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CASTING OF HgCdTe

Part II: Conduction - Diffusion Model and its Numerical Implementation

Vasilios Alexiades
Mathematics Department and Mathematical Sciences Section
University of Tennessee Oak Ridge National Laboratory
Knoxville, Tennessee 37996-1300 Oak Ridge, Tennessee 37831-8083
ABSTRACT

HgCdTe is a technologically important electronic material for which large crystals of
uniform composition are desirable. This is very difficult to achieve when the crystal is grown
under gravity, so it is important to understand the details of the crystal growth process both
qualitatively and quantitatively.

In this report we present the first stage of the effort towards a detailed macroscopic model of
the casting process, and its numerical simulation: the basic coupled conduction-diffusion model
of the solidification process with constitutional supercooling and its numerical implementation.
A compilation of all the relevant thermophysical properties of the pscudo-binary
(HgTe )1 (CdTe),, as functions of composition x and temperature, is prcsented in Part 1 {3].
Simulation experiments will be presented in Part III [4].

1. INTRODUCTION

Mercury-Cadmium-Telluride is a versatile infrared-detector alloy, for which large crystals of
uniform composition are desirable. This is very difficult to achieve in any of the bulk crystal
growth methods used for its prepartion, see [12] for a review. A better quantitative understanding
of the crystal growth process is necessary in order to know how the various parameters affect the
composition. Modeling and numerical simulation of the casting processes used in its preparation
can help us in understanding the details of the process quantitatively, in interpretive experimental
measurements, and in designing future earth-bound and microgravity experiments.

A first attempt at quantitative modeling of bulk crystal growth of Hg,_,Cd,Te from the
melt was undertaken in [1], where the solidification of an ingot by convective cooling through a
cylindrical quartz ampoule was simulated numerically in the radial direction only. The model
took into account coupled heat conduction and solute diffusion, constitutional supercooling, the
known phase diagram, and thermophysical properties as functions of composition and
temperature. A pronounced ‘‘skin effect’’ was observed, namely, a steeply higher solute
concentration near the ampoule wall, which matched well the limited experimental measurements
available [15]. Sensitivity studies [10], via computational experiments, indicated strong



dependence of the freezing time and of composition on the heat capacity of liquid, which was not
known reliably at that time. Subsequently, C.-H. Su [14] derived the dependence of heat
capacity, CF, on composition and temperature, directly from the Associated Solution
thermodynamic model (6] of the Liquid phase. This information essentially completes the list of
property values needed by the model and they are presented in [3}, in a form convenient for
numerical computations.

The work described here is a natural extension and generalization of our earlier work [1]. We
simulate a casting process in two-dimensions (r,z coordinates), taking into account conduction
in the alloy and the ampoule wall itself, solute diffusion, Soret and Dufour effects, segregation
and constitutional supercooling according to the phase diagram, and the presence of a free space
inside the ampoule. The model is valid in any number of dimensions, for any binary alloy. It is
described in §2, and summarized in §3. Its primitive field variables are only the local
concentration ( mass fraction of solute ) and intemal energy, which are being updated directly
from the basic conservation laws for mass and energy. All other variables, including temperature,
are obtained from the two primitive ones. This new direct approach generalizes the standard, so
called ‘“‘enthalpy method’’ for moving boundary problems, to alloy solidification. The model is
implemented in 2-dimensional (cylindrical) geometry and the numerical scheme is outlined in §4.
The Fortran 77 code implementing the scheme for (HgTe),_,(CdTe), incorporates the
temperature and composition dependent thermophysical properties described in [3], and it exists
in two versions. The serial version runs on any serial-architecture machine ( PC, workstation, or
a Cray ), and the parallel version runs on distributed-memory message-passing parallel machines
(such as Intel’s hypercubes iPSC/2 and iPSC/860 ). As illustration, a computational example is
presented in §5. Detailed simulation studies will be reported in Part III [4]. The next stage of
development of the model will incorporate convection in the melt and an external magnetic field.

2. ANALYTICAL MODEL OF THE SOLIDIFICATION PROCESS

2.A Overview

Mercury-Cadmiun-Telluride is viewed as the pseudo-binary (HgTe),,(CdTe),, which, for
convenience, we write as (AC );_, (BC ),, viewing BC = CdTe as the solute. The composition
variable, x, represents the mole fraction of BC, with corresponding weight fraction given by

Mg~ x 2.1
= MG MO =Mic G0+ M 3, (2.1a)

My and Mpc being the molecular weights of AC and BC respectively, and M (x) the
(formula) molecular weight of the alloy. All property values are expressed as functions of x,
but mass conservation is more naturally expressed in terms of C. We will be using both
variables, converting one to the other via (2.1) or its inverse

B My C (2.1b)
MAC C +MBC (I—C) )

X



In the present model we exclude all convective effects by taking the density
pt =pS = constant. Such effects will be included in the next version of the model and code.
Thus, the alloy solidifies under the simultaneous action of heat conduction and solute diffusion.

The state of the material at location 7 at each time ¢ is characterized by the composition
x{. 1) (or C{r, 1)) and temperature T{r,¢), with the phase (liquid, solid, or *‘mushy’") being
determined from the (pseudo binary) phase diagram, shown in Figure 1, (we assume that
conditions of local thermodynamic equilibrium prevail throughout the process). The liquidus and
solidus curves of the phase diagram are monotone curves which may be represented, respectively,
by the equations

x =x(T) and x =x5(T), (2.22)
or, equivalently, by their inverses
T=Tlx) and T =T51x) (2.2b)

(see Part 1, §2, for expressions representing these functions). These two curves demarcate three
possible phases: Liquid above the liquidus curve, solid below the solidus curve, and a two-phase
coexistence region of constitutionally supercooled alloy, which we shall be referring to as
“mushy’’.

The internal energy at state (x,T), which coincides with the enthalpy here (due to p=
constant), will be denoted by E(x,T), and its value per gram by e(x,T) = specific energy.
We shall follow the convention of using upper case letters for molar quantities (£, H, Cp) and
lower case letters for their specific values (e, h, ¢,). Mole fractions and molar units are natural
for thermodynamic considerations and properties, whereas conservation laws are more naturally
expressed in terms of mass fractions, on a per gram basis.

2.B Gibbs relation

Within each pure phase (liquid and solid), the (integral) molar energy (enthalpy) E(x,T) at
state (x,T) is determined from the Gibbs relation

dEi(x,T) = Hidx + CjdT, j = L,S,sp (2.3)

by integration over any convenient path on the phase diagram (see §2.D). Here

H (x,T)=Hjc -Hfc, H!(x,T)= partial molar enthalpy of species i =AC, BC,
in phase j =L, S,
and
Cl{ (x, T) = molar heat capacity of the alloy inphase j=L,S.
When the state (x, T) is mushy (i.e. x%(T) <x <x5(T"), then the material is a mixture of
Liquid at state (xY(7),T) and Solid at state (x(T),T), which coexist in equilibrium at

temperature T, in proportions determined by the local liquid fraction A(x, 7). According to the
lever nule,
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__ ’M-x L s 24)
Ax,T) = wa(T)—xL(T) , Xt(M<x<x*(T),
and
E™"x,T) = Mx, TYELGEM),. TY+[1 -Mx, T)] ESGES(T).T) , (2.5)

in the mushy case. Note that for fixed x, E/(x,T) is an increasing function of T within each
phase j =L,m,S, which will allow us to determine T from knowing x and E.

2.C Conservation Laws

The diffusion of solute (BC =CdTe) and conduction of heat are govemned by the
conservation laws

pC,+div] =0, (2.6)

pe +divg=0, @.7)
where p = density (= constant), C = mass fraction of BC, 7 = mass flux of BC,e(C,T) =
specific internal energy (or enthalpy here) at state (C,T) and q energy flux. The constitutive
laws relating fluxes with fields ({16], [S]; see [2] for details) are

Fick'sLaw: = -pD VC +p8VT, (2.8)
Fourier'sLaw: G = —k VT +BVC , 2.9)

and
d =G+h7, (2.10)

where D = material diffusivity, G = heat flux, k = thermal conductivity, and h=hge —hyc =
difference of the partial specific enthalpies h; of species i =BC,AC. In (2.8), (2.9) we have
also included thermo-diffusion cross effects, with & and P denoting the Soret and Dufour
coefficients; these are usually thought to be negligibly small, and no experimental measurements
exist for them. We retain them in the model in order to be able to study their contribution on the
overall process via numerical experiments, by comparison with the case d=p=0. Note that
6> 0 in (2.8) would imply that solute diffuses towards the hotter region.

The conservation laws are valid globally, irrespectively of phase, and they determine the
evolution of the system over time. However, since the fields and fluxes are not necessarily
smooth (differentiable), the laws must be interpreted in a weak sense and not pointwise. Such
mathematically valid interpretations are available via the modern theory of partial differential
equations (see, ¢.., [8], {91 ). For our purposes here, it is sufficient to interpret them in their most
primitive physical sense, namely integrated over any (control) volume and time interval
ft,t+At]:



5 S e S 2.6)*
fpC@ +anyav - [pCP0)av +&s [ [7-Haadr =0
14 14 A

H

~ - s o @n*
[peG t+ar)av - [per,1)dv +Ar | [q-ndAdTr =0
| 4 1 4 A

!

where 7 denotes the outgoing normal to the boundary A of the control volume V. Our
numerical scheme will be based on these.

__’They can be used directly to update the mean concentration C{r,t+At) and energy
e(r,t+At) to a new time ¢+ Ar from values of C and T at an carlier time ¢, for each
location r. Then, knowing C and e atthe new time we need to update the temperature T to
the new time. To do this, we must know the new phase. Fortunately, the pair (C, e) does
determine the phase uniquely, and the monotonicity of e(C,T) as function of T, for fixed C,
allows us to solve for T (seec §2.C). The standard alternative to this new direct approach is to
eliminate ¢ from the system (2.6)-(2.7) using Gibbs relations, in favor of C and T, as was
done in [1]. In the absence of phase-changes, elimination of e would be preferable since e and
T are simply related by de =c,dl and e conveys no more information than 7' does. For
phase-change processes however, these two variables are not equivalent; the temperature cannot
distinguish solid from liquid at the melt temperature, only the enthalpy can, since it experiences a
jump there, equal to the heat of fusion (latent heat). This observation constitutes the basis of the
so-called ‘‘enthalpy method’’ for Stefan-type problems [8). Thus, the direct approach to
conservation laws we employ here generalizes the *‘enthalpy method’” to alloy solidification.

2.D Fluxes

Having interpreted the basic conservation laws in their primitive integral sense, we also need
to make precise the constifutive laws for fluxes in 2 mushy (two-phase) volume. Let us first
discuss the diffusion flux J :=-DVC in a mushy volume V having liquid fraction A, mean
concentration C and mean temperature 7. To the temperature 7 there correspond the liquidus
and solidus compositions x/(T') and x*(T) from the phase diagram (see (2.2)). Convert them
to weight fractions via (2.1), and call them CL(T) and C5(T). In fact, it is convenient to
extend their definitions to include A=0 and A =1, as follows:

o if A=0 (¢ if A=0  (2.11)
Mpc xb(T Mpc x5(T
ety ={ XD g ncr, cSay={ XD g pan
MGET)) )
€ if A=1 0 if A=1,

where M (x) is the formula weight (see (2.1)). Define the corresponding liquid fraction



cS(m-¢ (2.12)
CS(T)~CHT)

ACC,T):=

(x ) A, so for solid: A=0=2A and for liquid A=1=2), so that the

ivalently, A ="tz

lever rule;
C=ACEM)+[1-A1C5(T) (2.13)

is valid for all 0< A < 1. In the liquid (portion), the diffusion flux is JL =-DL VCL andinthe
solid (portion) /5 :=~D5 VC5, so the total flux will be

7 =A(=DL VCLY+ {1 - A](=DS VCS) . 2.14)

Clearly, if the volume is all liquid then A=1, ct=cC, Cs =0 so (2.14) gives J =-DLVC;

and if all solid then A =0, CL =0, C® =C, 50 (2.14) gives J =~D5VC. The important aspect
is that diffusion in the mushy case is driven by gradients of the liquidus and solidus
concentrations only (and nor by gradients in mean concentration). Note that C!Y and C*
depend only on temperature, so whenever the temperature is uniform, CX and C5 will also
be uniform, their gradients will be zero, and there will be no Fickian diffusion, even if the mean
concentration is non-uniform. Numerical approximation to the diffusive flux will be described in
§4.B.

Next, we consider Fourier’s law, 5 =-k VT, for a mushy volume V of liquid fraction A,
and mean temperature 7. We may define different effective conductivities in the various

. N . oT . e
coordinate directions, so let us discuss the flux component G =-—k-a—r—, in a generic direction r,

for definiteness. There are several ‘‘mixture’’ rules for effective conductivities {7], based on
steady-state considerations and depending on what *‘layer structure’ one assumes existing in the
mixture. They range from the ‘‘serial arrangement”” to **parallel arrangement’’ and various rules
interpolating these two extremes.

If we assume a columnar type structure normal to the r-direction, (serial arrangement) then
the resistivity to conduction through liquid will be _le and through solid = the total

resistivity will then be

L (2.15)
kL ks '

On the other hand, if we assume layers parallel 1o the 7 -direction, then the conductivities add up,
and the effective conductivity will be

1.
L=

k=l +0-0k5 . (2.16)

Neither one of these is appropriate for an amorphous mixture of solid and liquid, in which case
we may use the formula [7, p. 242]



s 1+APx-1) k- (2.17)

- N

1+ - (x-1) ks

which interpolates the two previous ones.
2.E Specific energy
The Gibbs relation (2.3) on a per gram basis has the form

dei(C,T) = W dC +c,dT, j=L,S

where ¥ =hjc —hic, hi= partial specific enthalpy (cal/g) of i=AC,BC in phase

M
j=L,S, and ij = specific heat (cal/g K). From C = Ml(f)x (see (2.1)), we get
MscM,
C =——49—-%-C—dx, whence
M(x)
dei(x,T) = B (x, T)dx +cj(x,T)dT , j=L,S (2.18)
=. —: MascM
with B/ =h ——C
M(x)?

As reference state (of zero energy) we choose pure AC (x =0) solid at its melt temperature
T4c, and write the energy as:

[ . r (2.19)
@, T) .=£ Bo.Tioddy + [ Sx,dr, if TSTS(x) (solid),
Tac
e(x T)={ ™. T)=Mx,T)eb GET), TV + [1 - A&, TS @S (T).T), if TSx) < T < TE(x), (mushy)
T x
el (x,T) = ey cMac)+ | c,’;(0,1)+l Ry, Ty, if T2TEGR) (liguid),
Tac

where Aeye =heat of fusion of pure AC at its melt temperature Tyc.

In particular, the energies at (x, T5(x)) and (x, T* (x)) depend only on x. Therefore, given x,
we can compute the two values:

x TS(I) (220)
Sx)=e5x, TSx) = I RS (y, Tac)dy + J cp(x, AT
0 Tac
and
Th(x)
el (x) = el (x, TE(x)) = Beac +
T,

A

£ _ 2.21
¢k, t)dt+£ Rt (y, TE(x))dy , @20



and e(x,T) canbe expressed as

r

T 2.22)
S, T)=e5(x)+ ] Sz, vdr, if T ST5(x) (solid)
&)
ex, T)=4 ™, T)=Mx,T)elL GET).T)+ {1 - 0x, ) 55T ), T), if T5(x) <T < TE(x) (mushy)
T
e N =@+ | cHx,nds, if T2TL(x) (liguid)
i)

.

Since, for solid, ¢ <€’(x) and for liquid e 2 el (x), we see that the pair (x, ¢) characterizes
the phases as well as the pair (x,T) does.

We conclude that, given the numbers x and e,

if e < €5(x) then the phase is solid and T can be found by solving the equation

T
Ew+ [ fx,ndr=e; (2.23)s
T (x)
if e5(x) <e <L (x) then the phase is mushy and T can be found from
AMx ) el L) T) + [1-Mx, TN eSEST).T) = ¢ ; (2.23)p
if el (x)< e then the phase is liquid and T can be found from
T.
@)+ | fandri=c. 2.23),
T )

Even though the equation: e¢™(x,T)=e for T inthe mushy case is complicated, it is easy to
see that it has a solution T between T5(x) and TF(x). Indeed, at T =T5(x) we have A=0
(because x5(T5(x))—-x=x-x=0, since T5(x) is the inverse function to x5(T)), and
SESTSX), TSx)=e5(x, TS (x)) =5 (x) < e; on the other hand, at T =T%(x), we have
A=1 and erGE@TE@), TE()=el(x, TE(x)=el(x) > e; bence the expression
e™(x,T)-e changes sign on the interval (75 (x), TL (x)], anditis easy 10 solve by a bisection
type method (e.g. Brent’s method, [13]).

2.F Heat conduction in the container and in the free space

Heat conduction in the container’s walls may be conveniently incorporated into the same
energy updating scheme.

Conservation of energy in the wall is governed by
p¥er +divg* = 0 (2.24)

wl_lsre p” = density (= const.), e”(T)= specific intemnal energy (enthalpy) at temperature
T(r,t) atlocation r inthe wall at time ¢, and
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q” = —k” VT = conductive flux in the wall (2.25)
with k™ the thermal conductivity of the wall. Since the Gibbs relation here is
de” = ¢y dT (2.26)

with ¢’ = specific beat of the wall material, (2.24) is simply the primitive form of the standard
heat conduction equation

p¥ T, —div(k*VT) = 0.

Knowing the temperature field at time 7, we use (2.24) to update ¢™ to alatertime ¢ + Ar and
then update the temperature from (2.26). If ¢’ is a constant, this is simply

_ e @2.27)
T = TAC + "

54

(using T,c as reference temperature, where e* =0). More generally, if ¢, varies with tem-
perature, then we must solve for T the equation

p 2.28
[ey@adr = ev @29

Tac

(analogous to (2.23)). It is uniquely solvable since ¢, > 0 implies the left-hand side is strictly
increasing function of T'.

The free (void) space inside the ampoule is filled with vapor of Mercury whose pressure and
density are functions of temperature. Since this density is at least two orders of magnitude lower
than the density of the alloy, we may consider the mass (hence also the energy) in the void space
as negligible. Then this space is simply a thermal layer at a uniform temperature 79
responding to the temperature of the surroundings with conductivity &*%°". The heat conduction
equation now reduces to

0= div ¢*4, (2.29)
which, upon integration over the void, simply says that the sum of the fluxes along the boundary

of the void is zero. Hence, at each time, T*°¢ is a weighted average of the surrounding
temperatures and may be found easily.
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3. SUMMARY OF THE MODEL AND ALGORITHM

The prigmry Mnogns.~m the temperature and concentration fields as they evolve in time,
namely T'(r,t) and x(r,t) (or C(r,t), via (2.1)). They are determined from the conservation
laws (2.6)-(2.10), (2.24)-(2.25), (2.29) and the relations (2.23), (2.28).

Let’s describe the basic steps of the algorithm. The data of the problem are:
- thermophysical properties of the alloy: p (= constant here), cPL(x, ), c,f(x, T), *x,T),
B (x,T),
kl(x,T), k5(x, T), DY, DS, &, 8%, B~, BS;
- phase diagram: x =x!(T), x=x5(T);

- thermophysical properties of the container: p*, ¢,’, k; and of the vapor filling the void:
kvepor,

- initial temperature and composition: T(;, 0), xG ,0);

- boundary conditions on the outer surface of the container, (e.g. the temperature imposed
there), and zero mass-flux at the inner (cavity) walls.

We update the energy e from (2.24) in the walls (using the boundary conditions) and from (2.7)
in the alloy, and also update C from (2.6). Convert C to x via (2.1b), and update T from
(2.23) in the alloy, from (2.28) in the walls, and from (2.29) in the free space. Thus we find
e,C,x andT at the new time, and can proceed to the next time step.

Clearly, the model and algorithm are valid in any number of dimensions, for any binary alloy.
The only restriction is the exclusion of convective effects which can naturally be incorporated
into the overall scheme by adding momentum conservation for the velocity field and the
appropriate convective terms in the mass and energy conservations laws. This will be done in the
next version of the model and code.

4. NUMERICAL IMPLEMENTATION

We consider axisymmetric solidification in a cylindrical mold of inner radius R,,, outer
radius R,,, inner height Z; and outer height Z,, +Z,,,; +2Z,,, Z, being the thickness of
the top and bottom walls, and Z,,;, the height of the void space (filled with Hg vapor). For
simplicity in the presentation we neglect the void and only describe the case Z,,;; =0 here.

4.A Numerical grid

Given four integers Ip,1,.Jp,J,, let

Ar =Ryll,, Ary=Roy =RV, Az=Zyll,, Az, =Z,l,
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and set up the mesh shown in Figure 2. The indices range as follows: for nodes

ri i =10, (cavity),  i=Ip+1,. Jp+l, (wall);
zj . j=Ll...J, (cavity);, =-J,+1,...0 (bottom wall); j=J,+1,..Jp+J], (t0p wall) ;
and for faces:
where Aeyc = heat of fusion of pure AC at its meit
Riy: i=1,.. L+ (cavity), i=I,+l,..],+,+1(wall)
(ru=0, 1 us=Rins Tpap,v6=Rou)

zjy: j=L.Jp+l (cavity), j=~J,+1,..1 (bottom wall); j =J,+1,....Jp, ), +1 (top wall)
Cye=-Zw, =0, 2y =Zin, 230,=2Zin+2Z,)

The ij-th control volume is centered at (r;, z;) and has volume (of revolution)

i =1y Iy Iy ¥l I,
Vi =tlrdn —rnlzion=2onlh oy 41,0, 1 dys Sy,

The area of a radial face is

i = Ly Ly Ll I+, 41
A =20 402 s — 2, J =yt dpH,,

and of an axial face

) i=1..,1,+,
. =Tl —
A =®rivs = riZnl o g 10,1,y Syt T,

The field variables e, C,x,A, T will be represented discretely by their mean values, ef, CJ,
x{j, Mj, Tjj, over the control volume Vj;, at time ¢,, and they will be associated with the node
(r ivZ J)

4.B Discrete conservation laws

We integrate (2.6), (2.7) over each control volume V;; and over a time step (t,,f,+1] of
length At, =t,, ~t,, i.c. use (2.6)°, (2.7)" for each V;;. Denoting by C}! and e/ the mean
values of C and e over Vj; attime ¢, by A/ly,;, A/f+y, the mass flow rates and by
AQlyy, i, AQl 4y, the energy flow rates (area X flux) through the radial faces (A;44,;) and axial
faces (A; jy), we obtain the forward Euler (explicit in time) discrete mass and energy balance
equations:

Az 4.1
Vf (AT j — AT Y ATy — AT ) @1
L

+ _
Cim =Ch+

izl j=1u,J,
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@.2)

At,
et =ef + V. (AQT s j — AQlhsj + AQS s — AQT) s )

i = Loy dp oty =<0y 41,00, Tt

The time steps At,,n =0, 1,..., are chosen from a Courant-Friedricks-Levy (CFL) condition to
ensure numerical stability of the explicit scheme.

The reasons we prefer to use an explicit scheme over an implicit one are twofold. First,
implicit schemes are only marginally more efficient for highly nonlinear phase-change problems.
Their time step may be taken a few times larger than the explicit one, but the number of iterations
required for convergence is of the same order as this factor. Given the added programming and
computations the implicit scheme requires, the net gain is at best marginal. The second and
principal reason is that recent experience, [11], has shown the explicit scheme to be more
efficient for parallel distributed memory (message-passing) computers, such as the Intel iPSC/860
hypercube on which most of the fine-mesh runs are to be performed.

4.C Discrete fluxes

We need expressions for the discrete flow rates appearing in (4.1), (4.2). Consider any two
adjacent contro! volumes V; and V,, say in the r-direction, with common face A and radial
distance (between their nodes) Ar. Let Ay, Ap Cy, Co Ty, Ty be their liquid fractions, mean
concentrations and mean temperatures, and A;, Ay; CT, C%,C{,C3 the quantities defined by
(2.11), 2.12).

Keeping in mind the discussion in §2.3, the (radial) mass flow rate AJ normal to the face of
area A is taken to be
3 ci-ci
ar

. ck-ct
Ay, = —As| min{A,, A} D¢ !

+ [1-—min[A1,A2]] D$ -8 T’:‘ . 4.3)

This allows diffusion between the liquid portions (across the area A -min{A;, Ap}) of the
volumes, and between their solid portions (across an area A *(1-min{A;, A,})). For the Soret
coefficient we have taken §* = §° = §, for simplicity. A similar formula may be used for flow
rates in the z -direction.

For the heat flux (2.9), we implement the resistivity method (2.15) to compute an effective
resistivity

Ry = 4122 (4.4)

k- kS

for each node in the alloy, while R, =1/k™ for wall nodes ( and R,y = 1/k*P7 for void
nodes ).

Letting r,, 7, denote the r-locations of the nodes of Vy,V,(ry—ry=Ar) and r,, the
r-location of the common face between them, r, < r, <r,, the total resistance to heat flow
from ry torsis



15

R =[ryys—rRy, +ra—ri iRy, - 4.5)

Thus the discrete version of the heat flux, (2.9), taking Bt =p° =: B, is

T,-T, C,—-Cy (4.6)
Gup =~-—% +p VIR
and the energy flow-rate across the face of area A is taken to be

hi+h 47
UQ)rs = A -Gy + Ausep* 5, @

where we have used a simple averaging of the nodal values #,, h,, to approximate the value of
at the midpoint 7., and (AJ)u, is from (4.3). A similar formula may be used in the z-

To-T
direction. Inside the walls, (4.7) reduces simply to AQ =A «(—k” — = 5,

4D Time-stepping algorithm

With each control volume V;;, whose node is at (r;, z;), we associate the following discrete
quantities (superscript n denotes value at time ¢, ):

Vij (volume); A;is;,A; j1s, (areas of radial and axial faces);
e/} (mean specific energy); T} (temperature);
}\.,-’} (liquid fraction); CJ; (mean concentration); CLJ, CS[ (see (2.11));

x (mean composition); cj; (mean specific heat); A/ (mean specific enthalpy
difference);

Reff [} (effective resistivity);
Allyy . Al sy, (mass flow rates across the corresponding faces);
AQsy jo AQP 3y, (energy flow rates).
Knowing ef, T3, A, Cf, CLjj, CS{}, x[j at time ¢,, their updating to time £, ={,+As,
proceeds as follows:
Step 1:  Evaluate the conductivities k% (xf}, T%), k5 (x, T%). also

BE =ABRE (L T + (A - ADE o fL, TH), and
Cpi =ABCEGR. T+ (1 - A2l (el T

Compute Reff} from (4.4), and the allowable time-step Af, from a numerical
stability (CFL) criterion. Settime =1¢, +At,.

Step 2:  Compute the flow rates AJ[yy, j, AVl s AQwy i, AQS 4y, from (4.3), (4.7).
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Step3: Compute C*! and e}*! from (4.1) and (4.2).

Step 4:  Find x*' from (2.1b), and compute the quantities € (x}*'), €"(x}*!) from (2.20),
(2.21). According to (2.23),

if ef*! < € thenset A2 =0, CLE* =0, CSE =CpH

and find TJ*! by solving (2.23)s;
if G < ¢! < L (x*) then find A2 from (2.4),

CL,-’}” and CS2*! from (2.11),and TJ*! by solving (2.23)n;
if el (xf*Y) < efi*! thenset AJ* =1, CLIM =Ci*, €S5* =0,

and find T3*! by solving (2.23);.

Thus all the field quantities are updated to the new time 2,4 =17, +41,. Of course, for wall
nodes T3*' is directly found from (2.28). As for 7%, it is obtained as a weighted average
(derived from (2.29) )of the nodal temperatures surrounding the void.

5. ANUMERICAL SIMULATION

Consider a quartz ampoule of inner radius R;, =0.5cm, beight Z, =9cm, and wall
thickness Z, =0.3cm. It is filled entirely (no free space) with HgCdTe of uniform
composition x;,; =0.2 and initially the system is at uniform temperature T;,; = 820°C, so the
alloy is in its liquid phase. At time ¢ =0, we impose a constant temperature T, = 650°C at
the outer surface of the cylinder and let it solidify.

We have simulated this casting process using 20 X 128 nodes in the alloy and 3 X 3 nodes in
the walls (7, =20,J, =128,1, =3,J, =3, see §4.A), whence Ar =025mm, Az = 07mm,
and Ar, = lmm Az =1mm. The quariz properties values used are: p* =2. 203 g /cm?,
¢y’ =1045J/gK =0.2496cal/g K, k¥ =64 x 10” 3cal/cm s K. The thermophysical properties
of (HgTe);,(CdTe), used in this code are composition and temperature dependent, described
in detail in [3], except for the density which is taken as constant p =7.53 g/cm>.

All nodes become constitutionally supercooled (mushy) by time ¢ =10s and solidification
begins at about that time. The alloy solidifies at ¢ = 1105, with a sharp composition gradient
near the lateral wall similar to that seen in the one-dimensional simulations described in [1], [15].

Sample output is shown in Table 1, produced at desired time intervals (specified by the user),
for preselected columns (i =1,5,10,15,20) and rows (j =1, 32, 64,96, 128); in addition,
temperatures are shown at the inner-most and outer-most wall nodes (in top, bottom, and lateral
walls). As computational checks, heat and mass balances are also shown. The phase index array
(iphase) prints a 2 for liquid, 1 for mushy and O for solid, for all columns and preselected rows
(i =1, 16,..., 128) of the mesh. It serves as a convenient visualization of how the solidification
progresses, sec Table 2.

In addition to the standard output, composition and temperature histories of preselected
nodes, as well as profiles of preselected rows at desired time-intervals may be produced.
Examples are shown in Figures 3 and 4.
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Table 1. Sample output from BAS-2D

e 2l s s 2 ae s ok ok sk ake e afe s 3 ke e de 3 b o ke sbe e b e e 3 e s s sl e e ol a2 ke ok sk e e s 2 2k sl e e ok o de e e ke ook e dle sk

Time = 50.00(s) I no of steps= 2112 | Tbry= 650.00

liquid fractions: alam , every -32

666819 .644573 .546565 .157008 .000000

666819 644573 546565 .157008 .000000

666819 .644573 546565 .157008 .000000
mole fractions: j=Jp,1, -32

204661 .204398 .203459 201846 .205154

197825 197712 197307 .198508 211314

197825  .197712 197307 .198508 .211314

197825 (197712 (197307 .198508 211314

204661 204398 203459 201846 205154
Temperatures: j=Jp,1, -32

653.333 653.101 652.419 651.527 650.632 650.457 650.086
667.164 665.841 662.245 657.641 653.228 652.461 650.461

680.993 677.981 671.286 662.940 655.261 653.835 650.691
741495 739.115 729.967 708.546 670.768 664.028 652.408
741495 739.115 729.967 708.546 670.768 664.028 652.408
741495 739.115 729.967 708.546 670.768 664.028 652.408
680.993 677.981 671.286 662.940 655.261 653.835 650.691

667.164 665.841 662.245 657.641 653.228 652.461 650.461
653.333 653.101 652.419 651.527 650.632 650.457 650.086

iphase : j=Jp,1, -32/2

00000000000000000000

11111111111111100000

11111111111111100000

11111111111111100000

11111111111111100000

11111111111111100000

11111111111111100000

11111111111111100000

00000000000000000000

Eold= -343.364945689206138  Enew= -343.542343164036083

Energy balance : 0.305228065045071162E-12

Mass balance :-0.333635796948783536E-03

latest time-step dt = 0.238355138087157671E-01

3 3k 2 s ke ake ae e 2 ke 2k 2 s 2 ok 3k ke e e ake 3k ke 2 o 3 2 dhe e e e dhe ok e e o afe e ke ke b 3 3 sl ke ake afe ake o ok o ok 3k a6 sk sk ak ke e ok
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Table 2. Phase array at various times (only every 16th row is shown)

time =0

22222222222222222222
22222222222222222222
22222222222222222222
22222222222222222222
22222222222222222222
22222222222222222222
22222222222222222222
22222222222222222222
22222222222222222222

time = 5 secC

11111111111111111111
22222222222221111111
22222222222221111111
22222222222221111111
22222222222221111111
22222222222221111111
22222222222221111111
22222222222221111111
11111111111111111111

time = 10 sec

11111111111111111110
11111111111111111111
11111111111111111111
11111111111111111111
11111111111111111111
11111111111111111111
11111111111111111111
11111111111111111111
11111111111111111110

time = 20 sec

11111111111111000000
11111111111111111110
11111111111111111110
11111111111111111110
11111111111111111110
11111111111111111110
11111111111111111110
111131111111111111110
11111111111111000000

time = 40 sec

00000000000000000000
11111111111111111000
11111111111111111000
11111111111111111000
11111111111111111000
11111111111111111000
11111111111111111000
11111111111111111000
00000000000000000000

time = 60 sec

00000000000000000000
11111111111111000000
11111111111111000000
11111111111111000000
11111111111111000000
111111111111311000000
11111111111111000000
11111111111111000000
00000000000000000000

time = 100 sec

00000000000000000000
11111100000000000000
11111100000000000000
11111100000000000000
11111100000000000000
11111100000000000000
11111100000000000000
11111100000000000000
00000000000000000000

time = 109 sec

00000000000000000000
10000000000000000000
10000000000000000000
10000000000000000000
10000000000000000000
10000000000000000000
10000000000000000000
10000000000000000000
00000000000000000000
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