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Multiple film cracking in a film/substrate system is analyzed in
the present study. The system is subjected to residual stresses
before loading. A constant displacement rate is applied unidi-
rectionally to stretch the system. An analytical model is
developed to derive the stress distribution in the system, and
the film-cracking problem is analyzed using both the strength
and the energy criteria. The predicted crack spacing as a
function of the applied strain is compared with experimental
measurements of multiple cracking of SiOx films with various
thicknesses on poly(ethylene terephthalate) substrates. Com-
parison is also made between the present and other predic-
tions.

I. Introduction

CRACKING of brittle films on substrates is a major reliability
problem in electronic devices, protective coatings, and other

film applications.1 Because of the processing and the mismatch in
the thermomechanical properties between films and substrates,
as-fabricated film/substrate systems are generally subjected to
residual stresses. These residual stresses combined with external
stresses applied on the system can lead to cracking and/or
delamination of the film. Such damage inevitably degrades the
performance and reliability of the system. Hence, the mechanical
integrity and the adhesion of the film become a major concern, and
various efforts have been devoted to analyzing residual stresses
and film cracking/delamination in film/substrate systems.1–6 The
technique of multiple film cracking has been developed to char-
acterize the film strength in which the system is pulled uniaxially
in the plane of the film.7–12 As the system is stretched, cracks
transverse to the loading direction develop in the brittle film. The
number of cracks increases as the applied strain is increased, and
the relation between the measured mean crack spacing and the
applied strain has been used to characterize the film strength or
fracture energy.

To analyze the multiple film cracking problem, the shear lag
model has been adopted which was originally developed by Cox13

to analyze the stress transfer between the fiber and the matrix and
was subsequently extended to analyze multiple fiber fracture in a
unidirectional fiber-reinforced composite.14,15 Based on the con-
cept of the shear lag model for a cylindrical geometry, the stress
transfer between the film and the substrate in a planar geometry
has been analyzed.4,8,10,16 It is noted that the stress transfer is
dictated by the shear stress at the film/substrate interface. Depend-
ing upon the properties of the interface, two types of the shear lag
model have been developed. The first one considers that the
substrate is ductile and the interface yields such that the interfacial
shear stress is governed by a constant yield strength of the

substrate.4,8 In this case, the stress distribution in the system can be
readily related to the yield strength. The second one considers the
interface to be elastic and remaining bonded. In this case, the
interfacial shear stress is often assumed to be proportional to the
relative displacement between film and substrate, and a fitting
parameter hence exists in the stress transfer solutions.8,10,16 This
fitting parameter can be determined by fitting theoretical results to
experimental data.

It is noted that the multiple film cracking problem has also been
analyzed elsewhere17,18 using the energy release rate solution in
Tada et al.’s handbook19 for the problem of a periodic set of
parallel edge cracks propagating perpendicular to the free surface
of a semi-infinite plane. However, in this case, the film and the
substrate are assumed to have the same elastic properties.

The purpose of the present study is to develop a rigorous
analytical model for the elastic stress transfer between a film and
a substrate and to analyze the multiple film-cracking problem.
First, an analytical model is developed to derive a closed-form
solution to predict the stress distribution in the film. Then, both the
strength and the energy criteria are adopted to predict film
cracking, and the predicted relation between the mean crack
spacing and the applied strain is compared to the experimental
measurements. Finally, the present analytical solution derived
from the shear lag model is compared to the solution derived from
the energy release rate in Tada et al.’s handbook.17–19

II. Analytical Modeling

The film/substrate system is shown in Fig. 1, in which the
Cartesian coordinates, x and y, are used. The film is bonded to the
substrate at x � a, and the free surfaces of the substrate and the
film located respectively at x � 0 and x � b, such that the
thicknesses of the substrate and the film are respectively a and b �
a. The film is subjected to a mismatch strain, εm, relative to the
substrate before loading. A uniform strain, εl, is loaded on the
system in the y-direction. The film is cracked with a uniform crack
spacing, 2l, and a periodic array of film segments is formed. In this
case, only one film segment is required in the analyses, and the
y-coordinate is selected such that the ends of the selected film
segment are located at y � �l (Fig. 1).

(1) Stress Distribution
The equilibrium equation between the normal stress in the

loading direction, �y, and the shear stress, �xy (��), is20

��y

� y
�

��

� x
� 0 (1)

Integration of Eq. (1) over the thickness of the film and then
division by its thickness yield

�

� y �� 1

b � a� �
a

b

�y dx� �
1

b � a �
a

b ��

�x
dx � 0 (2)

Since the film is relatively thin, the stress variation through the
thickness can be ignored. Letting �f represent the average value of
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�y over the film thickness and using the free surface condition that
� � 0 at x � b, Eq. (2) becomes

d�f

dy
�

�i

b � a
(3)

where �1 is the shear stress at the interface (i.e., at x � a).
An approximation is taken for the substrate in satisfying the

equilibrium equation, such that Eq. (1) is satisfied in an average
(with respect to the x-direction) sense.† In this case, the
x-dependence of �y is ignored in the equilibrium equation, and the
gradient of �y in the y-direction in the substrate can be approxi-
mated by a function of y, i.e.,

��s

�y
� f�y� (4)

where �s � �y for the substrate. The approximate x-dependence of
�s can be obtained by solving the approximate equilibrium
equation which is shown as follows.

Continuity of the shear stress at the interface (i.e., � � �1 at x �
a) is required. Solution of Eqs. (1) and (4) subjected to the
continuity condition and the free surface condition (i.e., � � 0 at
x � 0) yields

� �
x�i

a
�for 0 � x � a� (5)

With �x � 0 and the displacement in the x-direction being
negligible, � can be related to the displacement in the y-direction,
w, by

� � � Es

2�1 � 	s�
��dw

dx� (6)

where Es and 	s are Young’s modulus and Poisson’s ratio of the
substrate, respectively. Combination of Eqs. (5) and (6) and
integration yield

�i �
Es�wa � w0�

a�1 � 	s�
(7)

� �
xEs�wa � w0�

a2�1 � 	s�
(8)

where w � w0 at x � 0, and w � wa at x � a. The displacement,
w, can be derived from Eqs. (6) and (8), such that

w � w0 �
x2

a2 �wa � w0� (9)

Differentiation of Eq. (9) with respect to y and then multiplication
by Es give

�s � �s0 �
x2

a2 ��sa � �s0� (10)

where �s � �s0 at x � 0, and �s � �sa at x � a. The approximate
x-dependence of �s in the substrate is described by Eq. (10).

The mechanical equilibrium condition between the applied
strain ε1 and the stress distribution in the system requires that

�
0

a

�s dx � �b � a��f � 
aEs � �b � a�Ef�εl (11)

Substitution of Eq. (10) into Eq. (11) gives

�s0 � �
�sa

2
�

3�b � a��f

2a
�

3

2 �Es �
�b � a�Ef

a �εl (12)

where Ef is Young’s modulus of the film. Combining Eqs. (3), (7),
and (12) and differentiation with respect to y yield

d2�f

dy2 �
3

2a�b � a��1 � 	s�
��sa �

�b � a��f

a

� �Es �
�b � a�Ef

a �εl� (13)

The solution of �f from Eq. (13) is subjected to the following
three boundary conditions: The film is bonded to the substrate at
the interface, the film is stress-free at the ends, and the system is
symmetric with respect to y � 0; i.e.,

�sa

Es
�

�f

Ef
� εm �at x � a� (14a)

�f � 0 �at y � l � (14b)

� � 0 �at y � 0� (14c)

With the above three boundary conditions, the solution is

�f � Ef�εl �
εm

1 �
�b � a�Ef

aEs
	�1 �

cosh ��y�

cosh ��l �� (15)

�for �l � y � l �

†The same approximation has been adopted in analyzing the two-dimensional
stress transfer problem for a plate embedded in a matrix, and the predicted stress
distribution in the system agrees well with the finite element result.21

Fig. 1. Schematic showing multiple film cracking with a uniform crack spacing, 2l, in a film/substrate system subjected to residual stresses and a loading
strain, ε1.
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where

� � � 3

2a�b � a��1 � 	s�
�Es

Ef
�

b � a

a ��1/ 2

(16)

The stress distribution along the film segment is described by Eq.
(15).

(2) Strength Criterion for Film Cracking
The maximum stress within the film occurs at the center of the

film segment (i.e., at y � 0), such that

�f
max � Ef�εl �

εm

1 �
�b � a�Ef

aEs
	
1 � sech ��l �� (17)

Cracking of the film segment would occur at y � 0 when �f
max

reaches the film strength, �str. The critical applied strain, εc, for
film cracking to initiate can be obtained from Eq. (17). When an
uncracked film (i.e., l  0 in Eq. (17)) is subjected to εc, the
corresponding �f

max reaches �str, such that

�str � Ef�εc �
εm

1 �
�b � a�Ef

aEs
	 (18)

The relation between the loading strain, εl, and the film segment
with a length 2l to break into two equal-length segments can be
obtained from Eq. (17) by substituting �f

max with �str (Eq. (18))
such that

εl �

cosh ��l �εc �
εm

1 �
�b � a�Ef

aEs

cosh ��l � � 1
(19a)

or

l �
1

�
cosh�1 �εl �

εm

1 �
�b � a�Ef

aEs

εl � εc

	 (19b)

It is noted that the result of Eq. (19) is based on the condition of
a constant film strength during the film segmentation process.

(3) Energy Criterion for Film Cracking
For the problem considered in the present study, the following

energy terms are involved: (1) the elastic strain energy in the film
and the substrate, (2) the fracture energy of the film, and (3) the
work done by loading. Since the geometry considered in the
present study is two-dimensional, the energy terms considered are
per unit depth in the direction normal to the xy plane. For the
geometry defined in Fig. 1, the stress in the film segment with
length 2l is described by Eq. (15) before film cracking occurs. The
elastic strain energy in the film, Uf1, is

Uf1 � �b � a

2Ef
� �

�l

l

�f
2 dy (20)

When cracking occurs at y � 0, two film segments of equal length,
l, are formed. Redefining the coordinate position of y � 0 at the
center of each film segment, the stress distribution in each film

segment can be obtained from Eq. (15) by substituting l with l/2.
The elastic strain energy in these two film segments, Uf2, is

Uf2 �
b � a

Ef
�

�l/ 2

l/ 2


Ef�εl �
εm

1 �
�b � a�Ef

aEs
	

� �1 �
cosh ��y�

cosh ��l/2���
2

dy (21)

The elastic energy change in the film due to cracking, �Uf, is

�Uf � Uf2 � Uf1 (22)

Compared to �Uf, the change in elastic strain energy in the
substrate is negligible because the substrate is much thicker than
the film, no cracking occurs in the substrate, and the substrate is
subjected to a constant strain, εl. The energy required for film
cracking, �Gf, is

�Gf � 2�b � a�� (23)

where � is the film fracture energy. Since film cracking occurs at a
fixed loading strain, εl, there is no change of work due to film
cracking. Hence, the energy balance equation for film cracking
becomes

�Uf � �Gf � 0 (24)

Solution of Eqs. (20) to (24) yields

� �
Ef

2��εl �
εm

1 �
�b � a�Ef

aEs
	

2

� �4� exp��l/2� � exp���l/2�

exp��l/2� � exp���l/2��
�

exp��l � � exp���l � � 2�l

exp��l � � exp���l � � 2

� 2� exp��l � � exp���l �

exp��l � � exp���l ��
�

1

2 �exp�2�l � � exp��2�l � � 4�l

exp�2�l � � exp��2�l � � 2 �� (25)

The critical applied strain, εc, for film cracking to initiate can be
obtained from the solution of εl in Eq. (25) by letting l3 �, such
that the relation between � and εc is

� �
3Ef

4� �εc �
εm

1 �
�b � a�Ef

aEs
	

2

(26)

Combination of Eqs. (25) and (26) yields

εl �

εc �
�1 � ��εm

1 �
�b � a�Ef

aEs

�
(27a)

where � is a function of �l given by

� � �2

3 �4� exp��l/2� � exp���l/2�

exp��l/2� � exp���l/2��
�

exp��l � � exp���l � � 2�l

exp��l � � exp���l � � 2

� 2� exp��l � � exp���l �

exp��l � � exp���l ��
�

1

2 �exp�2�l � � exp��2�l � � 4�l

exp�2�l � � exp��2�l � � 2 ��1/ 2

(27b)
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Hence, assuming a constant film fracture energy, �, the relation
between the loading strain, εl, and the film segment with a length
2l to break into two equal-length segments is described by Eq.
(27).

III. Results

Experiments of multiple film cracking have been performed in
several studies.7–12 The mismatch strain in the film is usually
ignored; nevertheless, it has been measured by Yanaka et al.10 The
experimental measurements by Yanaka et al. are hence chosen for
comparison with present predictions. First, experimental measure-
ments by Yanaka et al. are summarized. Second, the strength and
the fracture energy of the film are derived based on the measured
critical applied strain in initiating film cracking. Third, the pre-
dicted stress distribution in the film is shown. Fourth, the predicted
crack spacing versus applied strain relation is compared with
measurements. Finally, the present prediction is compared to the
prediction derived from Tada et al.’s handbook of stress analysis
of cracks.

(1) Summary of Yanaka’s Experiment10

The multiple film cracking tests were performed on SiOx films
with various thicknesses (75, 123, 215, and 660 nm) deposited on
12 �m thick poly(ethylene terephthalate) (PET) substrates. The
initial slopes of the stress–strain curves of the bare substrate and
the substrate with film were used to obtain Young’s moduli of the
substrate and the film/substrate system, respectively. These two
Young’s moduli were then used to derive Young’s modulus of the
film, Ef. It is noted that the derived Ef were scattered for the
different film thicknesses, and an average value was adopted. The
elastic constants of the system thus measured were Ef � 43 GPa,
Es � 4.7 GPa, 	s � 0.44, and the yield strain of the PET substrate
was �2.2%. The film was deposited by vacuum evaporation and
was subjected to residual compression after cooling to room
temperature. The mismatch strain in the film relative to the
substrate, εm, was calculated from the measured curvature and the
estimated elastic constants of the system and is listed in Table I. A
constant displacement rate was applied unidirectionally to stretch
the system. The critical applied strain, εc, to initiate film cracking
for each film thickness is also listed in Table I, and the mean crack
spacing, l�, was measured during the test. It is noted that the
measured crack spacing had a statistical distribution around the
mean value, l�. At a given applied strain, the longest segments
would break into halves with more or less half lengths, while
shorter segments would remain unbroken. Hence, the longest and
the shortest crack spacings would be 2l and l, respectively, when
the loading strain is εl. The average crack spacing, l�, was
approximated as the average of the longest and the shortest crack
spacings, such that

l� �
3l

2
(28)

(2) Film Strength and Fracture Energy
Using the data of the mismatch strain, εm, and the crack

initiation strain, εc, in Table I as well as the elastic constants listed
in Section III(1), the strength and the fracture energy for initial

film cracking can be calculated from Eqs. (18) and (26), respec-
tively, and the results are shown in Fig. 2. The film strength, �str,
decreases initially with increasing film thickness and then becomes
insensitive to film thickness when the film thickness is greater than
200 nm. The fracture energy of the film, �, decreases initially and
then increases as the film thickness increases. Not knowing the
accuracy of the data (e.g., the mismatch strain and Young’s
moduli) adopted in calculating �str and �, it is premature to discuss
the variations of �str and � with the film thickness. However, using
a fracture toughness Kc � 0.79 MPa � m1/2 (Ref. 9) for the glass
film, the corresponding fracture energy, � � Kc

2/2Ef, becomes �7
J/m2, which is in the range of � predicted in Fig. 2. Also, if both
the strength criterion and the energy criterion predict the same
crack initiation strain, εc, the relation between �str and � can be
obtained by equating εc in Eqs. (18) and (26), such that

�str � �4�Ef�

3
(29)

Since the relation between �str and � involves �, which is a
function of the dimension and elastic constants of the system (see
Eq. (16)), the strength and the fracture energy cannot both be the
intrinsic properties of the film. It has been argued that the thin film
influences the stress field in the substrate only within a certain
boundary zone in the neighborhood of the film. Outside the
boundary zone, the stress field in the substrate is not perturbed by
the presence of the film. Hence, an effective substrate thickness
instead of the actual substrate thickness should be used in
analytical modeling.22 This effective substrate thickness scales
with the film thickness,22 and the scaling parameter should be a
function of the Young’s modulus ratio of film to substrate.
Assuming a be proportional to b � a in Eq. (16), the film strength
becomes inversely proportional to the square root of the film
thickness when the fracture energy is a constant (see Eq. (29)).

(3) Stress Distribution in Film Segment
Two data sets with large (155 �m) and small (4.56 �m) crack

spacings for the 123 nm thick film from Yanaka’s measurements
are adopted in the present study to predict the stress distribution in
the film segment to elucidate the essential trends. The critical
loading strain for initial film cracking, εc, is 1.2%, and the
corresponding mean crack spacing, l�, is 155 �m (i.e., l � 103.3
�m). When the loading strain, εl, is increased to 3.35%, the
corresponding l� is 4.56 �m (i.e., l � 3.04 �m). Using Eq. (15) and
εm � 0.63% (Table I), the predicted stress distributions in the film
segment are shown in Figs. 3(a) and (b), respectively, for l � 103.3
and 3.04 �m at different applied strains. The stress distribution in
the film segment, �l � y � l, is symmetric with respect to the

Table I. Data of the Mismatch Strain (�m) in the SiOx Film
Relative to the PET Substrate and of the Critical Applied

Strain (�c) for Initial Film Cracking10

b � a (nm)† εm (%) εc (%)

73 1.01 1.84
123 0.63 1.2
215 0.48 0.94
660 0.24 0.69

†SiOx film thickness.

Fig. 2. Calculated film strength, �str, and fracture energy, �, for the SiOx

film/PET substrate system based on the measured critical loading strain in
initiating film cracking.
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center of the film (i.e., y � 0), and the stress distribution in half of
the film segment, 0 � y � l, is shown in Fig. 3.

The stress is zero at the end of the film segment (i.e., at the
crack), and its magnitude increases with the distance from the
crack and reaches an asymptotic value when the film segment is
sufficiently long (e.g., see Fig. 3(a)). In the absence of the loading
strain, the residual stress in the film is compressive. The stress in
the film, �f, becomes tensile when the tensile loading strain is
sufficiently large. Based on the strength criterion, film cracking
occurs when �f reaches the strength, �str. For a long film segment
(Fig. 3(a)), the region having the plateau value of �f extends from
the center of the film segment to a great distance which, in turn,
results in a great area of potential locations for film cracking.
Conversely, for a short film segment (Fig. 3(b)), the region with
highest �f concentrates at the center of the film segment and the
potential location for film cracking is limited to the area of the film
center. Hence, when film segmentation initially occurs, the lengths
of the film segments have a great variation. The lengths of the film
segments become more uniform in the later stage of film segmen-
tation. This phenomenon is in agreement with the experimental
observation.23

(4) Mean Crack Spacing
Using Eqs. (19) and (27), the predicted mean crack spacing, l�

(see Eq. (28)), versus loading strain, εl, based on the strength and
the energy criteria are shown in Figs. 4(a), (b), (c), and (d),
respectively, for 75, 123, 215, and 660 nm thick films. It is noted
that limitations exist in the present analyses which are discussed as
follows.

First, the analysis is two-dimensional, and the dimension
normal to the xy plane in Fig. 1 is not considered. If the system has
a large dimension normal to the xy plane, care should be taken in
including this dimension in the analysis. While the plain strain
condition can be used when the system is subjected to only loading
in the y-direction, it cannot be used in the presence of residual
stresses. For example, in the absence of cracking, a biaxial-residual
stress (i.e., the stress normal to the xy plane equals that in the
y-direction) exists in the system. However, a three-dimensional
analytical model is out of the scope of the present study. Also,
evaluation of the mismatch strain from the curvature was based on
a two-dimensional case.10 Hence, the present two-dimensional
analysis is used to compare with the measurements, in which data
were derived based on a two-dimensional consideration.

Second, linear elasticity is considered in the present analytical
modeling. While the yield strain of the PET substrate is �2.2%,10

it was reported by Leterrier et al. that the permanent strain of the
SiOx/PET system upon unloading is negligible for an applied strain
up to 4%.23 Hence, plasticity of the substrate can be ignored for

loading strains up to 4%. In the presence of substrate plasticity, the
load on the system is lower than that described by Eq. (11) for an
applied strain εl, and the film should be subjected to a stress lower
than that described by Eq. (15) which, in turn, results in a greater
crack spacing than that predicted in Fig. 4. However, both the
measurements and the predictions in Fig. 4 show that l� decreases
as εl increases and the decreasing rate becomes smaller as εl

increases. When εl is greater than �4%, the decreasing rate is
relatively small (i.e., the curve is relatively smooth). Including
plasticity in the analysis, the decreasing rate will become even
smaller. Hence, plasticity is expected not to play a significant role
in the predicted l� vs εl curve for the strain range considered in the
present study.

Third, a constant strength or fracture energy of the film is
considered in relating εl to l� in the present analysis (see Eqs. (19)
and (27)). The film strength, �str, or fracture energy, �, is derived
from the critical strain, εc, in initiating film cracking. When a
Weibull distribution of �str (or �) is considered, cracking should
start from a lower value of �str, and �str increases progressively
during the multiple cracking process. In this case, the predicted l� at
a fixed εl should be greater than that based on a constant �str

approach.
Despite the limitations of the present analysis discussed above,

fair agreement is obtained for the mean crack spacing versus
loading strain relation between the prediction and the measurement
(Figs. 4(a) to (d)). Compared to the strength criterion, the energy
criterion predicts a greater mean crack spacing for fixed film
thickness and loading strain. It is noted that for high loading strains
(�4%), the predicted mean crack spacing increases with the film
thickness. Whereas the measurement shows the same trend, the
rate of increasing is greater in the measurement, such that the
predicted curves are above the experimental data for 75 nm film
thickness (Fig. 4(a)) and below the experimental data for 660 nm
film thickness (Fig. 4(d)). The reason for this discrepancy is
presently unknown and is subjected to further research.

(5) Comparison with Prediction Derived from
Tada et al.’s Handbook

Considering a periodic set of parallel edge cracks subjected to
an opening stress in a semi-infinite plane, the energy release rate
for cracks propagating perpendicular to the free surface can be
found in Tada et al.’s handbook in a graphic form, which is then
fitted by a polynomial.19 Based on this information, the change in
strain energy to create a set of cracks of depth equal to the film
thickness, b � a, is derived.17,18 Then, by minimizing the total
energy of the cracked film (i.e., the strain energy in the cracked

Fig. 3. Predicted stress distribution, �f, along (a) a long film segment with half length l � 103.3 �m, and (b) a short film segment with half length l �
3.04 �m at different loading strains, εl, for a 123 nm thick SiOx film on a PET substrate.
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film and the fracture energy of the film), the relation between the
equilibrium crack spacing, l, and the applied strain, ε, is obtained,
such that17

l

b � a
� 5.6 � �

Eε2�b � a�
�for Eε2�b � a�/� 	 0.5�

(30)

It is noted that the above approximation is limited to the case that
the film and the substrate have the same elastic properties.

The prediction of Eq. (25) in the present study is compared to
the above prediction (Eq. (30)). To achieve this, the mismatch
strain, εm, is ignored, the film and the substrate are assumed to
have the same elastic properties, and 	s is set to be 0 (in order to
eliminate the difference between plane stress and plane strain
solutions) in using Eq. (25). However, the effective substrate
thickness22 is required in order to complete the calculation.
Assuming the effective substrate thickness be 10, 20, or 40 times
of the film thickness, the predictions from Eq. (25) are shown in
Fig. 5. The prediction from Thouless et al.’s analysis (Eq. (30)) is
also shown. While Eq. (30) is an approximate solution, both Eqs.
(25) and (30) show similar predictions in Fig. 5.

IV. Concluding Remarks

An analytical model is developed to derive closed-form analyt-
ical solutions in the present study to analyze the elastic stress
transfer problem in the film/substrate system. Residual stresses are

included in the analysis. Both the strength and the energy criteria
are adopted to predict film cracking when the system is subjected
to a unidirectional tensile strain. The present model is applied to
multiple film cracking of the SiOx film/poly(ethylene terephtha-
late) (PET) substrate system. While the present analysis is limited

Fig. 5. Normalized crack spacing, l/(b � a), as a function of the
normalized strain, 
[E(b � a)/�]1/2, showing the comparison between the
present prediction and Thouless et al.’s prediction.

Fig. 4. The predicted and the measured mean crack spacings, l�, as functions of the loading strain, εl, for film thicknesses, b � a, of (a) 75, (b) 123, (c) 215,
and (d) 660 nm in SiOx/PET systems.
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to a two-dimensional elastic case and a Weibull distribution of the
film strength (or fracture energy) is not considered, the experimen-
tal measurement is subjected to errors in determining the residual
strain and Young’s modulus of the thin film. With no fitting
parameters in the present analytical model, the predicted results
rely on the accuracy of the input material properties. The agree-
ment in the mean crack spacing versus loading strain relation
between the prediction and the measurement is fair (Figs. 4(a) to
(d)). The agreement between the present prediction (Eq. (25)) and
the prediction of Eq. (30) using Tada et al.’s solution is also fair
(Fig. 5). However, to fully characterize the film strength (or
fracture energy) of the film and to judge whether the strength or
the energy criterion is superior in analyzing the film cracking
problem, improvement of the model by considering three-
dimensional elastic-plastic analysis is required and it will be
developed in the future.
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