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Superconductivity

H.K. Onnes, Commun. Phys. 
Lab. 12 120 (1911).

Superconductivity in Mercury

H. K. Onnes
1913 Nobel Prize (He)
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 Superconductors
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● Pairing due to phonon-mediated 
pairing potential
● Fermi-liquid Normal State

● Moderately Correlated Systems

● s-wave



The Isotope Effect (the smoking gun)

BCS

Migdal-Eliashberg

local approximation

BCS

Σ(k,ω)≈Σ(ω)



Pairing is due to potential energy recovery

System recovers substantial potential energy by forming 
pairs. However, paired electrons must occupy states outside 
the Fermi sea, i.e. states with an increased kinetic energy.  

Tc



New superconductors (’86)
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Cuprates: Unusual 
Superconductors

● No BCS-like phonon/isotope 
“smoking gun”

● Mechanism?
● Non-Fermi liquid underdoped 

normal state (pseudogap)
● Doped Mott insulator
● d-wave
● Kinetically Driven Pairing

S. Pan, dI/dV at resonance
Alex Müller and Georg Bednorz

1987 Nobel Prize

Ceramic material



Complex phase diagram

Antiferromagnet

d-wave SC

Unlike BCS, must dope to ~15% holes for highest Tc



Kinetic Energy Reduction 
(opposite of BCS) 

Fit to Drude-Lorentz Osc. Kramers-Kronig

Kinetic Energy reduction is roughly 1meV > condensation energy!

A1+D= - kinetic energy

From spectroscopic ellipsometry. Bi2Sr2CaCu2O8 samples.  Molegraaf Science 295 2239 (2002)



Meanwhile...
(Back in the real world)



Industrial manufacture of
HTSC wires, power machinery

(motors, generators)
exploiting high current

densities achievable



Outstanding questions 
(19 years later)

• What is the principal mechanism?

• Electrons? Phonons? Both? Other?

• Does material A,B, or C have higher Tc?

• Influence of pressure, magnetic fields?

• Other materials with same mechanism?

c.f. new BCS-like MgB2 in 2001, 39K

• ...many others
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Focus on Cu-O layers
Y

Ba
Cu

O

Focus here

Quasi 2D system
SC is in plane

Half-filled when undoped
Antiferromagnet 



The Hubbard Model of the Cuprates

Hubbard Model with 8t = W ≈ U
Anderson 87, Zhang-Rice 88

U
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Note:  A few model parameters (t,U) fit to experiment



The Energy Scales in the Hubbard Model

N(E)

E

t ......
WThe Bandwidth W=8t

The local Coulomb repulsion U

Energy

ε

0
2ε +U

Moment Formation

t

x

Antiferromagnetic exchange

Note:  A few model parameters (t,U) fit to experiment



Pairing Mechanism: Holes in AF background

One hole motion 
breaks AF bonds

A bound second 
hole restores the 
AF bonds

Brinkman 1970, Bonca  1989, Hirsch Science 2002

Pseudogap due to SRO or pre-formed pairs, Pairing due to kinetic energy gain
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Effective Medium

Periodic Lattice
Dynamical Cluster

Approximation

Solve self-consistently

Difficult to solve accurately directly



~

Cluster Approximations

DCA papers http://www.physics.uc.edu/~jarrell



We Solve The Cluster Problem with 
Quantum Monte Carlo (QMC)

ORNL/CCS and
OSC CRAY X1

Expensive! 1-1000+ cpu hours per temperature and doping
Many temperatures and dopings per phase diagram



Small cluster results



Phase Diagram Nc=4



Energies for T<Tc

Kinetic energy reduction entering SC phase



Small cluster DCA Hubbard calculations display key 
features of cuprate phase diagram
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Outstanding questions 
(19 years later)

• What is the principal mechanism?

• Electrons? Phonons? Both? Other?

Mostly electronic

• Does material A,B, or C have higher Tc?

• Influence of pressure, magnetic fields?

• Other materials with same mechanism?

• c.f. new BCS-like MgB2 in 2001, 39K



Focus on Cu-O layers
Y

Ba
Cu

O

Need to include entire 
structure, additional orbitals



First-principles 
calculations

Use zero-temperature LDA density functional 
calculations for structure and bonding

Although these band-structure methods “fail”, 
structure and bonding are close to experiment: 
hope/look for trends.



Method
1. DFT LDA ground state

2. Multi-band Hubbard Hamiltonian

3. Phase Diagram

n(r)

Obtain parameters

DCA



Can this work?



LDA+DMFT
Similar method recovers structural phase transition in Pu

Kotliar Nature 410 793 (2001)



Trends from DFT
PRL 87 047003 (2001)





DFT Orbitals
Well-localized Cu d orbital obtained: small 
materials differences.

O px, py: strong hybridization.

La2CuO4 HgBa2CuO4



DFT Orbitals
Some far from atomic picture
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DFT Results

• ~6 terms appear significant, in this basis

Parametric studies are possible

• Parameters are close to empirical 
parameters used in model calculations

• Some trends apparent e.g. txy1 (=tpp) 
increases with increasing Tc. Similar to 
single band observations, but inconclusive.
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LDA+DCA results



Calculated U

Few % variation in U; similar in all materials

Any Tc dependence must reside in orbitals or 
additional interactions (e.g. phonons)
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DCA Results
Prototype
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DCA LDA Hg Results
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Full HgBa2CuO4 Parameters
No SC transition

Band structure v. important
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Parametric Results

2nd NN Cu-O hybridization strongly governs Tc

Toy model: +ve sign, Tc increased ~60% from reference
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Next Steps
Investigating influence of DFT ground state 

More accurate calculations underway

If we fail, we will have shown “something extra” is 
needed to describe HTSC in real materials.

If we succeed, we expect to obtain “materials 
trends” in real HTSC materials.



Oxygen Superstructures Throughout the Phase Diagram of !Y;Ca"Ba2Cu3O6#x
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The doping dependence of short-range lattice superstructures in !Y;Ca"Ba2Cu3O6#x has been studied
with high-energy x-ray scattering. We observe diffuse features with a well defined periodicity which
depend on the oxygen concentration but not on the charge carrier concentration. In addition, we find that
diffuse scattering is absent in underdoped YBa2Cu4O8, which does not sustain oxygen defects. Our
combined data highlight that the diffuse scattering arises from short-range oxygen ordering and
associated lattice distortions. Signatures of stripe ordering or fluctuations are not seen and therefore
must be much weaker.

DOI: 10.1103/PhysRevLett.93.157007 PACS numbers: 74.72.Bk, 61.10.Eq, 74.25.–q

The two-dimensional electron system in doped copper
oxides is susceptible to at least two types of instabilities:
high temperature superconductivity and ‘‘stripe’’ order-
ing of spin and charge degrees of freedom [1]. The ques-
tion of whether fluctuating stripes are a prerequisite for
high temperature superconductivity remains one of the
central unanswered questions in the field. Several experi-
mental techniques are suitable as probes of stripe order
and fluctuations, including x-ray scattering, magnetic and
nuclear neutron scattering, NMR and NQR, and scanning
tunneling spectroscopy [1]. X rays couple directly to the
charge, and the high photon energy ensures that both
static charge ordering and charge excitations up to high
energies can be detected. Notably, x-ray superstructure
reflections due to static stripe ordering were observed in
Nd-substituted La2$xSrxCuO4 [2] following an initial ob-
servation by neutron diffraction [3]. Furthermore, a re-
cent x-ray scattering study of underdoped YBa2Cu3O6#x
has uncovered diffuse features whose temperature depen-
dence was reported to exhibit an anomaly around the
‘‘pseudogap’’ temperature [4]. This anomaly was inter-
preted as a signature of electronic stripe formation. In this
system, however, superstructures due to oxygen ordering
with wave vectors depending sensitively on the oxygen
content are also observed [5]. The corresponding phase
diagram has been theoretically discussed by De Fontaine
and coworkers [6]. As both phenomena are associated
with lattice distortions and are thus expected to be in-
timately coupled, it is difficult to establish which features
of the x-ray data originate in short-range oxygen order-
ing, and which can be attributed to electronic stripe
ordering or fluctuations.

In order to answer this question unambiguously,
we have investigated the x-ray diffuse intensity in
underdoped, optimally doped, and overdoped
!Y;Ca"Ba2Cu3O6#x single crystals. Surprisingly, diffuse
features with a well defined four-unit-cell periodicity
were observed even in optimally doped YBa2Cu3O6:92

where the density of oxygen vacancies is low. However,
the diffuse features were observed to depend only on the
oxygen concentration x in YBa2Cu3O6#x and not on the
charge carrier concentration in the CuO2 planes which
was varied independently from the oxygen content
through Ca substitution. Independent of the oxygen con-
centration, the diffuse scattering persists above room
temperature and does not show any dependence on the
superconducting phase transition. In addition, no signifi-
cant diffuse scattering was observed in YBa2Cu4O8, a
naturally underdoped material that does not sustain oxy-
gen defects. The diffuse intensity therefore arises from
short-range oxygen ordering and associated lattice dis-
tortions, and any signatures of stripe ordering or fluctua-
tions must be much weaker. The oxygen superstructure
induces substantial lattice deformations in the CuO2
layers and must be taken into account when interpreting
phonon anomalies in this material [7,8].

The experiments were conducted at the high-energy
wiggler beam lines BW5 at the Hamburger Synchrotron-
strahlungslabor at the Deutsches Elektronen-Synchrotron
and 11-ID-C at the Advanced Photon Source at the
Argonne National Laboratory. The x-ray energies were
100 keV and 115 keV, respectively.

The samples where characterized using dc-SQUID
magnetometry from which the midpoint critical tempera-
ture (width), Tc!!Tc", was determined as 92.7(1) K for
the optimally doped YBa2Cu3O6#x crystal with x% 0:92,
as 67(4) K and 59.5(2) K for the underdoped
YBa2Cu3O6#x crystals with x% 0:75 and x% 0:65, re-
spectively, and as 73(6) K for the highly overdoped crys-
tal of composition Y0:8Ca0:2Ba2Cu3O6:95 [9]. The doping
level of the latter crystal was confirmed by comparing its
Raman and infrared spectra to data in the literature. The
crystal volumes were approximately 2& 2& 0:4 mm3,
and the optimally and overdoped crystals were fully
detwinned. In addition, one untwinned YBa2Cu4O8 crys-
tal of approximate volume 0:5& 0:8& 0:1 mm3 and
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Four-Unit-Cell Superstructure in the Optimally Doped YBa2Cu3O6:92 Superconductor
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Diffuse x-ray scattering measurements reveal that the optimally doped YBa2Cu3O6:92 superconductor
is intrinsically modulated due to the formation of a kinetically limited 4-unit-cell superlattice, q0 !
"14 ; 0; 0#, along the shorter Cu-Cu bonds. The superlattice consists of large anisotropic displacements of
Cu, Ba, and O atoms, respectively, which are correlated over $3–6 unit cells in the ab plane, and
appears to be consistent with the presence of an O-ordered ‘‘ortho-IV’’ phase. Long-range strains
emanating from these modulated regions generate an inhomogeneous lattice which may play a
fundamentally important role in the electronic properties of yttrium-barium-copper-oxides.

DOI: 10.1103/PhysRevLett.93.157008 PACS numbers: 74.72.Bk, 61.10.Eq, 74.25.–q

There is mounting evidence that the cuprate supercon-
ductors are intrinsically inhomogeneous, even in the
superconducting (SC) phase. The driving force for such
inhomogeneities may well be electronic instabilities [1],
or elastic strain [2], or a combination of these. Further-
more, in the case of the YBa2Cu3O6%x (YBCO) system,
the oxygen vacancies in the Cu-O chains tend to form
superstructures which order [3] well above the SC tran-
sition temperatures according to the scheme proposed by
de Fontaine and co-workers [4]. In this Letter, we describe
diffuse x-ray scattering data which yield a quantitative
description of how large-amplitude atomic displacements
modulated with a 4-unit-cell periodicity (q0 ! "14 ; 0; 0#)
form coherent regions of kinetically limited imperfect
order in the optimally doped YBa2Cu3O6:92 supercon-
ductor. Long-range strain fields emanating from these
regions create an intrinsically inhomogeneous lattice
which manifests itself below $200 K due to the re-
duction in the thermal diffuse scattering (TDS). These
properties persist in the SC phase and appear to be
universal to the YBCO compounds [5]. These findings
are of great importance in several respects. Theoretical
work [2] has shown how inhomogeneous electronic
phases on different length scales can arise due to
elasticity-driven lattice deformations, and how such de-
formations can suppress superconductivity and modulate
the electronic density of states. Furthermore, locally
modulated regions can act as resonant electron scattering
centers, affecting transport and susceptibility properties
[6], while strains, as in the twin boundaries, can pin
vortices [7]. According to other theoretical work [8],
dopants or vacancies may locally nucleate highly anhar-
monic lattice modulations around them (‘‘breather
modes’’) which can affect the SC order parameter.
Thus, a treatment of the superconductivity in terms of a

single homogeneous phase in these materials appears
somewhat unrealistic.

We have previously found in an underdoped YBCO
(x & 0:63) compound short-range ordered superstructures
[5] with a periodicity, q0 ! "$ 2

5 ; 0; 0#, coincident with a
harmonic of the so-called ‘‘ortho-V’’ phase of O-vacancy
ordering on the Cu-O chains [4]. However, the intensities
of the diffuse satellites clearly showed that displacements
of atoms in the Cu-O chain planes, the CuO2 planes, and
the BaO planes were involved [5]. Here we show that at
optimal doping, short-range ordered modulated regions,
q0 ! "14 ; 0; 0#, involving correlated displacements of
atoms (Fig. 1), indeed coexist with superconductivity.
Identical modulations were also observed in a twinned
crystal[5]. Since the data in the detwinned crystal are not
complicated by contributions from twin domains, we
focus on the detwinned crystal in this Letter.

For this study, a high-quality detwinned crystal
($1 mm' 1 mm' 130 !m) of optimally doped YBCO
(Tc ! 91:5 K, !Tc & 1 K) was chosen. The crystal was
annealed at 420 (C in flowing pure O2 for about a week
and was stress detwinned in flowing O2 at the same
temperature. Polarization-sensitive optical microscopy
showed the presence of a single twin domain. The crystal
mosaic was $0:03 (. The c axis was perpendicular to the
large crystal facet. High-energy (36 keV) x-ray diffrac-
tion studies were performed on the 4ID-D beam line at
the Advanced Photon Source. Experimental details can
be found elsewhere [5].

Figures 2(a)–2(d) show several a-axis H-scans normal
to the Cu-O-Cu chain direction for different integer val-
ues of K taken at $7 K. Broad satellite peaks in the
diffuse scattering corresponding to q0 ! "14 ; 0; 0# are
clearly visible near Bragg peaks "h; k; 0#: when h and k
have mixed parity, the structure factor including TDS is
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Summary

Small cluster DCA Hubbard calculations display key 
features of cuprate phase diagram.

LDA+DCA calculations are feasible. We are testing 
fundamental assumptions of many cuprate theories.
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