
JOURNAL OF APPLIED PHYSICS VOLUME 85, NUMBER 11 1 JUNE 1999
Criteria for formation of interface dislocations in a finite thickness epilayer
deposited on a substrate
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The critical epilayer thickness for the formation of misfit dislocations at the interface between an
epilayer and a substrate with a finite thickness is derived in the present study. The analysis is based
on the energy approach, in which the self-energy of dislocation, the interaction energy between the
dislocation and free surfaces, and the lattice mismatch energy of substrate and epilayer are
calculated. To satisfy the free surface condition, the methodology of superposition principle and
Fourier transformation are used in analyzing the stress field due to the interface dislocation. The
critical epilayer thickness is compared with those reported in the literature. ©1999 American
Institute of Physics.@S0021-8979~99!06710-9#
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I. INTRODUCTION

Advances in semiconductor device technology and h
temperature superconducting films rely on the ability to
posit a single-crystal thin film epitaxially on a substra
However, a lattice parameter mismatch generally exists
tween the epilayer and the substrate. As a result, the epil
grows with internal stresses due to the constraint of the s
strate. These internal stresses provide the driving force
the formation of mismatch dislocations at the interface
tween the epilayer and the substrate1–21 that, in turn, de-
grades the device performance. Hence, the critical film th
ness for the interface dislocation to form in the epilay
substrate system becomes crucial in materials design. Ef
have been devoted to predict this critical thickness. Due
the complexity of the problem, the existing analyses assu
the epilayer and the substrate are isotropic elastic mate
and have the same elastic constants.3,7,22 Matthews and
Blakeslee~MB!3 considered a thin epilayer on an infinite
thick substrate, analyzed the force exerted by the misfit st
and the approximate tension in the dislocation line, and u
the force approach to predict the critical thickness. The M
model was subsequently improved by others7,14,20 using the
energy approach, in which the work of forming the disloc
tion due to the presence of internal stresses and the
energy of the dislocation were analyzed. It has been fo
that the critical thickness based on an infinitely thick~i.e.,
noncompliant! substrate is generally too thin to fabricate d
vices.

To increase the critical thickness, new approaches
grow thick epilayers on compliant substrates have been
posed and preliminary results are very promising.23–25 To
generalize the MB criterion for a thin epilayer on an in
7570021-8979/99/85(11)/7579/8/$15.00
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nitely thick substrate to the case of a compliant substr
epilayer system, Freund and Nix~FN!22 estimated the free
energy change in the semiconductor-on-insulator compl
substrate/epilayer system due to formation of an interf
misfit dislocation. In their estimation, the thin substrate
assumed to be free standing and flat. The purpose of
present study is to refine the FN model by providing a co
plete analysis for the dislocation self-energy. To achieve t
the methodology of superposition principle and Four
transformation18–20 are adopted in analyzing the stress fie
due to the interface dislocation. This stress field satisfies
free surface condition. Finally, the predicted critical epilay
thickness is compared with existing solutions.

II. THEORETICAL ANALYSIS

A. Stress distribution

Like the MB and the FN models,3,22 the present mode
considers that the epilayer and the substrate are isotr
elastic materials and have the same elastic constants. A s
matic drawing of an epilayer with a thickness ofhf deposited
on a substrate with a thickness ofhs is shown in Fig. 1. The
Cartesian coordinates,x1 , x2 , andx3 , are used with thex1

axis parallel to the in-plane interface, thex2 axis perpendicu-
lar to the interface, and the origin located at the interface~see
Fig. 1!. A dislocation with a Burgers vectorb5@b1b2b3# is
located at the origin. In the present analysis, energies
calculated per unit length of the dislocation line or per u
depth of the epilayer/substrate system. The formation ene
of the dislocation,Ef , is of primary concern. WhenEf is
negative, the dislocation can form spontaneously. C
versely, whenEf is positive, the interface remains cohere
9 © 1999 American Institute of Physics
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The formation energy of the dislocation,Ef , consists of two
components: the self-energy of the dislocation,Es , and the
interaction energy between the dislocation and the mism
strain,Eint , such that

Ef5
1

2E E
S
~sa1sm!~ea1em!dx1 dx2

2
1

2E E
S
smemdx1 dx25Es1Eint ,

~1!

Es5
1

2E E
S
saeadx1 dx2 , Eint5E E

S
smeadx1dx2 ,

wheres ande are the stress and strain, and the subscripta
and m, denote the tensor components induced by the di
cation and the mismatch, respectively. The integration
main,S, encloses the entire solid including the epilayer a
the substrate but excluding the dislocation core because
elastic stress field induced by the dislocation is no lon
valid in the core region. Application of the divergence the
rem toEs andEint yields

Es5
1

2ES
sa,i j njua,ids, Eint5E

S
sm,i j njua,ids, ~2!

where the boundary ofS includes two contours,C` andCr 0
,

and an arbitrary cut, as shown in Fig. 1, andnj is a unit
vector normal to the boundary. For convenience, a cut al
thex2 axis is usually made. The traction-free condition alo
the surfacesx25hf andx252hs , and the vanishing remot
stresses of the dislocation stress field reduce Eq.~2! to

Es5E01Ec , E052
1

2Er 0

L

sa,i j njbids,

~3!

Ec5
1

2ECr 0

sa,i j njua,ids, Eint52E
0

L

sm,i j njbids,

FIG. 1. Schematic diagram of a misfit dislocation located at the interf
between an epilayer of thicknesshf and a substrate of thicknesshs . The
coordinate system is also shown.
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where L is the length of the cut,r 0 is the radius of the
dislocation core, and the integration value i.e.,Ec , along the
core contourCr 0

is the core-traction contribution to the sel
energy. As long as the core-traction contribution is includ
the self-energy of the dislocation is independent of the cu
is noted that the cut location changes the dislocation
placement field and hence the core-traction contribution,Ec .
However,E0 also varies with the cut location, such that th
summation ofE0 and Ec becomes independent of the c
location. This issue has been discussed by Freund14 in
detail.

The stress field produced by the dislocation is deriv
using the superposition principle, in which four compone
of stress fields (1), s (2), s (3), ands (4) are considered, and
Fourier transformation. First, a dislocation in an infinite d
main is considered. Then, an image dislocation with resp
to the free surface of the epilayer is added such that the s
field resulting from the original and the first image disloc
tions @i.e., s (1)1s (2)# satisfies the traction-free condition a
x25hf . Similarly, a second image dislocation with respe
to the free surface of the substrate is added such that
stress field resulting from the original and the second im
dislocations@i.e., s (1)1s (3)# satisfies the traction-free con
dition at x252hs . Finally, the fourth component of stres
field, s (4), calculated using Fourier transformation is adde
such that the traction-free conditions atx252hs and x2

5hf are satisfied, respectively, whens (4) is combined with
the stress fields due to the first and the second image d
cations. Hence, combination of the above four compone
satisfies the traction-free conditions at the free surfaces
epilayer and substrate.

Using the above procedures, the dislocation displa
ment and stress fields can be expressed as

ua5u~1!1u~2!1u~3!1u~4!, sa5s~1!1s~2!1s~3!1s~4!.
~4!

While the stress fields due to a dislocation in an infin
domain~i.e., s (1)! and its two image dislocations~i.e., s (2)

and s (3)! can be readily obtained, determination ofs (4) is
subjected to the traction-free boundary conditions, such

s i2
~4!1s i2

~2!50~ i 51,2,3! at x25hf ,
~5!

s i2
~4!1s i2

~3!50~ i 51,2,3! at x252hs .

Derivation ofs (4) from Eq. ~5! is complex, and the detailed
derivations are given in Appendices I and II for an ed
dislocation and a screw dislocation, respectively.

B. Interaction energy

The mismatch stress and strain fields in both the epila
and the substrate have been derived in the FN model, s
that the stress fieldsm produced by the mismatch is give
by22

e f5em
0 hs

hs1hf
, es52em

0 hf

hs1hf
,

s11
f 5s33

f 5Me f , s11
s 5s33

s 5Mes , and others i j 50, ~6!

e

IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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whereM52m(11n)/(12n) is the biaxial modulus,m and
n are, respectively, the shear modulus and Poisson’s r
em

0 5(as2af)/af is the unrelaxed mismatch strain, andas

andaf are the stress-free lattice parameters of the subs
and epilayer materials, respectively. Since the misma
stress field is an analytic function at the dislocation core,
interaction energy can be calculated by integrating from
surface to the dislocation core. It results from completing
integration of Eq.~3! and is given by

Eint5Mem
0 b1

hshf

hs1hf
. ~7!

As can be seen in Eq.~7!, the product of theb1 component
of the Burgers vector and the mismatch strain must be ne
tive to ensure a negative interaction energy which is nec
sary in order to form the dislocation.

C. Self-energy

When the radius of the dislocation core is much sma
than the layer thickness, substitution of the four parts of
stress field into Eq.~3!, yields

E05
m~b1

21b2
2!

4p~12n!
lnF 4hfhs

~hf12hs!r 0
G1

mb3
2

4p
lnH F2~hf1hs!

pr 0
G

3cosFp~hs2hf !

2~hs1hf !
G J 2

m~b1
21b2

2!

4p~12n!
F12

2hs

hf12hs

1
2hs

2

~hf12hs!
2G1E0,4e . ~8!

whereE0,4e is induced by the fourth stress field of the ed
component of the dislocation, calculated via the Four
transformation~see Appendix 1 for details!. The second term
containingb3 is the strain energy of the screw component
the dislocation~see Appendix II for details! which is the
same as the exact solution for a screw dislocation in a p
with traction-free surfaces derived by Eshelby.26 When the
cut is along thex2 axis, the core-traction contribution i
given by

Ec5
m

16p~12n!
@2~b1

22b2
2!1~b1

21b2
2!/~12n!#. ~9!

Combining Eqs.~7!, ~8!, and ~9! leads to the formation en
ergy for the isolated mismatch dislocation. A zero formati
energy yields the critical thickness, which is determined

m~b1
21b2

2!

4p~12n!
lnF 4hfhs

~hf12hs!r 0
G1

mb3
2

4p
lnH S 2~hs1hf !

pr 0
D

3cosFp~hs2hf !

2~hs1hf !
G J 2

m~b1
21b2

2!

4p~12n!

3F12
2hs

hf12hs
1

2hs
2

~hf12hs!
2G1E0,4e1Ec

5M uem
0 b1u

hshf

hs1hf
. ~10!
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When the substrate thickness approaches infinity,
~10! is then reduced to

m

4p~12n!
@b1

21b2
21~12n!b3

2# lnF2hf

r 0
G2

m~b1
21b2

2!

8p~12n!
1Ec

5M uem
0 b1uhf . ~11!

Furthermore, when the core energy,Ec , is ignored, Eq.~11!
becomes identical to the previous results.7,14,20

III. RESULTS AND DISCUSSION

In order to verify the analytic results, the contours
stress fields near an edge dislocation and a screw disloca
located at the origin on the interface are shown, respectiv
Specifically, the free-surface condition is examined. The s
strate thickness to epilayer thickness ratio of 3 is used in
plot to elucidate the essential trend. Comparison is th
made between present and existing results.

A. Stress contours of dislocation

The contours of stress componentss22 and s12 arising
from an edge dislocation with Burgers vectorb1 along thex1

direction are shown in Figs. 2~a! and 2~b!, respectively. It
can be seen from Fig. 2~a! that the stress components22

satisfies the free-surface condition atx252hs and hf . Al-
though contours near the dislocation are similar to those
an infinite medium, two local maxima are located ne
~61.4, 20.7!. The contours of shear stress,s12, shown in
Fig. 2~b! deviate from those in an infinite medium near bo
free surfaces. The shear stress is equal to zero at both
surfaces.

The stress contours,s22 ands12, arising from an edge
dislocation with Burgers vector,b2 , along thex2 direction
are shown in Figs. 3~a! and 3~b!, respectively. Note that for
an infinite medium, the stress fields due to an edge dislo
tion with Burgers vector along thex2 direction can be ob-
tained from those due to an edge dislocation along thex1

direction if x1 andx2 are replaced byx2 and 2x1 , respec-
tively. The profiles ofs22 are shown in Fig. 3~a!. Although
the shape near the edge dislocation is similar to that of
edge dislocation in an infinite medium, an additional set
enclosed contours is distributed on each side of dislocat
The value of stresss22 is equal to zero at both free surface
The stress profiles ofs12 are shown in Fig. 3~b!. The value
of s12 is equal to zero at both free surfaces, and the fr
surface condition is satisfied. There exists two sets of
closed contours located on each side ofx150.

The stress contour,s23, due to a screw dislocation with
Burgers vector,b3 , along thex3 direction is shown in Fig. 4.
The stress contours are similar to those of a screw disloca
in an infinite domain except that the circle is deformed in t
case. The value of stresss23 is zero at both free surfaces a
expected.

B. Critical epilayer thickness

Most semiconductor materials have the diamond or
zincblende structure. The principal types of dislocations
the strong Peierls potential of semiconductor crystals are
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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60° dislocation and the screw dislocation lying in the^110&
direction.27 The screw component of a dislocation does n
release any mismatch stress. Therefore, the pure screw
location is not considered here. Only the 60° dislocation
ing in the $111% planes is studied hereafter. A thin film ep
taxially deposited on the~010! plane of a substrate i
considered in the present study. For a 60° dislocation lyin
a $111% plane, the dislocation line is along the^110& direction
and a possible Burgers vector in the coordinate systemb
5b@1/2 1̄/& 1/2#. The radius of the dislocation core is take
asr 05b. Using Eq.~10!, the critical thickness of epilayer to
form a dislocation as a function of substrate thickness
mismatch strain can be determined. The solid lines in Fig

FIG. 2. Stress contours of an edge dislocation with Burgers vectorb1 along
the x1 axis showing~a! s22 and ~b! s12 where stresses are normalized b
mb1 /@2p(12n)hf #.
Downloaded 12 Mar 2002 to 128.219.47.178. Redistribution subject to A
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show the predicted mismatch strain magnitudeuem
0 u as a

function of the normalized critical epilayer thickness at d
ferent values of normalized substrate thickness,hs /b. For a
given substrate thickness, the mismatch strain increases
decreasing critical epilayer thickness. For the same crit
epilayer thickness, the mismatch strain decreases with
creasing substrate thickness. The dashed lines in Fig. 5 s
the approximate solutions from Freund and Nix.22 Since the
present work is based on the ‘‘FN’’ model, as expected,
present result behaves in a similar way as the ‘‘FN’’ estim
tions, except that the present result tolerates a greater
match strain to reach the critical epilayer thickness fo
given substrate thickness.

FIG. 3. Stress contours of an edge dislocation with Burgers vectorb2 along
the x2 axis showing~a! s22 and ~b! s12 where stresses are normalized b
mb2 /@2p(12n)hf #.
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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IV. CONCLUSIONS

A mismatch dislocation at the interface between an
ilayer and a substrate with a finite thickness is analyzed

FIG. 4. Stress contours of a screw dislocation with Burgers vectorb3 along
the x3 axis showings23 where stresses are normalized bymb3 /@2phf #.

FIG. 5. Condition of critical epilayer thickness for relaxation of cubic cry
tals with a~100! interface by formation of 60° interface misfit dislocatio
through glide on a~111! plane (n50.25).
Downloaded 12 Mar 2002 to 128.219.47.178. Redistribution subject to A
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the present study using the superposition principle and F
rier transformation. The stress field arising from the interfa
dislocation consists of four components: the stress field
the dislocation in an infinite domain, the stress fields of
two image dislocations due to the free surfaces of the e
ayer and the substrate, and the stress field to remove
stresses arising from the former three dislocations on the
surfaces. The fourth stress field is obtained by Fourier tra
formation. The predicted stress contours are plotted to ch
the free-surface condition. Using the above stresses, the
energy of dislocation, interaction energy between dislocat
and free surface, and the lattice mismatch strain energ
both epilayer and substrate are obtained. The critical th
ness of an epilayer to form a dislocation at the interface
calculated. The results show that for a given substrate th
ness, the critical epilayer thickness decreases with increa
mismatch strain magnitude. For a given mismatch strain,
critical epilayer thickness decreases with increasing subs
thickness.
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APPENDIX A: EDGE DISLOCATION

In isotropic elasticity treatment, in-plane and antipla
elastic deformation can be studied separately. For the
plane strain, two complex potentialsf(z) andv(z) are used
to represent the displacement and stress fields, such tha

s111s2252@f8~z!1f8~z!#,

s222 is125f8~z!1v8~z!1~z2 z̄!f9~z!, ~A1!

u~z!5u11 iu25
1

2m
@kf~z!2~z2 z̄!f8~z!2v~z!#,

wherek5324n.
For an edge dislocation in an infinite domain@i.e., the

first component in Eq.~4!#, the complex potentials,f (1) and
v (1), have the following forms:

f~1!5B ln~z!, v~1!5B̄ ln~z!,
~A2!

B5
mbe

i4p~12n!
, be5b11 ib2 .

The second and third components of stress and displ
ment fields are derived from the traction-free condition alo
the epilayer and substrate surfaces, such thats (1)1s (2) and
s (1)1s (3) satisfy the traction-free condition atx25hf and
x252hs , respectively. The complex potentials of the se
ond and third components are hence given by
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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f~2!52B ln~z2 i2hf !2B̄
z

z2 i2hf
,

~A3!

v~2!52B̄ ln~z2 i2hf !2B
i2hf

z2 i2hf
1B̄

~ i2hf !
2

~z2 i2hf !
2 .

f~3!52B ln~z1 i2hs!2B̄
z

z1 i2hs
,

~A4!

v~3!52B̄ ln~z1 i2hs!1B
i2hs

z1 i2hs
1B̄

~ i2hs!
2

~z1 i2hs!
2 .

The fourth components of stress and displacement fi
are formulated via the Fourier transformation. For simplici
the superscript ‘‘~4!’’ will not be used hereafter unless
causes confusion. Following Williset al.’s work,7 the dis-
placements and stresses in thez space are, respectively,

u15 i z@A1euzux21A2e2uzux22A3uzux2euzux2

1A4uzux2e2uzux2#,
~A5!

u25uzu@2A1euzux21A2e2uzux21A3~ uzux22k!euzux2

1A4~ uzux21k!e2uzux2#,

and

s1152mz2@A1euzux21A2e2uzux22A3~ uzux222n!euzux2

1A4~ uzux212n!e2uzux2#,

s1252m i zuzu@A1euzux22A2e2uzux22A3~ uzux221

12n!euzux22A4~ uzux21122n!e2uzux2#, ~A6!

s2252mz2@2A1euzux22A2e2uzux21A3~ uzux222

12n!euzux22A4~ uzux21222n!e2uzux2#.

The energy part associated with the fourth componen
the in-plane stress field can be expressed in terms ofz as

E0,4e52
m

A2p
E

2`

` H ~ uzub11 i zb2!A1@a121#

2~ uzub12 i zb2!A2F 1

a1
21G2~ uzub11 i zb2!

3A3a2a11 1
2@~k21!uzub11~k11!i zb2#

3A3@a121#2~ uzub12 i zb2!A4

a2

a1

2 1
2@~k21!uzub12~k11!i zb2#A4F 1

a1
21G J dz.

~A7!

wherea25uzuhf anda15exp(a2). Then the boundary condi
tions along the epilayer surface and the substrate surface
be re-written in thez space as follows:~a! traction free along
the epilayer surfacex25hf , such that
Downloaded 12 Mar 2002 to 128.219.47.178. Redistribution subject to A
s
,

f

ay

2A1a12A2 /a11A3~a22212n!a12A4~a21222n!/

a11
s22

~3!

2mz2 50,

~A8!
A1a12A2 /a12A3~a22112n!a12A4~a21122n!/

a11
s12

~3!

2imzuzu
50,

and ~b! traction free along the substrate surfacex252hs ,
such that

2A1 /a32A2a31A3~2a42212n!/a32A4~2a41222n!

3a31
s22

~2!

2mz2 50,

~A9!
A1 /a32A2a32A3~2a42112n!/a32A4~2a41122n!

3a31
s12

~2!

2imzuzu
50,

wherea45uzuhs anda35exp(a4).
Solutions ofAi ( i 51,2,3,4) from Eqs.~A8! and ~A9! yield

A15 1
2@A3~2a22k!2A4 /a1

21S2
~3!/a1#,

A252 1
2@A3a1

21A4~2a21k!2a1S1
~3!#,

~A10!
A35^2~a21a4!@S2

~2!a32S2
~3!/a1#2@1/a1

22a3
2#

3@S1
~2!/a32a1S1

~3!#&/D,

A45^@1/a3
22a1

2#@S2
~2!a32S2

~3!/a1#22~a21a4!

3@S1
~2!/a32a1S1

~3!#&/D,

where

D54~a21a4!22@a1a321/~a1a3!#2,

S1
~2!5

s22
~2!

2mz2 1
s12

~2!

i2mzuzu
, S2

~2!5
s22

~2!

2mz22
s12

~2!

i2mzuzu
,

~A11!

S1
~3!5

s22
~3!

2mz2 1
s12

~3!

i2mzuzu
, S2

~3!5
s22

~3!

2mz22
s12

~3!

i2mzuzu
.

From Eqs.~A1! and ~A3! the second component of tractio
along the substrate surface is

s22
~2!52

~B1B̄!x1

x1
21~hs12hf !

22
2~B1B̄!~hs12hf !

2x1

@x1
21~hs12hf !

2#2

1
i ~B2B̄!hs@x1

22~hs12hf !
2#

@x1
21~hs12hf !

2#2

1
4~B1B̄!@hshf1hf

2#@x1
323x1~hs12hf !

2#

@x1
21~hs12hf !

2#3

2
4i ~B2B̄!@hshf1hf

2#@hs12hf #@3xi
22~hs12hf !

2#

@x1
21~hs12hf !

2#3 ,

~A12!
IP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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s12
~2!52

i ~B2B̄!x1

x1
21~hs12hf !

2 1
2i ~B2B̄!~hs12hf !

2x1

@x1
21~hs12hf !

2#2

1
~B1B̄!hs@x1

22~hs12hf !
2#

@x1
21~hs12hf !

2#2

1
4i ~B2B̄!@hshf1hf

2#@x1
323x1~hs12hf !

2#

@x1
21~hs12hf !

2#3

1
4~B1B̄!@hshf1hf

2#@hs12hf #@3x1
22~hs12hf !

2#

@x1
21~hs12hf !

2#3 .

Also, from Eqs.~A1! and~A4!, the third component of trac
tion along the epilayer surface is

s22
~3!52

~B1B̄!x1

x1
21~hf12hs!

22
2~B1B̄!~hf12hs!

2x1

@x1
21~hf12hs!

2#2

2
i ~B2B̄!hf@x1

22~hf12hs!
2#

@x1
21~hf12hs!

2#2

1
4~B1B̄!@hshf1hs

2#@x1
323x1~hf12hs!

2#

@x1
21~hf12hs!

2#3

1
4i ~B2B̄!@hshf1hs

2#@hf12hs#@3x1
22~hf12hs!

2#

@x1
21~hf12hs!

2#3 ,

~A13!

s12
~3!52

i ~B2B̄!x1

x1
21~hf12hs!

2 1
2i ~B2B̄!~hf12hs!

2x1

@x1
21~hf12hs!

2#2

2
~B1B̄!hf@x1

22~hf12hs!
2#

@x1
21~hf12hs!

2#2

1
4i ~B2B̄!@hshf1hs

2#@x1
323x1~hf12hs!

2#

@x1
21~hf12hs!

2#3

2
4~B1B̄!@hshf1hs

2#@hf12hs#@3x1
22~hf12hs!

2#

@x1
21~hf12hs!

2#3 .

Using the Fourier transformations

1

x1
214h2 ⇒Ap

2

1

2ha1
2 ,

x1

~x1
214h2!

⇒Ap

2

i uzu
za1

2 ,

4h22x1
2

~x1
214h2!2 ⇒Ap

2

uzu
a1

2 ,
x1

~x1
214h2!2 ⇒Ap

2

i z

4ha1
2 ,

~A14!

4h223x1
2

~x1
214h2!3 ⇒Ap

2

z2

4ha1
2 ,

x1~12h22x1
2!

~x1
214h2!3 ⇒Ap

2

i zuzu
2a1

2 ,

the traction in Eqs.~A12! and ~A13! can be transferred into
the z space, such that

s22
~2!52 iAp/2 exp@2uzu~hs12hf !#@~B1B̄!uzu/z

1~B1B̄!~hs12hf !z1~B2B̄!hsuzu12~B1B̄!

3@hshf1hf
2#zuzu22~B2B̄!@hshf1hf

2#z2#,
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s12
~2!5Ap/2 exp@2uzu~hs12hf !#@~B2B̄!uzu/z

2~B2B̄!~hs12hf !z2~B1B̄!hsuzu12~B2B̄!

3@hshf1hf
2#zuzu22~B1B̄!@hshf1hf

2#z2#,
~A15!

s22
~3!52 iAp/2 exp@2uzu~hf12hs!#@~B1B̄!uzu/z

1~B1B̄!~hf12hs!z2~B2B̄!hf uzu12~B1B̄!

3@hshf1hs
2#zuzu12~B2B̄!@hshf1hs

2#z2#,

s12
~3!5Ap/2 exp@2uzu~hf12hs!#@~B2B̄!uzu/z

2~B2B̄!~hf12hs!z1~B1B̄!hf uzu12~B2B̄!

3@hshf1hs
2#zuzu12~B1B̄!@hshf1hs

2#z2#.

Note that

B1B̄52Cb2 , B2B̄52 i2Cb1 , and C

5
m

4p~12n!
. ~A16!

APPENDIX B: SCREW DISLOCATION

For an antiplane strain, the displacementu3 can be ex-
pressed as an imaginary part of an arbitrary analytic funct
g(z), such that

u35
1

m
Im@g~z!#, ~B1!

where Im denotes the imaginary part of a complex functi
andz5x11 ix2 . The stress componentss31 ands32 can be
obtained by differentiating the complex potential,g, with
respect toz, such that

s5s321 is315@g~z!#8, ~B2!

where the prime stands for the differentiation.
For a screw dislocation located in an infinite domain@the

first component in Eq.~4!#, the complex potential and th
corresponding stress are given by

g~1!5
mb3

2p
ln~z!, s~1!5

mb3

2pz
. ~B3!

In order to meet the traction-free condition on the epilay
surface and substrate surface, the complex potential and
corresponding stress for the second and third componen
stress field are given by

g~2!52
mb3

2p
ln~z2 i2hf !, s~2!52

mb3

2p~z2 i2hf !
, ~B4!

g~3!52
mb3

2p
ln~z1 i2hs!, s~3!52

mb3

2p~z1 i2hs!
. ~B5!

Using the same approach for the edge dislocation in App
dix I, the fourth component of the stress and displacem
fields for a screw dislocation can be derived, and the gen
solution foru3 is

u35B1euzux21B2e2uzux2, ~B6!
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whereB1 and B2 are constants to be determined from t
boundary conditions.

The traction free condition atx25hf and x252hs re-
quires

muzu~B1a12B2 /a1!1s32
~3!50, ~B7!

muzu~B1 /a32B2a3!1s32
~2!50. ~B8!

Calculating the stress components and solving Eqs.~B7! and
~B8! lead to
h

h,

ys
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B15
b3

2A2p

i

z

121/a1
2

a1
2a3

221
, B252

b3

2A2p

i

z

121/a3
2

a1
2a3

221
. ~B9!

The stress components31
(4) and the associate energy are giv

by

s31
~4!52 imz~B1euzux21B2e2uzux2! ~B10!
E0,4s52
mb3

2

8p E
2`

` 1

uzu
a111/a1

221/~a1a3
2!11/a3

222

a1
2a3

221
dz

52
mb3

2

4p (
n50

`

ln
@2n~hs1hf !12hs1hf #@2n~hs1hf !12hs14hf #@2n~hs1hf !14hs12hf #

@2n~hs1hf !14hs13hf #@2~n11!~hs1hf !#
2

52
mb3

2

4p
ln~2hs1hf !2

mb3
2

4p (
n50

`

ln
n~n13!~hs1hf !

21~2hs1hf !~hs12hf !

@~n11!~hs1hf !#
2

5
mb3

2

4p
lnH ~hs1hf !~hs12hf !

2phshf
cosFp~hf2hs!

2~hs1hf !
G J . ~B11!
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