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The elastic anisotropy of b-silicon nitride was examined
using nanoindentation techniques. A coarse-grained poly-
crystalline sample composed of whiskers up to 15 µm in
diameter and 100 µm in length allowed for the positioning
of small indentations near the centers of grains, where
neighboring grains minimally affect the property measure-
ments. The crystallographic directions along which mea-
surements were made were determined from the grain ge-
ometries in polished sections. The primary directions of
interest were parallel to the c-axis (indenter penetration
parallel to the whisker axis) and in the basal plane (in-
denter penetration perpendicular to the whisker axis), for
which the indentation moduli were found to be 450 and 310
GPa, respectively. An indentation mechanics model used to
estimate the single-crystal elastic constants from the nano-
indentation results shows that Young’s moduli forb-silicon
nitride, which are similar to but not exactly the same as the
moduli measured by nanoindentation techniques, vary
from 540 GPa parallel to thec-axis to 280 GPa perpendicu-
lar to it. Hardness data, which also exhibit a strong anisot-
ropy, are also presented.

I. Introduction

FOR many years silicon nitride has been the focus of ceram-
ists in their search for a high-strength, high-toughness ma-

terial for elevated-temperature applications such as gas tur-
bines. Important developments in silicon nitride as a structural
ceramic first occurred in the 1950s with the identification of the
two polymorphs:1,2 the alpha (a) and beta (b) phases. By ni-
triding silicon metal in a nitrogen or ammonia environment at
1350° to 1450°C, Ruddlesden and Popper3 first produceda-
silicon nitride, and others subsequently discovered2,4–6 that
heat treatment ofa at temperatures in excess of 1500°C in-
duces a phase transformation tob. Ruddlesden and Popper3

and Hardie and Jack7 obtained X-ray diffraction data charac-
terizing the hexagonal crystal structures and lattice constants of
both materials. Another important development was the dis-
covery that the porosity occurring in both hot-pressed and re-
action-bonded silicon nitride8–12 can be significantly reduced
by the addition of sintering aids which form intergranular
phases, both glassy13–20and crystalline.21–23The second phase
additions also promote the growth of long, whiskerlike grains
of the b phase.

The fact that silicon nitride exists in at least two stable poly-

morphs has important consequences for its mechanical prop-
erties. Lange,24,25 in a study of the relations between the rela-
tive amounts of thea and b phases and the strengths and
fracture energies of polycrystalline silicon nitride, found that
the long whiskerlike morphology ofb grains leads to improved
fracture toughness. These observations have now been linked
to an R-curve behavior in the material,25 and much of the
current work in silicon nitride development focuses on increas-
ing the size and volume fraction of theb whiskers to produce
greater pullout loads and displacements.22,26–29

Central to a complete understanding of the mechanical be-
havior of silicon nitride ceramics is the elastic behavior.
Young’s moduli for polycrystalline silicon nitride have been
evaluated by a variety of common techniques, including strain-
gaged bend bars,24,30ultrasonic time of flight,31 and resonance
techniques.20,32 Typical values reported in the literature are
summarized in Table I. The polycrystalline Young’s moduli
typically fall in the range 300–330 GPa, with the exact value
depending on porosity, intergranular phase content, texture,
and the relative amounts ofa andb.

While most measurements of the elastic properties of silicon
nitride have been performed on polycrystalline specimens for
which the behavior is usually assumed to be isotropic, the
complex hexagonal crystal structures of silicon nitride suggest
that in single-crystal form the materials may be elastically an-
isotropic, and a knowledge of this anisotropy is potentially
important in many modeling situations. For example, Becheret
al.,35 in a recent study of crack propagation in an oxynitride
glass reinforced with long whiskers ofb-silicon nitride, found
that the crack path depends on complex elastic interactions
between the matrix and whiskers. Because anisotropic elastic
constants were not available at the time of the study, polycrys-
talline average Young’s moduli were used for the calculations,
producing some uncertainty in the results. As another example,
Zhou and Mitchell36 and Reimaniset al.37 recently examined
dislocation activity and indentation fracture in large single
crystals ofa-silicon nitride grown by chemical vapor deposi-
tion. Since each of these phenomena is influenced by elastic
anisotropy, use of a polycrystalline average Young’s modulus
to analyze and interpret the data may artificially enhance or
mask important effects.

While it is possible to fabricate relatively large crystals ofa,
single crystals ofb-silicon nitride large enough for complete
elastic constant characterization by conventional methods have
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Table I. Typical Young’s Moduli for Polycrystalline
Silicon Nitride

Ref. E Comments

24 307
30 307
31 315–332 Textured sample
20 192–320 Range of SiAlON compositions
32 303–317 Different volume fractions ofb
33 310 Method not reported
34 380 Method not reported
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not yet been synthesized. Examination of elastic anisotropy in
b-silicon nitride thus requires a specialized technique by which
elastic properties can be probed in small, individual grains.
Nanoindentation is one such technique. Developed largely over
the past decade,38 nanoindentation has been used to measure
Young’s modulus and the hardness of thin films, isolated
phases, and individual grains as small as a few micrometers.
With a good nanoindentation testing system, indentations can
be positioned with a spatial resolution of approximately 1mm,
and it is possible to measure mechanical properties from in-
dentations as shallow as 40 nm.

In the present study, nanoindentation techniques were used
to estimate the single-crystal elastic constants ofb-silicon ni-
tride and characterize the anisotropy in its elastic behavior. The
sample used for the study had long, whiskerlike grains approxi-
mately 15mm in diameter and 100mm in length. Nanoinden-
tations were made in directions parallel to and perpendicular to
the whisker axis, with the exact crystallographic orientation
established by examination of the grain shape in the polished
plane of the specimen. Results of the investigation show that
there is a significant anisotropy in the Young’s modulus as well
as the hardness.

II. Experimental Procedure

(1) Materials
All measurements were performed on a coarse-grained,

polycrystalline silicon nitride¶ specimen with largeb whiskers
averaging 15mm in diameter and 100mm in length prepared by
gas-pressure sintering. The starting powders for the specimen
consisted of a higha-content Si3N4 with someb-Si3N4. To
promote the transformation ofa to b and to assist in the growth
of long b whiskers, the silicon nitride was doped with approxi-
mately 2–3% alumina and 6–10% yttria. The powders were
homogenized by attrition milling in 2-propanol for 4 h and
isostatically pressed into green compacts at 630 MPa. The
green compacts were gas-pressure sintered at a peak tempera-
ture of approximately 1900°C in nitrogen gas at 10 MPa for
roughly 3 days. The exact temperature–pressure–time schedule
for the sintering of the sample was not recorded as the furnace
was allowed to cool at night while unattended.

Although the sintering additives aid in the growth of high
aspect ratiob-whiskers,39 the aluminum and oxygen ions they
contain are also soluble in silicon nitride. To determine the
extent to which the chemical composition of the material was
altered from Si3N4, chemical characterization of several whis-
kers was performed in a scanning electron microscope (SEM)
using energy dispersive X-ray spectroscopy. Since yttrium is
not soluble in silicon nitride, and the oxygen and aluminum
ions must be present in a manner which maintains electrical
neutrality, only the aluminum ion concentration was explored.
Denoting the aluminum ion concentration byz in the formula
Si6−zAl zOzN8−z, the aluminum content in a few whiskers was
found to be only as high asz 4 0.24. This represents a sub-
stitution of approximately 4% aluminum ions for silicon ions.
However, assuming the trends in elastic modulus for different
SiAlON compounds observed by Tanakaet al.20 apply to the
whiskers tested here, the 4% aluminum ion concentration
would be expected to reduce Young’s modulus from that of
pure Si3N4 by only 2.5%. A reduction in Young’s modulus of
this magnitude is within the range of experimental scatter.

To prepare the specimen for nanoindentation, standard
metallographic techniques were employed to provide a flat,
near-mirror polish with limited grain pullout. The sample was
rough ground using 125 and 40mm Struers diamond pads, and
fine ground using a 6mm Struers Petrodisc-M and a 6mm
Petrodisc. Final polishing was accomplished using progres-

sively finer diamond pastes, from 3 to 0.5mm, and a glycol-
based lubricant. Optical microscopy revealed a very flat sur-
face with a few regions where grains, or groups of grains, had
been pulled out.

(2) Methods
All indentation experiments were conducted using a Nanoin-

denter II (Nano Instruments, Inc., Oak Ridge, TN) capable of
measuring both the applied indentation loads and the total pen-
etration depths during an indentation experiment. In this in-
strument, a three-plate capacitive displacement gage measures
the penetration depth with a resolution of 0.04 nm, and the
loading mechanism, which consists of a large permanent mag-
net and a small coil, has a resolution of 75 nN. However, the
accuracy of the measured properties is limited by other factors
such as surface preparation and electronic noise. Although the
instrument is theoretically capable of a spatial positioning reso-
lution of 0.4 mm, the optical microscope used for locating
indentation sites limits the practical positioning resolution to
about 1mm. The benefit of simultaneously measuring the loads
and displacements during indentation is that the elastic modu-
lus and hardness, as determined by the Oliver–Pharr method,38

can be measured without direct imaging of the indentations.
All indentation experiments were performed using the three-

sided Berkovich diamond tip. By positioning the indentations
in the centers of large grains, properties were measured in a
manner which was minimally affected by the neighboring
grains and glassy phases.

The data obtained in the nanoindentation experiments were
analyzed to determine the indentation modulus and hardness
using the Oliver–Pharr method.38 The quantities of interest,
which were obtained directly from the raw data or derived from
it, include the peak load,Pmax, the peak displacement,hmax, the
contact depth,hc, the contact area,Ac, and the contact stiffness,
S. For the indentation data studied in this paper, 50% of the
unloading curve was fitted to the power law relation described
by Oliver and Pharr to determine the contact stiffness. The
relations used to compute the hardness,H, and the effective
indentation modulus,Eeff, from the measured quantities are

H =
Pmax

Ac
(1)

Eeff =
=p

2
S

1

b

1

=Ac

(2)

Equation (2), which follows from an analytical solution derived
by Sneddon for the penetration of an elastic half space by an
axisymmetric indenter of arbitrary smooth profile,40,41 relates
the experimental stiffness and the contact area to the effective
elastic modulus. The constant,b, a correction factor approxi-
mately equal to 1.034 for the Berkovich indenter,42 accounts
for the geometrical difference between the triangular cross sec-
tion of the Berkovich indenter and the circular cross section of
axisymmetric indenter treated by Sneddon. The indentation
modulus,E, is obtained from the effective modulus using

E =
1 − n2

1

Eeff
−

1 − ni
2

Ei

(3)

whereni and Ei are the elastic properties of the diamond in-
denter. The indenter properties used for all calculations were
ni 4 0.07 andEi 4 1140 GPa. It is important to note that if the
material is elastically isotropic, the indentation modulus de-
rived using this methodology is the same as Young’s modulus.
However, as will be discussed in greater detail in the Discus-
sion section, this is not necessarily the case for an anisotropic
material.

Two sets of indentation experiments were conducted: one for¶Provided by Michael J. Hoffmann, University of Karlsruhe, Germany.
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the calibration of the indenter shape function, which relates the
cross-sectional area of the indenter to the distance from the
diamond apex (also called the indenter area function), and a
second set to measure the indentation modulus and hardness of
b-silicon nitride. Fused quartz, an elastically isotropic material
with a relatively low Young’s modulus and a moderate hard-
ness, was used for calibrating the shape function. As shown in
Fig. 1, the shape function was chosen so that Young’s moduli
for fused quartz derived from the indentation load–
displacement data were 72 GPa43 at all indentation depths. To
validate the shape function, a similar set of experiments was
performed on a polycrystalline tungsten sample, which has a
modulus similar to that of silicon nitride but is elastically iso-
tropic. The tungsten data, which are also plotted in Fig. 1,
confirm the validity of the shape function by virtue of the
agreement between the data and the dashed line representing
the known Young’s modulus of tungsten, 411 GPa.44 The de-
viations in the tungsten modulus at small contact depths result
from relief texture on the specimen surface produced during
mechanical polishing, an artifact absent in the near-mirror pol-
ish on the silicon nitride.

The properties of the silicon nitride whiskers were measured
using a two-part experimental indentation procedure which
provided elastic modulus and hardness information at two dif-
ferent indentation depths at the same location on the specimen.
In the first experiment, the indenter approached the surface at
10 nm/s and penetrated the specimen at a constant loading rate
of 0.2 mN/s to a maximum load of 4 mN. The load was then
held constant at maximum load for 10 s, followed by a 90%
load reduction at a rate of 0.2 mN/s. After the load was held
constant for 100 s, the second experiment was performed by
loading the indenter to the larger peak load of 120 mN at the
same specimen location and then completely unloading. The
primary function of the larger, higher load indentation (120
mN) was to produce a large hardness impression from which
the location of the indentation within the grain could be veri-
fied by SEM observation. Data obtained from the smaller 4 mN
indentations, which penetrated the silicon nitride surface to
only about 10–70 nm, will be used for most analyses since they
are less influenced by neighboring grains and intergranular
phases.

Approximately 200 indentations were produced using the
two-step procedure. Whiskers were chosen for measurement
based on their orientation, which was deduced from the grain
geometry in the plane of polish. The hexagonal crystal sym-
metry produces nearly perfect hexagonal grain shapes for whis-
kers aligned with thec-axis perpendicular to the specimen
surface, whereas whiskers aligned with thec-axis parallel to

the surface appear as long thin rectangles. Numerous whiskers
in each of the orientations were tested. Figure 2 is an SEM
micrograph depicting several indentations in a single whisker
with its c-axis parallel to the plane of polish. Close inspection
of the micrograph shows that one indentation produced crack-
ing near a grain-boundary pore. Approximately 75% of the
indentations produced cracks or resided on or near a grain
boundary and were removed from the data set presented in the
Results.

III. Results

The indentation moduli evaluated by nanoindentation tech-
niques for directions parallel and perpendicular to thec-axis
are shown in Fig. 3. The figure includes data obtained at both
peak loads used in the two-part indentation procedure, 4 and
120 mN. Note that the contact depths for the lower load in-
dentations, which are roughly 60 to 70 nm deep, exhibit a
relatively small variation, whereas for the higher load inden-
tations, the contact depths are scattered over a much larger
range, 400–550 nm. Because of the larger variations in contact
depth and a greater propensity for indentation cracking at the
larger loads, more confidence is placed in the lower load data,
and all further analyses and discussions are limited to the low
load measurements.

Inspection of Fig. 3 shows that the indentation moduli mea-
sured at low loads are separated into two distinct groups based
on crystallographic direction, consistent with the notion that
the material is elastically anisotropic. The indentation moduli
are lower for the indentations made perpendicular to thec-axis
(parallel to the basal plane), with values clustering in the range
310–340 GPa range. Since the specific testing directions within
the basal plane were essentially random, this relatively narrow
range of moduli suggests thatb-silicon nitride is nearly isotro-
pic in the basal plane, as would be expected for a material with
hexagonal symmetry.45 For indentations made parallel to the
c-axis, higher moduli were observed, with values ranging from
312 to 450 GPa. As will be discussed shortly, the much greater
variability in these data is not due to instrumental scatter,
which can account for only about a 2% variation for indenta-
tions made in this load and size range, but is a real material
effect resulting from a sensitivity of the indentation modulus to

Fig. 1. Indentation modulus of fused quartz and tungsten versus
contact depth. The fused quartz data were used to calibrate the shape
function of the diamond indenter. Note the broken vertical scale.

Fig. 2. Scanning electron micrograph of indentations made perpen-
dicular to the whisker axis. The close-up depicts the cracking which
occurred at some indentations.
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the precise crystallographic orientation along which the inden-
tation was made.

The difference between the indentation moduli in the two
crystallographic directions suggests that there may indeed be a
measurable elastic anisotropy in the material. However, it is
also possible that the separation of the data into two groups is
caused by an influence of the glassy intergranular phase. As
depicted in Fig. 4, the modulus of a two-phase material mea-
sured in an indentation experiment is strongly influenced by the
material directly beneath the indenter. Since the whiskers were
tens to hundreds of micrometers in length, the glassy phase
would only weakly affect measurements parallel to thec-
direction (left side of Fig. 4). On the other hand, measurements
performed perpendicular to the whisker axis would be expected
to be more sensitive to second-phase influences, since in this
orientation the glassy phase lies at a distance of only a fraction
of a whisker diameter directly beneath the indenter (right side
of Fig. 4). If the elastic modulus of the glassy phase is rela-
tively low, a reduction in indentation modulus more pro-
nounced in directions perpendicular to the whisker axis than
parallel to it would result, consistent with the data in Fig. 3.

An elastic analysis of indentation in films on substrates by
Gaoet al.46 can be used to estimate the limiting influences of
the glassy phase under these circumstances. In Gao’s model,

the indentation modulus is determined as a function ofa/t
wherea is the radius of the flat-ended punch pressing against
a film of thickness,t. In order that the modeled behavior can be
compared directly with the experimental data, an assumption of
a perfect conical tip allows one to model the indentation modu-
lus as a function ofhc/t, wherehc is the contact depth. There-
fore, the film properties dominate the measured modulus at
very shallow indentation depths, but both the film and the
substrate properties influence the modulus measurement when
the contact depth approaches the film thickness.

In Fig. 5, the composite indentation modulus of a silicon
nitride film with an assumed modulus of 450 GPa on an infinite
glass substrate with an assumed modulus of 140 GPa has been
computed using Gao’s analysis and is plotted for three different
film thicknesses. The film thickness of 7000 nm corresponds to
about half of a whisker diameter, an estimate of the film thick-
ness for a whisker lying parallel to the surface. The other two
film thicknesses, 4000 and 2000 nm, represent cases where the
plane of polish is not through the center of the whisker and the
effective film thickness is smaller. The 140 GPa Young’s
modulus assumed for the glassy phase is representative of a
typical Si–Al–Y oxynitride glass47 which may be observed in
silicon nitride ceramics doped with yttria and alumina.

The results in Fig. 5 demonstrate that a large amount of a
low modulus glass directly beneath the whisker could indeed
reduce the indentation modulus by a significant and measurable
amount, but only for contact depths greater than about 100 nm.
At the 60–70 nm depths at which the experimental data were
obtained, the reduction in modulus is at most 4%, even when
the silicon nitride film is only 2000 nm thick. Since the sample
does not contain large quantities of glass, this is a very con-
servative estimate of the modulus reduction. In fact, inspection
of Fig. 3 suggests that the glassy phase does not influence the
indentation modulus even at the larger contact depths of 400–
500 nm since the indentation modulus does not differ signifi-
cantly from that at 60–70 nm. It is therefore concluded that the
separation of the indentation modulus data in Fig. 3 is due to
elastic anisotropy in the material.

As mentioned previously, the wide variation in indentation
modulus for measurements made parallel to thec-direction of
the crystal is due to a sensitivity of the indentation modulus to
the precise orientation of the whisker’sc-axis relative to the
normal for the polished surface. An attempt was made to iden-
tify the exact crystallographic orientation of the silicon nitride
whiskers with respect to the polished surface by electron back-
scattering patterns (EBSP). However, difficulties were encoun-
tered in sputtering a conductive coating on the sample which

Fig. 3. Indentation modulus results forb-silicon nitride indicating
the substantial anisotropy in the two primary crystallographic direc-
tions. The two-step loading procedure yielded measurements at two
contact depths (60 and 450 nm).

Fig. 4. Schematic representation of the two whisker orientations
used for indentation experiments. Parallel to thec-axis, the indentation
measurement is not strongly affected by the presence of glass. Per-
pendicular to thec-axis, large indentations may be affected by the
glassy phase.

Fig. 5. Indentation modulus predicted from Gao’s elastic analysis
assuming a thin film of silicon nitride (E 4 450 GPa,n 4 0.24) on an
infinite half-space of glass (E 4 140 GPa,n 4 0.22).
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was thick enough to prevent charging, yet thin enough to obtain
identifiable diffraction patterns.

As an alternative means for estimating the whisker orienta-
tion, images of the whisker cross sections provided the desired
information. As shown in Fig. 6, the whiskers selected for
c-axis measurement were identified by the characteristic hex-
agonal cross section produced by the crystal symmetry.
Whereas the whisker in Fig. 6 is nearly a perfect hexagon, most
whiskers were tilted slightly off-axis producing an elongation
and distortion of the hexagonal geometry, an example of which
is shown in Fig. 7. From measurements of micrographs like
that in Fig. 7, the distortion of the hexagon can be used to
determine the off-axis tilt angle,a, defined by the geometry
shown in Fig. 8. The specific procedure developed for this
study is based on the triangles formed by the tangents to the
sides of the whisker. Referring to Fig. 6, the tangents to the
hexagonal sides of a whisker oriented nearly perpendicular to
the polished surface form equilateral triangles with angles of
60° and sides of equal length. On the other hand, for whiskers
intersecting the surface through a small rotation and tilt, the
triangles are not equilateral. It follows from three-dimensional
geometry that measurements of the angles and lengths of sides
of the triangles, such as those shown in Fig. 7, can be used to
deduce the off-axis tilt angle,a. Details of the geometry and
procedure used for this calculation are given in the Appendix.
By examining SEM micrographs like those in Figs. 6 and 7 in
which tangents could clearly be drawn on the whisker bound-
aries, the tilt angles of the whisker axes were determined.

The dependence of the indentation modulus on the tilt angle
is plotted in Fig. 9, showing that the indentation modulus de-
creases from 450 GPa in thec-direction to roughly 310 GPa in
directions perpendicular to it. The well-behaved trend in the
data when plotted this way suggests that the large indentation
modulus variation in Fig. 3 is not scatter, but rather results from
strong crystal anisotropy and a resulting sensitivity of the in-
dentation modulus to off-axis tilt.

Finally, the hardnesses measured at the lower indentation
load and depth (∼60 nm) are shown in Fig. 10. Like the modu-
lus, the hardness is also anisotropic, varying from a minimum
of about 19 GPa for indentations made parallel to thec-axis to
a maximum of 35 GPa perpendicular to thec-axis. It is inter-
esting to note that the trend in hardness anisotropy runs exactly

Fig. 6. Scanning electron micrograph of a whisker oriented nearly
perpendicular to the polished surface. The tangents to the grain bound-
aries, shown as dashed lines, form equilateral triangles characteristic
of a regular hexagon.

Fig. 7. Scanning electron micrograph of a whisker which is not
oriented perpendicular to the polished surface. The tangents to the
boundaries, shown as dashed lines, do not form the equilateral tri-
angles characteristic of a regular hexagon.

Fig. 8. Geometry used to determine the tilt angle,a, from grain
boundary tangents, such as those drawn on Figs. 6 and 7.

Fig. 9. Indentation modulus plotted as a function of tilt angle. The
solid line represents the indentation modulus calculated using the
Vlassak–Nix analysis and the single-crystal elastic constants. The
dashed lines represent possible deviations due to uncertainties in the
Poisson ratios.
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opposite to that of the modulus; that is, the direction of highest
modulus corresponds to lowest hardness and vice versa.

IV. Discussion

To this point, the elastic moduli reported in this work have
been deliberately referred to as ‘‘indentation moduli’’ rather
than ‘‘Young’s moduli.’’ The reason for this distinction, as
alluded to previously, is that the data analysis procedures used
to obtain indentation moduli from the nanoindentation load–
displacement data are based on contact mechanics solutions for
elastically isotropic media and therefore formally apply only to
isotropic materials.38 An important consequence is that the
indentation modulus measured in a specific crystallographic
direction in a nanoindentation experiment will be the same as
Young’ modulus in that direction only if the material is elas-
tically isotropic. For anisotropic materials, the indentation
modulus is, in general, different from Young’s modulus, with
its value depending on all of the elastic constants of the mate-
rial in a complex way. Fortunately, for relatively blunt indent-
ers like the Berkovich pyramid used in a great deal of nanoin-
dentation work, the indentation modulus is usually strongly
biased toward Young’s modulus and provides a useful first-
order approximation of it. However, when greater measure-
ment accuracy is required, other analytical procedures must be
employed.

Vlassak and Nix48,49 have recently developed a method for
determining the indentation modulus of a general anisotropic
solid in any crystallographic direction from its single-crystal
elastic constants. In this method, the indentation contact is
modeled by a rigid, flat-ended punch pressed against an infinite
anisotropic medium, and the indentation modulus, as defined
by Eqs. (2) and (3), is related to the single-crystal elastic con-
stants through integral expressions that can be numerically
evaluated. Experiments performed by Vlassak and Nix dem-

onstrated that their method accurately models the indentation
moduli of many cubic and hexagonal single crystals.

By making several simplifying assumptions, the Vlassak–
Nix method can be used in reverse to estimate the anisotropic
elastic constants ofb-silicon nitride from the indentation
modulus data in Fig. 9. Elasticity in a hexagonal material is
described by five independent elastic constants, which can be
taken as either the single-crystal stiffness coefficientsc11, c12,
c13, c33, andc44, or the engineering coefficients,Ex, Ez, nxy, nzx,
andGxz.50 For this development, the engineering constants will
be used, with the stiffnesses presented later. The symbolsE, n,
and G represent Young’s moduli, Poisson ratios, and shear
moduli, respectively, with the subscriptsx, y, andz denoting
the direction or plane in which the quantities are defined. The
x–yplane corresponds to the basal plane of the hexagonal crys-
tal, and thec-axis of the crystal coincides withz.

In the interest of reducing the number of unknown param-
eters, one can ascribe physical significance and limits to some
of the unknown quantities. Table II presents some data from
Simmons and Wang51 for several hexagonal materials: cobalt,
erbium, hafnium, magnesium, titanium, yttrium, and zirco-
nium. Like silicon nitride, all have hexagonal crystal structures
and all have a higher stiffness in thec-direction than in the
basal plane. Inspection of the data in the table shows that the
Poisson ratios for these materials do not vary widely, but rather
lie in the fairly narrow ranges 0.30# nxy # 0.47 and 0.19#
nzx # 0.32. Thus, as a first approximation, it will be assumed
thatnxy 4 0.35 andnzx 4 0.25, but it will later be shown that
the computed indentation moduli do not depend strongly on the
exact values chosen for the Poisson ratios as long as they are
within these ranges. This assumption, which reduces the num-
ber of unknowns from five to three, is similar to what is usually
done in the analysis of nanoindentation data for an isotropic
material. That is, to derive Young’s modulus, a value for Pois-
son’s ratio must be assumed (see Eqs. (2) and (3)).

The number of unknown quantities can be reduced further by
assuming a simple relation between the shear modulus,Gxz,
and the other elastic constants. Although strictly speakingGxz
is independent of the other constants, examination of the
single-crystal constants in Table II shows that

0.80, Gxz

2~1 + nxz!

Ex
, 1.06 (4)

The above parameter is chosen because its counterpart for an
isotropic material is exactly 1. According to Table II, the pa-
rameter is also close to unity for many hexagonal materials.
Thus, by assuming that

Gxz =
Ex

2~1 + nxz!
(5)

the number of unknown parameters is reduced to two.
The two remaining constants,Ex and Ez, were treated as

fitting parameters and systematically varied to obtain the best
correlation between the predictions of the Vlassak–Nix model
and the experimental indentation modulus data in Fig. 9. The
best fit was achieved using the elastic constants summarized in
Table III, which includes both the engineering coefficients and

Fig. 10. Hardness plotted as a function of tilt angle. The hardness
appears to vary from 19 GPa in indentation direction parallel to the
c-direction to 30–35 GPa normal to thec-direction.

Table II. Elastic Properties of Several Materials Possessing the
Hexagonal Crystal Structure52

Material Ex Ez nxy nzx Gxz Gxz[2(1 + nxz)/Ex]

Cobalt 160.54 197.75 0.45 0.32 52.00 0.82
Erbium 72.85 76.72 0.30 0.19 28.09 0.91
Hafnium 139.86 163.08 0.35 0.26 55.70 0.97
Magnesium 44.84 50.51 0.35 0.23 16.81 0.90
Titanium 106.94 144.40 0.47 0.27 47.20 1.06
Yttrium 65.73 69.82 0.32 0.19 24.56 0.88
Zirconium 100.87 126.33 0.39 0.30 32.40 0.80
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the stiffness coefficients derived from them. The fit, which is
shown as the solid curve through the data points in Fig. 9,
provides a good description of the trends in the experimental
data. Note that although the indentation moduli calculated at
a 4 0° and 90° depend on bothEx and Ez, the indentation
modulus at 90° is dominantly controlled byEx 4 280 GPa and
the modulus at 0° byEz 4 540 GPa.

To systematically examine the sensitivity of the calculations
to the assumed Poisson ratios, the indentation moduli were
recomputed allowingnxy andnzx to take on all possible com-
binations of 0.1, 0.2, 0.3, 0.4 while maintainingEx and Ez
constant. The lower dashed curve in Fig. 9 represents the in-
dentation modulus derived assuming both Poisson ratios to be
0.1, and the upper curve was calculated assuming both equal to
0.4. Other combinations affected the shape of the curve, but the
dashed lines were found to represent the absolute upper and
lower limits, approximately ±5%. The indentation moduli are
thus not especially sensitive to the choice of the Poisson ratios
in the range 0.1 to 0.4.

To emphasize the difference between the indentation moduli
and Young’s moduli, values computed from the elastic con-
stants in Table III are compared in Fig. 11. The indentation
moduli were determined by the Vlassak–Nix method48,49 and
Young’s moduli using standard methods found in elasticity
texts (e.g., Ref. 45). The indentation modulus in the stiffest
direction (a 4 0°, i.e., thec-axis of the crystal) underestimates
the single-crystal Young’s modulus by about 20%, and in the
most compliant direction, overestimates Young’s modulus by
about 10%. Thus, as noted earlier, Young’s modulus in the
direction of indentation dominates the indentation modulus, but
the indentation modulus still depends to some extent on the
other elastic constants.

The data in Fig. 11 also provide a measure of the magnitude
of the elastic anisotropy inb-silicon nitride. Young’s moduli
vary from 540 GPa parallel to thec-axis to 280 GPa perpen-

dicular to it (i.e., in the basal plane), and thus by almost a factor
of 2 in the two orthogonal crystallographic directions of pri-
mary interest in this study. This anisotropy is much greater than
that reported recently by Lee and Bowman31 for a textured
b-silicon nitride polycrystal examined by more conventional
methods. In that study, a polycrystalline sample was produced
by hot-pressing silicon nitride with 10% MgO, which allowed
for the transformation and rapid growth of theb-phase. Con-
ventional ultrasonic techniques were implemented to measure
Young’s moduli in the directions parallel to the pressing di-
rection (perpendicular to thec-axis) and in the hot-pressing
plane. Young’s moduli were reported as 332 and 315 GPa
parallel and perpendicular to the pressing direction, respec-
tively. The authors suggested that the small difference in
Young’s moduli could be due to low anisotropies in the single-
crystal elastic constants, which appears to be inconsistent with
the nanoindentation results. However, the pole figure presented
by Lee and Bowman indicates that while thec-axes lie in the
hot-pressing plane there is a random orientation of the whiskers
in the plane. Therefore, Young’s modulus for the hot-pressing
plane can be related to the single-crystal elastic constants by
averaging over all orientations in the plane. This polycrystal-
line, two-dimensional average is an average Young’s modulus
which can be evaluated from Fig. 11. In materials with the
hexagonal symmetry this two-dimensional analysis yields 310
GPa, which is the same as the more conventional three-
dimensional Reuss52 procedure. Although silicon nitride exhib-
its a large elastic anisotropy, the polycrystalline average is low
because of the rate at which Young’s modulus decays between
the c-axis and the directions perpendicular to thec-axis, as
demonstrated in Fig. 11. The single-crystal constants presented
in Table III are, therefore, consistent with the polycrystalline
average presented by Lee and Bowman.

This analysis can be taken one step further by using the
single-crystal elastic constants to estimate Young’s modulus of
a b-silicon nitride polycrystal having random orientation in all
directions using the Voigt53 and Reuss52 averaging procedures.
Using the constants in Table III, the upper and lower bounds of
the polycrystalline Young’s modulus are 329 GPa (Voigt) and
310 GPa (Reuss). This range is very consistent with the poly-
crystalline data in Table I, thus providing another independent
check on the consistency of the estimated elastic constants.

V. Conclusions

Nanoindentation has been shown to be a useful tool for
probing elastic anisotropy in materials which cannot be pro-
duced as single crystals large enough to be characterized by
conventional measurement techniques. For anisotropic solids,
the indentation modulus measured by nanoindentation tech-
niques is different from Young’s modulus, but by making
simple assumptions about some of the elastic constants, an
analysis developed by Vlassak and Nix analysis can be used to
estimate the single-crystal elastic constants and Young’s
moduli from nanoindentation measurements.

Measurements performed on large whiskerlike grains ofb-
silicon nitride show this hexagonal material to be highly elas-
tically anisotropic, with Young’s modulus of approximately
280 GPa perpendicular to thec-axis (in the basal plane) and
540 GPa parallel to it. The strong elastic anisotropy has im-
portant implications for modeling mechanical phenomena in
materials containingb-silicon nitride whiskers, and for the use
of silicon nitride in engineering applications such as thin pro-
tective coatings grown as highly textured films.

APPENDIX

This Appendix provides details of the three-dimensional ge-
ometry which is used to determine the rotation angle and tilt
angle of a hexagonal prism from an arbitrary intersecting plane.
Referring to the schematic in Fig. A1, the lengths of the base,
b1, and the altitude,h1, transform to

Table III. Estimated Single-Crystal
Elastic Constants for b-Silicon Nitride

Engineering
coefficients

Stiffness
coefficients

Ex 4 280 GPa c11 4 343 GPa
Ez 4 540 GPa c12 4 136 GPa
nxy 4 0.35 c13 4 120 GPa
nzx 4 0.25 c33 4 600 GPa
Gxz 4 124 GPa c44 4 124 GPa

Fig. 11. Young’s modulus calculated from the single-crystal elastic
constants compared with the indentation modulus for the range of
crystallographic directions.
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h
→

1 =
=3

2
L cosu1 i +

=3

2
L sin u1 cosaj

b
→

1 = −L sin u1 i + L cosu1 cosaj (A-1)

whereL is the length of the untransformed triangle side,u1 is
the angle between thex-axis and the altitude,h1, andi andj are
unit vectors in thex andy directions. The scalar product ofh1
andb1 is given by

h
→

1? b
→

1 = ?h1??b1? cosu11 = −
=3

2
L sin u1 cosu1 sin2 a

(A-2)

whereu11 has been defined in Fig. A1. Similar expressions can
be derived for a second side and altitude,b2 andh2, given by

h
→

2 =
=3

2
L cosu2 i +

=3

2
L sin u2 cosaj

b
→

2 = −L sin u2 i + L cosu2 cosaj (A-3)

for which the dot product gives

h
→

2? b
→

2 ?h2??b2? cosu22 = −
=3

2
L sin u2 cosu2 sin2 a

(A-4)

where the angleu2 is given by

u2 = u1 + 120° (A-5)

andu22 has been defined in Fig. A1. From Eqs. (A-2), (A-4),
and (A-5) the rotation angle is

u1 =
1

2
tan−1F sin ~240°!

?h2??b2? cosu22

?h1??b1? cosu11
− cos~240°!G (A-6)

Finally, to evaluate the tilt angle,a, the scalar products forb1
andb2 give

b
→

1? b
→

1 = ?b1
2? = L2 sin2 u1 + L2 cos2 u1 cos2 a

b
→

2? b
→

2 = ?b2
2? = L2 sin2 u2 + L2 cos2 u2 cos2 a (A-7)

Eliminating the side length,L, from both equations results in a
final expression for the tilt angle

cos2 a =
?b1

2? sin2 u2 − ?b2
2? sin2 u1

?b2
2? cos2 u1 − ?b1

2? cos2 u2

(A-8)

Substitution for the angle,u2, from Eq. (A-5) results in the final
expression

a = cos−1 $@?b1
2?~sin u1 cos~120°! + sin ~120°! cosu1!2

− ?b2
2? sin2 u1#/@?b2

2? cos2 u1 − ?b1
2?~cosu1 cos~120°!

− sin u1 sin ~120°!!2#%1/2 (A-9)

from which the tilt angle can be determined from measure-
ments of the rotation angle,u1, and the two base lengths,b1
andb2.
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