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Abstract

The effect of substrate modulus difference on dislocation formation in an epitaxial film is derived in the present study.
The analysis is based on the energy approach, in which the self-energy of the dislocation and the interaction energy
between the dislocation and the mismatch strain are calculated. The elastic stress field due to the interface dislocation is
derived by superposition of the elastic stress fields of the film/substrate system with the following two configurations: (i)
a dislocation at the interface assuming the film is also semi-infinite, and (ii) prescribed traction on the film surface which
are the negative of those calculated from the first configuration at the location equivalent to the film surface in the
second configuration. The results show that the critical film thickness for forming interface dislocation increases with
the decrease in the shear modulus ratio of the film to the substrate. © 2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The performance of many electronic devices and high temperature superconducting films depends on the
quality of crystalline films grown epitaxially on substrates of different crystals. Because of the difference in
lattice parameter between the film and the substrate, the lattice mismatch exists at the film/substrate in-
terface which, in turn, induces internal stresses in the system. These internal stresses could be relaxed by the
formation of misfit dislocations at the interface (Frank and van der Merwe, 1949; Freund, 1990, 1993;
Freund and Nix, 1996; Gosling and Willis, 1994; Mattews and Blakeslee, 1974; Willis et al., 1990, 1991;
Zhang, 1996; Zhang et al., 1999). However, the interface dislocations inevitably degrade the device per-
formance. Hence, the study of the condition for the interface dislocation to form in the epitaxial film/
substrate system becomes crucial in the materials design. Due to the complexity of the problem, the early
analyses assumed that the film and the substrate are isotropic elastic materials and have the same elastic
constants. Matthews and Blakeslee (MB) (1974) considered a thin epitaxial film on an semi-infinitely thick
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substrate, analyzed the force exerted by the mismatch strain and the approximate tension in the dislocation
line, and used the force approach to predict the critical thickness of the film for the interface dislocation to
form. The MB model was subsequently improved by others using the energy approach, in which the work
of forming the dislocation due to the presence of internal stresses and the self-energy of the dislocation were
analyzed. Recently, the MB criterion for a film on an semi-infinitely thick substrate was generalized by
Freund and Nix (FN) (1996) using the energy approach to the case of a film deposited on a substrate with a
finite thickness. Because of the complexity of the interaction between the interface dislocation and the two
free surfaces, a first-order approximation was used in analyzing the self-energy of the dislocation and the
free-surface condition was not satisfied in the FN model. The FN model was further improved by Zhang
et al. (1999) using the superposition principle and Fourier transformation to derive a complete analysis for
the dislocation self-energy and to satisfy the free-surface condition.

The analyses described above assumed the film and the substrate having the same isotropic elastic
constants in order to simplify the analysis. Considering the difference in elastic constants between the film
and the substrate or the elastic anisotropy of the constituents, the analyses have also been performed using
Fourier transformation; however, the solutions were approximate. For example, the stress field and energy
arising from an array of dislocations (Willis et al., 1991) and dislocation dipoles (Gosling and Willis, 1994)
distributed uniformly on the perfectly bonded interface between an epitaxial film and a semi-infinite sub-
strate of different isotropic elastic constants were derived. Gosling and Willis (1994) analyzed the energy of
arrays of dislocations located periodically at the perfectly bonded interface between an epitaxial film and a
semi-infinite substrate of the same anisotropic elastic constants. It is noted that the core energy was not
included in the above analyses (Willis et al., 1991; Gosling and Willis, 1994). Including the core energy, the
critical thickness of an epitaxial film on a semi-infinite substrate of different isotropic elastic constants was
analyzed by Zhang (1995). However, it is noted that the displacement and the shear stress used in deriving
the core energy in Zhang’s analysis (Zhang, 1995) did not satisfy the continuity condition at the interface.

The purpose of the present study is to refine Zhang’s analysis (Zhang, 1995) of the epitaxial film de-
posited on a semi-infinite substrate with different isotropic elastic constants to satisfy the continuity con-
dition at the interface. To achieve this, the stress field due to the interface dislocation was derived by
superposition of (1) the stress due to two semi-infinite medium and (2) the stress due to the prescribed
traction on the film surface which were the negative of those calculated from the first component at film
surface. This stress field satisfies the free-surface condition and the stress continuity condition at the film/
substrate interface. Then, the predicted stress fields due to an edge and a screw dislocations are presented,
respectively. Also, the critical film thickness for the interface dislocation to form is predicted and compared
with existing solutions. Finally, it is noted that depending on the temperature and friction force, the dis-
location will move from the hard medium to soft medium through the interface (Gutkin and Romanov,
1992) after it nucleates in the hard medium or at the interface. However, it is beyond the scope of the
present study.

2. Analysis

The present model considers a film of thickness / deposited epitaxially on a semi-infinite substrate as
shown in Fig. 1. Both shear modulus and Poisson’s ratio of the film and the substrate are y;, v¢ and g, v,
respectively. The Cartesian coordinates, x;, x,, and x; are used with the xj-axis parallel to the in-plane
interface, the x,-axis perpendicular to the interface and the origin located at the interface. A dislocation
with a Burgers vector b = [b, by, b3] is located at the origin. In the following analyses, the energies are
calculated per unit length of the dislocation line or per unit depth of the film/substrate system. The for-
mation energy, Er, of the dislocation consists of two components: E;, the self-energy of the dislocation and
E;, the interaction energy between the dislocation and mismatch strain, such that
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Fig. 1. A dislocation located at the perfectly bonded interface between an epilayer of thickness /# and a semi-infinite substrate.

Ey =FE, + Ejy. (1)

The energy components, E; and Ej,., can be obtained by converting an area integral (with unit depth) to a
line integral using a divergence theory. Since the elastic stress field induced by a dislocation is not valid in
the core region, the integration path for Ej is selected as two contours C,, and C, and an arbitrary cut (see
Fig. 1) where r is the core radius of the dislocation. Accordingly, the self-energy of the dislocation, E;, can
be decomposed into two components: E, the integration along the core contour C,, (i.e., the dislocation
core energy), and E,, the difference between the self-energy and the core energy. For convenience, the
arbitrary cut is usually made along the x,-axis. Using the traction-free condition along the surface, x, = 4,
and the vanishing remote stresses of the dislocation stress field, it can be derived that (Zhang et al., 1999)

L
Es=Ey+E,, Ey= *% / 0q1;b; ds,
| S e
E, = 3 j{ Caijijlla; ds, Ein = —/0 O iin;b; ds,
Cry

where ¢ is the stress, the subscripts, @ and m, denote the dislocation and the mismatch, respectively. i and j
can be either 1, 2, or 3 for the Cartesian coordinates, #; is a unit vector normal to the integral contour, and
L is the length of the cut.

The solution of the self-energy is contingent upon the determination of the elastic stress field, o, ;;, arising
from the dislocation. However, due to the free surface condition at x, = & and the difference in elastic
constants between the film and the substrate, the derivation of the stress field is complex. Both the su-
perposition principle (Suo and Hutchinson, 1990) and Fourier integral (Civelek, 1985) are adopted in the
present study to derive the stress field. The stress field, ,;;, due to the interface dislocation can be derived
by superposition of the following two stress components: (1) a?j, the stress due to the interface dislocation
assuming the film is also semi-infinite, and (2) 7, the stress due to prescribed traction on the film surface
which are the negative of those calculated from the first stress component at x, = 4. That is

Ouij = ag. +a}; (3)

and the stress-free condition at x, = 4 for g, is hence satisfied. The detailed derivations of (r?j and o;; are
given in Appendices A and B for an edge dislocation and a screw dislocation, respectively.



108 S.-D. Wang et al. | Mechanics of Materials 33 (2001) 105-120

The mismatch stress and strain fields, ¢ and ¢, in the film and substrate can be derived from the force
balance condition, and the compatibility condition.

Considering a semi-infinite substrate and using Eq. (2), the mismatch strain energy can be obtained, such
that

Eim = Mgglblh, (4)
where M = 2u(1 +v)/(1 —v) is the biaxial modulus, & = (a; — ar)/ar is the unrelaxed mismatch strain,
and a, and ar are the stress-free lattice parameters of the substrate and the film, respectively.

The strain energy, £y, obtained from Eq. (2) and the stress fields, ag. and o7;, shown in Appendices A and
B with the assumption of the core radius much smaller than the film thickness is

(I+a0) (6] +53) | 3 <h> Fer b3 (/11 ) <1+”>
Ey= + = In{— )+ In(2) +
’ TECS(I — ﬁz) 47 ro 4 Z + 7R n
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dy = (e — )" — pepts (i — 1), (6k)
di = —(p — 1) = ey — 1) — <), (61)
/=2, (6m)
n=2m+p+2), p=2n+p-—q+2), (6n)

=(ke +1)/pe, cs= (ks +1)/p. (60)

The first term in Eq. (5) arises from the stress field, 60 of the dislocation. The second term in Eq. (5)
corresponds to the stress field, o7;, of the screw component of dislocation calculated via the Fourier integral
(see Appendix B). The last three terms in Eq. (5) are induced by the stress field, o7;, of the edge component
of dislocation calculated via the Fourier integral (see Appendix A for details). It can be seen from Egs. (5),
(6a)—(60) that only the first term be related to the film thickness.

When the cut is along the x,-axis, strain energy, E., due to the core traction derived from Eq. (2) is (see
Appendix C)

1 (1+4)° 1+ 4,) (14 4)
E.— —— 20 + b - b2 — b2 | L (ke — 1) Ay + 24, — 3 — 3K
411:0%{ (by + b3) m m + (b 2) m (ks )AL + 24, )
1+ 4
+(J/;72)(2/11+(k5—1)/12+1+k5>}}, (7)
S
where
Hs — Uy Mshke — peks
Ay =B, 2B T 8
etk T g ek ®)

Combining Egs. (4), (5) and (7), the formation energy, Ef, for the isolated interface dislocation can be
obtained. The critical thickness, /g, of the film for the interface dislocation to form can be derived from zero
formation energy, such that

(B +b3)(1 + ) ln<ho>+ueffb§ <2ho)+i( > <1+n)
TECS(l _ﬁz) o 4n n=1 :uf+:us n
1 (1+4)  (1+4,)
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f S
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+E04e] +E0,ez +E0,e3 - %’ 0 b ‘ho (9)

When the film and the substrate have the same elastic constants, Eq. (9) can be reduced to

K 2 g2 2 2ho wby  2u(1+vr) |
i 1— 1 — = 1
an(l =) 1O )b]n<r0) prm s Rl A LG (10)
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Furthermore, when the core energy, E. = (b7 — b3)/8n(1 — v¢), is ignored, Eq. (10) becomes the same as
that obtained in the literature (Freund, 1993; Zhang, 1996; Zhang et al., 1999).

3. Results

In order to verify the free-surface condition and the continuity condition at the interface, the contours of
predicted stress fields near an edge dislocation and a screw dislocation located at the origin on the interface
(see Fig. 1) are shown, respectively. The predicted critical film thickness for the interface dislocation to form
is then presented and compared with that from Zhang’s analysis (Zhang, 1995).

3.1. Stress fields

To plot the stress fields, u, = 2u;, v¢ = 0.25, and vy = 0.3 are used in the present study to elucidate the
essential trend. The contours of stress fields oy, and ¢, arising from an edge dislocation with Burgers vector
along the x; direction are plotted in Figs. 2(a) and (b), respectively. It can be seen from Figs. 2(a) and (b)
that 5, and o1, are traction-free at the free surface x, = 4 and continuous at the interface x, = 0. The stress
fields, 0y and o}, are symmetric and anti-symmetric with respect to x;, respectively. For the same stress
level, the size of o1, contour is greater in the film than in the substrate because the film is softer than the
substrate.

The contours of stress fields o5, and o, produced by an edge dislocation with a Burgers vector along the
x, direction are plotted in Figs. 3(a) and (b), respectively. Again, ¢, and oy, satisfy the traction-free
condition at the free surface and the continuity condition at the interface. The stress fields, g5, and o1,, are
anti-symmetric and symmetric with respect to x;, respectively. In addition to contours passing the origin,
two sets of symmetric close contours appear in the upper left and upper right regions for stress field, oi,.

The stress field g3 resulting from a screw dislocation with its Burgers vector along the x; direction is
shown in Fig. 4. It can be seen from Fig. 4 that o3 is zero at x, = 4 and is continuous at x, = 0. The stress
field, o3, is anti-symmetric with respect to x;. The contours are more closely spaced in the film than in the
substrate.
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Fig. 2. The stress contours of an edge dislocation with a Burgers vector b; along the x; direction showing (a) 65 and (b) ¢1,. The unit
of stress is 2(1 + a)by /me (1 — f*)h.
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Fig. 4. The stress contours of a screw dislocation with a Burgers vector b; along the x; direction showing g,;. The unit of stress is
15hs /2mh.

3.2. The critical film thickness and comparison

The crystal structure of most semiconductor materials is diamond or zincblende. The principal types of
dislocations in the strong Peierls potential of semiconductor crystals are the 60° dislocation and the screw
dislocation lying in the (110) direction (Alexander, 1986). Because the screw dislocation does not
contribute to the mismatch stress, the pure screw dislocation is not considered in the present study. Instead,
the 60° dislocation lying in the {111} plane is analyzed, and a possible Burgers vector is
b = 5[0, 1/+/2,1/v/2]. Assume that a dislocation of Burgers vector b = b[1/2,1/+/2,1/2] is located at the
origin of interface as shown in Fig. 1, where x,, x, and x; are in the [110], [001] and [110] directions,
respectively. Using Eq. (9), and vy = v = 0.25 and ry = 0.25b, the critical thickness of the film, /g, to form a
dislocation as a function of the shear modulus ratio, p;/p, is plotted as the solid line in Fig. 5 at different
magnitudes of mismatch strain, | |. It is found that the critical thickness decreases monotonically with
increasing shear modulus ratio of the film to the substrate, y;/p,, and mismatch strain. The results from
Zhang’s analysis are also shown (see the dashed line in Fig. 5). Comparing to Zhang’s results (Zhang, 1995),
the present results predict a smaller critical film thickness; however, the difference decreases with increasing
shear modulus ratio, u./u.



S.-D. Wang et al. | Mechanics of Materials 33 (2001) 105-120 113

160 ——r

140

120

100

80

hy/b

60

40 |-

Fig. 5. The critical thickness as a function of shear modulus with parameter &,

4. Conclusions

The effect of substrate modulus difference on dislocation formation in an epitaxial film is analyzed in the
present study. The energy approach is used to study the critical film thickness for the interface dislocation
to form. The self-energy of the dislocation and the interaction energy between the dislocation and the
mismatch strain are calculated. However, in order to calculate these energies, the elastic stress fields re-
sulting from an interface dislocation (i.e., o,;) and from the lattice mismatch between the film and the
substrate (i.e., ,,;) are required. Whereas ¢,,;; can be readily derived from the force balance condition, the
derivation of g,;; is complicated by both the free surface condition at the film surface and the difference in
elastic constants between the film and the substrate. Both the superposition principle and Fourier integral
are adopted in the present study to derive g,;;. The elastic stress field, o, ;;, can be obtained by superposition
of the elastic stress fields of the film/substrate system with the following two configurations: (i) a dislocation
at the interface assuming the film is also semi-infinite, and (ii) prescribed traction on the film surface which
are the negative of those calculated from the first configuration at the location equivalent to the film surface
in the second configuration.

The elastic stress fields in the film/substrate system with an edge dislocation (Figs. 2 and 3) and a screw
dislocation (Fig. 4) at the interface are analyzed, respectively. The predicted stress contours satisfy both the
free-surface condition at the film surface and the continuity condition at the interface. The critical thickness
of an epitaxial film to form a dislocation at the interface is calculated (Fig. 5). The results show that for a
given shear modulus ratio of the film to the substrate (i.e., p /), the critical film thickness decreases with
increasing mismatch strain magnitude and core radius. For a given mismatch strain, the critical film
thickness decreases with increasing u; /.
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Appendix A. The stress field, 6,;, due to an edge dislocation at the interface

For an isotropically elastic problem, in-plane and anti-plane elastic deformation can be solved sepa-
rately. An edge dislocation of Burgers vector [y, b,,0] is located at the perfectly bonded interface between
an epitaxial film of thickness / and a semi-infinite substrate as shown in Fig. 1. This problem can be solved
by superposition of (1) a dislocation at the film/substrate interface assuming the film is also semi-infinite
and (2) the actual film/substrate system without dislocations but with traction prescribed along the film
surface as the negative of those calculated along x, = /4 in case (1). Combination of the stress fields from the
above two cases results in a traction-free surface at x, = h.

The case (1) has been solved by Suo and Hutchinson (1989), such that

) —[2x1 .2f'x; A 2% 4
022—1—10(1’2:8[?—&—1 pS ]+B(1+[3)[ ,042 i ?—p—f for x, #0
—[2
=B [x_ + i2nﬁ5(x1)} for x, =0, (A.la)
1
2(14p . — :
0(1)1 + 0'(2)2 = % [B()ﬁ — 1)C2) +B()C1 + Wz)}, (Alb)
where
p* = xi+x3, (A.2a)
B— w, (A.2b)

ines(1 - f°)

p=p for x, >0,

A2
p*=—p for x, <0, (A.2¢)

where o and ¢, are defined by Eqgs. (6¢) and (60), and ¢ is the Dirac delta function.
The solutions for case (2) can be obtained using the Fourier transform method (Civelek, 1985). Two
potentials, U(x,x,) and y(x,x,), are used which satisfy:

%y 1

ANU=0, Ay=0, —> ==
’ X ’ axl axz 4

AU, (A.2c)

where A = 9?/0x7 + 8% /0x3. The stresses and the displacements can be obtained from U (xy,x;) and y(x,x2),
such that

Q*U . QU ., —oU

* = — = — = - A.4
o1 R ) R O12 0%, (A4a)
. oU Oy oU Oy

where k is expressed in Eq. (6d). The solutions of stresses and displacements from Eq. (A.4a) and (A.4b) are
contingent upon the solutions of the two potentials, U(x},x;) and y(x;,x;).

It is noted that the solution of U(x, x,) can be separated into two parts: one is symmetric and the other is
antisymmetric in changing x; to —x;. The stress field due to an edge dislocation with a Burgers vector b,
along the x| direction is an example resulting from U(x|,x;) of the symmetric part. In this case, the two
potentials can be represented by Fourier integrals, such that
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for i > x, > 0 and

U, = / <z5 +§ )e“”‘2 cos (wx;) dow, (A.5¢c)
0

1= / 2362 e sin (wx;) dw (A.5d)
0

for x, < 0 where the coefficients, B; (i =1,2,3,4,5,6), are determined by the boundary conditions. Using
the traction-free condition at the free surface and the continuity conditions for the stress, oj, and g5, and
the displacements, u; and u,, at the interface, solutions of B; (i =1,2,3,4,5,6) are:

2i
Bi I/Ll {B,] + ( 0+ h(,()BB + thZBM)eZhu)}, (A6a)
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116 S.-D. Wang et al. | Mechanics of Materials 33 (2001) 105-120

By = Bgy = 0, (A.8))
Bsi = TEE (e — 1) + (14 B)(er — e, (A.8K)
Bs cmzfus [ = 2(u — 1) = (er — es) et + Breps(ee + ¢4, (A.81)
Bsy = cepepts[2(pe — pg) + (1 + B)ecppps — (1 = Bespppy], (A.8m)
Bsy = =2(1 + Blerpeits(r — s — Cshiels), (A.8n)
Ber = —(1 = Berpen (e — 1), (A.80)
Bey = (1 = B)eeppn (e — 1 + crpepsy), (A.8p)
Bgy = — 2(11—+/f) Be. (A.8q)

The stress field due to an edge dislocation with a Burgers vector b, along the x, direction is an example
resulting from U(x;,x,) of the antisymmetric part. In this case, the two potentials used are:

Us = / { <A_12 +@>e—w’fz + (A_32 +@)ewx2} sin(wx,) dw, (A.9a)
0 ) ® ® )

o 00 B 1 (Are™ + A4e”2) cos(wx;) dow (A.9b)

= 0 2002 2 ¢ . .

for h > x, > 0 and

Uy = / <A—; +ﬁx2) e sin(wx;) dw (A.9¢c)
o w? W
| B T

Yy = -3 /0 Ee 2 cos(wx;) dw (A.9d)

for x, < 0. Using the traction-free conditions at the free surface and the continuity conditions at the in-
terface, solutions of 4; (i =1,2,3,4,5,6) are

2%

Ai = D {Ail —+ (AiZ + thi3 + hz(UzAm)CZhw}, (AIO)
where
— (1+—°‘)bi, (A.11)
nes (1 — f7)

Ay = An /(1 + ) = —Bu/B, (A.12a)
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1-—
A = (g — 1) (e — (e — )~ P ealer — eudal + Beaemln —n). (A1)

Ars = =2(ue — 11)* = 2(cr — e5) et (e — 1) — (1 + Bler(er — e — 2Berep (e — ), (A.12)

A= =2(1+ B)(r — 1) + 2(1 + B)espps (g — 1), (A.12d)
1+ A 2(1 +

21422 = %Az} = % = — ((1 — ﬂﬁ))Am :A14, (A12e)

A3 = 413/2, (A.12f)

Az = A1 — cres it 12, (A.12g)
Az Ay Agp Aus

5 — = _ =4 A.12h

2 T34 p B +p (A-12h)

Aus = Agy = 0, (A.120)

1+ .

st = —Perpeps (e — 1) — 3 ﬁcf(cf — eI, (A-12)

C,

Asy = Perpens(p — 1) + §Cf(0f — e = (e + e, (A.12Kk)

Asy = =2Pecpens (e — 1) — erles + e) i — Per(er — e, (A-121)

Asy = 2(1 + B) [erpeps(py — p1g) — crespi il (A.12m)

Aer = (B — Derpeps (e — 1), (A.12n)

Aoy = (1= B) [eepes (e — 1) + i), (A.120)

2(1 +
Aoz = ((1_15))146} (A.12p)

The stress field, a7, can be obtained by combining Eqgs. (A.4a),(A.5a)~(A.5d), (A.8a)~(A.8q), (A.92)-(A.9d),
(A.12a)-(A.12p).

Appendix B. The stress field, ¢, ;, due to a screw dislocation at the interface

A screw dislocation of Burgers vector (0 0 b;3) located at the perfectly bounded interface of the film/
substrate system is considered. The procedure for analyzing the elastic stress field is similar to that of an
edge dislocation. Alternatively, the solutions can also be obtained by reducing Chou’s solutions (Chou,
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1966), in which a screw dislocation in a three-phase medium is considered. Hence, without listing the
derivation procedures, the stress components, g5, and o},, are summarized as follows:

b oo
« _ HefrD3X1
0y =

2n

n=1

'un Hr‘lfl
fs S — fs -1, (B.la)
X2+ (x2 +2nh)" X2+ (x2 — 2nh)

o0

% Uegrbs
O3 = ezn Z

n=1

! i (B.1b)
x4 (x2 — 2nh)” X3+ (x2 + 2nh)

(v = 2nk) g (xa + 2nh) 1

for h = x, >0, and

2 b 0 n—1
o}y = — Her { P } (B.Ic)

2 | & 2+ (xa — 20k’

2 hy & (xy — 20
UT3 — Hepe b3 Hgg ()C2 n )2 (Bld)
2np 4= X3+ (xo — 2nh)

for x, <0, where

Ue — K
= B.le
: :uf—’_:us ( )

Appendix C. The core energy

The stress and displacement fields due to two semi-infinite medium are used to calculate the core energy,
E.. The core energy in polar coordinate system is expressed as

1 1 0p+2m
E. = 3 j{ a?/nju? ds = ) /9 (o u? + o u) + o ud)ry dO, (C.1)
0

where 0, is the cutting angle. «°, 4} and ¢°, ¢°; are due to the edge component, and #° and ¢° are due to the
screw component. Since ¢°. arising from the screw component is zero along the circle of dislocation core,
only the edge component contributes to the core energy. Assume that the Burgers vector of edge component
in complex form is

be = by + iby. (C2)

The stress and displacements arising from the edge component in the polar coordinate system are obtained
from the Cartesian coordinate as

) o0 — 12(1 + Al)bee‘“’ 1(/12 — Al)b_@i‘)
— oy, = — _

r

(C.3a)
TCeF TCe

2n(ke + 1) (uy +iun) = 1 In(ro)[1 + A2 — ke(1 + A1)]be + 0b[1 + Ax + (1 + A1) k]
+i(1 4 A1)be(1 — ) — 2mb (ke Ay + As) + Opbe[As — 1 + ke(A;, — 1)]  (C.3b)
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for 0y <0 < m,

12(1 + Ay)bee™ N (A — A)bee®

0 _ 0 — _
Grr lor() Terry Teero (C3C)
(1 + k) (uy + in) = % {i In(ro)be[1 + Ay — k(1 + A2)] + (0 = 00)be[1 + As + (1 + A,)ki]
+1ibe(1 4 A2)(1 — )} (C.3d)

for n <0 < 2m, and
2n(ke + 1) () +1u) = i In(ro)be[l + Az — ke(1 + A)] + 0be[1 + A5 + (1 + A, )k
+i(1 4 A1)be(1 — ) — 4nbe (ke Ay + A2) + Oobe[Ay — 1 + ke(4, —1)]  (C.3e)
for 2n < 0 < 2 + 6. b, is the complex conjugate of b.. The expression of (¢°, —i6%) in 2 < 0 < 21 + 0, is

the same as that in 0y < 0 < © shown in Eq. (C.3a). The displacement in the polar coordinate system can be
obtained from the Cartesian coordinate as

u) +iuy = (uf +1iu3)e . (C4)

Note that the displacement and stress are continuous at the interface and displacement jump is located at
0 = 60,. These conditions were not satisfied in Zhang’s analysis (Zhang, 1995). After lengthy calculation, the
core energy is

1 .
E.= — nd 4(1 + ke) (1 + Ay)b1bysin(20,) + (1 + A1) (b7 — b3)[2(1 + k) cos 20, + ke A,
£CT

1 (1+4)° (144,
+A2—kf—1]—m2(bf+b§) R

(1+4,)

S

+ (b = b3)

[k5(1+/12)+1+/11]+(bf—bé)(Az_Al)[l“LAl _1+A2}

e M

If the cutting path is along 0y = /2, then Eq. (C.5) is reduced to Eq. (7).
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