of the transformation introduced in (27) is
motivated from the resulting open-loop system. Specif-
ically, after taking the time derivative of (27), an open-
loop system is obtained that is similar to Brockett’s non-
holonomic integrator [5]

ul JTz + f (29)

zZ = u.

w

In (29), J € R?*2 denotes the following skew-symmetric
matrix

JéH _01] (30)

the auxiliary kinematic control signal u(t) € R? is re-
lated to the kinematic control input v.(t) as follows

u= T*IvC — [ ) } (31)

Vegr COS 21 + Uy SIN 27

where T'(q, §) € R?*? is defined as

Té{ao H (32)

and L(q,§) £ X (t)sin0 — Y (t) cos 0 is an auxiliary vari-
able that has a distance meaning, and f(¢) € R is defined
as

f&£2 [—vm Sin 21 + Veyr (cos 2] — z—z — 1” . (33)

The inverse relationship in (31) can be determined as
follows

ve = Tu + 11, (34)
where
: L
me Vegr COS 21 + Vcyr (Sm 21 — x_o> . (35)
Ucyr

Based on (10) and (31), u(t) is considered as the kine-
matic control input in the subsequent sections.

C.2 Control Design

The focus of the previous development was to craft an
open-loop error system that incorporated an artificial
operational constraint to limit lateral skidding by the
vehicle as in Carraciolo et al. [4] Now the aim is to de-
sign the kinematic controller. In contrast to the research
in Carraciolo et al. [4] that restricts v, (t) # 0 (i.e.,
the regulation problem can not be solved), to achieve a
unified tracking and regulation result the following kine-
matic control structure leverages on research by Dixon
et al. [2]

U2 ug — koz. (36)

In (36), u,(t) € R? is defined as

Ug 2 <k”‘;—;fJ + Ql> 2 (37)

d

where k1, ks € R denote positive constant design para-
meters. The kinematic control design is motivated by a
strategy to force the transformed tracking error signal
2(t) to track an auxiliary desired signal z4(t) € R? that
is generated from the following differential equation

A [6d + <k1w+f

and initial condition
zg (0)za (0) = 63 (0). (39)

An auxiliary error signal, denoted by 2(t) € R?, is de-
fined as follows to quantify the tracking performance
2 2q— 2. (40)

z

The structure of (38) and the initial condition provided
in (39) can be used to prove that [2]

la ()1 = 63 (¢)

where Q4 (t), 64(t) € R are auxiliary terms defined as
follows

5d kiw + f
D 2k + = — 41
1 2+ 5, +w 52 (41)
84 = agexp (—ayt) + &1 (42)

and ag,a1,61 € R are positive constant design para-
meters. After substituting (36)-(42) into the open-loop
error system in (29), the following closed-loop error sys-
tem can be obtained [2]

w=ul'JZ — kjw (43)

7= —koZ + wJu,. (44)



C.3 Stability Analysis

Based on the open-loop error system in (29) and the
control structure in (36)-(42), the following theorem can
be developed. [2]

Theorem 1: Provided the desired trajectory (i.e.,
v (t), 0 (t), - (t), and ¢.(t)) is selected to be bounded
for all time ¢ > 0, the kinematic controller given in (36)-
(42) ensures the position and orientation tracking errors
defined in (25) are GUUB in the sense that

Y @.]60)] < Boexp(—r0t) + Brer (45)

‘f((t)

where €1 was introduced in (42), and 8, 8;, and v, € R
are some positive constants.

Proof: Let V(w(¢),2(t)) € R denote the following
non-negative function [2]

1 1
After taking the time derivative of (46) and making the
appropriate substitutions from (43) and (44), the follow-
ing inequality can be obtained

V < —2min(k, ko) V. (47)

Standard arguments can now be employed to solve the
differential inequality given in (47) to obtain the follow-
ing inequalities [2]

W1 (w(t), 2(¢))[| < exp(—min(ki, k2)t) || ¥1(w(0), 2(0))||
(48)
Izl < 2]l + [|zall
< exp(—min(ki, k2)t) [[P1(w(0), 2(0))[|  (49)
+agexp(—aqt) + &1

where the vector W1 (w(t),2(t)) € R3 is defined as
v =[w 7. (50)

By using the results in (48) and (49) along with the in-
verse of the transformation introduced in (27) and (28),
the result in (45) can be obtained. [2]

Remark 2: No restrictions are placed on the desired
trajectory v,.(t), 0.(t), ¢-(t), and ¢, (t) that would not al-
low the vehicle to stop at a desired goal position. Hence,
it is straightforward that the kinematic controller can
also be used to solve the regulation problem.

D. Dynamic Control

Inclusion of the dynamic model in the control design
is motivated by the desire to improve the robustness of
the control design. One method to include the dynamic
model is to feedback linearize the dynamic equations;
however, this is impractical because of unknown lateral
skidding forces associated with the SSMR. Therefore,
it is essential to design a controller which is robust to
the dynamic unmodeled disturbances. [11] To facilitate

the subsequent development and analysis, the dynamic
model in (21) can be rewritten in terms of u(t) as follows

M+ Cu+ F = Br, (51)
where

M = (ST)" M (ST)
c=1T (STMS'T n STMST')

_ : . (52)
F =TT (STMSI + STMSIT + STF)
B=(ST)" B.
From (22) and (52), it is clear that
M=C+C" (53)

and that the following skew-symmetric relationship ex-
ists
(0T -C)e=0 VEeR (54)

Based on the fact that the kinematic controller in
(36)-(42) is continuous, backstepping techniques can be
used to incorporate the dynamic effects. [2], [12] Specif-
ically, since the transformed velocity signal u(t) is no
longer a control input, a desired velocity signal, denoted
by uq(t) € R?, is designed based on (36) as follows

Ug 2 ug — koz. (55)

The dynamic model in (51) can be expressed in terms
of u4(t) and then linearly parameterized as follows

Mg+ Cug + F = Y0, (56)

where § € R* is the following vector of unknown positive
constants
T
0=[m I pmg pwmg ] (57)
and Yy (g4, 4, @r, Gry Ua, tq) € R?** is a known regres-
sion that is a function of the desired transformed veloc-
ity and acceleration. A constant, best-guess estimate for
the unknown parameters in (57) is defined as 6y € R*. A
parameter estimate error, denoted by # € R*, is defined
as follows

0=0,—0 (58)

where the norm of 6 can be upper bounded by a known
positive constant p € R as

< 2

The closed-loop error system for w(t) and Z(¢) can be
determined as follows [2]

W o= —kwt+ulJz+alJz (60)

Z = —keZ+wJu,+1u (61)

where 7i(t) € R? denotes the following backstepping er-
ror signal
U= uq — u. (62)



To develop the torque control input, we consider a Lya-
punov function candidate, denoted as V5 (w, Z,1) € R,
as follows

1 1 1 _
L) = §w2 + 5?2 + §12TM11.
After taking the time derivative of V5 (w, Z, @) and sub-
stituting for the closed-loop error systems in (60) and

(61), the following expression can be obtained

Vo (w,2,0) = —kw?—k3Tz+a" (wiz+2) (63)

V2 (w,

A

_ _ _ _ 1 =
+aT (Mud +Cu+F - Br+ 5Ma)

where (51) and (62) were utilized. The following expres-
sion can be obtained after utilizing (53) and (54), and
then adding and subtracting the term @7 (¢)C(-)uq(t) to
the right side of (63)

Va(w,2,0) = —kw?—k3Tz+ a7 (wJz+ 2)64)
+aT (Mﬂd+éud+F—BT).

After using (56), (64) can be rewritten as follows
Va (w,,1) = —kiw’—ko 2T 2+0" (wlz + 7 + Yy0 — Br)
(65)
Based on (65), the torque control input is designed as

follows

=B (wlz+ 7+ Yy + 7o + k3it) (66)

where 7,(t) € R? denotes a robust control term designed
as follows N
vTi

a = Yd £~ d© y
Y allp+ e

where €5 € R is an adjustable positive constant. Af-

ter substituting (66) and (67) into (65), the following

expression is obtained

T (67)

Vo(w,2,0) = —kiw?—kez'z— ks’ (68)
~ REXT
+(vFa) (- —— ).
v’ (0 fs)
By utilizing the following inequality
o< Wdtlre (69)
[Ydallp+ ez

the expression in (68) can be rewritten as follows
Vo (w, @, @) < —kiw? — ko272 — ksaT i 4 5. (70)

Based on (70), similar stability analysis techniques as
outlined for the proof of Theorem 1, can be used to prove
the following theorem.

Theorem 2: Provided the desired trajectory is se-
lected so that g, (t),dr (t), v (t),0, (t) € L&, the ro-
bust controller given in (37), (38), (41), (42), (55), (66),
and (67) ensures the position and orientation tracking
errors are GUUB as follows

1G]l < v/ By exp (—71t) + €285 + B3 exp (—75t) + Bact
Where 717 727 Bla ﬁ27 ﬁ?ﬂ ﬂ4 > O [2]

V. CONCLUSION

Regulation and tracking control of a 4 wheel differen-
tially driven, skid-steering vehicle is considered in this
paper. Inspired by the research in Carraciolo et al., an
artificial nonholonomic operational constraint was incor-
porated in the control design to minimize lateral skid-
ding. Specifically a skid limiting control parameter is
incorporated that limits the longitudinal component of
the projection of the ICR (e.g., to remain inside the
wheelbase) on the local coordinate system attached to
the vehicle. In contrast to the research in Carraciolo
et al., both the tracking and regulation problems are
solved with a robust controller that rejects disturbances
due to dynamic properties of the vehicle including un-
known ground interaction forces.
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