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Outline

•Derivation for a simple case (no spin, no charge)
− U in terms of R
− Cross section in terms of U

• The general case
− Cross section in terms of U for the general case
− U in terms of R

• Level-Level matrix
− Relationship to Reich-Moore approximation



4.1a-3

OAK RIDGE NATIONAL LABORATORY
U. S. DEPARTMENT OF ENERGY

Derivation of R-Matrix Equations

• Start from Schrödinger’s Equation for wave function (wf) ψ
with complex potential

• where V ↔ scattering and W ↔ absorption

• Expand wf in usual fashion
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Derivation, cont.

•Radial portion obeys

where momentum k is given by

•Restriction:

is finite2ψ
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Derivation, cont.

• In external region r >a
− nuclear forces are zero (V = W = 0)
− solution has the form

where 
− Il is an incoming and Ol an outgoing free wave
− Ul is the scattering matrix or collision matrix, and

•Wanted: appropriate analytic form for Ul
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Derivation, cont.

• In internal region r < a
− Define eigenvalues Eλ and eigenfunctions wλl for 

wave equation with W = 0:

where

with boundary conditions
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Derivation, cont.

•Note “Bl is real” means “wλl are real”
•Note also: eigenfunctions wλl are orthonormal

• proof is in SAMMY manual

•Expand true internal wf (for non-zero W ) in 
terms of wλl

•Substitute into radial Schrödinger equation, 
solve for coefficients, match the surface 
boundary conditions …
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Derivation, cont.

•Do lots of algebra, …

•Ultimately, find this form for wf at boundary:

with
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Derivation, cont.

•Setting 

gives

•Substituting

lets us rewrite as 
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Derivation, cont.

•Solving for U gives

where Ll is given by

and e-2iφ by

•QED (for particles without charge or spin)
− Omitted details are in the SAMMY manual
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Relating U to cross section

•External wf has the form (for a spinless particle) 

in which

•Angular distribution is then
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Relating U to cross section, cont.

• Integrating over angle then gives the cross 
section as a function of energy

• This holds for particles without charge or spin

• Next: equations for the general case
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σ in terms of U for the general case

•Cross section from entrance channel c to exit 
channel c' (both with total angular momentum J )

where
− U is scattering matrix
− kα = com momentum for the particles in channel c

2
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σ in terms of U, cont.

•where (continued)
−m = projectile mass (neutron, perhaps)

−M = nuclear mass
− E = energy of incident neutron in the lab system
− gc is the spin statistical factor 
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σ in terms of U, cont.

• Total cross section is the sum of all entrance 
channels c, all exit channels c', and all angular 
momentum J
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σ in terms of U, cont.

• Other cross sections are found similarly:

and

where “reaction channels” include all channels that contribute 
to the particular interaction (reaction) of interest
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U in terms of R

• The scattering matrix U can be written as

with

where
− l = orbital angular momentum 
− φ = potential phase shift
− W is given on next slide…

' ' 'cc c cc cU W= Ω Ω

c
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Some equations are 
modified slightly for 
charged particles.
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U in terms of R, cont.

• In matrix notation with indices suppressed, W is 
given by

where

and
− P = penetrability
− S = shift factor
− B = arbitrary boundary constant at the channel radius a c
− I = identity matrix
− R = R-matrix

1/ 2 1 * 1/ 2( ) ( )W P I RL I RL P− −= − −

( )L S B iP= − +
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How to generate the pieces?

•On next slide: 
− table of 

• penetrability (penetration factor) P
• level shift factor S
• potential scattering phase shift φ

− for 
• orbital angular momentum l, 
• center of mass momentum k, and 
• channel radius ac , 

− with ρ = kac , 
− for non-Coulomb case
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Summary of the equations:

•Cross sections were defined in terms of U

•U is given by

with

and

• Finally, the R-matrix is given in terms of 
levels and channels:
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R-Matrix

• This formula for the R-matrix is “exact”

• This is not the formula used in SAMMY
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Denominator 
could be zero

Note the infinite 
number of levels
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A-Matrix

• The level-level matrix (A-matrix) is defined as

•Simple algebra shows that A is related to R via

•Why use R not A?
− Few channels, many levels A is much bigger

•So why talk about A?
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A-Matrix, cont.

•Summation includes all channels…

•Gamma channels
− Do not interact very much
− Can be treated “on average”

•Approximation:  assume no level-level 
interference in the gamma channels
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A-Matrix, cont.

•Assume no level-level interference in gamma 
channels –
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A-Matrix, cont.

•Note that L=S – B + iP = i for gamma channels 

in which we have set
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A-Matrix, cont.

• Translating that A-matrix into R gives the Reich-
Moore formula

• This is the formula used in SAMMY
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