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Introduction
•

M
otivations for analyzing A

lfvén instabilities in
stellarators
–

R
eadily seen experim

entally (W
7-A

S
, C

H
S

, LH
D

)
•

A
. W

eller, D
. A

. S
pong, et al., P

hys. R
ev. Lett. 72, 1220 (1994); K

. T
oi, et al.,

N
ucl. F

usion 40, 149 (2000); A
. W

eller, et al., P
hys. of P

lasm
as 8 931(2001)

–
C

an lead to enhanced loss of fast ions
–

P
otentially useful as a diagnostic (M

H
D

 spectroscopy)
–

P
ossible catalyst for direct channeling of fast ion energy

to therm
al ions

•
Low

 aspect ratio configurations provide a new
environm

ent for A
lfvén studies

–
S

tronger equilibrium
 m

ode couplings
–

Low
er num

ber of field periods lead to
•

M
ore closely coupled toroidal m

odes (n
0 , n

0 ±N
fp , etc.)

•
T

his leads to M
A

E
 (M

irror A
lfvén) and H

A
E

 (H
elical A

lfvé
n)

couplings at low
er frequencies



Ideal M
H

D
 S

hear A
lfvén E

quations
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T
his leads to a set of 3 coupled equations.  A

singularity condition gives the A
lfvén continuum

[A
. S

alat, J. A
. T

ataronis, P
hys. P

lasm
as 8, 1200 (2001); C

.Z
. C

heng, M
. S

. C
hance,

P
hys. F

luids 29, 3695 (1986); and other references]
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T
he continuum

 equation in general geom
etry (low

 b) can be w
ritten:

T
his can be w

ritten in B
oozer coordinates using the follow

ing:

F
or devices w

ith stellarator sym
m

etry, the
surface displacem

ent can be expanded as follow
s:

M
ultiplying equation (1) by the Jacobian and integrating over a flux 

surface then leads to:

(1)
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 E
quation (contd

.)

Integrating by parts then leads to the follow
ing sym

m
etric m

atrix eigenvalue problem
:



S
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T
he equilibrium

 coefficients in the continuum
 equation can be expanded in cos series:

U
sing these expansions, the m

atrix elem
ents then can be

expressed in term
s of the follow

ing convolution integrals:
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R
apid algorithm

s have been developed that perform
 the convolution integrals

analytically for arbitrary m
i , n

i , m
j , n

j , m
k , n

k .  T
hese have been checked against

slow
er num

erical convolution integrators.  T
he final form

 of the m
atrix

elem
ents is then given as:

T
he m

atrix eigenvalue problem
 is then solved using the IB

M
 E

S
S

L library routine
D

G
E

G
V

 w
hich provides all of the eigenvalues for each flux surface.  F

or stellarators,
100-200 equilibrium

 m
odes and a sim

ilar num
ber of m

odes for x
s  are typically used

over ~
2000 flux surfaces (i.e., 10 -15 toroidal m

odes and 10-15 poloidal m
odes).

M
P

I parallelization is used over the flux surfaces.



P
rofiles, m

ode selection for A
lfvén C

ontinuum
 P

lots

•
P

ro
files u

sed
:

–
F

o
r W

7-A
S

 d
isch

arg
es (42873 an

d
 43348), exp

erim
en

tal p
ro

files w
ere u

sed

–
 F

lat io
n

 d
en

sity
 n

io
n (0) =

 1 x 10
20 m

-3

–
io

n
 d

en
sity p

ro
file µ

 (io
ta) 2 alig

n
s th

e g
ap

s rad
ially

•
m

inim
izes continuum

 dam
ping

•
im

plies a hollow
 profile for stellarator iota profiles

•
T

yp
ical m

o
d

e selectio
n

s u
sed

:
E

quilibrium
   m

 =
 0 - 19

   n =
 -20N

fp  to 20N
fp

E
igenfunction

   m
 =

 0 - 19
   n =

 -4N
fp +

 n
0  to +

4N
fp  +

 n
0

w
ith n

0  =
 toroidal m

ode fam
ily

•
N

om
inal design B

 fields and transform
 profiles are taken.



H
igh aspect ratio drift-optim
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W
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W
7-A

S
 E

xperim
ental R

esults for #42872:

F
rom

 A
. W

eller, et al.
P

hys. of P
lasm

as 8 931(2001)



n =
 1 m

ode fam
ily stellarator continua

dom
inant p

o
lo

id
al m

ode is color coded
n =

 1 m
ode fam

ily stellarator continua
dom

inant to
ro

id
al m

ode is color coded

expt. observed frequency

C
ontinuum

 structure w
ith 3D

 equilibrium
coefficients, but only one (n =

 1) toroidal m
ode

C
ontinua w

ith m
ultiple toroidal m

odes

W
7-A

S
: discharge 42873

(5 field periods R
/<

a>
 =

 12, drift optim
ized)

H
elical

A
lfvén
G

ap



W
7-A

S
 E

xperim
ental R

esults for #43348:

F
rom

 A
. W

eller, et al.
P

hys. of P
lasm

as 8 931(2001)



W
7-A

S
: discharge 43348 (5 field periods

R
/<

a>
 =

 12, drift optim
ized)

n =
 1 m

ode fam
ily stellarator continua

dom
inant p

o
lo

id
al m

ode is color coded

expt. observed frequency
expt. observed frequency

expt. observed frequency

expt. observed frequency

expt. observed frequency

n =
 1 m

ode fam
ily stellarator continua

dom
inant to

ro
id

al m
ode is color coded

C
ontinuum

 structure w
ith 3D

 equilibrium
coefficients, but only one (n =

 1) toroidal m
ode

C
ontinua w

ith m
ultiple toroidal m

odes



H
igh aspect ratio torsatron

LH
D

 configuration

Io
ta p

ro
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LH
D

 (10 field periods, R
/<

a>
 =

 6, torsatron)

n =
 1 m

ode fam
ily stellarator continua

dom
inant p

o
lo

id
al m

ode is color coded
n =

 1 m
ode fam

ily stellarator continua
dom

inant to
ro

id
al m

ode is color coded

C
ontinuum

 structure w
ith 3D

 equilibrium
coefficients, but only one (n =

 1) toroidal m
ode

C
ontinua w

ith m
ultiple toroidal m

odes

H
A

E
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T
A

E
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n =
 1 m

ode fam
ily stellarator continua

dom
inant p

o
lo

id
al m

ode is color coded
n =

 1 m
ode fam

ily stellarator continua
dom

inant toroidal m
ode is color coded

C
H

S
 (8 field periods, R

/<
a>

 =
 5, torsatron)

C
ontinuum

 structure w
ith 3D

 equilibrium
coefficients, but only one (n =

 1) toroidal m
ode

C
ontinua w

ith m
ultiple toroidal m

odes

H
A
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T
A

E
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Low
 aspect ratio quasi-toroidal

configuration LI383
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N
C

S
X

 (3 field period, R
/<

a>
 =

 4.4, quas-toroidal sym
m

etry)

n =
 1 m

ode fam
ily stellarator continua

dom
inant to

ro
id

al m
ode is color coded

n =
 1 m

ode fam
ily stellarator continua

dom
inant p

o
lo

id
al m

ode is color coded

C
ontinuum

 structure w
ith 3D
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coefficients, but only one (n =
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ode

C
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Low
 aspect ratio quasi-poloidal

configuration Q
P

S
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Q
P

S
 (2 field periods, R

/<
a>

 =
 2.7, quasi-poloidal sym

m
etry)

n =
 1 m

ode fam
ily stellarator continua

dom
inant to

ro
id

al m
ode is color coded

n =
 1 m

ode fam
ily stellarator continua

dom
inant p

o
lo

id
al m

ode is color coded

C
ontinuum

 structure w
ith 3D

 equilibrium
coefficients, but only one (n =

 1) toroidal m
ode

C
ontinua w

ith m
ultiple toroidal m

odes



C
onclusions

•
T

he 3-dim
ensional structure of stellarator

equilibria introduce new
 m

ode couplings in the
A

lfvén continuum
 spectrum

:
–

H
elical A

lfvén m
ode (H

A
E

) n, m
 w

ith n+
N

fp , m
 +

 m
0

–
M

irror A
lfvén m

ode (M
A

E
) n, m

 w
ith n+

N
fp , m

•
H

A
E

 m
odes are accessible at low

er
frequencies in com

pact system
s (Q

P
S

, LI383)
–

C
ross-linking of adjacent n’s m

ay enhance
continuum

 dam
ping effects (i.e., less open gap

structure)

•
E

fficient m
ethod for stellarator A

lfvén continua
–

S
traight field line coordinates and exact (analytic) convolutions

preserve                     on rational surfaces

–
Low

er condition num
bers than other m

ethods that w
ere tried

–
S

olves for all eigenvalues

  

†
 

r 
B •

r 
—

 (
) =

0



C
onclusions (contd.)

•
3-D

 effects only slightly change torsatron
(LH

D
, C

H
S

) continua aw
ay from

 that of the
equivalent tokam

ak

•
O

pen A
lfvén gap structures persist in

com
pact stellarators to higher frequencies

(~
W

ci ) than for sim
ilar tokam

aks
–

potentially useful for direct channeling of
energetic ion energy to core ions



N
ext S

teps

•
E

xtend S
T

E
LLG

A
P

 to solve the m
ore com

plete system
 of

equations for the discrete m
odes lying w

ithin the gaps.

•
D

evelop m
ethods for calculating linearized destabilization of

these discrete m
odes by energetic particles.

–
com

pare m
ode structures and stability thresholds w

ith stellarator
experim

ents

–
apply to 3D

 effects on T
A

E
’s in tokam

aks (ripple, internal tearing
and kink m

odes)

•
O

ptim
ization of stellarators for A

E
 m

ode m
inim

ization

•
D

evelop nonlinear m
odels
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