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Abstract. This work presents the first continuum shell-model study of weakly bound neutron-rich
nuclei with several valence nucleons. For the single-particle basis, we take the complex-energy
Berggren ensemble representing the bound single-particle states, narrow resonances (Gamow
states), and the non-resonant continuum. In our calculations, we consider the shell-model Hamilto-
nian consisting of a one-body finite Woods-Saxon potential and a residual two-body interaction. The
proposed Gamow shell model, which is a straightforward extension of the traditional shell model
based on a discrete basis, is shown to be an excellent tool for the microscopic description of weakly
bound systems.

INTRODUCTION

It is a great pleasure to dedicate this paper to Rick Casten on the occasion of this
conference in his honor. The subject of our work, i.e., the shell-model treatment of
exotic nuclei, is of particular relevance to Rick’s anniversary. Firstly, the nuclear shell
model has been a guiding principle behind most of his scientific work [1]. Secondly,
the physics of exotic nuclei far from the beta stability line has been one of Rick’s main
scientific interests and activities [2].

In many respects, weakly bound nuclei are much more difficult to treat theoretically
than well-bound systems [3]. The major theoretical difficulty and challenge is the treat-
ment of the particle continuum. For weakly bound nuclei, the Fermi energy lies very
close to zero, and the decay channels must be taken into account explicitly. As a result,
many cherished approaches of nuclear theory such as the conventional shell model and
the pairing theory must be modified. But there is also a splendid opportunity: the explicit
coupling between bound states and continuum, and the presence of low-lying scattering
states invite strong interplay and cross-fertilization between nuclear structure and reac-
tion theory. Many methods developed by reaction theory can now be applied to structure
aspects of loosely bound systems. And, of course, nuclear structure effects can clearly
manifest themselves in reactions involving exotic nuclei.

The treatment of continuum states is an old problem which, in the context of excited
states near or above the decay threshold, has been a playground of the continuum shell
model (CSM) [4]. In the CSM, including the recently developed Shell Model Embedded
in the Continuum (SMEC) [5], the scattering states and bound states are treated on
an equal footing. So far, most applications of the CSM, including SMEC, have been
used to describe limiting situations in which there is couplingne-nucleon decay



channels only. However, by allowing only one particle to be present in the continuum, it

is impossible to apply the CSM to ‘Borromean systems’ for whieland(A-2)-nucleon
systems are particle-stable but the intermediaté)-system is not. Various approaches,
including the hyperspherical harmonic method or the coupled-channel approach, have
been developed to study structure and reaction aspects of three-body weakly bound
nuclei [6]. However, most of these models utilize the particle-core coupling which does
not allow for the exact treatment of core excitations and the antisymmetrization between
the core nucleons and the valence particles.

The reason for limiting oneself to only one patrticle in the continuum in the CSM
has been two-fold. First, the number of scattering states needed to properly describe
the underlying dynamics can easily go beyond the limit of what present computers can
handle. Second, treating the continuum-continuum coupling, which is always present
when two or more particles are scattered to unbound levels, is difficult. There have been
only a few attempts to treat the multi-particle case and, unfortunately, the proposed
numerical schemes, due to their complexity, have never been adopted in microscopic
calculations involving multiconfiguration mixing. Consequently, an entirely different
approach is called for. Recently, we formulated and tested the multiconfigurational shell
model in the complete Berggren basis [7], the so-called Gamow Shell Model (GSM).
(For application to two-particle resonant states, see also Ref. [8].) In this paper, GSM is
applied to systems containing several valence neutrons.

BERGGREN BASISAND COMPLETENESSRELATIONS

The Gamow states (sometimes called Siegert or resonant states) [9] are generalized
eigenstates of the time-independent Schrddinger equation with complex energy eigen-
valuesk = E, —il/2, wherel" stands for the decay width (which is zero for bound
states). These states correspond to the poles &thatrix in the complex energy plane
lying on or below the positive real axis; they are regular at the origin and satisfy purely
outgoing asymptotics. Figure 1 shows the distribution of Gamow states in the complex
momentum plane.

In the following, we consider the Gamow states of a one-body spherical finite poten-
tial. The single-particle (s.p.) basis of Gamow states must be completed by means of a
set of non-resonant continuum states. This completeness relation [10, 11], reads:

1)l | 19,00)(0K k=1 @

where @, are the Gamow states carrying the s.p. angular momemntunstands for

all the remaining quantum numbers labeling Gamow stage) are the modified
scattering Gamow states, and the contouin the complex-plane has to be chosen in
such a way that all the poles in the discrete sum in Eq. (1) are contained in the domain
betweenL , and the real energy axis (cf. Fig. 1).u;§j(r) stands for the radial part of

@,j» thenuy;(r) = uy;(r)* andgﬁu-:%j(u — ). If the contourl, is chosen reasonably
close to the real energy axis, the first term in (1) represents the contribution from bound

states and narrow resonances, while the integral part accounts for the non-resonant



sale1S punoq

o
sa]elS punognue
°

capturing states decaying states

FIGURE 1. Schematic representation of the Gamow basis in the complex momentum plane. The
Gamow states (i.e., poles of the Smatrix) are indicated by dots: bound states (k = iy), antibound states
(k = —iy), decaying resonances (k = k — iy), and capturing resonances (k = —k — iy). The contour L
represents the non-resonant continuum (see Eq. 1).

continuum. A number of completeness relations similar to (1) were studied by Lind
[11]. Inparticular, if L, coincideswiththereal axis, one obtainsthewell-known Newton
completeness relation involving bound and scattering states:

~ 1 .
n:%und|%j><%j|‘|‘E/R|§Dj(k)><§0j(k )jdk=1. @

There have been several applications of resonant states to problems involving contin-
uum [12], but in most cases the so-called pole expansion, neglecting the contour integral
in Eq. (1), was used. The importance of the contour contribution was investigated in
Refs. [13, 14] in the context of the continuum RPA with separable particle-hole inter-
actions where it was concluded that the non-resonant part must be accounted for if one
aims at a quantitative description. This can be achieved by discretizing the integral in
Eq. (1) [15]. In this work, we use the quadrature based on the four-point interpolation.
The number of discretization pointsin the non-resonant scattering continuum is denoted
by Ngont in the following.

In our study, Gamow states are determined using the generalized shooting method for
bound states which requires an exterior complex scaling [12]. The antisymmetric two-
particle wave functions |(pi(1) (pl(2)> ; are obtained in the usual way by coupling the s.p.
wave functions of the consli deréd bound, resonance, and scattering Gamow states. The

radia integrals entering the Hamiltonian matrix elements were regularized separately
by an appropriate choice of the angle of the exterior complex scaling. The resulting



T T T T
T e S T A 4 oofe e e gd e -
: ',. H HEERELRY . .
: ; i, 20 : .o
02 - : R I E
i Pl o2f] O F A
— Pl Ot states| i .. .
Yoo4 Poa et Negni=5 |~ Ji" e 2 s
E 0.4 o U "r::.“.: cont 4
= A Deee m Y
18O 8 8; AT w -04p it
o). < I= KIS
0.6 3 i WS = :
0t states et e A R
c ! . . H
Ncont=10 =] =H v H
c c oo 0.6 Ti O
08 1 - - ] o o
; * £i
(%] [2H
SO H
jut ju
' - - : -0.8¢ £ £i
-10 5 0 5 E E
Re(E) S &
® bound states and resonances 55 e : i = .
non-resonant background ) )
Re(E)

FIGURE 2. Distribution of GSM states in the complex energy plane calculated for 120 (left; (two-
particle case) and 2°0 (right; four particle case). The bound and resonant states lie close to the real energy
axis, they are marked by large dots. The remaining states represent the non-resonant continuum. One- and
two-neutron threshol ds are indi cated.

(complex symmetrix) Hamiltonian matrix can be diagonalized using standard methods

[7].

SELECTION OF RESONANT STATES

The crucia problem pertaining to the interpretation of the CSM results is the selection
of states associated with resonant excitations of the system. Bound states can be clearly
identified, because the imaginary part of their energy must be zero. No equally ssmple
criterion exists for resonance states. Fortunately, the coupling between scattering states
and resonant states is usually weak; hence, one can determine the resonances using the
following two-step procedure. In the first step, the shell-model Hamiltonian is diago-
nalized in both (i) the full space including the contour, and (ii) the subspace of Gamow
states (pole expansion). In the second step, one identifies the eigenstates of (i) which
have the largest overlap with those of the second diagonalization. As a representative
example, Fig. 2 shows the distribution of shell-model energies in the complex energy
plane calculated for 80 and 2°0. In both cases the bound states and resonances lie a,
or very close to, the real energy axis. The remaining states represent the non-resonant
continuum,; their distribution varies with N, On the other hand, bound and resonant
states are stable with respect to N, All states below the one-neutron threshold (marked
as 1n) are bound. The states above the two-neutron (2n) threshold are unstable to one-
and two-neutron emission. As seen in Fig. 2, for 180, the eigenstates forming the non-




resonant background align along regular tragjectoriesin the complex energy plane[8] that
reflect the choice of the contour L in the momentum space. In the four-particle case,

200, this regularity is practically lost.

EXAMPLESOF CALCULATIONS

In the following exploratory GSM calculations, we shall consider two cases: (i) 18-220
with the inert 180 core and active neutrons in the sd shell, and (ii) ®°He with the
inert “He core and active neutrons in the p shell. Our aim is not to give the precise
description of these nuclei (for this, one would need a realistic Hamiltonian and a
larger configuration space), but rather to illustrate the method, its basic ingredients, and
underlying features. The details of these calculations will be published elsewhere [16].

The“ Oxygen" case

The s.p. basis was generated by a Woods-Saxon (WS) potential with the radius
Ry,=3.05fm, the surface diffuseness d=0.65fm, the potential depth U,=—55.8MeV, and
the strength of the spin-orbit term Ug,=6.06 MeV. With this choice of parameters, the
single particle Odg /2 and 1s, jp States are bound with s.p. energies —4.14MeV and

—3.27MeV, respectively, and 0d, /2 isaresonance with the s.p. energy 0.9-0.048 MeV.

Energies of these s.p. states are close to the s.p. states of /0. The completeness relation
requirestakingthe s, /2 dg /22 and d, /2 NON-resonant continuums. For the 1s; /2 and 0d /2
bound states, their non-resonant continuums can be chosen aong the real momentum
axis. Since, to the first order, the inclusion of these continuums should only result
in the renormalization of the effective interaction, they are ignored for the purpose
of the present exercise whose main focus is the neutron emission. On the contrary,
0d, /2 IS a resonance state, so the associated contour has to be complex to produce the

correct energy width. The number of discretization points was N,,=5. For the residual
interaction, we assumed the 3-force with the strength V,;=-350MeV fm?,

Figure 3 displays binding energies of 18220 calculated in GSM. In spite of very sim-
ple interaction and rather limited configuration space, the agreement with experimental
data is good. Also quite reasonable is the predicted spectrum of 180 (Fig. 3, inset). In
particular, the states which are predicted to appear above the 1n threshold acquire a
positive width [7].

The“Helium" case

A description of the neutron-rich helium isotopes, including Borromean nuclei $8He,
is a challenge for the GSM. “He is a well-bound system with the one-neutron emission
threshold at 20.58 MeV. On the contrary, the nucleus °He, with one neutron in the p
shell, is unstable with respect to the neutron emission. Indeed, the J™ = 3/27 ground
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FIGURE 3. Experimental (EXP) and predicted(GSM) binding energies of 18-220. The inset shows the
calculated two-neutron spectrum of 180 compared to experimental data.

state of °He lies 890keV above the neutron emission threshold and its neutron width is
large, T=600keV. Thefirst excited state, 1/2;, isavery broad resonance (=4 MeV) that

lies 4.89 MeV above the threshold. ®He, on the contrary, is bound with the two-neutron
emission threshold at 0.98 MeV and one-neutron emission threshold at 1.87 MeV. The
first excited state 2{ at 1.8MeV in ®He is neutron unstable with awidth T=113keV. In

our GSM calculations, the states in °He are viewed as one-neutron resonances outside
of the “He core. A good fit to 3/2; and 1/2; states in °He is obtained by taking the
WS potential with R, = 2fm, d=0.65fm, U, = -47MeV, and Ug, = 7.5 MeV. With this
potential, one finds the single-neutron resonances p, /2 and p, pa E=0.745-0.32 MeV

and E=2.13-2.94 MeV, respectively. The number of discretization points was N.y,=5
for both partial waves. With this choice of N,;=5 the accuracy of calculations (i.e., the
size of the false width) was of the order of 100 keV. For the residual interaction, we
assumed the surface-delta interaction (SDI) with the strength V=-1670MeV fm3 and
radius R=2fm.

Our calculations reproduce the most important feature of ®He and 8He: the ground
state is particle-bound, despite the fact that all the basis states lie in the continuum. In
spite of avery crude Hamiltonian, rather limited configuration space, etc., the calculated
ground state energies reproduce surprisingly well the experimental data. The neutron
separation energy anomaly (i.e., the increase of the neutron separation energy when
going from ®He to 8He) is reproduced. Also, the energies of excited 2] states are in
fair agreement with the data. As discussed in Refs. [7, 16], the contribution from the
non-resonant continuum to the ground state wave functions of Borromean systems ®He
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FIGURE 4. Experimental (EXP) and predicted(GSM) binding energies of °~°He aswell as energies of
J™=2+ gtatesin ®8He. The resonance widths are indicated by shading.

and 8He islarge. As seen in Table 1, the contributions from one and two particles in the
non-resonant continuum, L(j) and Lf) , dominate the structure of the ground-state wave

function of 8He.

TABLE 1. Squared complex amplitudes of
different configurations in 0 and 2 states
of 8He. The sum of squared amplitudes of
all Sater determinants including n particles
inthe non-resonant continuum (n=1,2,3,4) are

denoted by LS:‘).

¢ | o 2]
0P 0.30-i1.32 0

0p3,,0P1 0 0.81-i0.77

0p3,,0P/, | ~0.06-i0.16  -0.01~10.03
L<+l> 1.60+i1.07  0.45+i0.66
L@ -0.73+i0.63 —0.21+i0.16
Lf’) -0.13-i0.20 —0.03-i0.24
L<+4> -0.02-i0.01 ~0

CONCLUSIONS

In conclusion, the complex energy Berggren ensemble is applied for the first time in
shell-model calculations for many-neutron states near the particle-emission threshold.
In addition to the successful inclusion of the continuum-continuum coupling, we suc-
ceeded in solving another principa problem of the GSM, i.e., the treatment of the non-



resonant part of the continuum. Another problem which has been solved in our work is
the selection of resonance states. As aresult of the GSM diagonalization, one obtains a
multitude of states corresponding to the many-body continuum, some being resonances
and some representing the non-resonant background. Our work offers asimple prescrip-
tion on how to identify the resonance states.

The results of our pilot calculations are very encouraging. It is seen that the con-
tribution from the non-resonant continuum is important, especially for bound and near-
threshold states. In particul ar, pairing correl ations due to the continuum-continuum scat-
tering can bind the ground states of ®8He with a completely unbound basis provided by
the s.p. resonances of °He. In all cases considered, cal culations yield neutron resonances
above the calculated neutron threshold — a property that is not guaranteed a priori by the
formalism. Other applications of GSM, including the case of open proton and neutron
shells, arein progress.
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