INDEX INTEGRAL REPRESENTATIONS FOR CONNECTION BETWEEN
CARTESIAN, CYLINDRICAL, AND SPHEROIDAL SYSTEMS

A. PASSIAN, S. KOUCHECKIAN, AND S. YAKUBOVICH

ABSTRACT. In this paper, we present two new index integral representations for connection between Carte-
sian, cylindrical, and spheroidal coordinate systems in terms of Bessel, MacDonald, and conical functions.
Our result is mainly motivated by solution of the boundary value problems in domains composed of both
Cartesian and hyperboloidal boundaries, and the need for new integral representations that facilitate the
transformation between these coordinates. As a byproduct, the special cases of our results will produce
new proofs to known index integrals and provide some new integral identities.

1. INTRODUCTION

Hyperboloidal coordinates are of particular importance in modeling of a new class of experimental
arrangements for the measurements of microscopic features of various material samples. In scanning
probe microscopy (SPM), the frequently occurring interaction of a probe with the sample can be modeled
with a geometric hybridity, where a one-sheeted hyperboloid of revolution describes the probe and the
z = 0 plane or another planar boundary describes the sample. In particular when solving the Laplace
equation, the solutions in the hyperboloidal domain can be expressed as integrals involving the conical
functions. Therefore, the ability to express the Cartesian coordinates in terms of an integral involving the
conical functions is of great importance (see[7], [9], and [8] for a detailed discussion). Here, among other
results, we provide a proof of such an integral representation for the coordinate z,

_ > 'y > qtanhmq 0 0 0 " p0 d
(11) 2= -T2 ) noan 0 WP_%J"W(O) P_%_H;q(l’b) - P_%_A'_iq(o) P_%_H;q(n )P_%_Hq(n) q,
where 2 is a scale factor that defines the focal distance of the hyperboloid in the spheroidal (u,n, @)

coordinate system, and PE 1iig denotes the conical functions. This integral expansion comprises the key

element in the study of thezCoulomb interaction of the SPM’s probe with a sample surface.

In Section 2, we provide some background formulas and uniform asymptotic expansions for the conical
and MacDonald’s functions in relevant regimes of the parameters. There is an extensive classical literature
for this which we quote, e.g., Prudnikov, Brychkov, and Marichev [10], [11], [12] among others. Section
3 contains statement and the proof of a new particular inverse Kontorovich—Lebedev transform which is
central to the proof of (1.1) and all other applications mentioned in this paper. Our approach is based on
application of Mellin and inverse Mellin transforms. In Section 4 is the proof of integral representation
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(1.1). In fact, we prove a more general result from which (1.1) follows as a special case. In section 5,
we provide some application of the obtained inverse Kontorovich—Lebedev transform to give new proofs
of some already known index integral transforms and also provide some new index integral transforms
emphasizing the broader impact of our result.

Finally, it should be mentioned that for the sake of clarity of our presentation, proofs of some elementary
facts, results, and observations are omitted. In such situations, we have provided sufficient references.

2. MACDONALD’S AND CONICAL FUNCTIONS

Recall that the MacDonald’s functions are defined by
(2.1) Ki,(a) :/ e OshT cog(qa) da,
0

where a > 0 and ¢ > 0. For detailed facts regarding MacDonald’s functions and their properties, we refer
the reader to any classical reference in this regard (see, e.g., [1], [4], Vol II, [5]). Here we mention those
results which are used in this work. First of all note that (2.1) implies

% —acosh o a(14la2 T _
(2.2) | Kig(c)] S/ e s l’dxg/ e—all+52?) g, — \/76 o
0 0 2c

Another useful estimate (see [15], p.15) is given by

(2.3) |Kig(a)| < \/Wﬂoséeﬂsqe_“cos‘s for all ¢ € [0,7/2).

Using the well known equivalent expression of Kjq(c) in terms of modified Bessel functions (see [2], p.458),
one can show that for each A >0

(2.4) Kig(a) = —¢~ ' Tm[e™$D(1 - iq)] + Ey(a)

for all ¢ > 0 and « € (0, A], where |E,(a)| < Caa?/+/qsinh(mq) and the constant C'4 depends only on A.
For the asymptotic expansion of Kj,(«) (see, e.g., [4] p.88 or [15] p.20) we have

_ 27 _wa T . « T _1
(2.5) qu(a)—,/?e 2 {&n(qlnq—q—qln(i)—i—Z)+O(q )], as g — o0

uniformly for o € (0, A] with A > 0. From (2.1) we see that K;,(«) is continuous at each (a,q) €
(0,00) x [0,00); by (2.2) it is bounded for («, ¢) in any set [e,00) X [0, 00), where € > 0; and by (2.4) it is
bounded for (a, ¢) in any set (0, A] X [¢, 00), where €, A > 0.

Next, we recall some facts regarding the conical functions Pgl J2+ig
most general form of the conical functions is given in terms of the hypergeometric function o F} by

(2.6) P2 jiig(@) = 2F1 (3 — g, 5 +ig; 1;157)

where ¢ > 0 and x > —1 (cf. [4], Vol. I, pp.122 or [13] 7-2-5). The conical functions have the alternative
forms

() used throughout this paper. The

0 V2 ° cos(qt)
(27) P—1/2+Z‘q(/‘b) = 7 CObh(Wq)A mdt, Where —1 < 1% < 1, q Z 0,

and

2 ee K;
(2.8) P91/2+iq(ﬂ) = ;{/QCOSh(TFQ)/O e””qf:)dﬁ, where —1<pu<1, ¢>0.
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Using an alternative representation of P, /2 +ig(m) (cf. [7] eq. 2.36), one gets
(2.9) ]P91/2+iq(17)| <1, forall np>1andq>0.

Moreover, we have that P°, /9 1ig(1) = 1for all ¢ > 0; P° /2 +iq(1) 1s continuous and bounded on the set

[1,00) x [0,00); Py(p) is continuous on the set S = {(i,q) € (—1,1] x [0,00)} and bounded on compact

subsets of S. It follows also that P91/2+iq(77) and P91/2+iq(u) are analytic in ¢ > 0 for fixed n € [1,00)

and p € (—1,1], respectively. For the asymptotic expansions of PEI /2 +iq(n) and P

_1/2+iq(ﬂ), we mention

two useful equalities for our purposes; namely,

2 1 ™
0 _ -1 T -1
(2.10) P sia0) =\ i cd * [eos(aC =P HOG]as oo,
uniformly for ¢ € [e,00), € > 0, where 1 = cosh (; and
1 1
2.11 P . = ————q¢ 2% [1+0(¢g! as — 00,
( ) 71/2+zq(:u) \/mq [ (q )] q

uniformly for 6 € [e, §],e > 0, where = cosf. To see these facts and a detailed account on conical

functions and their properties, we refer the reader to any of the classical references [3], [4], [5], [13]. We
also use the following estimates for Jy(u) and J; (u).

(2.12) Jo(w)| < Cu™2 and |Ji(u)| < Cu2 forallu>0,

where C' > 0 is a constant. The estimates given in (2.12) follows from the asymptotic expansions for Jo(u)
and Ji(u) as u — oo (see, e.g., [2] p.518).

Throughout this paper we employ the hyperboloidal coordinates (1,7, ¢) in R?. Fixing 2o > 0, they
are defined by (see, e.g., [9]).

(2.13) x = Rcos ¢, y = Rsin ¢, and Z = 2o 1),
where
(2.14) R=2z0/(?-1)(1—p2), —-1<p<l, n>1, and 0<¢<2m.

The 1 = constant and p = constant level surfaces are confocal hyperboloids and ellipsoids of revolution
about the z—axis, respectively.

3. AN INDEX INTEGRAL REPRESENTATION

For brevity, we will write P, for PEI J2+ig throughout the rest of this paper.

In this section we investigate the validity of a new integral expansion for the Bessel function in terms
of MacDonald and Conical functions of complex lower index —% + iq. More precisely, we give a rigorous
proof regarding the type of convergence and divergence of the integral

(3.1) e ** Jo(kR) = \/z /0 h qtanh(mq) Kiq(k) Py (1) Py(n)dg

where k > 0, 2 = unp > 0 and R = /(n2 — 1)(1 — p2). In fact, if one considers p and 7 as the spher-
oidal coordinates with natural restrictions on their domains, then (3.1) gives a new relation between the
cylindrical and spheroidal coordinates. This relation will be exploited extensively in the later sections.
In particular, we obtain some new index integrals and also give a proof of our integral expansion of the
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Cartesian coordinate z in terms of conical functions discussed in the introduction. Before presenting our
main result, recall that the Mellin transform of the function f(k) is defined by

(3.2) M) (5) = Fls) = / " p(k) ke d,

For basic properties of this transform such as existence, uniqueness, and convolution, we refer the reader
to [12], [14], or any classical text on this topic.
Theorem 3.3. For k > 0, the following statements hold.

(a) If p,m > 0 and p? +n? > 1, then the integral (3.1) converges absolutely.

(b) If u=0,n>1 orn=0, u>1, then the integral (3.1) converges conditionally.

(¢) If (1, m) € (0,1) x (0,1) and p? +n* = 1, then the integral (3.1) converges conditionally.
(d) If (u,m) € [0,1) x [0,1) and pu® +n? < 1, then the integral (3.1) diverges.

Proof. To prove part (a), we first assume that p,n € [1,00) and denote the right-hand side of (3.1) by

(34 b = | 2 [ gtanhiza) K0P Py 1)

Using asymptotic behavior of the modified Bessel function and conical functions (see formulas (2.5),
(2.10)), it follows that the modulus of the integrand in (3.4) is O(e™29); therefore, the integral (3.4)
converges absolutely in this case. Let I}, denote the Mellin transform of I um(k)e*k\/é ; that is,

M [Ium(k)e_k\/ﬂ (s) = I:m<3> = /OOO I,u,n(k')e_kks_l/zdk

(3.5) = \/f | [ atanbro KPP ) dgt

In view of (2.3) and the fact that |P,(u)P;(n)| < 1 (see Section 2), it follows that the integrand in last
equality of (3.5) belongs to L'(R* x R¥,dg x dk). Therefore I is well defined, the first integral in
(3.5) converges absolutely, and one can interchange the order of integration in the last double integral via
Fubini’s theorem. Now, using the relation (see [12], identity 8.4.23.3)

oo _ _ [(s+iq)T'(s —iq)
k s—1 s
. Kz =2 )
(3.6) /0 h Kk = 2 Res > 0
one can rewrite (3.5) as
91/2—s 00

(37) Tial®) = S 73y [, 4tanb(ma) T(s+ ia) P(s = ia) Pyo) Py do
The following integral representation can be found in [14];

2 o x—1
(3.8) Py(z) = — cosh(ﬂq)/ Jo(ey)Koiq(y) dy,  where c¢= 5

v

0
Substituting (3.8) into (3.7) with a = /£5* and b= /5" yields

* 3/2—s Rl el el . .
(3.9) I,,(s) = 71'22Fis+1/2)/0 /0 /0 gsinh(2mq)I'(s + iq)T'(s — iq) Jo(ay) Jo(bu) Kaiq(y) Kaig(w)dudydg.
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By virtue of the Stirling asymptotic formula for gamma-functions (see [1], [14] ) we have
(3.10) IT(s +iq)| = O (e*”q/zqR63*1/2> as ¢ — oo.

Therefore taking into account the asymptotic properties of Bessel functions (2.3), together with the in-
equality (2.12), one can easily verify the absolute convergence of integral (3.9). Consequently, we can apply
Fubini’s theorem to interchange the order of integration in (3.9). Now the inner integral with respect to
¢ can be calculated with the aid of relation (2.16.53.1) in [11]. This implies

21/2 3s s
(3.11) I, (s) = / / Jo(ay)Jo(bu) <> Koy (\/u2 +y2) du dy.

T(s+1/2)
On the other hand, relation (2.3.16.1) in [10] gives

2+u2 uy

y2u2 S 1 o0 9 7<t1!2 72t>
(3.12) <2) Ko, (,/u2+y2) :/ A JL.
0

y? + u? 2

The change of variable ££% +— ¢ in (3.12) and substitution of the result into (3.11) brings us to the equality

o0 o0 o0 \/gy +u + uy
L ()T (3+s)= 2_3/2/ / / Jo(ay) Jo(bu) e < ey 2\/§> 51 du dy dt
0 0

[e'¢] [e’e] _ \/gy +u uy
(3.13) M [23/2 / / fag) o) ¢ VT 3% dudy].
0 0

Note also that in the first equality of (3.13) we have interchanged the order of integration since the

modulus of the integrand is dominated by exp {— (\/@ y;ur; + )} for all u,y > 1,t >0, u,np > 1

2\F
and it is bounded in the neighborhood of zero.

Next, using the translation property of the Mellin transform and the fact that I'(s) = M [e‘t] (s), it
follows that I’ (% + s) =M [\/f e*t] (s). This observation together with the convolution property of the
Mellin transform (e.g. [12], [14]) and (3.5) imply

(3.14) I ()0 (5 +8) =M [\/% /Ooo Liy(k)e ™ % ‘Z’C] .

Our last application of the Mellin transform is its uniqueness property (see [3], [4]), which in view of (3.13)
and (3.14) gives

9] dk 9—3/2 \/gy +u? 4_uy
(3.15) / Ium(k:)e_k_%? / / Jo(ay) Jo(bu) e ( e 2@) dudy, (t>0).
0

Inspired by the fact that the left-hand side of (3.15) represents a modified Laplace transform of the
function e %1, , (k) (see [3], [14]); we show that one can also rewrite the right-hand side of (3.15) in a
similar fashion. We start with a polar coordinates substitution in the right-hand side of (3.15); that is,

o dk 3/2 7T/2 /8t +r251n2w
(3.16) / Iu,n(k)eil%%? = / / Jo(arsing) Jo(brcos ) e <S”12¢ Ve ) rdrde.
0
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The latter integral in (3.16) can be calculated with respect to the variable r via relation (2.12.39.3) in
[11]. As a result, we have

o0 /2 1 2 . 9 9 9
B10) [ Lt =2 n(avs) [T e (Ve LSRN g,
0 0

sin 2¢

where In(z) denotes the modified Bessel function (see [6]). Letting /8t +— ¢ and substituting u = tan ¢ in
(3.17), it follows from the relation (2.3.16.1) in [10] that

(3.18) /0 h Ium(k)e_k_*kd—: = 2y(abt) Ko (1y/(T+ )11 5.

In view of the property of Bessel functions Jy(iz) = Ip(2) (see [6]) and relation (2.12.10.1) in [11], we write
the right-hand side of (3.18) as

> _p 2 dk ke —k-t dk
(3.19) I y(k)e " sk - = e Jy(kR)e - where ¢ > 0.
0 0

As a result of the uniqueness theorem for the modified Laplace transform of integrable functions (see [3],
[14]) it follows from (3.19) that

(3.20) Loy(k) = e *Jo(kR), for p,ve][l,00).

This proves the assertion of part (a), for i, v € [1,00). Since P,(z) is analytic in the half-plane Re z > —1,
one can easily see that (3.1) also holds for the cases p € (0,1), n > 1 or u € (0,1), n > 1. Moreover, in

these cases, the uniform estimates (2.10) and (2.11) imply that (3.1) converges absolutely and uniformly

for arccos p € [5, %—5] , n > 1 or arccosn € [5, %—5] , > 1, for all £ > 0. Finally, we turn our

attention to the last remaining case of part (a); that is, (¢,n) € (0,1) x (0,1). Employing the estimates
(2.5), (2.11), and the trivial identity (see [10])

arccos (L 4+ arccos 7 = arccos (,u,n — \/(1 —u?)(1 - 772)) )

one observes that for sufficiently large A > 0
> * tanh( . : ‘
(321) / qtanh 7Tq ‘qu ‘dq < C/ an 7”] —q(i—arccobu—arCCObn)dq
A

_ C/oo tanh (mq) —q<——arccos(,w7—\/m)> dg,

where C' > 0 denotes an absolute constant. Clearly, the last mtegral in (3.21) converges uniformly if

arccos (;m — /(1 —p2)(1 - 772)> < Z —¢ (¢ > 0), which is equivalent to the condition z? 4+ n* > 1. This

completes the proof of part (a).
To prove part (b), we first assume that n > 1. It follows from estimates (2.5), (2.10), and (2.11) that
for sufficiently large A > 0

/A " tanh(mq) Kig(k) Py(1) Py(n) dg

(3.22) =0 (/OO eq(arccos”_)tm\/gq) sin (q log <?q) —q+ %) oS <q arccosh (n — %)) dq> ,

A
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for all € [0,¢], where e > 0 is sufficiently small, and k£ > 0. Now the Abel’s test implies the uniform
convergence of the integral (3.22). Therefore, one can let ¢ = 0 in (3.1) with the aid of an obvious
limiting process, part (a), and continuity properties of the conical functions mentioned in Section 2. For
n = 1, we need some extra argument. In this case P,(1) = 1; therefore, the estimate (2.10), and thus
(3.22), does not hold. In order to overcome this difficulty, we use (see [6]) the special case identity

N -2
P,(0) = )F (% + %) ‘ for the conical functions in (3.1). This implies, for n > 1,

(3:23) Jo (’f\/ﬁ) = \/g/ooo ¢ tanh(7q) ‘r <i n 22‘1>

In fact, (3.23) coincides with a particular case of the relation (2.17.27.21) in [12] . A similar argument as
the one given in (3.22) with the asymptotic estimates (2.5), (2.10), and (3.10) imply

o [e.e]

(3.24) / %Kiq(k)Pq(n) dg =0 </ sin (q log <%) —q+ %) cos (q arccosh (n — %)) dq> :
A P(E+F)] A

where A > 0 is chosen sufficiently large. An application of integration by parts shows that the right—hand

side of (3.24) is of order

@) (arccosh 77/A cos (q log <2kq> — q(1 — arccosh n) + Z) k)g(c;qq/k‘)) )

for all n € [1,1+4¢], where ¢ > 0 is sufficiently small. Now the uniform convergence of the integral in (3.23)
follows from Dirichlet test. As a result, we can let n = 1 in (3.23) using the same argument outlined for
the case p = 0. Finally, noting (3.1) is symmetric in g and n and R(u,0) = /2 — 1, the case n = 0 and
i > 1 can be treated in an exact same way as the one given above. This completes the proof of part (b).

Next suppose p,n € (0,1). If 4? +n* = 1, then trivially arccos u + arccosn = 5. Thus from a similar
argument as the one given in (3.21), we have for sufficiently large A > 0

[ttt K02 GoPaa =0 ([ t“;f;q) sin (qto (3) ~ 4+ ) da) <

-2
Kiq(k) Pq(n) dq.

due to the Dirichlet test, which proves the assertion of part (c). If u? +n? < 1, then again a similar
estimate as the one given in (3.21) implies for large A > 0

/A qtanh(wq)Klq(k)Pq(u)Pq(n) dq -0 (/A 6Q<arccos<ll77— (1—#2)(1—772))_%) dq> — 00

as A — oo, due to the fact that arccos (,un — /(1 —p2)(1 - 7;2)) > 5. This proves part (d) and completes
the proof of the theorem. O

We close this section by pointing out certain limitation of the formula (3.1) with respect to the range
of variables p and 7. To see this note that the uniform asymptotic formula (2.11) remains valid for
¢ = arccosp € (§,m —¢], where € > 0 (see [6]). As a result, if for instance we assume p € (—1,0) and
17 > —1, then in view of of (2.5) it follows that for A > 0 sufficiently large

[ atenm s r, 0 Pnda =0 ([ Ratmess (4 [0~ 5]) ae)

A
where clearly the latter integral approaches infinity as A — oco. We summarize the above observation in
the following remark.
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Remark 3.25. If either 4 € (—1,0) or n € (—1,0), then the integral (3.1) diverges.

4. AN INTEGRAL EXPANSION FOR z

In this section, we give a proof of Theorem 4.9 from which the integral expansion (1.1) follows as a
consequence. The main key is provided by Proposition 4.2 below. In fact, Proposition 4.2 is an important
application of Theorem 3.3 and contains the new index integral formula (4.4). Here, we assume some basics
regarding the definition and properties of conical functions @, (z) of the second kind (see for example [6]
for a detailed discussion). For our purpose, we mention the facts that @, (z) is analytic in the half-plane
Re z > 1 and has the following uniform asymptotic behavior at infinity (see [1], [6])

T I'(1l+v
(4.1) @ulz) =0 <2\V/;1 I‘(ZE ++3/)2

which can be easily obtained from @), ’s representation in terms of the Gauss hypergeometric function.

)z_”_1> as 2z — 00,

Proposition 4.2. Let k > 0 and pu,n > 0. Then

\/i o —kz dk
m . e JO(kR)KZq(k)ﬁ

where the integral converges absolutely. Moreover if ji; and n; (j = 1,2) satisfy either of the conditions
(1) (M]vnj) € [07 1) X (1700) or (:uﬁnj) € (1,00) X [071)7
(2) (/L]vn]) € (1700) X (1700)7
(3) (ij,m;) € (0,1) x (0,1) such that 77]2- —|—u32- > 1,

then

©  tanh 1 2 R2 R2
(4.4) /0 qmPq(,ul)Pq(nl)Pq(,UQ)Pq(UQ) dg= ——— Q_1/2 ((2’1 + ;;22)Rl_;%2 2 4 2) |

(4.3) = sech(mq) Py (1) Py (n),

Proof. First, recall that the Kontorovich -Lebedev(KL) transform of a fucntion f(k) is defined by

(45) o) = [ K@i qew
. q o 1q \/E7 q 9
whenever the latter integral exists. Our proof is based on the Plancherel theorem and Parseval’s identity
for the KL—transform. In brief, the Plancherel theorem states that F' defines a bounded (linear) operator

from L?(R",dk) onto L?(R™, ¢sinh(mq)dg) with its bounded inverse given by

(1.6 10 = % [ asinn(ro) 42 (g do

Moreover, the following Parseval type identity holds

2 [ gsinh(nq)Fi(g) Fa(q)dq = /O 1R falk) d,

2 Jo
where F) and Fy denote KL—transforms of f; and fs; respectively. For the mentioned facts and further
properties of KL-transform, we refer the reader to [14] and/or [15].
Now, suppose 0 < u < 1 and n > 1. The asymptotic behavior of Bessel functions (2.12) implies that
e % Jo(kR) belongs to Lo(Ry;dk). Consequently, from the integral representation (3.1) and (4.6), it

(4.7)
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follows that (4.3) holds and the integral converges absolutely in this case. Furthermore, one can easily
observe that the absolute and uniform convergence of integral (4.3) remains true for p > 0 and n > 0.
Thus, the validity of (4.3) carries over to p,v > 0 with the aid of properties of conical functions P, and
the uniform convergence of the integral in (4.3).

Next, for j = 1,2, let F;(q) = sech(mq)P,(1tj)FPy(nj). Then under either of the conditions (1), (2), or
(3), the asymptotic behavior of pq (see (2.10), (2.11)) implies that F; € L*(R™,gsinh(wq)dg). Thus, in
view of the Parseval’s identity (4.7) and the index integral (4.3), we have that

°° tanh(m k(s
@8) [ IR )Py P Pai) da = [ M gy (Ry) Jo () i
o  cosh(mq) 0
Finally, the relations (2.12.38.1) and (2.12.8.2) in [11] imply the equality of the right-hand sides of (4.8)
and (4.4). Also note that in view of the asymptotic behavior of Py, either of the conditions (1), (2), or
(3) guarantees the absolute and uniform convergence of the integral (4.4). This proves the proposition.
O

Now we are in the position to state the main result of this section.

Theorem 4.9. Fix zyg > 0. Let z1 = zou1m and zo = zg uan2 denote the spheroidal coordinates rep-
resentation of the z—coordinates of two points in R3, where 1 < n; <ooand 0 < pj <1 (j=1,2).
Then

@10) e [0 [0 0) R Ga)Pym) — Pl Py Py da

Proof. Recall from (2.14) that R; = ZO\/(H? - 11— ) where j = 1,2. By the identity (4.4) of Propo-
sition 4.2

(4.11) /‘X’qtanh(ﬂq)p (0) P, (1) Py (1) Py(nj) dg = V20 Q_1/2 (Z]z+z§<772_1)+R32.> 7
0 1)R;

cosh(mq)  * w2\/(n? — 220/ (n* — 1)R;

where j = 1,2. Therefore, the identity (4.10) is equivalent to

(4 12) o — _& oo n LQ z%+R%+z3(n271) 1 Q z§+R§+28(n271) d
: S Y RN CEES I RV Y 12\ o/l R VR: Y2\ o r—1R, -

To prove (4.12), we reduce the problem via the change of variable u = z94/n? — 1 to the equivalent identity

L T 4+ R + v s 5+ R+ o
(4.13) Zog — 21 = 7T/1 Vu [\/RT Q-1/2 (2Rlu ~ Vs Q-1/2 T oRu du.

If R = Ry and z1 = 29, there is nothing to prove. So we may assume that either Ry # Ro or z1 # zo.
Recall relation (2.18.3.9) in [12] ,

(4.14) /0 27Q s () do = T (14 4) T (1 - %) (@ +0) VAP (Sob)

which is valid for a,b > 0 and Re a < % Clearly, in our case o = 3/2 and a direct application of (4.14)
is not possible. However, one can still use this result if we look more carefully into the right—hand side of
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(4.13). So let us denote the integrand in (4.13) by I(x). Then the the asymptotic relation (4.1) imply

0] (u ((z%+Rf1+u2)1/2 - (z§+R§1+u2)1/2)> =0 (U) ) as  u— 0,
I(p) =
O (u <(Z%+R%1+u2)1/2 — (z§+R§1+u2)1/2)> =0 (u‘2) , as  u— 00.

Consequently, integral (4.13) converges absolutely. This means that one can extend (4.14) in the case of

(4.13) from Re v < § to a = 3. Therefore, we can set o = 3 in the right-hand side of (4.14). Finally,
taking into account the fact I'(—1/2) = —2./7 together with expression for the Legendre polynomial

Py (z) = z, we obtain

L[> 22+ R3+u? z3+R2+u?
TF/1 Vu [\/% QR-1/2 (W) - \/% Q-1/2 (%)} du

_ 22 2 2\1/2 21
= (R%+ 22)1/2P1 ——— | —(R]{+2]) /P | ——
2 VRE+ 22 b VR + 22

= 29 — Z21.
This proves (4.13) and hence the identity (4.10). O

Corollary 4.15. The integral representation (1.1) follows from Theorem 4.9 by letting m = 12 and ug =0
in (4.10).

5. FURTHER APPLICATIONS AND REMARKS

In this section, we show some applications of the index integral (3.1). Furthermore, we discuss how
special cases of (3.1) and its corollary; namely, Proposition 4.2, coincide with known integral formulas in
literature.

The first application of (3.1) is a new index integral formula.

Corollary 5.1. If k > 0, then the following identity holds.

*  gtanh(mwq k

o e =
r(i+%)
Proof. Note P;(1) =1 and Jy(0) = 1. Now use part (b) of theorem 3.3 by letting n = 1 in (3.23). O
In view of part (a) of theorem 3.3 with n = 1, we obtain the following index integral
oo k
(5.3) | atanh(ra) Ky Py dg =\ e (>0,
0

which coincides with relation (2.17.26.15) in [12]. Another application of theorem 3.3, part (a), with p =1
gives the value

rk _,

(5.4) /OOO qtanh(mq) K,y (k) dg = 5¢ (k> 0),

which is the limit case of the relation (2.16.48.15) in [11].
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Furthermore if =7 > then parts (a) and (c) of theorem 3.3 imply

f’
(5.5) | atanhm K ()P0 da =\ 5 e ha (ko 1),

which represents the corrected version of relation (2.17.29.4) in [12] .
Finally we conclude this section with the following two new index integrals.

Corollary 5.6. Under the assumptions of proposition 4.2, the following holds.
(1) If we let either of the parameters puj ormn; (j =1,2 ) equal 1, say p =1, then

*° tanh(mq) _1 !
(5:7) /0 qmpq(m)])q(m)&(m) = T/(m + 2)? + RS

(2) If p1 = po = m = n2 = a, where a € (%, oo> \{1}, then we have the index integral

° tanh(7q) 1 a® +2a
(9 [T D (b o = 0 ()

q) m2la? — (a?

Moreover, the limit case a =1 in (5.8) coincides with the known integral value (see [13] and also

[14])
> tanh(rq) 1
/0 qCOSh(ﬂ'(]) dq = 21
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