ON THE ORTHOGONALITY OF THE MACDONALD’S
FUNCTIONS

A. PASSIAN*S H. SIMPSON, S. KOUCHEKIANT', S. B. YAKUBOVICH?

ABSTRACT. A proof of an orthogonality relation for the MacDonald’s functions
with identical arguments but unequal complex lower indices is presented. The
orthogonality is derived first via a heuristic approach based on the Mehler-Fock
integral transform of the MacDonald’s functions, and then proved rigorously using
a polynomial approximation procedure.

1. INTRODUCTION

Certain problems of mathematical physics arising in spheroidal or cylindrical do-
mains, e.g. Laplace’s equation, have solutions that involve MacDonald’s functions
[1] and conical functions [1] [2]. These functions which also enter integral transforms
such as those of Kontorovich-Lebedev, and Mehler-Fock as kernels [3] find important
applications in boundary value problems of electrostatics and elasticity [4]. These
applications typically entail modeling material domains [5]-[7] or voids in material
domains [8] with the appropriate continuous surfaces generated by fixing one of the
coordinates in the chosen coordinate system [9].

The study of one such problem [10], where the probe of an Atomic Force Microscope
(AFM) [11] was modeled as a hyperboloid of revolution, resulted in the following
newly derived integral expansion for the Cartesian coordinate z [12]

B qtanhﬂq po 0 0
(L) 2= m [ [T LSRR 0 {P,%Hq(u)—P*;Hq(m
0, 0,

where 2 is a scale factor that defines the focal distance of the hyperb0101d in the
spheroidal (7, i, ¢) coordinate system, and the Ps denote the conical functions . This
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integral expansion comprises the key element in the study of the Coulomb interaction
of the AFM’s dielectric probe with a charged substrate or sample surface. Here the
charge distribution can be the result of an applied potential difference between the
probe and the sample, or a result of the sample being naturally charged [13]. A
crucial step in proving this expansion is the validity of the following orthogonality
relation for the MacDonald’s functions of identical arguments but different complex
lower indices

(1.2) %q/ sinh(mq") / Kig@) Kig () da=06(q—4q),
™ 0 @
where the K's denote the MacDonald’s functions. A similar orthogonality relation for
the conical functions, also utilized in the proof of the expansion in (1.1), was first
derived by Van Nostrand [14]. In short, the proof there involved considering the asso-
ciated Legendre equation being satisfied by two linearly independent solutions. The
differential equation was then manipulated and integrated, whereupon the orthog-
onality relation was derived by resorting to limiting considerations and asymptotic
expansions of the conical functions. We also note that Titchmarsh [25] proves a dual
orthogonality relation for the MacDonald’s functions
(1.3) % qsinh(7q) Kiy(a) Kig(a') dg = d(a — o),

0
a, o > 0.

The proof of the orthogonality relation in (1.2) is the aim of this paper. In this
work, Section 2 defines the MacDonald’s and the conical functions and presents a
couple of relevant propositions concerning properties of these functions, followed by
their proofs. In Section 3, the main section, a heuristic derivation for (1.2) based on
an integral representation for the conical functions and the Mehler-Fock transform
is outlined. Moreover, in Section 3, we introduce the Orthogonality Theorem which
states (1.2) and also present its proof. We also note that a different approach to
this orthogonality problem, based on the analytic properties of testing functions for
distributions has been considered in [28].

2. MACDONALD’S AND CONICAL FUNCTIONS
Let Ng ={0,1,2,3,...} and define the MacDonald’s functions ([1] or [3] page 354,
6-1-6) by
(2.1) Ky () :/ e @hC eos(g¢) de, where «,q > 0.
0

The above can also be written as (see [15], [16])

[I—iq(a) - qu(a)]v

™

(2.2) Kig(a) = S7simh(rq)
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where I,,(«) are the modified Bessel functions

o0

L= e (6)

r=0
For n = cosh ¢ and ¢ > 0, define the conical functions
2L Zm fanh™ § % cos [2¢sinh ™! (sinh & cos ) | sin®™
(2.3) P:anq(U) _ a - Qg / [ q ( 2 y)] Y Y,
: m(2m —1)llcosh 3 Jo \/1 - tanh? §sin® y

where m € Ny, (-1)!! =1, Z) =1, and

(2.4) Zl = (-1 <q2 + }L) <q2 + %) e <q2 + (27”4—_1)2> ,

with Z = 1 (see [17], [18], [1], [3]). For asymptotic expansions and numerical con-
siderations regarding the conical functions see [19], [20] and the references therein.

We conclude this section by proving two results, which will be used throughout the
rest of this paper.

Proposition 2.5. For all a,q > 0

(2.6) K@) <[

and

(2.7) | Kig(a)] < \/%ea.

Proof. From the property of the Gamma function [16], we have

T(r+14iq) = (1 +iq)(2+iq) - (r £ ig)T(1 +iq) = a,(q)I(1 + iq),
with ag(¢) = 1. Noting that |a,(¢)| = |a,(—¢)|, (2.2) implies

o

- 1 1 1 a\ 2r
| Kig(a)] < 2 simh(7q) (|p(1 —4q), + IT(1 +iq)|> > r!a.(q)| (5> '

r=0

Now (2.6) follows from the inequality

> (5 = () = [ 5| -

r=0

0
together with the fact (see [15], [21])

(2.8) D1+ i) = || —L—
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Next, from (2.1), we have

o ( 12) e
Ki < —a 1+§C d¢ = D«
Kal) < [ e (= y/ae

which proves (2.7). O

Proposition 2.9. Fiz 79 > 1 and m € Ny. Then there exists a constant C > 0,
depending only on m and ng, such that

" po (77)‘ <Cgm

(2.10) dn_m ~Ltig =

for all g >0 and n € [1,n].

Proof. The proof uses the following relation! for the conical functions.

m
d 0 m

(2]‘]‘) dn_mp_%_ﬂq(n) - (772 - 1) :n%+iq(77)»

where n > 1, ¢ > 0, and m € Ny (see [3] or [18], p. 334, (8.6.6)). Fix ¢ > 0 and let

s
2

K(k) =

1 — k2sin’y
an. s .
Noting that tsinig < i, forall ¢ >0, (2.3) and (2.11) imply
" 212" G
— P . ———1—K(tanh >
'dnm 2“‘1(77)‘ ~— 7(2m - 1N (tan 2 )

where 1 = cosh ¢ € [1,m0], ¢ € [0, (o], no = cosh (y. To complete the proof use (2.4)
to conclude |Z;”| < C,,¢*™, where C,, > 0 depends only on m. O

3. MAIN RESULT

We start with a heuristic derivation of the orthogonality relation. Consider the
zero order Mehler-Fock transform of =7 as given by [3]

C 2 [~ 0
(3.1) Ry /0 gtanh(rq) K,y () P°, . () dg

where 7 = cosh ¢ € [1,00[, & > 0, and ¢ > 0. Using the integral representation in
(2.3) for the conical functions, the following integral representation for the zero order
conical functions can be derived [3]

13 o Kio(a)
3.2 P%  (n) =237 cosh / —an 27 g0
( ) _E-Hq(n) 2T 2 CO8 (WQ) o € \/a o

We note here that, although indifferent in the present work, for the general form of the conical
functions P™ +l.q(z), and for —1 < z < 1, some references introduce a (—1)™ multiplicative factor
2

to the right hand side of (2.11) [2][p. 148].
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Representing the latter integral as lim._o+ [, we substitute (3.2) in (3.1) and change
the order of integration via Fubini’s Theorem. This yields

(3.3)
2 ) e * Kig(a) Ky ()

0 _ / \ PO / iq iq
P,%H-q(n) = cosh(mq) Elir(% i ¢’ tanh(mq )P,%Hq,(n) dq /8 — dav.
Since 7 is arbitrary, (3.3) would lead us to expect that the expression in the left side
of (1.2) is the Dirac distribution d(¢ — ¢'). In fact, this is the content of our main

result.

Orthogonality Theorem . For each q,q > 0

2 >~ K; Ky
_Qq/ sinh(wq’)/ lq(a) q (Oé) dOé _ 6(q o q/),
T 0 o

where § denotes the Dirac distribution.

Before giving the proof of the Orthogonality Theorem, we need a few preliminary
results. Also, for ¢,q’,e > 0, let

) Kig (@)

2 *° K;
Flq,q;¢) = ﬁq/ sinh(ﬂ'q/)/ o2 dov.

o

Note that, by (2.7), the above integral converges for all € > 0; a fact which will be
used throughout the paper.

Proposition 3.4. If ¢ > 0 and n € Ny, then

o

(3.5) ¢*" sech(mq) = lim q’gnsech(ﬁq/)F(q, q;€)dq,

e—0T Jo

Proof. To simplify the notation, we put P)(n) = PE% (M- Also, throughout the
proof, different positive constants will be denoted by C. Now, let n > 1 and m € Nj.
We begin by proving the following two identities.

(3.6) \/g cosh(q) /O h (%e-an) Ki/(g) do = CZ’_mquO(”)

and

ar 2 [ ar
(3.7) a e = ,/a/o K (a)q tanh(ﬂq)dn—qu (n)dgq, Yo > 0.
For m = 0, the above identities are equations (3.1) and (3.2) mentioned above. More-
over, we only prove the case m = 1. The proof for m > 2 follows inductively and is
similar to the one given for the case m = 1.
For h € R, (3.1) gives

(*) Pq (77 + h]z - Pq (77) _ \/gcosh(ﬁq) /OOO fh(Oé) do,
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where
e—anth) _ o—an K (a)

Noting that |M| < Cla] for |h| sufficiently small, it follows from (2.7) that
| fn()| is dominated by C'e~®, which obviously belongs to L'(0, 00). Letting A — 0 in

(%), the Lebesgue Dominated Convergence Theorem implies (3.6) for the case m = 1.
Similarly, for h € R, (3.2) gives

—a(n+h) _ —an
e e
V / gh dqa
iyer

an(q) = K,q(c)q tanh(mq) Py (n + h})L - (77)

By (2.10), |M\ < O¢? for |h| sufficiently small. Thus it follows from (2.6)

that |gx(q)| < Cg(q), where g(q) = ¢°, | gy - However, 9(q) = O(¢?) as ¢ — 0; and,

9(q) = O(q2e™/%) as ¢ — oo. Therefore, g(q) € L'(0,00) and (3.7) follows from a
similar argument given in the proof of (3.6).
Next, using (3.7) in (3.6) yields

where

am 2 [ o am K (@)
sech(ﬂq)d—mP;( n) = F/o </0 Kiq/(a)q'tanh(ﬂq')cm—mPf,(n) dq') ‘; do
2 [ o am Ky (@)
(3.8) Elir(% F/ (/0 Kiy(a)d tanh(wq')m—mpg,(n) dq’) ‘; do
For each € > 0, one can use (2.6), (2.7), and (2.10) to obtain
<[ Kiy(o)K; am
/ / qltanh(ﬂ'q/) q (OZ) q(a) P(?( )'dq/ dOé
e Jo o dnm
< — [ 1
s¢ (/E da </ smh (7q") )
where the same argument as the one given in the proof of (3.7) shows that the

last integral in the above inequality is bounded. Therefore, We may apply Fubini’s
Theorem to (3.8):

o

dm 0 1 / dm 0 /. /
39 sech(ra) P2 = Ty [ seen(r) (G PO ) Fladtse)

for each m € Ny, ¢ > 0, and > 1. As a consequence of (2.3) and (2.11)

dm
P
dnm q (77)

™

22;” 2. 2m d Zl?]n
7r(2m—1)!!/0 SV =

Thus, letting 7 = 1 in (3.9) and using the fact that Z;" is an even polynomial in ¢ of
degree 2m, the proof of the proposition follows easily from an inductive argument.

n=1
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O

The next lemma is standard. However, for the sake of completeness, we have
included a proof. Also recall that for a nonempty open set 2 C R, C'2°(€2) denotes

the space of infinitely differentiable functions whose supports are compact subsets of
Q.

Lemma 3.10. Suppose a > 0 and let ¢ € CX(R). If 6 > 0, then there exists a
polynomial P such that

|p(x) — P(x)e_“‘z“ <0, Vo € R.
Moreover, if ¢ is an even function, then P may be taken to be an even polynomial.

Proof. Let w(z) = e~*l on R and define the weighted L?-space,
L2 ={f:R—C|fis measurable,/ |f(z)]Pw(z) dz < oo}.

It follows that the span of the set of polynomials {z"}2°, C L? is dense in L2. A
proof of this fact is similar to that in [23] [Sec. 21.64, p. 416] (where it is proved that
the Hermite polynomials are complete in a weighted L*-space).

Since ¢ € C=(R), we have ¢/(z)e?* € L?. Thus, from the above fact, there is a
polynomial ) such that

(3.11) /e — Q|2 = /‘625'(3:)@‘1';”' — Q(x)lge*“‘f" dr < \/g 6.
R

Now, let P(z) = el [* Q(t)e~*!"l dz. Then P is the desired polynomial. To see
this, let x € R. Then

|6(x) = P(x)e | = ] / " (0 - Qe dt’
< [lo@e - Q) e ds

%
<([eetar) et - Q.
R
So the result follows from (3.11).

Suppose now that ¢ is even. With P as above write P = P, + P, where P, (P,) is
an even (odd) polynomial. Then

[Po(w)e 1| = 5 6(w) — P(e)e ! — (9(~2) ~ P(=)e )] <5
on R. This implies
|6(z) = Po(x)e™ ™| < |é(x) = P(a)e™ ] + | Py(a)e ] < 26,

on R and this proves the second part of Lemma 3.10.
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Our next and final lemma contains two parts. Only part (ii) will be used in the
proof of the Orthogonality Theorem. Part (i), however, is essential to get (ii) and it
also contains a useful inequality with further application; therefore, it has been stated

separately. Also || - || denotes the usual sup—norm.
Lemma 3.12. Let 3 > 1 5, and define
1
Fs(q.ds€) = —————— F(q,q;

(i) For each q > 0, there exists C; > 0 (depending only on q) such that
|Fs(q,q5€)| < C,2°| ln§|q’%e_(ﬂ_%)”ql, forall 0<e<?2.

(i) If ¢ : (0,00) — R is differentiable and bounded on (0,00), then there exists
Cyp > 0 (depending only on q, 3) such that
lim sup

oup | [~ o) B 04| < Coa ol
Proof. From the definition of F'(q,q’;¢)

Fﬂ(qvql¥€)=G(q,q’,ﬁ)/ wda,

where

(3.13) Cla..5) = oo lsech(mq) sinh ().

Fix ¢ > 0. In all that follows, 0 < ¢ < 2 and different positive constants will be
denoted by C' (a pure numerical) or C,, (depending only on ¢). We estimate Fj(q, ¢'; €)

(6> ) by considering the integrals f2 , fe separately in the definition of Fj. For the
former integral, we have by (2.6), (2.7),

G(q,q’,ﬂ)/ Kig(@)Kig(a) ; | sinh(m / a3 da
(3.14) 9 o m[cosh(m smh (7q")

[sech )"V q smh (7q")
7r

Next, we estimate |’ ’ w da. Recall from (2.2) that
Kil](a) = A(CY, Q) + A(av _Q)a

where

) e glalng 22

1 o\ 2r
2sinh(7q) Lig(@) = 2sinh(mq) T'(1 4 iq) & Z < rla,(q) (5) ’
with a,(q) = (1 +iq)(2 +ig) - - - (r +ig) and ao(q) = 1.

Noting that A(a, —q) = A(a, q), it follows
(3.16) Kig(a) Ky () = 2R[A(r, q) A, ¢)] + 2R[A(er, ¢) Aler, —¢')].

(3.15) Ala,q) =




ON THE ORTHOGONALITY OF THE MACDONALD’S FUNCTIONS 9

Now for all real ¢, ¢o and o > 0, (3.15) implies

A o — o\ 2n
(3.17) Ala, ) Al g2) = M(q, QQ)el(qlJrqz)lna Z b1, 42) <§> )

n=0
where
1 M
(3.18) (q1,q2) = 4sinh(mqy) sinh(7q2)T(1 + igi)T(1 +iga)’
and 1
bn Y = , 2 0
(q1,42) Tg;n rlsla,(q1)as(qz) !

r,s>0

Moreover, for all n > 0 and real g1, ¢o, it is easily seen

1 1 1 <& [/n
3.19 b, (q1, <§ —<§ _:_E ==
(8.19) a1, @2)| < = (rlsh)? = o= sl nl i~ (k‘)

Thus, the series in (3.17) converges uniformly o > 0 and all real ¢, go. Consequently,

> Ao, 1) Ala, N e HE)"
/ (@, q1) Ao, ¢o) da:M(ql,%)an(ql,%)/ el(qlm)ln?(_) o

) o —~ 2 o
(3.20) .
= M(ql,QQ) Zan(q17q27 6)7
n=0
where
bn(ql QQ) i e (€ n
3.21 an(a1, @, €) = 5B | ettt ()T >,
( ) (ql q2 6) 27’L+l(q1 +q2) 2 -

Since [2n +i(q¢+¢')| > ¢ for all n € Ny and ¢, ¢ > 0, it follows from (3.20), (3.21),
and (3.19) that

2 Ala, ) Ao, q 2e?
(3.22) / % ‘<|M(q q)l—
For ¢ > 0 and ¢ # ¢/, we have from (3.20)
QA A v >
(3.23) / @9 a(a’ ?) 4o = Mg, ~)aola,~¢, )+ M@, ~0) S anla,

n=1
The reason for writing the first term of the above sum separately comes from the
existence of the singularity as ¢ — ¢. This fact becomes more clear throughout the
rest of the proof and specially in the proof of part (ii). Now a similar argument as in
(3.22), together with observation |2n +i(¢ — ¢')| > 2n > 2 for n > 1, implies

(3.24)

00 e on
M(q,~q)> an(q.—q,e)| < |M(q.4)| > — < |M(g,q)le?
n=1 ’

n=1
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Also from (3.21) and definition of b,(q, —¢)

R(M (4~ ol ~1'. ) = 2 [eos (g = ) ] ~ 1]
~R(g,—g) 21 __q,> ns]
q—dq

(3.25)

Using (3.18), we can estimate the first term in (3.25);
SM(q, —4') 1 [T(1+i¢) T +iq)
qa—q 7 (1 —ig) T(1—ig)
where in the last inequality we have used the properties of the Gamma function to
conclude ( ) ( )
1 (1 +iq (1 +1q } ‘
0, = sup [ —= — - < 00.
ogsold —q [T(L—i¢)  T(1—ig)
Now putting all pieces together, (3.13), (3.16), (3.20), (3.23) yield
sin [(¢ —¢')In's
q/) [ 2]

(3.26) < |M(q,q)|

< |M(q,q)|q,

(3.27) Fy(q,q';€) = Hi(q,q's €) + Ha(q, PR
where
Kiy(0) Ky (a
(3.28) Hi(q,q5¢) = G(q,q, D) </ "a)a 1 )da—i-
{ 7)Y an(e,q, 6} +2R | M(q,—¢') > an(q, —q’,e)]Jr
n=0 n=1

SM(q,—q') Ny €

= (os[a=mg] 1)),
and
(3.29) Hy(q.q'5¢) = =G(q.¢, B) RM (¢, —q').

From (2.8) and definition of M (g1, q2) (see (3.18)), we have

1

(3.30) [M(q.¢)| < 7 laq sinh(rq) sinh(ng)] 7%,

Using the simple observation [sech(mq')]? /¢ sinh(rq’) < C2°¢ %e_(ﬁ_%)”q/, it follows
from (3.30) and our obtained estimates (3.14), (3.22), (3.24), and (3.26) that

(3.31) |Hi(¢.¢5€)l, |Hala,q)| < C,2°¢ e
Finally, since 0 < € < 2, (3.31) and (3.27) yield
(3.32) [Fs(q,q5€)] < C

E‘ Qﬁq’%e—(ﬂ—%)mf
2 b

for all ¢ > 0. This proves part (i).
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To prove part (ii), let w (0,00) — R be differentiable and bounded on (0, ). By
(3.32) the integral [°¢(¢)F (q q';€)dq" is convergent. Using (3.27), we write

/Ow(q’)Fa(q,q’;e)dQ’z/ V(¢ )Hs(q,q's€) dd

24 ysin (¢ —q)lns]
+ w() 2(¢:¢) pr— dq

R
+/q’—q>;q¢(q')Hz(q,q’)Sm [(¢' —q)In 5] i

q—q

l\?h—‘

q'>0

- Il + [2 -+ 13.
From (3.31), it follows

1 Ly o
,[1+13,<026(1+ )Hw\\w/ ¢TI g < Cyl|9 |

In order to estimate I, let u = ¢ — ¢. Then

1

24 sin | In §|u

I, = f( u)— ——du,

where f(u) = —¢(u+ q)Ha(q,u + q). Next, we use the fact that if f : (a,0) — R
(a < 0 < b) is continuous and bounded such that (f(u) — f(0))/u is also bounded in
a neighborhood of w = 0, then (see [24])

(3.33) lim / P e LD a——

R—o0

Now form (3.29) and (3.18) it follows that (f(u) — f(0))/u is bounded near u = 0.
Thus, (3.33) and (3.31) imply

lim 5] = 7[£(0)] = 7[o(q) Hal,0)| < Cos [

This completes the proof of part (ii). O
Finally, we are in the position to present a proof of our main result.

Proof of Orthogonality Theorem. We show that F'(q,q’;€) - d(¢—¢'), in the

distribution sense; more explicitly (see [22]),

(3.34) lim/ &(¢)VF(q,q5€)dq = d(q), forall ¢ e CF(0,00).

e—0+
Now let ¢ € C2°(0,00) and suppose § > 0. For < < 1, clearly

o(g)e” =™ cosh(mq) € C2*(0, 00),
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and we may extend this to an even function in C°(R). Then by Lemma 3.10 there
exists an even polynomial P such that

|¢(q)e*(175)”‘q‘ cosh(mq) — P(q)e*(lfﬁ)”“”‘ <0, Vq € R.
Multiplying the above inequality by [cosh(mq)]?~te!=)mldl yields

(3.35) |p(q) — P(q)sech(rq)|[cosh(mq)]? < 2775, Vg > 0.
Multiplying (3.35) by [sech(7rq)]? (< 1) yields
(3.36) |p(q) — P(q)sech(mq)| < 2775, Vg > 0.

For the remainder of the proof fix ¢ > 0. Then

/ cb(Q’)F(q,q’;E)dQ’—/ P(q")sech(rq')F(q,q;€) dq'
0 0

(3.37) -
+ / BV F (. q's¢) dd,

where
¥(q) = o(¢) — P(q)sech(rq’).
Now (3.5) implies (since P is an even polynomial),

o0

lim P(q")sech(mq')F(q,q';€) dg' = P(q)sech(mq),

e—0T Jo

for each ¢ > 0. This and (3.36), (3.37) yield

/ ?(¢"VF(q,q¢)dq

/ V(¢ )VF(q,q;€)dg’

(3.38) limsup |¢

e—0t

< 2785 + lim sup

e—0t

= 279§ + lim sup

e—0t

/ U(q)[cosh(nq')]° Fa(q. ¢'s€) dq' | -
0
By Lemma 3.12, as well as

[4(q")[cosh(mq")]?|| o < 2776,
(by (3.35)), the last term in (3.38) is at most 27°C,d. Thus

lim sup |¢ / (¢ )VF(q,q;€)dq| <277°(1+ C,)S6.
e—0t
Since ¢ > 0 is arbitrary, we get (3.34). This proves the Theorem. O
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