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Introduction

During high temperature operation, an oxide scale forms along the irregular top coat/bond coat interface
in the plasma-sprayed thermal barrier coating (TBC) system. The residual stresses in the system are
affected by the presence of the thermally grown oxide (TGO) [1–5]. Along the irregular interface, the
asperity can be convex or concave. Semicircular convex and concave asperities have been adopted for
numerical simulations to examine the effects of the TGO thickness on residual thermal stresses [6]. It
was found that in the tip region of a convex asperity, the residual stress normal to the interface,sy, in
the ceramic top coat is tensile for a thin oxide but becomes compressive for a thick oxide. In the tip
region of a concave asperity,sy in the ceramic top coat is compressive for a thin oxide and becomes
less compressive for a thick oxide.

The purpose of the present study was to explore the physical meaning of the trend of the stress state
of sy in the ceramic top coat with the variation of the TGO thickness. To achieve this, a simple
analytical model of three concentric circles was adopted. First, the residual thermal stresses in the
three-concentric-circles model were derived. Then, the results for residual radial stresses at the top
coat/TGO and the TGO/bond coat interfaces as functions of the TGO thickness were presented. Also,
the physical meaning of the above results was discussed.

Analytical Modeling

A two-concentric-circles model has been used previously to study the residual stresses in a coating
formed on a wrinkled substrate [7,8]. A three-concentric-circles model is hence adopted in the present
study to simulate the wrinkle geometry in a TBC system. A circular region of phase 1 with a radiusa
is surrounded by a concentric annulus of phase 2 with an outer radiusb which is then surrounded by
another concentric annulus of phase 3 with an outer radiusc (see Fig. 1). Whereas phases 1, 2, and 3
are designated respectively as the bond coat, the TGO, and the top coat in modeling a convex asperity,
they are designated respectively as the top coat, the TGO, and the bond coat in modeling a concave
asperity. In both cases, the TGO thickness is dictated byb-a.

Residual thermal stresses develop during the temperature change in the system because of the
thermal-mechanical mismatch among the three phases. The stresses can be determined by the procedure
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of first allowing the three phases to exhibit unconstrained differential thermal strains during the
temperature change. Then, radial stresses,sa and sb, are placed at the interfaces,r 5 a and r 5 b,
respectively to restore the displacement continuity at the two interfaces. With interfacial radial stresses,
sa andsb, the radial and the tangential stresses in phases 1, 2, and 3 are

s1,r 5 sa (1a)

s1,t 5 sa (1b)

s2,r 5
a2b2~sa 2 sb!

r 2~b2 2 a2!
2

a2sa 2 b2sb

b2 2 a2 (2a)

s2,t 5
2a2b2~sa 2 sb!

r 2~b2 2 a2!
2

a2sa 2 b2sb

b2 2 a2 (2b)

s3,r 5
b2~c2 2 r 2!sb

r 2~c2 2 b2!
(3a)

s3,t 5
2b2~c2 1 r 2!sb

r 2~c2 2 b2!
(3b)

wherer is the distance from the center of the circles, the subscripts 1, 2, and 3 denote phases 1, 2, and
3, and the subscripts r and t denote the radial and the tangential components, respectively.

With a temperature change,DT, the strain consists of two components: the elastic strain and the
unconstrained thermal strain. The tangential strains in phases 1, 2, and 3,e1,t, e2,t, and e3,t, are
respectively

e1,t 5
s1,t 2 n1s1,r

E1
1 a1DT (4)

e2,t 5
s2,t 2 n2s2,r

E2
1 a2DT (5)

e3,t 5
s3,t 2 n3s3,r

E3
1a3DT (6)

whereE, n, and a are Young’s modulus, Poisson’s ratio, and the coefficient of thermal expansion
(CTE), respectively.

Figure 1. A schematic showing the three-concentric-circles model.
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The residual stresses in the system are contingent upon the solutions of the interfacial radial stresses,
sa andsb, which can be determined by the continuity condition at the interface. Continuity of the radial
displacement at the interface is required. With the tangential strain proportional to the radial displace-
ment, this continuity condition becomes

e1,t 5 e2,t (at r 5 a) (7)

e2,t 5 e3,t ~at r 5 b! (8)

Combination of Equations (1) through (8), yields

sa 5
E2@P1~a2 2 a1! 1 P4~a3 2 a2!#DT

P1P2 2 P3P4
(9)

sb 5
E2@P3~a2 2 a1! 1 P2~a3 2 a2!#DT

P1P2 2 P3P4
(10)

where the parameters,P1, P2, P3, andP4, are given by

P1 5
b2 1 a2

b2 2 aa 2 n2 1
E2

E3
Sc2 1 b2

c2 2 b2 1 n3D (11a)

P2 5
b2 1 a2

b2 2 aa 1 n2 1
E2~1 2 n1!

E1
(11b)

P3 5
2a2

b2 2 a2 (11c)

P4 5
2b2

b2 2 a2 (11d)

The stress state atr 5 b (i.e., sb is tensile or compressive) depends on the comparison betweena3 and
the effective CTE in the region ofr,b which is a function of dimensions, elastic constants, and CTEs
of phases 1 and 2. This effective CTE,a12, is dictated by the radial displacement atr 5 b in the absence
of phase 3, and has been derived previously, such that [9]

a12 5 a2 1
P3~a1 2 a2!

P2
(12)

In the specific case ofE1 5 E2 andn1 5 n2, Equation (12) becomes

a12 5
a2a1 1 ~b2 2 a2!a2

b2 ~for E1 2 E2 andn1 5 n2! (13)

Hence, when phases 1 and 2 have the same elastic constants, the effective CTE,a12, can be obtained
using rule-of-mixtures.

Similarly, the stress state atr 5 a depends on the comparison betweena1 and the effective CTE in
the region ofa,r,c which is a function of dimensions, elastic constants, and CTEs of phases 2 and
3. This effective CTE,a23, is dictated by the radial displacement atr 5 a in the absence of phase 1.
Using the similar technique as that for derivinga12, a23 can be obtained, such that
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a23 5 a2 1
P4~a3 2 a2!

P1
~at r 5 a! (14)

In the specific case ofE2 5 E3 andn2 5 n3, Equation (14) becomes

a23 2
~b2 2 a2!a2 1 ~c2 2 b2!a3

c2 2 a2 ~for E2 5 E3 andn2 5 n3! (15)

Hence, when phases 2 and 3 have the same elastic constants, the effective CTE,a23, can also be
obtained using rule-of-mixtures. It can also be derived that when the radial displacement atr 5 c is
considered, the effective CTE,a23, becomes

a23 5 a3 2
2b2E2~a3 2 a2!

~c2 2 b2! P1E3
~at r 5 c! (16)

It is noted that Equation (16) is different from Equation (14). Nevertheless, when phases 2 and 3 have
the same elastic constants, Equation (16) also becomes Equation (15). However, to determine the stress
state atr 5 a, comparison should be made betweena1 anda23 given by Equation (14).

Using the definitions ofa12 anda23 in Equations (12) and (14),aa andab in Equations (9) and (10)
become

sa 5
P1E2~a23 2 a1!DT

P1P2 2 P3P4
(17)

sb 5
P2E2~a3 2 a12!DT

P1P2 2 P3P4
(18)

When a three dimensional geometry is considered, a three-concentric-spheres model can be used. The
analytical steps for deriving the residual thermal stresses in the three-concentric-spheres model are
similar to those for the three-concentric-circles model. The solutions fora12, a23, aa, andab have the
same general forms as those for the three-concentric-circles model [i.e., Equations (12), (14), (17), and
(18)]. However, the parameters,P1, P2, P3, andP4, become

P1 5
2b3~1 2 2n2! 1 a3~1 1 n2!

2~b3 2 a3!
1

E2

E3
Fc3~1 1 n3! 1 2b3~1 2 2n3!

2~c3 2 b3! G (19a)

P2 5
b3~1 1 n2! 1 2a3~1 2 2n2!

2~b3 2 a3!
1

E2~1 2 2n1!

E1
(19b)

P3 5
3a3~1 2 n2!

2~b3 2 a3!
(19c)

P4 5
3b3~1 2 n2!

2~b3 2 a3!
(19d)

Results

The residual stresses calculated from the three-concentric-circles model were presented in the present
study. The thermal/mechanical properties pertinent to the air plasma-sprayed TBC system of ZrO2 top
coat/a-Al2O3 TGO/vacuum plasma-sprayed Ni-22Cr-10Al-1Y bond coat listed in Table 1 were adopted
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for calculations. The temperature change,DT, used in calculating the thermal strain was21125°C.
Young’s modulus,E, was replaced byE/(1 2 n) before it was substituted into the analytical solutions
due to the biaxial stress state in the TBC system as discussed in Refs. [2–5].

For a convex asperity, phases 1, 2, and 3 correspond to the bond coat, the TGO, and the top coat,
respectively. The residual radial stresses atr 5 a and r 5 b (i.e., sa and sb) as functions of the
normalized TGO thickness, (b 2 a)/a, are shown in Fig. 2a forc/a 5 5, 10, and 20. In this case,sb

corresponds tosy in the top coat at the tip of a convex asperity. The stresses are not sensitive toc/a
when c/a$5. The results forc/a 5 10 almost overlap with those forc/a 5 20, and cannot be
distinguished in Fig. 2a. Whilesa is tensile and increases with the TGO thickness,sb is tensile when
(b 2 a)/a,;0.75 and becomes compressive when (b2 a)/a.;0.75. The effective CTE,a12, as a
function of the normalized TGO thickness, (b 2 a)/a, is shown in Fig. 2b. It is noted thata12 is
independent ofc [see Equation (12)]. The CTE of phase 3,a3 (51031026/°C), is also shown in Fig.
2b. It can be seen thata12.a3 when (b 2 a)/a,;0.75 which, in turn, results in a tensile residual radial
stress atr 5 b during cooling. Conversely,a12,a3 when (b 2 a)/a.;0.75 which, in turn, results in
a compressive residual radial stress atr 5 b during cooling.

For a concave asperity, phases 1, 2, and 3 correspond to the top coat, the TGO, and the bond coat,
respectively. The residual radial stresses atr 5 a and r 5 b as functions of the normalized TGO
thickness, (b 2 a)/a, are shown in Fig. 3a at differentc/a ratios. In this case,sa corresponds tosy in
the top coat at the tip of a concave asperity. The stresses are not sensitive toc/a whenc/a$10. While
sb is compressive and its magnitude increases with the TGO thickness forc/a$10, sa becomes less
compressive with the increasing TGO thickness and decreasingc/a for the dimension considered in Fig.
3a. The effective CTE,a23, as a function of the normalized TGO thickness, (b 2 a)/a, is shown in Fig.
3b at differentc/a ratios. The CTE of phase 1,a1 (51031026/°C), is also shown. It can be seen that

TABLE 1
The Thermal/Mechanical Properties of the Plasma Sprayed TBC System

Young’s Modulus,
E (GPa)

Poisson’s
Ratio, n

CTE
(31026/°C)

Top Coat 50 0.1 10
Oxide Scale 360 0.27 8
Bond Coat 200 0.3 15.2

Figure 2. (a) The residual radial stress at the TGO/bond coat interface,sa, and at the top coat/TGO interface,sb, and (b) the
effective CTE,a12, for the regionr,b, and the CTE of top coat,a3, as functions of the normalized TGO thickness, (b 2 a)/a,
at differentc/a ratios for a convex asperity.
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a23.a1 for the dimension considered in Fig. 3b. However, the difference betweena23 anda1 decreases
with the increasing TGO thickness and decreasingc/a. Compared to Fig. 2b, Fig. 3b shows that the
decrease ina23 is much slower than the decrease ina12 when the TGO thickness increases. This is due
to the fact that the bond coat for a concave asperity (i.e., phase 3 in Fig. 1) has a much greater area than
that for a convex asperity (i.e., phase 1 in Fig. 1) in the three-concentric-circles model, and the effect
of the TGO thickness on the effective CTE is much weaker for a concave asperity than for a convex
asperity.

Conclusions

The residual thermal stress normal to the interface in the ceramic top coat and close to the TGO is of
interest, since it could result in cracking and spallation of the plasma-sprayed TBC. The effects of the
TGO thickness on this residual stress were qualitatively interpreted in the present study by using an
analytical model of three concentric circles (Fig. 1). An effective CTE was defined to illustrate the
qualitative trends of the TGO thickness effects. To model a convex interface asperity, phases 1, 2, and
3 in Fig. 1 correspond to bond coat, TGO, and top coat, respectively. The residual radial stress atr 5
b (i.e., at the top coat/TGO interface),sb, is of interest. The stress state ofsb can be obtained by
comparinga3 with the effective CTE in the region ofr,b which is a function of dimensions, elastic
constants, and CTEs of phases 1 and 2 (Fig. 2). To model a concave interface asperity, phases 1, 2, and
3 in Fig. 1 correspond to top coat, TGO, and bond coat, respectively. The residual radial stress atr 5
a (i.e., at the top coat/TGO interface),sa, is of interest. The stress state ofsa can be obtained by
comparinga1 with the effective CTE in the region ofa,r,c which is a function of dimensions, elastic
constants, and CTEs of phases 2 and 3 (Fig. 3).
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Figure 3. (a) The residual radial stress at the top coat/TGO interface,sa, and at the TGO/bond coat interface,sb, and (b) the
effective CTE,a23, for the regiona,r,c, and the CTE of top coat,a1, as functions of the normalized TGO thickness, (b 2 a)/a,
at differentc/a ratios for a concave asperity.
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