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Previous work on the stability of karst sites in the Oak Ridge National Laboratory area 
is evaluated and analyzed. It was b u n d  that the depth to bcdrock is significant in the 
Formation of dropouts. In addition, little variation actually exists in the properties of the 
overburden residual soils. 

The vertical displacement, slope, and curvature of a surface profile are major factors 
contributing to structural damage. Therefore, a site specific model to predict the lateral and 
vertical extent of sinkhole subsidence was developed. The deformation of the surface was 
studied using a hybrid approach of numerical and empirical analysis. This approach 
incorporated field measurements, laboratory test data on soil strength, and the numerical 
analysis of typical soil profiles and hypothetical cavity dimensions. 

Empirical profile functions werc used to describe completely a continuous profile €or 
a sinkhole subsidence basin. Statistical and analytical procedures were used to predict the 
magnitude and shapes of surfacc subsidence profilcs. Two-dimensional, nonlinear, finite 
element analysis was conducted to evaluate the stability of a soil void in a thick, residual clay 
above a disconlinuity in rigid bedrock. This numerical analysis included a prototypical 
approach to quantifying relationships for the subsurface geometry that drives surhce 
deformation. 

The shape of karst features in the East Chestnut Ridge site could be described by the 
empirical function: 

where So = maximum subsidence = e -5 . ‘6  + 2.04rv , a = 2.50 and p = 3.30 are site specific 

empirical parameters, and r,, X,  and If define geometry. 
For the East Chestnut Ridge site, it was found that size of a soil void for a given soil 

thickness controls the magnitudc of surface subsidence experienced. When the ratio of soil 
void radius to the square of soil thickness (r/H2) rcmains below approximately 0.003, stability 
can be assumed. 
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1.1 PROBLEM STATEMENT 

Siting and operating landfills for solid waste disposal in eastern Tennessee that can 
operate with minimum impact on groundwater i s  problematic. The operational requirement 
of thick, excavational soils and the regulatory rcquirement of a buffer between disposal units 
and an aquifer result in siting most opcrating East Tennessee landfills in outcrop areas of the 
Knox Group. The Knox Group is dominated by dolostone bedrock, which c~mmonly has 
thick residual soils and deep water tables, rnaking this setting suitable for meeting both 
operational and regulatory requirements. However, the common occurrence of karst terrain 
and sinkholes in the Knox Group indicates the vulnerability of such sites to rapid groundwater 
recharge and flow and the potential for subsidence or collapse of soil into bedrock cavities. 
Subsidence or collapse of soils beneath disposal units poses the threat of allowing rapid 
migration of waste leachate into an aquilcr. 

To address the potential for subsidence or collapsc of soils at the East Chestnut Ridge 
site (Fig. 1.1) on thc Departmerit of Energy's ( OE) Oak Ridge Reservation (ORR), the 
following activities and analyses wcrc completed. 

The locations of karst features on thi: site were determilied by field 
reconnaissance. 
Several sinkholes were selected for detailed examination. 
Soil boring, sampling, and physical testing were performed in soils located 
within, adjacent to, and outside of sinfiolcs to characterizc soil strength at 
various depths. 
Detailed planc surveys were made for 11 sinkholes to measure accurately their 
dimension and shape for use in dctermining profile functions for suhsidencc 
basins at the site. 
Based on soil properties determined in the laboratory testing program, the 
stress-deformation response of a typical soil protilt: overlying a hypothetical 
bedrock cavity was analyzed numerically for a range of soil thicknesses and a 
range of cavity radii. 
Through a synlhesis of the profik function analysis and the numerical analysis 
of soil bchavior, a consistent estimate of the relationship between subsidence 
basin dimension, soil thickncss, and cavity radius has been derived. 

This study is limiled to subsidence whcre the profile of the deformed surfacc, or 
subsidence b a s h  i s  continuous. Regional surveys of karst activity in eastern Tennessee 
suggest that collapse, resulting in a discontinuous profile, is a rnorc likely type oC failure 
(Newton and Tanner 19Xb). Subsidence, however, has been noted as a precursor to collapse 
(Newton 1976). 

As yet there is no agreed upon standard for units. Most professional journals with an 
international circulation require the use of Systeme International (SI) units. Most practicing 
engineers and thc construction industry in the United States, however, iisc the English system 
of units. The surveying for this program was performed using instruments calibratcd in the 
English system. For accuracy, all surveying data are furnished in English units. In addition, 
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Fig. 1.1. b t i o n  of East Chestnut Ridge study site- 
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previous work performed for ORNL hill; been done using English units. Conventional 
laboratory test rcsults, arc also reported in English units. ‘ne analyses conducted far this 
research were carried out using the SI system of units. To maintain accuracy and to be in line 
with today’s intcrnational perspective, these results are reported in SI units. 
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Previous investigations relevant to the study reported here include soil mechanics 
analyses performed at West Chestnut Ridge at Oak Ridge, Tennessee, and studies ol: karst 
subsidence in East Tennessee. Results of these previous studies were incorporated in this 
work. 

2 1  PIUEVIOWSSO~ 

The West Chestnut Ridge site was evaluated with respect to deformation and collapse 
of the residual soil into the bedrock cwities (Ben-Hassine 1987; Drumm et  al. 1987; Ketelle 
e t  al. 1987). This site is similar to the East Chestnut Ridge sitc, with thick residual soils 
overlying weathered bedrock containing numerous solution cavities. Numerous karst features 
were identified on the West Chestnut Ridge site (Ketelie and HUE 1984). 

A finite element analysis was conducted to invatigatc the efkcts of bedrock cavity 
radius, thickness of soil overburden, and surface surcharge upon the deformational and 
stability characteristics of the residual soil (Drumm et  al. 1987). The soil was assumed to span 
a circular cavity in the rigid bedrock, with gravitational forces causing displacement of the soil 
into the bedrock cavity. hisymmetric conditions were assumed in the analysis, and an 
elastic-plastic constitutive mudel was used to represent the residual soil. Because of 
limitations in the existing field and laboratory data, several major assumptions were made to 
determine the constitutive parameters. These assumptions will be discussed later in the report 
(see Sect. 5-6). Qualitative conclusions, however, regarding the stability oC various 
combinations of overburden thickness and cavity radius could be drawn from the analysis 
results. 

Results indicated that for small bedrock cavity radii, the thickness of the soil cover has 
little effect on the size of the yielded soil zone. For large cavity radii, a smaller zone of 
distressed soil occurs under thick soil cover than under thin soil cover. Dimensionless curvcs 
were presented to enable the grcdiction of the vertical extent of the zonc of yielded soil for 
a range of site geometries. Although the thick soil deposits 130 m (98 ft) or greater] typically 
found on the ridges resulted in high strcsscs adjacent to the cavity, the area of the distressed 
or yielded soil was small and unlikely to extend to thc surface. The magnitude ol'the surEace 
deformation or subsidence was predicted to be minimal. 

It was concluded that the siting of wuste facilities on the iidges where the overburden is 
at a maximum would f e d  io reduce the effects of defnmution into the cavities. Construction 
on the ridges would also minimize surftce hydrological effects. While not included in the 
analysis, these effccts arc known to accelcratc the development oi' sinkholes and may play an 
important role in the formation of the surface depressions. 

22 REGIONAL SIN&-IOI..E OCCURRENCE 

22.1 Additional Interpretation 01 Regional SubidenGc Data 

Newton and Tanner (1986) conductcd a survey of' d e s  in eastern Tcnnessee to 
characterize geologic settings susceptible to collapse. Further slatistical ;analysis and 
evaluation or their data revcal some interesting observations. Most sinkhole occurrences 
occurred relatively recently (Fig. 2.1). This finding is tenuous, however, because it may be 
an indication of improved data availabilily as opposed to increased karst activity. In a 
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fig- 21. Regional f?equency histogram summarking dates of sinkhde occurrences. 
(Data from Newton and Tanner 1986.) 

50 

40 

summary of geometries, most dolines were relatively small and uniform in size. Of 
approximately 245 features measured, the majority were less than 9.1 m (30 ft) in diameter, 
with widths averaging 5.2 m (17 ft) and lengths averaging 5.9 m (19.5 ft). Figures 2.2 and 2.3 
show that most eastern Tennessee sinkholes inventoried ranged between 0 m and 6.1 rn 
(20 ft) in depth, averaging 4.6 m (15 ft) deep, while bedrock depth was relatively shallow, 
averaging 3.7 m (12 ft). The apparent disparity between the depth-of-sinkhole and depth-to- 
bedrock is because most of the Newton and Tanner (1986) data are composed of dropouts 
where the rock and karst pipe were visible at the bottom of the depression. Nevertheless, 
the data show that the soil arching that takes place increases the stability of the deeper karst 
pipes, as noted by Drumm et al. (1987). 

The effect of water on sinkhole occurrence is a result of complicated interactions 
between rainfall, run-off, withdrawal, and permeability. However, a relationship between 
sinkhole occurrence and water table depth can be seen in Fig. 2.4. Sinkhole occurrences are 
correlated with shallow water tables, averaging 4.9 m (16 ft) deep. Whether this occurs 
because of a shallow water table or a rise and corresponding fall in groundwater level is 
unknown, but these latter fluctuations may easily be the causative factor. This latter 
hypothesis i s  supported by Fig. 2.5, which shows approximately twice the number of sinkholes 
are formed during periods of rainfall when groundwater levels are prone to fluctuate than 
when it was not raining. Linear regression also revealed that water table depth and sinkhole 
depth correlate with the square of the correlation coefficient (R2) equal to 0.84, indicating 
a rather strong relationship between water table and sinkhole depths. Figure 2.6 shows that 
the top of bedrock correlates with the clevation of thc water table. 
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Chestnut Ridge is located on the DOE Oak Ridge Reservation, near the western edge 
of the Valley and Ridge Province. The ridge is underlain by silty clay soils and dolostone 
bedrock of the Knox Group. The topography is hilly with parallel ridges, valleys, and 
elongate knobs. Regional bedrock structure causes bedding at the site to dip at an attitude 
of 35" to 45" to the southeast, Variable weathering resistance and soil erodibility of the 
different stratigraphic mnes have resulted in the parallel alignrnent of ridges and valleys. 
Effects of karst processes and erosion have combined in development of a rectangular surface 
drainage pattern. The karst system includes areas of doline karst on upland slopes, knobs, 
and ridge crests, with fluviokarst in the incised valleys. Soils include ancient alluvium, loess, 
colluvium, residuum and saprolite ranging in thickness from 2 rn (6.6 ft) to more than 40 m 
(140 ft). Soils are predominantly residual silty clays with variable amounts of chcrt as 
boulders, nodules, and gravel. Becausc of their fine tcxture, site soils have a high moisture 
retention. High natural moisture content, variable chert content, and consolidation causc soils 
to range lkom very soft to very stiff. 

Dolines occur in all five Knox Group stratigraphic formations, tending to align parallel 
to strike in some areas and along possible joint sets. Invcstigations at each of two sites (East 
Chestnut Ridge and West Chestnut Ridge) have included drilling, sail sampling, and testing 
within and outside visible karst features to obtain soil properties for use in subsidence 
analyses- 

3 2  SOILPROPERTIES 

3.21 East Chestnut Ridge 

Standard gcotcchnical site exploration was conducted on East Chestnut Ridge 
(Geologic Associates, Inc., 1989). Statistical analysis of the data revealed few significant trcnds 
in soil properties. Figure 3.1 displays the plasticity chart for thc soils. The fact that the 
values plot almost entirciy along the A-line indicates that relatively little difference exists 
between the soils, despite the fact that Fig. 3.2 indicates that there appear to bc several major 
Unified Soil Classification System (USCS) soil types represented, predominantly clays of high 
(CH) and low (CL) plasticity and silts of high plasticity (MH). 

The clustering of plasticity chart values indicates that the soils are actually vcry similar. 
It has been pointed out (Kulhawy et ai. 1983) that moisture contcnt values ErDm standard 
Atterberg limits tests may vary as much as 20% because of laboratory procedures. When this 
is taken into considcration, there may be considerable homogeneity in the East Chestnut 
Ridge soils. This homogeneity is further indicated by plasticity index as a function of distance 
above the bcdrock (Fig. 3.3). A high degree of scatter exists, which indicates that there are 
apparently no trends with respect to layering in the soil. However, a broad trend in 
increasing liquidity index with proximity to the bedrock is evident in Fig. 3.4. The soil is 
approaching the liquid state near the bedrock surface. 

The overall conclusion that can be drawn from the statistical analysis of the East 
Chestnut Ridge soil data is that the soil is relatively uniform and homogeneous throughout 
and that an idealization of a homogenous soil, and not a stratified one, is justifiable. In 
addition, it is behaving morc plastically in the vicinity of bedrock. 
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3-22 West chestnut Ridge site 

WoodwadClyde Consultants (1984) conducted an extensive survey of soil mechanics 
properties of West Chestnut Ridge. T h i s  site i s  along strike and practically identical 
geologically to the East Chestnut Ridge area in this investigation. A detailed summary is 
provided by Woodward-Clyde Consultants (1984) and Ketelle and Huff (1984), but some of 
the more pertinent details are reviewed herc, as are some additional statistical data. 

Figure 3.5 shows the plasticity chart for the West Chestnut Ridge soils. Once again, 
the values plot almost entirely along the A-line, which indicates that not only i s  there 
relatively little difference between the soils, but classifications and thc plasticity chart 
(Fig. 3.6) revcal a similarity to East Chestnut Ridgc soils. 

A plot of plasticity index with distance above the bedrock for West Chestnut Ridge also 
indicates a high degrcc of scatter (Fig. 3.7). Once again, this could indicate that there are 
no layers of stratification in the soil. The liquidity index, as it did for East Chestnut Ridge, 
increases with proximity to bedrock, indicating that soils adjacent to rock surface are close to 
their liquid limit (Fig. 3.8). 
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Fig.. 35. Plasticity chart for West tnut Ridge soils. 

14 



OANL-DWG 90M-10394 

120 

100 

80 

n = 161 

40 

20 

0 
CL GC-SC MH SC 

CH CL-CH GP ML SM 

Fig. 3.6. Unified Soil Classitiation System (USCS)  soil classipacatioos for West Chestnut 
Ridge. 

ORNL-DWG 90M-12495 

100 

90 

E 
$ 50 

3 10 

a: 70 
P 

60 
Lld 

a 40 
Z 
0 30 
I- 
$ 20 

0 

-1 0 
0 10 20 30 40 50 60 

PLASTICITY INDEX 

Fig. 3.7. Plasticity Index as a function of elevation above the bedrock surface for West 
Chestnut Ridge. 

, 
15 



ORNL-DWG 90M-13174 

80 

70 

Y 

0 
[r 
a 

60 

50 

40 

w > 
Q 

?.5 30 
5 
5 20 
w 

10 

0 

95% CONFIDENCE 
INTERVAL 

- 

-1 -0.5 0 0.5 1 1.5 
LIQUIDITY INDEX 

fig- 3.8. Variation in liquidity index w&h proximity to bedrack for West Chestnut Edge. 

16 



4. SINKTIOLE MEAS-NTS AND PROFILE I.'uNcTrON ANALYSIS FOR 
THE EAST @ H I E ; s m  ]RIDGE SITE 

4-1.1 M p t b n  of Survey Methods 

Eleven karst features were measured to provide field data for profiling sinkhole shapes 
(Fig. 4.3). Differential leveling, a common technique of plane surveying, was used to 
detcrmine the elevation of points within each feature. Differential, or direct, leveling is a 
method for detcrmining an unknown elevation at a poink reIativc to another point of known 
elevation within line of sight. For this research, surveying and mapping were donc in the 
English system of measurement. Elevations were plotted, and contours were manually 
interpolated to produce 1:120 scale (1 in. = 10 ft), 1 ft contour interval topographic maps. 
Appendix A contains rcductions of the original maps. 

The equipment used in levcling was a dumpy level and a Philadelphia rod graduated 
in feet (tenths and hundredths of a foot). Horizontal distances were measured with a 150-ft 
add-type steel tape also graduated in fcel (tenths and hundredths of a foot). A Brunton 
compass was used to measure the orientation of lcvel lincs. Angles can be measured to the 
nearest degree using a Brunton compass. No corrections to account for systematic errors in 
leveling, horizontal distanccs, or angular measurements were made to thc field data. 

A benchmark, the point of known elcvation, was placed within or adjacent to a 
sinkhole. The benchmark was a 45-cm (27.5411.) wooden stakc driven into the ground to 
within 5 cm (2  in.) of its butt. The elevation of the benchmark was assumed known at 100 
ft (30 m). Backsites were taken with the rod rating on the butt oic the stakc. Elevations in 
sinkholes 01,02,03, and 04 were taken relative to the same 100-€1 datum adjacent to sinkhole 
01. Sinkholes 08, 09, and 10 also share a common datum. 

A baseline consisting of a row of wooden stakes equidistantly spaced at 10-ft (3-m) 
intervals was driven into the ground. The oricntation of the baseline was measured relative 
to magnetic north. Elevations were measured at 10-ft intervals along a linc normal to, and 
originating at, the baseline. The level line was laid out prior to measuring elevations. The 
tape was stretched along the level line and 10-ft intervals marked by kiekout or with 
fluorescent marking tape. Intcrmediate spot elevations werc typically made on slopes greater 
than 15% and in areas of rapid change in slope. Thc collected data resulted in a two- 
dimensional grid or net with known elevations at least every 10 ft (Fig. 4.2). 

Linear interpolation between measured points of elcvation in the grid allowed paints 
of constant elevation to be determined. These points were connected to form a contour line. 
Smoothing to a curve was accomplishcd as the line was drawn. This process was repeated 
with contours representing integer foot elevations throughout the entire grid to produce the 
topographic map of the sinkhole. 

More than 20 sinkhole-like leeatures are located on the site. Eleven of these wcre 
selected for surveying. Thc criteria €or sekction wcrc as follows: collapse, topographic 
closure, significant diameter, unmodified natural origin, and accessibility. Sinkholes were 
numbered in the order they were surveyed. Sinkholes 01 through OS are adjacent and located 
on the northern ridge, and 06 and 07 are in the region bctween the northern and southern 
ridges. Sinkholes 08 through 11 are on the southcrn ridgc. 
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Fig. 4.2 Survey grid in field mapping. 

4.1.2 Resulls 

Ten subsidence basins and one collapse feature were measured using conventional 
plane surveying techniques. The basins were generally circular and typically exhibited 
elongated or elliptical bottoms. Diameters ranged from 6 m (20 ft) to 87 m (285 ft). 
Measured vertical displacements ranged from 0.2 rn (0.6 ft) to 5.5 m (18 ft). Slolpes ranging 
from 5 to 10% and adjacent cut-and-€iill coniplicated determination of the lateral extent of 
subsidence. Profiles were drawn from 1:120 scale, 0.3-m (3-ft) contour maps using two 
criteria: (1) the profiles were oriented along and perpendicular to the major (or long) axh, 
and (2) the profiles were orthogonal to contour lincs. The location of the field profiles arc 
provided in Appendix A. 

4.2 PRQEILE EuNeT)[oNS 

4.21 General Description of Profile Funcths  

In establishing whether or not damage to a surfacc structure (such as a landfill and 
liner) might occur, it is necessary to predict the amount ol" differcntial scttlcment that may 
occur. To estimate the differential settlements in the study area, an investigation of methods 
used in mining engineering was performed. 



Empirical methods have long been used in subsidence prediction above Ion 
mines. One method of empirical subsidence prediction, which may have application in karst 
terrain, i s  the use of profik functions. Originally developed in Europe, profile functions 
predict the shape of the induced subsidence basin by assuming that similar conditions, 
geometry, and material properties will induce a similar response at the surface. Application 
of this method involves fitting a mathematical function to a significant number of actual 
subsidence basin profiles. The curve fit dctermines constants that predict and describe the 
shape of a subsidence basin. The lateral and vertical extent of the surface deformation is 
determined by subsurface geometry and described below. 

Table 4.1 is a listing of s ~ v ~ T ~ I  profile €unctions that have found application in 
subsidence prediction. Two functions have found application in the Appalachian coalfields of 
the United States: (1) the hyperbolic tangent function, and (2) the negative exponential 
function. 

The hyperbolic tangent function, suggested by Brauner (1973), i s  symmetric about the 
profile inflection point, which occurs at one-half the maximum subsidence. The function is  
as follows: 

(4.1) 

where S(x)  = vertical displacement, So = maximum vertical displacement, X = horizontal 
distance from the origin, B = horizontal distance from the ccnterline to the point of 
inflection, and C = an empirical parameter. 

Figure 4.3 is a generic subsidcncc profile identirying the terms that define the 
hyperbolic tangent function. The origin is located at the inflection point. Positive values are 
upward and to the right. The centerline of the profile i s  located at the point of maximum 
vertical displacement. 

The negative exponential function suggested by Chen and Peng (1981) differs from the 
hyperbolic tangent functioii in that it is not symmetric about its inflection oint. The negative 
exponential function is expressed as: 

where I, = half-width of the subsidence basin, and a and 
Figure 4.4 defines the terms of the negative exponential function. "he origin is located 

on the centerline of the basin at the point of maximum vcrtical displacement. The half-width 
of the basin is taken as the horizontal distance from the origin to a point on the curve at 5% 
of the maximum vertical displacement. 

It is common practice, with both functions, to normalizc vertical displacement by its 
maximum value. In addition, horizontal distances are often irormalized by the distance(s) to 
the origin, The slope at any point on the ct~rve is the first derivative of the profile function, 
and the curvature is the second derivative. 

Application of profile functions for subsidence prediction requires knowledge of the 
subsurface geometry. The extent and magnitude of surface displacements are related to the 
size of thc extracted area and the width-to-depth ratio, a ratio of the size of the void to the 

are empirical parameters. 
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Table 4.1. Profile functions (Cben and Peng, 1981) 

- = 1 - Z+--sin(2nrZ 
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fig. 4.3. Generic hyperbolic tangcnt prome and definitions of terms. 
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ORIGIN 

th to the void. The subsurface geometry of some mines often allows a width-to-depth 
ratio greater than one. Width-to-depth ratio has heen identified as a critical parameter in 
defining maximurn possible subsidence. 

Subsidence profiles above a longwall panel arc usually described as having the 
characteristic shapes of subcritical, critical, or supercritical (Peng and Chaing 1981). If the 
value of maximum subsidence for the basin occurs at a single point, usually at the center, the 
profile is  subcritical. Critical profiles are similar in shape to subcritical proflcs, but 
additionally the magnitude of subsidence has reaeftc=d its maximum possible value. If the basin 
has a flat bottom, having uniformly reached this maximum displacement, the profile is 
described as supercritical. 

Profile functions do not require a knowledge of the material mechanical behavior; the 
overburden material is assumed to be homogenous. To account for the inhomogeneity of 
actual subsurface materials, Karmis et al. (1987) apply a reduction factor to the estimated 
maximum subsidence based on thc percentage of competent strata above the void. 

Chen and Peng (1981) define four angle parametcrsr limit angle, angle of critical 
deformation, angle of break, and angle of complete mining; they are defined as follows: 

1. The limit angle is the angle from the horizontal to the line connecting the edge a€ 
the subsurlgce void to the point of zero subsidence at the surface. This angle is 
used to calculate the radius of influence or the half-width of the profile. 
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2. The angle of critical defomzution is the angle from the horizontail to a line 
connecting the edge of the subsurface void to the surface at the point to which 
certain structures will be subjectcd to damage. 

3. "he angle of break is the angle between the horizontal and a Pine connecting the 
edge of the subsurface void to the p i n t  on the surface where the first tension 
crack occurs. 

4. The ungk of complete mining is the angle betwecn the horizontal to a line 
cannecting the edge of the subsurface void to the outermost point of maximum 
subsidence at the surface. 

Karmis e t  al. (1987) define two additional angle parameters: 

1. The angle ofdraw is the angle between the vertical and a line connecting the edge 
of the subsurface void to the point of zero vertical displacement on the surface, 

2. The angfe of inf ieme is the angle between the horizontal and a line connecting the 
edge of the subsurface void to the point on the surface where S(x) =. 0.0061 5,. 

The various angle parameters detine the lateral extent of subsidence and relate it to the 
depth of overburden above the subsurface void. 

4-22 Profile Function Parameters far the %st Chestnut ]Ridge Site 

Profiles were drawn using two criteria: (1) profiles were oriented along and 
perpendicular to the long, or major, axis of the sinkhole, and (2) profiles were orthogonal to 
contour lines. Figure 4.5 illustrates the application of these criteria. Rotation of the profile 
to eliminate the e f k t  of  adjacent slopes on thc profiles was also performed. The maps in 
Appendix A show the location and orientation of the selectcd profilcs for each sinkhole. 

Figure 4.6 shows normalized field data from sixteen profiles and the associated bcst fit 
curve €or the negative cxponential function. The value of thc empirical parameters, EL = 2.50 
and p = 3.30, were determined using least squares estimates from nonilnear regression 
analysis (STSC 1988). Figure 4.7 displays the best fit for the hyperbolic tangent function to 
the field data. The empirical parameter, C, is equal to 2.63. 

4 3  SUMMARY OF PROFILE FUNCTION Y 

Profile functions providc a means to determine the general shape of typical doiines in 
the site area. By inputting the maximum subsidence possible €or a given location and an 
cstimatc of  width, the profile function can be used to predict the shape elf a sinkhole 
depression. The derivatives of the profile function can prcivide the slope and curvature of 
thc ground surface. Vertical displacement, slope, and curvature are associated with structural 
damage. 

The difficulty in applying profile €unctions to karst situations is that, unlike mining, the 
maximum subsidence cannot be determined. In coal mining the maximum possible subsidence 
for a region is a function of the seam thickness. With nu extracted seam present, it is 
necessary to develop an alternative means of maximum subsidence prediction, which can be 
done using numerical modeling techniques such as the finite element method. 
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5.1 ANALYl3Cfi APPROACH 

The deformations, strains, and stresses in the soil adjacent to the bedrock cavity was 
calculated by the finitc element (E) method. The I% code UTGTEEH (Ben-Rassine 1988) 
was used for the analysis. This code incorporates many features of the code SSTIN (Desai 
and Lightner 1985) used in the previous West Chestnut Ridge study (Drumm 1987), including 
the use of eight node isoparametric quadrilateral elements and several material behavior 
models. However, UTGTECH was rcstructurcd to allow for the efficient solution of various 
size problems on personal computers, to improve thc convcrgence of the solution of 
elastic-plastic problems, and to provide post-processing graphics capability. These aspects will 
be described in more detail in subsequent sections of this report. 

5.1.1 Background and Idealization of a Soil Void 

In a typical numcrical evaluation of stress-deformationat response of a soil mass because 
of imposed structural loadings, the stresses from the in situ or gravitational foi-ccs are first 
determined. Frequently, these in situ stresses are assumed to be elastic. After determination 
of the in situ stresses, the deformations resulting from these body forces were set to a zero 
value such that the final deformations from the imposed structural loadings axe calculated 
relative to the gravitational dcformations. In this analysis, elastic and plastic deformations 
caused by in situ loadings are of interest. Consequently, the gravitational forces have bcen 
applied incrementally and the dcformational response to gravity abscrvcd. 

Because groundwater seepage tends to be drawn along the bedrock surface, washing 
of the residual soils tends to form clongated soil voids that arc likely to be larger than 
discontinuities in the bedrock (Kernmerly 1980). Piping and collapse of the residual soil above 
thc bedrock cavity often result in the formation, upward propagation, and eventual collapse 
of the soil void (Ogden 1984; Beck 1984). The evolution of a sinkhole is schematically 
depicted in Fig. 5.1 (Drumm et al. 1W). The state of stress and the resulting skicar strength 
of the surrounding soil govern the stability of the sinkhole. In the numerical analysis 
described here, the soil void is assumed to bc circular in cross section, in the stability 
investigated for a range of soil void radii, r,, and in overburden thicknesses, M. 

"he soil above the bedrock solution cavity is assumed to have eroded because of 
fluctuations in the groundwater table, causing a void in thc soil. A further assumption is that 
the void is circular in cross scction and that plane strain conditions exist. These conditions 
are differcnt from those of the previous investigation (Drurnm 19871, which assumed that the 
soil was continuous over bedrock cavities of  varying diameters and an axisymmetric 
idealization was most appropriate. 

The following assumptions have been employed in the analysis: 

1. Thc bcdrock solution cavity is taken as a horizontal, h e a r  kature following 
jointing in the rock, and the length or the feature is large with respect to the 
thickness o f  the residual soil overburden. The load applied to the systcm is causcd 
by the gravitational €orccs acting on the overburden soil. This load is uniform 
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(a) lntitial stage. Void formation ne 
dominant fracture inlet. 

- .  
(b) Critical stage. Shear zone develops 

between the void and the surface. 

(c) Sinkhole collapse. Collapse in which 
the soil plug falls, masking the 
bedrock inlets. 

(d) Slope instability. Slip surfaces form 
in slope surroundin 

Fig. 5.1. Evolution. of a sinkhole (after Drumm ct al- 1989). 

28 



2. 

across the soil section, based on the assumption of a horizontal ground surface, but 
varies with depth. Effecls from the interaction between adjacent solution cavities 
are neglected. These assumptions permit the thrce-dimensional problem to bc 
modeled using a two-dimensional plane strain idealization and require that only one 
half of the soilhoid system be investigated since the problem is symmetrical about 
the centerline. A typical finite element idealization employed in the analysis is 
shown in Fig. 5.2. 
The dolostone bedrock can he represented by rigid vertical supports under the 
residual soil. The assumption implies that the bedrock containing the cavity is 
strong and stiff with respect to the adjacent soil. The soil is free to move 
horizontally along the bedrock contact, consistent with the assumption of tow 
frictional resistance between the plastic soil and bedrock 

QRNL-DWG 90M-10402 

Fig. 5-2 

f- 
c H = 30.0  TI 

i \ r = 4 . 0 m  

Typical finite elcment (FE) idealization of residual SloiWedrock cavity system, 
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3. The stress-deformational response of the residual soil can be regresented by 
an incremental elastic-plastic constitutive model. The strains are assumed to 
be composed of elastic and plastic components. Elastic strains arc 
determined from elastic thcory, whilc plastic strains are determined from a 
stress-hardening plasticily model. 

4. The applied loads caused by soil overburden are applied over a period of time. 
The resulting long-term stability analysis permits the expression of the soil 
properties in terms of effective stress properties, obtained from consolidated, 

al tests and consolidated, undrained triaxial tests with pore pressure 
measurements. 

5. The water table is below the bcdrock surface and remains constant throughout the 
analysis. A rising or falling water table can be expected to change the properties 
of the soil, as well as the imposed loadings. Seepage forces and soil 
transport/erosion effects are beyond the scope of the current investigation. 

A typical finite element idealization of the residual soil/bedrock cavity system is 
The details and implemcntation of thesc basic assumptions are illustrated in Fig. 5.3. 

described in the following sections. 

Thc choice of an appropriate material constitutive model is one of the most important 
aspects of numerical analyses. The accuracy of the computed displacements, stresses, and 
strains is directly related to the ability of the constitutive model to represent actual material 
behavior. However, a balance must be achieved between. the sophistication of the model and 
thc complexity of the laboratory tests requircd to determine the material parameters. The 
more advanced constitutive models also may significantly increase the computational time. 

Thc stress-strain behavior of soils is  dependent on several factors such as density, 
moisture content, soil structure, drainage conditions, loading conditions, duration of loading, 
stress history, confining pressure, and shear stress. To minimize the effects of these factors, 
selection of materials and simulation of field conditions during testing became important. 

A linear elastic model, in which stress is a linear function of strain, is often used in 
modeling the behavior of soils undergoing deformation. The linear elastic model assumes that 
during loading and unloading stress is directly proportional to strain. The constant of 
proportionality is Young's modulus, E. Additionally, Poisson's ratio, p, relates the horizontal 
strains of the material to the vertical strains. 

Although this behavior i s  generally true for metal arid concrete below the elastic limit, 
soils cxhibit a nonlinear, inelastic behavior that cannot be described by the linear elastic 
model. The result is a gross overprediction of soil stress and the inability to model the 
redistribution of strcsses within the soil mass as the soil yields without failing. 
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A linear elastic analysis is not appropriate for this problem for three major reasons. 
First, the observed relationship be ccn stress and strain in the soil is highly nonlinear. 
Second, a linear elastic characteri ion assumes that each sail element has an infinite 
strength in bath compressinn and tension and does not allow for the yield of the 
stressed soil elements. Third, the elastic representation cannot provide for the stress path- 
dependent response exhibited by most soils. 

Although some early analyses of the East Chestnut Ridge site were conducted using 
a linear elastic model to verify the finite element idealization, the results are not reported. 
Only results from the more realistic hyperbolic elastic and elastic-plastic cap models are 
included. 

5-22. 

The hyperbolic elastic modcl reduces actual nonlinear behavior to a practical stres- 
strain rdationship. The final form of the hyperbolic model used in this investigation was 

ed by Duncan and Ghang (1970) based on previous work by Kondner (1%3) and 
Janbu (1963). The hyperbolic model describes principal stress differelice as a nonlinear 
function of strain. This model represents the observed frictional stress-strain response of the 
soil and limits the stress in the soil mass. The resulting hyperbolic model is as follows: 

where q - 0 3  = principal stress difference; e = axial strain; Ei = the initial modulus, 

where K =5 dimensionless stiffness nuniher, n = stiffness exponent; o3 = minor principal 
stress and Pa = atmospheric pressure; and (ol-& the principal stress difference at failure, 

whcre 4 = soil angle of lriction and c = cohesion of soil, and R, = failure ratio, defined as 
the ratio of the failure stress to the ultimate stress. 

The modeling procedure involves determining a hyperbolic form from laboratory data. 
The stress-strain data are plotted on axes of strain/shear stress versus strain for each value of 
confining stress. A linear regression. is then performed on each plot to obtain a best-fit 
relation. The inverse of the slope of the rcgression equation is the initial tangcnt modulus 
(Ei), whereas thc inverse of the intercept is the ultimate value of principal stress difference 
( B ~ - ' J ~ ) ~ ~ ~ .  To determine the Ei and n parameters for the hyperbolic model, points 
representing Ea/Pa as a function of ( q-03)/Pa are plotted on a log-log scale. Linear regression 
yklds E; as the intercept and n as the slope of the line. 'l'hc Rf values are obtained by 
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multiplying Ei by (ul-u3) at failure and taking an average value. In its final form, the stress 
for a gken soil is a function of the strain and normal stress. The original data points and the 
hyperbolic model can be superimposed to compare the model with the data. 

The results obtained with the hyperbolic elastic model were used in the development 
of the hybrid approach to subsidence prcdiction described in Sect. 6. 

5.23 Elastic-Plastic Cap Model 

The residual soil has been represented by the Sandler cap elastic-plastic constitutive 
model (Dimaggio and Sandler, 1971). The cap model can describe the nonlinear, inelastic 
response observed in many soils and, unlike somc plasticity models, can predict strain 
hardening and plastic volume change under stress paths that are primarily in the direction of 
increasing mean stress. This type of stress path is represented by tests such as the standard 
consolidation, or uniaxial strain test, and the hydrostatic test. 

In an incremental elastic-plastic analysis, the total applied load is divided into a number 
of smaller increments, with the solution of the system of equations repeated for each 
increment of load. During each increment, displacements throughout the soil mass are 
determined, and the strains and stresses in each element are calculated. Depending on the 
state of stress in the element, both elastic and plastic strains may develop. An increment of 
total strain is assumed to consist of an elastic component and a plastic component, 

where de = total strain increment, de" = elastic incremental strain, and deP = plastic 
incremental strain. 

The elastic component is Calculated from elastic theory, while the plastic component 
is determined from a plastic flow or plastic potential function. For simplicity, an associative 
flow rule may be adopted, in which case the plastic potential function is assumed to be 
identical to the yield function. Thus, for an associative flow rule, the plastic strain increment 
vectors are normal to the yield surface. 

Specific laboratory tests, such as those conducted under a hydrostatic stress path, are 
usually required for the determination of the elastic-plastic material parameters. After the 
determination of material paramctcrs, verification is accomplished by predicting lab test data. 
Although the satisfactory prediction of a specific lab test may be a necessary condition for the 
model, it is not sufficient. In general, the constitutive modcl should also be capable of 
predicting the response over a range of stress paths. 

Although a complete description of the Cap Modcl is not within the scope of this 
report, the parameters used in the analysis are provided in Tahle 5.1. The parameter 
determination process is described in Appendix €3. 

5.3 CONSDDERATIONS IN NONIJNIEAR ANpiLYSIS 

Because the material models described in the previous sections result in a nonlinear 
relationship between stress and strain, thc numcrical solution of the governing equalions must 
be conducted diflerently from customary linear elastic analysis. Rather than applying the total 
loads to the problem and solving directly for the displacements, a piece-wise linear approach 
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is required. In a piece-wise linear analysis, the applied !mads are divided into a nuniber of 
load increnients. A linear analysis is then conducted on each load increment in a manner 
similar to a linear elastic analysis, except that the rnatcrial moduli change from one increment 
to the next as a €unction of the stress level. 'In the combined incscmerxtal-iteratie solution 
process used with the hyperbolic material model, the load is divided into a number of 
increments. For each increment, several iterations of the solution are obtained until 
equilibrium i s  satisfied. 

In the analyses using the elastic-plastic material model, a direct incremental solution 
has bcen used. Because no iterations of the solution are performed within any given laad 
step, an adequatc number of load steps or increments must be. used. Dividing the 
gravitational forces into ten load increments yielded satisfactory results for the analysis of the 
void in the residual soil. 

analysis to improve the calculated stresses. At the end of each load step, the computed 
stresses at each stress-evaluation {integration) point were corrected back to the current yield 
surface, foollowing a procedure similar to that of Potts and Gens (1985). Furthermore, 
because the direction of plastic flow is  only corrcct at the beginning of a stress increment, a 
strain subincrementation scheme (Nysscn 1981) was adopted. 'Ke  computed strain 
increments are divided into five subincrernents, for which the incremental stress is delermined. 
The stresses are then corrected back to the c i ~ ~ e n t  yield smrCace prior to the evaluation of 
the next subincrement of plastic strain. 'rhc subincrementation improves the accuracy of the 
numerical integratiori and permits the use of large load steps. 

utational correction procedures were incorporatcd into the elastic- 

The finite elenicnt analyses were conducted for a range o C  soil void radii P,, Eeom 0.3 
to 4.0 m (1 to 13 ft), and overburden thicknesses, H, from 15 to 45 an (49 to 148 €t). 
Although no soil void data are availablc, rv = 4.8 rn (I3 ft) is sufficiently large to exceed all 
probable soil voids. The range of overburden thicknesscs was selected based on the variation 
of depth to bedrock at the East Chestnut Ridge site. In all analyscs, the soil was extended 
90 m (295 ft) in the horizontal direction. Table 5.2 summarizes the site geometries included 
in the analysis. For purposes of comparison and to determine the actual differential 
settlement, an analysis was also conducted with rao soil void, corresponding to r, = 0.0. 
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Table 5.2 Sununary of k t i g a t e d  averbudea 
thicknesses and soil void radii 

Soil void Overburden thickness, Ha 
radii, 15.0 22.5 30.0 37.5 45.0 

0.3 

1.0 

2.0 

3.0 

4.0 

* * * * * 

* * * * * 

* * * *: * 

* * * * * 

* * I(: II: * 

“In meters. 

5.4.2 Results of Stability Anatysis 

Figures 5.4 and 5.5 illustrate typical results in tcrms of the deformed mesh and 
displacement vectors, respectively, for conditions of rv = 2 m (6.5 fl ) and H = 30 rn (98 ft). 
An expansion or mom of the left corner of the mesh is provided to highlight the 
deformations around the soil void. Thc deformed mesh indicates the final contipration of 
the residual soil from the gravitational load. The displacement vectors, which indicate the 
change in coordinates of the finite element nodal poinls, illustrate thc displacement tield. For 
clarity and to highlight the plastic deformation into the soil void, the displacements in both 
figures have been magnitied by a factor of three. These figurcs show the limnation of a 
subsidence basin on the surface and the plastic flow of  lhe soil into the void. Such a 
deformation of the ground surface could be expected to came tensile stresses in the upper 
zone of soil, similar to those in the extreme fiber of a beam in bending. 

The state of stress in the residual soil can be dcpicted by perpendicular lincs 
representing the magnitude and direction of the principal stresses throughout the soil domain. 
Typical results are shown lor conditions of rv = 2 m (6.5 tt) and €3 = 38 rn (98 ft> in Figs. 5.6 
and 5.7. Figure 5.7 is a zoom on the principal stress vcctors in the region surrounding thc 
soil void. Note that at large distances from the soil void, thc major principal stress, as 
depicted by the larger of the two orthogonal vectors, is oriented vertically. In the region 
surrounding the soil void, the orientation of the principal stresses rotate. Directly above the 
void, the major principal stress is oriented in the horizontal direction. This rotation reflects 
the stress redistribution around the soil void, and the horizontal major principal stress 
indicates a phenomenon known as arching, which contributes to the overall stability of the 
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Fig. 5.5. Displacement vectoxs, r, =r 2 m, H = 30 m 
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Fig. 5.7. Zoom on priuL5pal stresses around soil void, r, = 2 m, H = 30 m. 

39 



system. This arching can not fully develop when the radius of the soil void, r,, becomes large 
with respect the thickness oE the overburden, €1. 

The effects of increasing void radius are demonstrated in Fig. 5.8 for a constant 
overburden thickness of 30 n~ (98 fi). Thc shaded zona  indicate regions where the minor 
priticipal stress is negative, or tensile. Beca~nsc the residual soil has a very low tensile 
strength, the shaded zones can be assumed to be ncar failure 01- susceptible to erosion. The 
shaded zones also correspond to regions in which the arching action is destroyed. Figure 5.8 
indicates that for H = 30 m (98 ft), arching is well developed, and the tension zone remains 
near the surface for soil void radii less than about 2 m (6.5 ft). With rv = 3 M (10 ft), the 
arching i s  destroyed, and the tension zone extends downward to the soil void. Under thcse 
conditions, a dropout or open sinkhole feature may be expected. 

Figure 5.9 illustrates the eflect of overburden thickness for a constant void iadius 
r, = 3.0 m (10 ft). The thick residual soil layers and corresponding large vertical stresscs 
permit the formation of arching. and the tensile zones are restricted to the uppermost portion 
of the soil mass. The soil surrounding the void i s  stronger because of the larger confining 
stresses that results from the arching effects. As the thickness decreases, the arching is 
destroyed and the tensile zone extends through the soil to the void. 

Figure 5.10 illustrates the computed stress states for conditions of r, = 3.0 111 (10 k't) 
and TI = 45 m (148 ft). The elements are divided into quadrants corresponding to tkc four 
integration points at which the stresses are calculated. The shaded elements corresponding 
to tension or plastic indicate zones in which the computed state of stress is  at, or above, 
Failure. These zones contribute little to the stability of the soil mass, and if located on the 
surface or adjacent to thc bedrock cavity, soil mass may be easily transported away. 

Tlimc clastic zones indicate that the stress history of the point indudes some unloading 
or stress reduction. Thcse areas have experienced some yielding and plastic deformation and 
niay be close to failure. Howevcr, these zones rcflect a stable stress state. 

The unshaded elements corresponding to the cap arc zoncs in which the soil is at a 
state of stress hardening. Although plastic or permanent strains have developed in these 
areas, the stress state i s  stable. 

Figure 5.10 indicates that a small area on the side of the soil void has failed, and much 
of the soil along the surface is near failure. 'The soil at the surface in subjected to very low 
confining stresscs and therefore has low strength. 'l'lme failurc states along the 
correspond to the shaded tension zones for the case of rv = 3 nn (10 ft) and H = 45 rn 
(148 ft) in Fig. 5.9. IIowever, Fig. 5.9 illustrates the distribution of tensile stress, irrespective 
of failure state. Figure 5.10 depicts zones at failure, although the stress state may be 
c~rnprcssive, such as in the area adjacent to the void. Figure 5.11 illustrates the computed 
stress states for conditions of r, = 3 m (10 ft), I I  = 65 rn (49 ft). With a dccrease in 
overburden and the destruction of the arching effects, the M u r e  zones have shifted to the 
area immediately above the void, and the system can be considered unstable A similar 
coisclusion can be drawn from the same case as in Fig. 5.9 [r, = 3 m (10 ft), 11 f= 15 m 

These results indicate that the stability of thc soil/void system increases as void radius 
decreascs and the overburden thickness increases. On the basis of the distribution of tensile 
stress as shown for typical results in Figs. 5.8 and 5.9, each geometry investigated can be 
categorized as stable (S), marginal (M), or unstable (U). Table 5.3 summarizes thc results 
in terms of thcse categories, with the M and U categories shown in bold type. Thesc results 
appear to be consistent with the conclusions of the previous study (Drurnrn, 1886), in which 
the stability was related to a decrease in thc normalized cavity radius rm. Table 5.4 

(49 ft)]. 
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Table 5.3. Stability summary on the basis of tensile stress 

1 Note: S = Stable, M = Marginal, U = Unstable 

Table 5.4. Stability summary in terms of rJw 

I Bold print indicates unstable or marginal geometry 11 
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3.0 

4.0 

summarizes the results of this analysis in terms of the rJH ratio, with the marginal and 
unstable entries in bold print. A c~itical or limiting value of rJH ratio is not e d e n t .  

If the void radius is normalized by XI2, a summary of results as shown in Table 5.5 i s  
obtained. Based on these results, if the normalized void radius rJH2 is  less than about O.OO3, 
the soilivoid system will be stable. 
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6.1 Developmeat of the Hybrid Approach Usirmg a Hyperblk Model 

The subsidence of the surface due to karst activity was examined using both empirical 
curve fitting and numerical fmite element analysis. The two-dimcnsional, numerical approach 
used a nonlinear hyperbolic elastic material model €or the stress-deformation characteristics 
of the residual clay soil overlying cavitose bedrock. The empirical method develops the fit 
of a mathematical function to field profiles (Scarborough 1989). Resulting constants control 
the shape of predicted basins. Thirty-nine profiles from ten adjacent basins composed the 
field subsidence data for this study (Scarborough et  al. 1989). 

The pre-peak, drained behavior of the residual soil can be adequately represented by 
a hyperbolic stress-strain model (Duncan and Chang 1970). This model was chosen because 
it replicates the behavior of a soil more closcly than a linear elastic model. In thc hyperbolic 
model, Poisson's ratio is constant, while the tangent modulus is a function of the  stress state 
and is given by Eq. 5.2. The values of the paramcters used are given in Table 6.1. 

Parameter Valpe 

Unit weight, y 
Initial tangent moduli, E, 
Poisson's ratio, v 
Angle of internal friction, $, 
Cohesion, C 
Failure ratio, R, 
Modulus exponent, n 
Modulus number, K, 
Atmospheric pressure, Pa 

18.8 W/m3 
1 .(M6E5 kPa 
0.35 
23" 
28.7 kPa 
0.9 
0.5 
972.0 
103.5 kPa 

An incremental-iterative Newton-Raphson proccdure is used in the solution of the 
nonlinear problem. A mid-point Runge-Kutta procedure is adopted in the sense that tangent 
moduli are based on the old total stresses PIUS half the incremental stresses to further 
accelerate convergence. Nodal loads cquivalent to the weight of the residual soil are applied 
incrementally in five steps. At every load step, as many iterations as required to achieve 
convergence are performed. Convergence is monitored by comparing a norm based on the 
residual unbalanced forces in the system, with the norm bascd on the original applied nodal 
forces with a tolerancc of 1%. This approach is similar to the previous analysis i(Ketel1e et al. 
1987; Drumm et al. 1987). Convergence of thc non-linear problem was consistently achieved. 

A total of 25 finite element analyses were performed. The soil cavity radii considered 
were 0.3, 0.6, 1.0, 2.0, and 4.0 m. The thickness of overburdcn considercd was 15.0, 22.5, 
30.0, 37.5, and 45.0 m. Thcsc values of cavity radius and ovcrburdcn thickncss cover the 
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range of values antici ated at the site, The depth to bedrock (that is, the depth to refusal 
for bosings) made in 

Figure 6.1 shows that for PI = 45 m (1 ft), the obseaved magnitude of the vertical 
displacemelit is bracketed by numerical pred ions with radii of 2 m and 4 m (65 ft and 
13 ft), although the corresponding basin half-widths exceed observed values. 'rhc implications 
of this arc discussed below. 

depth of overbmdcn, and given soil properties in terms directly related to the profile of the 
defcmned surface. 

Vcrtical displacement is  controlled by the radius of the soil cavity. 'I'his relationship 
i s  quantified by rcgrcssion on the results of tbe wumerieal analyses- An exponential 
relationship, with the square of the correlation coefficient, W, equal to  0.933, for maximum 
vertical displacement in teams of the cavity radius for the four features was determined: 

d adjacxnt to Sinkhole Q4, is h o w n  to bc 41 m (I36 at). 

erica1 analysis provides a means to examine 1x1 unknown cavity radius, a kno 

where So = the: *laximum vertical displacement, and r, = the radius of the soil cavity. The 
units of both variables are in meters. 

The; angle of draw relates the lateral extent of subsidence at the surface to the depth 
of overburden. i t  is measured from tkc horizontal to a line corinecting the eentcrline of the 
basin at bedrock to the half-width of the basin at the surface, i is shown in Fig. 6.2. The depth 
of ~ ~ e ~ b ~ r d e n  is easily measured, and a anglc OT draw allows estimation of the basin 
half-width. 

Measuring the angle of draw from the centerline at bcdrcsck, instead of from the outer 
edge of the cavity at bedrock as in mining, undeiestimates the iatcml extent of the basin. For 
a given value of vertical displacement, an undcrcstirnated bash half-width will increasc the 
slope and curvature of the profile. This defhiiion of angle of draw was necessitated because 
the actlid cavity radius in the k i d  can rarely be determined. 

The relationship defining the angle of draw can be expressed as: 

H 
&.I- 

L 
(6.2) 

This relationship for the rruirrcrical analysis i s  virtually constant at 6 = 31.9", with an 
R2 = 0.980, as shown in Fig. 6.2, Considering only the single case of r, = 4 HIP (13 ft) and 
H = 45 m (148 ft), the magnitude of b increases to 47.3", reducing the half-width. However, 
when a larger cavity radius, r, = 8 rn (26 ft>? and a depth of overbu'rden of 45 m (148 ft) were 
considered, convergent results were obtained up to 40% of the loading. In subse 
increments, convergence was not achieved for any number of iterations, suggesting total 
collapsc of the domain. 
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In an axispmdric  analysis of slip surfaaccs ahsilt an open karst pipe, Yoon (1987) and 
Driirnni ct al, (1989) showed that 

b = W  c -  4 , 
2 

(63)  

where Q = the angle of internal friction for the clay soil. Incorporating this angle for 
23" and W 7= 41 m (133 ft) yields & = 57" and a predicted MI-width of 27.1 m (88 ft) This 
value compares favorably with obscmed values for Sinklsole 04. 

Direct substitution, of F is -  (6.2), (6.3>, and (6.4) with 4 = 23", into thc profile 
function, Eq. (4.2), yields an expression for the vertical displacement at any point, X :  

where: Q: = 2.50 and p -- 3.36) are site specific empirical parameters, and rv and h d d h e  
gcfimetrj-. 

Figure 6.3 i s  a connparison of tht: results from Eq. (6.4) for r, = 3.0 r11, rv = 3.14 m and 
rv 3.5 m for constant H = 46 rn (135 ft) with the field profile of a typical feature, 
Sinkhole 04. The field and predicted curves cornpare favorably. 

No distinct relationship was discerned in the numerical data for varying ratios of cavity 
radius to the depth of overburden (rJ1Y) with L, the half-width of the basin, or S, the 
rnrluinmum subsidencc. This ratio is significant in mining-induced subsidence (Karmis ct al. 
1987; Karmis 1384; Peng and Chaing 1984; and Chen and Pcwg 1981). 'I'he absence of a 
significant rJH relationship prevents dctcrmination s f  an expression only in teams of the easily 
determined depth of overburden. hiproved methods of geophysical exploration may allow 
routine determination of cavity sizes for use in thc model. At present, estimates based on 
experience or probabilistic values can bc USG~. 

Profile functions can oaiy predict subsidence where there is kmowledge of subsurface 
geometry. PSrofiic mcasiimnents do not, in thenrselvcs, convey iarormation about thc 
subsurface; correlation with actraal conditions is  required. Exploratory bot hags provide 
Imswledgc of the depth to bedrock and samples to determine soil ploperties. They do not 
prt~vide measurements of a void in the soil overlying an enlarged solution channel. 

A series of 30 zaaalyscs were conducted to characterize the defonmation of the soil and 
soil cavity into a subadjacent bedrock void. The behavior of the soil overbiirden was idealized 
by n Sandler cap representation of the soil. 

For each finite element analysis, the caviiy/residusl soil system was idealized in two 
dimensions as p'aaasc strain. 'lke finite element hmulation uscd ei ht-node, isoparametric, 
quad %tend elcmmb (Bcn-IIassine 1987). The symmetric idealization of the ssi8-blcdruck 
system k shown in Fig. 5.2. AI1 applied loading oecuared hecause of in situ gravitational, 
forces, whikc hydraulic forces were neglected. The soil cavity radii considered were 0.3, 8.6, 
1.0, 2.0, 3.0 arid 4.63 meters, The thickness of overburden considered was 15.0, 22.5, 30.0, 
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Fig. 6.3. Comparison of field measurement with hybrid methd  for VX~QUS rv 

37.5, and 45.0 meters. These values of cavity radius and depth of overburden cover the range 
found at ]East Chestnut Ridge. 

Analysis of the results from the cap model finite clement series identified two 
significant relationships: (1) the maximum vertical displacemcnt is partially controlled by the 
radius of the soil cavity as shown in Fig. 6.4, and (2) there is a linear relationship between 
basin half-width and the depth of overburden (Fig. 6.5). 

An expression for the relationship between cavily radius and subsidence was round from 
regression, with R2 = 0.929. Maximum vertical displacement expressed in terms of cavity 
radius is: 

So = 0.74t1." , (6.5) 

where So = the maximum vertical displacement, and r, = the radius of the soil cavity, both 
in meters. 

The angle of draw was constant, b = 60.8", as determined by linear regression. This 
compares favorably with the value of b = 56.3" from field observations. 

5 3. 
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A relationship between the distance to the inflection point and the half-width was 
determined from the finite element analysis, as shown in Fig. 6.6. This relationship, with R2 
= 0.656, is linear and can be represented by the expression: 

3 = 1.24 + 0.42L , (6-6) 

where B = the distance to the inflection point and L = the half-width of the subsidence 
basin, both in meters. Again, the intercept is small relative to the variable and can be 
neglected. The value of 0.49 suggests that the profiles can be generally described as not 
having a flat bottom, with the maximum subsidence occurring only at a single point. This 
relationship between L and B provides the means €or locating the inflection point in a 
predictive model. Geometric parameters dcfining the fit of both profile functions to the 
numerical subsidence basins is presented in Appendix B. 

The basins resulting from the series of numerical analysis using the cap model are 
compared with field values in Fig. 6.7 and show the following: 

1. small values of So for large cavity radii [smaller than the field average of 2.0 m 
(6.5 Et)] 

2. angles of draw that more closely match field observations than does the angles 
obtained with the hyperbolic model, and 

3. profilcs that are not smooth, reflected in a relatively low value of R2. 

The first finding suggests that hydraulic forces must play a significant role in determining 
maximum subsidence as suggested by Chen and Beck (1989). Raveling and flow of 
overburden matcrial into the subsurface rock cavities provides more surface subsidence than 
predicted by a model neglecting these forces. 

Direct substitution of Eq. 6.5, maximum subsidence, So, as a function of soil cavity 
radius, into the predictive exponential function (Eq. 4.2) yields the following cxpression for 
the vertical displacement at any point: 

where So = Q.074r'.'1 

All distance variables are experessed in meters. A comparison of the profile function 
predictions with the actual values is shown in Fig. 6.8. Once again, the underprediction of 
maximum subsidence indicates that agents other than material propcrties serve to affect 
displacements. 
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7. CONCLUSIONS AND REEOMMENDATIONS 

7.1 CONCLUSIONS 

The siting of waste storage facilities in karst terrain requires consideration aif the impact 
of existing and future karst activity on the containment integrity. The East Chestnut Ridge 
site, Oak Ridge, Tennessee, which is currently under consideration for disposal of sanitary and 
industrial wastes, contains numerous karst features. 

Subsidence of the ground surface in karst areas can lead to excessive deformation and 
damage to soil and/or membrane liner systems placed below waste storage facilities. 
Subsidence prediction requires knowledge of a relationship between the lateral and vertical 
extent of deformation and its driving force(s). The irregular and inaccessible nature of the 
bedrock surface in karst terrain necessitates the use of an idealized analysis to quantify 
relationships between unknowns. 

As part of the evaluation of the East Chestnut Ride Ridge site, an analysis has been 
conducted to investigate the stability of the existing karst features and to  develop a method 
to predict the magnitude and lateral extent of the karst-induced surface subsidence. 

The analysis consists of four major aspects: 

1. Field reconnaissance, level surveying, and mapping of the numerous karst features 
Identified on the site. Contour maps of eight significant features were produced. 

2. The development of profile functions to mathematically predict the surface 
subsidence. Profile functions, similar to those employed in the mining industry, 
were developed bascd on the observed subsidence profiles. 

3. A series of finite element (FE) analyses covering the anticipated range of soil 
overburden thicknesses and soil cavity radii wcrc conductd. These analyses were 
conducted to evaluate the stability of possible soil voids that may exist above 
bedrock cavities, and to predict the surfam subsidence. Laboratory test data 
reported from samples taken from the site were used to characterize the material 
behavior in the FE analyses. 

4. Development of hybrid FFYprofile functions to estimate the magnitude and lateral 
extent of surface subsidence at the East Chestnut Ridge site. 

The results of the stability analysis indicate that although substantial surface subsidence 
can occur, the soil void systcm is essentially stable, provided the soil void radius is small with 
respect to the overburden thickness. A normalized void radius rJH2 of approximately 0.03 
is the limit of stability. Based on the results of the numerical analysis, a profile function has 
been developed to predict the vertical displacement of a point on the surface as a function 
of the void radius and overburden thickness. For the East Chestnut Ridge site, this function 
is expressed as: 

where: a = 2.50 and p = 3.30 are site specific parameters, and r and H define geometry. 
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The. conclusions of this investigation can be sunimarized as follows: 

1. The size of the soil void controls the magnitude of subsidence for a given 
overburden depth. 

2. The numerical results indicate a constant angle of draw, controlled by soil 
properties, notably the efkctive friction angle of the soil. Thus9 the loternl extent 
of subsidence will be governed by &e thickcltess of the residual soil above bedrock 

3. A numerical expression can he obtained to describe the shape of the subsidence 
profile as a function of the void and overburden dimensions. 

4. The East Chestnut Ridge sitc i s  stable provided the normalized void radius, rJH2, 
is less than about 0 . 0 3 .  

5. The magnitude of predicted subsidence obtained from the finite element analysis 
is much less than observed. This indicates that other mechanisnis (for example, 
seepage forces and erosion) are also involved. 

Use of the finite element method can, with an adequate matcrial model, p r o d e  
reasonable estimates of the distribution of stress and stress states. Empirically derived pro& 
functions can provide an estimation of the lateral cxtent of subsidence consistent wiih 
observed field conditions. Integration of the two in a hybrid approach provides a prediction 
tool for the complete subsidence basin profile. This i s  critical in the determination of the 
slope and curvature of the profile necessary for the damage assessment of structural 
components such as clay or geotextile landfill liner systems. 

The analysis described in this report contributes significantly to our understanding of 
the mechanisms govcrning the stability and deformation of the ground surface in karst terrain. 
Several simplifying assumptions were employed in this analysis. At least two areas warrant 
additional study: (1) effects of factors not considered in current analysis and (2) field 
verification and application of results. 

Because this tudy was a first approximation, the following effects were not considered 
in the analysis. These effects should be considered in subscquent evaluations: 

le. A constant water table within the cavernous bedrock was 
present analysis. Fluctuations in the water table result in the 

cycling of the effective stresses within the soil and load reversal in the region 
surrounding the soil void. This causes caving within the void, thcreby increasing 
instability. The cyclic loading effects from water table variations can be evaluated 
by repeating the analysis for numerous cycles of water table variations. However, 

opriate material model must be used for the soil. 
e forca. Seepage forces resulting from the downward flow of water from 

the surface increase the body forces applied to the soil cavity system. The effects 
of the seepage forces will most likely increase the computed stresses, ddormations, 
and magnitudes of subsidence. Sccpage forces were neglected in thc present 
analysis. 
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o Mass transport. Mass transport was also not considered in the current analysis. 
The effects of erosion and mass transport, both at the ground surface and within 
the soil void, can be expected to affect the surface profile and the stress state 
around the soil void. 

Figure 2.5 supports the premise that hydraulic effects are important. "%e majority of the 
sinkholes were formed during periods of' rainfall. Rain-induced groundwater flucluations 
affect sinkhole s lability, particularly in cavernous underground systems where the groundwater 
table responds quickly to precipitation. The cavern system providcs an efficient means of 
groundwater recharge, resulting in rapid surges in thc water table elevation. The water table 
variations are accompanied by the cyclic loading of the system and mass transport or erosion 
effects. The effects of these hydraulic variables on sinkhole behavior should be investigated. 
This investigation may include an analysis of the East Chestnut watershed and an evaluation 
of the subsurface hydrologic system. 

e Additional geometric effecb. The curpent analysis employed a plane strain 
idealization to investigate thc stability around circular soil voids of large linear 
extent, such as those that would occur along a fracture in the bedrock. The 
analysis could be extended to include multiple or adjacent voids, sloping ground 
surfaces, or three-dimensional effects. 

72.2 Application of Results and Verification by ficM Studies 

Future investigations should include some field verification of the results of this analysis 
and the practical application o l  the results to engineering problems. 

e Field Vefication. The analysis resulted in threshold values for the soil void and 
overburden thickness, such that the systcm is stablc. Geophysical methods can be 
used to detect voids in the residual soil and estimate the void size. These 
investigations should be conducted in areas where a range of overburden 
thicknesses occurs. These field data can be used to verify the results of the 
numerical analysis or provide assurance that voids larger than a given size do not 
exist. Quality field data can also be used to tune the numerical model to better 
approximate the condilions an East Chestnut Ridge- 

o Practical Application of Analysis Results. This investigation was conducted to 
evaluate the stability of the residual soils for the possible construction of waste 
facilities. The results should now be applied to determine the effects of the 
predicted surface deformations and curvatures on containment structures, clay 
liners, and geotextiles. An investigation of this type should include both 
iaboratory/field testing of liner materials and should be supported by additional 
numerical analysis. Through such an investigation of the effects of surface 
deformations on constructed lacilities, thc logical application of this research can 
be achievcd. 
Data requirements for additional invesrtigation. Existing water table records 
(piezometer data) could be used in the numerical analysis to investigate effects of 
water' table variation on stresses and deformations of the residual soils. A study of 
the surface and subsurface hydrologic system could be helpful in relating this to 
actual rainfall activity. 
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Because the ffiox Group soil properties are well-defined, additional soil testing is 
probably not warranted, an suck an analysis muld be conducted with the exkting data. 
However, if additional analysis were to be conducted to include hydraulic eCfects, some 
additional, limited specialid testing is necessary. 
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APPENDIX B: DEIXRMDJATiON OF CAP MODEL PARAMFXERS 

In numerical analysis techniques, such as the finite elcmcnt method, the stresses within 
the system are related to the calcuhted strains through a material, or constitutive, model. 
Constitutive models vary widely in terms of their ability to represent observed material 
behavior. Gcnerally, improved representations of material response are accompanied by 
increased complexity in both the model and the numerical solution. Howcver, the choice of 
material model and the values chosen for thc material parameters can significantly affect the 
results of a numerical analysis. 

Depending on the location within a soil mass, an element of soil may undergo a wide 
range of stress paths or loading histories. Because the behavior of most geologic materials 
is stress-path dependent, the use of a constitutive model capablc of representing stress-path 
dependency is important. 

Unlike piecewise linear elastic models that are essentially curve-fitting models, an 
incremental elastic-plastic model can represent difletent types of rcsponse when loaded or 
unloaded under diffcrent stress paths. In addition, the nonlinear, inelastic, strain hardening 
response observed in most gcologic materials may be represented, The Sandler cap model 
(DiMaggio and Sandler, 1971) used in this analysis has thcsc important attributcs. The cap 
model and the parameter determination process are briefly described in this Appendix. 

The cap model can represent a range of different materials, depending on the values 
of the material parameters chosen. Typically, the parameters are determined from a series 
of laboratory tests conducted over sevcral stress paths. This ensures that the matcrial model 
can represent the behavior over a range oE loading histories. The paramctcrs are then used 
in the model to verify the laboratory test response. The parameters may be adjusted OJ 

calibrated lo improve the predictive capability of the model. Howcver, at some point, 
improvement in the response over one stress path is usually obtained at the expense of the 
behavior over another stress path. 

Determination of Material Constants 

As a minimum, a series oE triaxial compression tests and one hydrostatic stress test arc 
required to properly detcrrnine the material parameters. Drained tests with volumetric 
measurements arc required, and triaxial cxtension tests are often desirable. In this 
investigation, a series of drained triaxial tests with volume change measurements and 
undrained tcsts with pore pressure measurcmcnts (Geologic Associates, 1989) were used for 
the determination of the material parameters. A total of four draincd tests and 
three undrained tests wcre conducted. The shcar stresses at failure are s,ummarized in 

Fig. B.1. The stresses plotted in terms of the stress invariants J1 and Fu were as 

follows: 

J1 = o1 + o2 + o3 , 
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and 

ol, ul, o3 = principal stresses. 

The values Cor thc parameters used in the analysis are provided in Table €3.1. The 
parameter determination process is described below. 
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Table B.1. Summary of cap model parameters 

E = 1.532E+5 kPa p = 0.30 y = 18.81 kN/m3 

a = 103.4kPa p = 0.001279 kPa-l y = 68.95 kPa 

8 = 0.0997 T,,, = 50 H a  

z = 0.0 kPa XLinitial = 30 kPa 

Elastic Parameters 

Young’s modulus, E, is taken as 1530 MPa from the approximately linear, unloading 
portion of the triaxial data from Sample ST-9 shown in Fig. B.2. The unloadhg portion of 
the hydrostatic curve from samples ST-9 and ST-13 (Fig. 3.3)  yields a value of the bulk 
modulus, K = 120.6 MPa. Thus, Poisson’s ratio, p, is determined as: 

p = - 1 (1 - 6) = 0.29 or 0.3 , 

2 

The parameters E and p are sufficient to describe the linear elastic components of the 
stress-strain relationship. 

Fixed Failure Surface 

The stresses at failure obtained from the triaxial tests are used lo determine a fixed 

failure surface, F,, in the .TI- FM stress space (Fig. B.1) where: 

W,) 
[a - y e - 0JJ 

where a,P,@, and y are material parameters. The function F,, used in the analysis, is 

superimposcd on the laboratory data in Fig. B.l. The intercept of the function Fl 

corresponds to the differencc (z - y . This results in thc formation of a tension zonc where 
the function Fl is less than zero. An additional parameter T,, is a tension cut-olf utilized to 
limit thc magnitude of the tensile stresses that can devclop in the soil. A value of T,, = 50 
kPa was used in this analysis. Notc that the model slightly overestimates the shear strength 
at low values of .TI. 

Plasticity Parameters and Hardening Yield Surface 

An elliptical yicld cap, which translatcs with the stress point in stress space during 
loading, defines the strain hardening responsc of the soil. This cap is the yield function F2, 
expressed as an ellipse in thc stress invariant spacc and is defined as: 
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where 

R = the aspect ratio of the elliptical cap surface 

X(K) = the J, value at which the current cap intersects the .Jl axis 
L(K) = the J, value at which the current cap intersects the fixed Eailure surface, P,  
1c = the hardening parameter. 

The value of X(K), which corresponds to the position of the cap, depends on the plastic 
volumetric strain and i s  expressed as: 

(B.6) 

where D, W, and Z are material parameters. The location of the initial hardening cap is 
defined by parameter Z ,  which is the value of J1 at the intersection of the J1 axis and the 
initial cap. Parameter Z is related to the preconsolidation stress in the soil. As in analysis 
described here, Z is often assumed to be zero, resulting in the development of plastic strains 
from the onset of loading. 

The hardening parameter K is implicitly defined as a €unction of the plastic volumetric 
strain by the following hardening rule: 

(B.7j 

Hydrostatic test data are used to determine the values for D and W, which govern the 
magnitude volumetric plastic strain. Parameter W is taken as the value of strain asymptotically 
approached by a hydrostatic sample at large stresses. 

From Fig. B.3, the constant W is cstimated to be 7% or 0.07 m/m. Knowing W and 
2, constant D is then determined by a trial and error process to provide a satisfactory fit to 
the hydrostatic data. A value of D = 0.001 kPa" was selected to represent the range of 
response exhibited in Fig. B.3. 

The aspect ratio of the yield cap, represented by parameter R,  governs the relative 
magnitudes of the volumetric and deviant plastic strains, and plays an important role in the 
behavior of the model. To determine parameter R, contours of equal volumetric plastic strain 
are plotted in the invariant stress space. These contours define yield surfaces and can be 
approximated by a family of ellipses. The aspect ratio of the ellipses, which corresponds to 
parametcr R, was found to vary from less than 2 to greater than 4. Consequently, the 
parameter calibration process or tuning of the model was concentrated on parameter R. 
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Caliiration of Cap Model Parameters 

With the initial estimates of the cap model parameters, the model was calibrated by 
performing a series of finite element analyses on idealizations of the laboratory tests. Based 
on a comparison of the stress-strain responsc of the laboratory data and that predicted by the 
finite element analysis, a value of R = 6.0 was chosen. NCP other parameters were rnodihed. 
The performance of the material model with the selected parameters can be evaluated by 
comparing the laboratory stress-strain response with that predicted by a finite element analpis 
of laboratory tests. 

The final finite elcment prediction of the hydrostatic compression response is shown 
with the actual data in Fig. B.3. The model parameters were selected to bcst represent the 
range of hydrostatic response observed in the laboratory. A prediction or the conventional 
triaxial compression test with a confining stress of 621 kPa (90 psi) is provided in Fig. B.2. A 
similar comparison with a conking stress of 207 kPa (30 psi) is shown in Fig. 3.4. 
Considering the variations in the observed test data, the predictions can be considered to be 
excellent. Fig. B.5 compares the stress-strain response of three finite element idealizations 
at different confining stresses. It should bc noted that the finite element prediction at a 
confining stress of 103 kPa (15 psi) indicates a shear strcngth of about 200 kPa (29 psi), 
which is somewhat greater than that measured in the laboratory test ST-24, Fig. B.1. This is 
because of the difference between the chosen ultimate failure function F, and thc measured 
failure stresses at low Confining pressures. 

Note that the cap model captures thc unloading-reloading response of the triaxial t a t  
ST-9, Fig. B.2. This unloading can occur around the void in the residual soil as the stresses 
are redistributed and must bc properly represented in thc material model. 

Conventional Triaxial Compression 
Predicted und Experimental Resul is 

Cel I Pressure c= 93 psi  = 621 KPa 
.̂___......_._I.-_ l_l............ __ 1000 r-- 

- 0 1 2 3 4 kJ 6 -7 a 
Vertical Strain (%I 

Fig. B.2 Deviator stress-axial strain response, sample ST-9. 
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Hydros t a  t i c Compress i on 
t'r ed i c ted  and Exper i m e n  t u  I Kesu I ts 

East Chr2:; triut R i dge So i I 
-_ - - _______ 800 I- 1 o FEM Resul t s  A Sample# S T - 2 4  o SumpIe:# S T - 9  

0 1 2 3 4 5 6 7 8 9 
Volurnetr I C  itroin ( X I  

Fig. B.3. Hydrostatic stress-volumetric strain response. 

Conventional Triaxial Compression 
Predicted ~d Experimental Resul ts  
Cell Pressu re  = 30 psi = 207 KPn 

-I"" 1 0 Sample# ST-16 
I 
I 

A FEM Resul ts 

-10 -5 0 5 IO 15 20 
Radial S t r a i n .  Vert.Icn1 S t r a i n  ( % I  

Fig- B.4. Deviator stress-axid strain response for sample !TT-16. 



....... ..L~ 1 ~ 1 I L.-.- .- - -  

-- 5 0 5 I O  15 20 25 
lf 

-10 
0 L 
-15 

Radial S t r a i n  and Ver t i ca l  S t r a i n  ( % I  

Fig. 23.5. Finite element simulation of triaxial response. 
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APPENDIX C: SUMMARY OF ANALYSIS R.ESUL%mmCAL 
AND GEOMETRIC PA&WETER 4 s  
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C-1 FZed pr0f .2~~ and the exponential function 

01 west 
01 east 
01 south 
01 north 

02 west 
02 east 
02 south 
02 north 

03 west 
03 east 
03 south 
03 north 

04 west 
04 east 
Q4 south 
04 north 

06 east 
Q6 south 
06 west 

07 north 
07 east 
07 west 

08 west 
08 east 
08 north 
08 south 

09 north 
09 south 
09 east 
09 west 

10 south 
10 north 

1.28 
1.3 1 
0.88 
1.04 

0.23 
2.44 
0.20 
1.53 

0.94 
2.61 
0.96 
2.59 

4.65 
2.57 
2.57 
4.69 

2.08 
1.22 
1.17 

1.74 
1.26 
1.49 

0.30 
1.87 
1.31 
3.96 

1.45 
1.20 
2.58 
2.21 

5.40 
1.67 

10 north/east 2-55 
10 northhest 1.12 

15.2 
15.2 
10.7 
15.2 

9.1 
18.3 
6.7 

15.2 

15.2 
18.3 
12.2 
21.3 

30.5 
22.9 
24.4 
36.6 

34.23 
13.08 
5.85 

8.81 
8.75 
8.83 

8.53 
14.51 
11.61 
14.63 

16.58 
16.98 
20.45 
14.81 

63.79 
23-53 
35.30 
29.32 
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4.35 
3.78 
4.38 
2.93 

2.65 
3.06 
3.15 
2.96 

4-16 
2.76 
3.65 
2.44 

3.15 
3.01 
3.30 
2.76 

2.07 
2.95 

3.44 
2.78 
2.53 

2.69 
2.54 
2.2 1 
2.62 

3.46 
2.39 
3.77 
2.56 

2.40 
2.35 
2.50 
1.99 

4.44 0.997 
4.82 0.996 
3.24 0.974 
2.59 0.973 

3.82 0.957 
3.87 0.996 
3.11 0.997 
3.31 0.978 

4.11 0.998 
4.27 0.994 
3.40 0.994 
5.47 0.987 

3.69 0.995 
6.64 0.994 
3.53 0.999 
5.21 0.983 

2.32 0.942 
3.33 0.995 

4.15 0.999 
2.82 0.995 
2.46 0.988 

1.33 0.992 
2.79 0.987 
1.78 0.971 
2.92 0.995 

4.69 0.999 
4.47 0.989 
5.78 0.990 
4.02 0.991 

4.11 0.968 
3.08 0.991 
2.74 0.996 
2.37 0.956 



Table C.1 (continued) 

Profile U P R2 

10 southleast 2.26 23.16 2.54 2.31 0.993 
10 southhest 5.14 46.24 .2.52 3.51 0.997 

11 north 1.23 9.75 2.85 1.87 0.995 
11 south 4.60 14.26 2.97 2.45 0.972 
11 west 4.50 14.48 2.M 1.91 0.999 

Average all profiles: 
Composite best fit: 

2.93 3.49 
2.50 3.30 0.926 
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Table C 2  Field proHes and the hyperbolic ~UQC~~CMI 

01 west 
01 east 
01 south 
01 north 

02 west 
02 east 
02 south 
02 north 

03 west 
03 east 
03 south 
03 north 

04 west 
04 east 
04 south 
04 north 

06 east 
06 south 
06 west 

07 north 
07 east 
07 west 

08 west 
08 cast 
08 morth 
08 south 

09 north 
09 south 
09 east 
09 west 

10 south 
10 north 
10 northleast 

1.28 
1.31 
0.88 
1.04 

0.23 
2.44 
0.20 
1.53 

0.94 
2.61 
0.96 
2.59 

4.68 
2.57 
2.57 
4.69 

2.08 
1.22 
1.17 

1.74 
1.26 
1.49 

0.30 
1.87 
1.31 
1.96 

1.45 
1.20 
2.58 
2.21 

5.40 
1.67 
2.55 

10 north/wcst 1.12 

10.00 
10.85 
6.37 
9.54 

6.49 
12.53 
4.15 

10.24 

10.03 
13.47 
7.77 

16.98 

20.30 
18.23 
15.73 
28.41 

24.38 
8.96 
3.78 

5.97 
5.36 
5.33 

3 .OS 
9.51 
6.68 
9.24 

11 -80 
13.11 
14.94 
10.82 

48.49 
14.34 
21.70 
18.99 
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3.36 
3.67 
2.42 
2.07 

2.65 
2.84 
2.32 
2.54 

3.10 
3.21 
2.67 
3.99 

2.69 
4.83 
2.65 
3.78 

1-90 
2.63 
2.30 

3.28 
2.09 
1-86 

1 -05 
2.12 
1-44 
2.16 

3.50 
3.34 
4.37 
2.94 

2.92 
2.32 
2.00 
1.69 

0.996 
0.990 
0.970 
0.%1 

0.956 
0.994 
0.995 
0.975 

0.995 
0.987 
0.990 
0.983 

0.995 
0.993 
0.997 
0.978 

0.914 
0.985 
0.989 

0.998 
0.994 
0.987 

0.956 
0.986 
0.971 
0.993 

0.998 
0.983 
0.910 
0.9a 

0.964 
0.987 
0.992 
0.97 I 



Table C2. (continued) 

10 south/east 2.26 13.53 1.74 0.995 
10 southbest 5.14 32.10 I 2.59 0.996 

11 north 1.23 4.48 1.46 0.981 
11 south 4.60 7.35 1.70 0.952 
11 west 4.50 6.92 1 .a 0.993 

Average all profiles: 
Composite best fit: 

2.60 
2.63 0.967 



Table C3. HyperlxiliE model prorliles, geometrk parameters 

Profile (in) r/hp 

r = 0.3, H = 15.0 
= 22.5 
= 30.0 
= 37.5 
= 45.0 

r = 0.6, H = 15.0 
= 22.5 
= 30.0 
= 37.5 
= 45.0 

1: = 1.0, H = 15.0 
= 22.5 
= 30.0 
= 37.5 
= 45.0 

r = 2.0, H = 15.0 
= 22.5 
= 30.0 
= 37.5 
= 45.0 

r = 4.0, H = 15.0 
= 22.5 
= 30.0 
= 37.5 
= 45.0 

0.0200 
0.0130 
0.0100 
0.0080 
0.0067 

0.0400 
0.0267 
0.0200 
0.0160 
0.01 33 

0.0667 
0.0444 
0.0333 
0.0267 
0.0222 

0.1333 
0.0889 
0 . m 7  
0.0533 
0.0444 

0.2667 
0.1 778 
0.1333 
0.1067 
0.0889 

0.001 
0.003 
0.005 
0.007 
0.008 

0.006 
0.012 
0.019 
0.020 
0.03 1 

0.019 
0.036 
0.058 
0.084 
0.076 

0.158 
0.432 
0.882 
0.721 
0.429 

6.904 
6.677 
7.001 

19.080 
20.760 

20.85 
3 1.08 
41.57 
54.98 
68.14 

20.90 
31.35 
41-86 
56.49 
68.20 

21.08 
31.52 
42.21 
55.99 
67.55 

19.08 
26.99 
35.34 
50.25 
65.55 

15.46 
23.83 
29.25 
41.11 
41.59 

10.5 
16.3 
22.2 
28.8 
35.8 

10.3 
15.8 
21.4 
28.5 
35.0 

9.9 
18.3 
20.5 
22.6 
33.4 

8.7 
10.5 
13.7 
18.9 
28.7 

8.7 
13.7 
15.0 
20.5 
24.8 
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Table C.4. Cap model profiles, geometric parameters 

r = 0.3, H = 15.0 
= 22.5 
= 30.0 
= 37.5 
= 45.0 

r = 0.6, H = 15.0 
= 22.5 
= 30.0 
= 37.5 
= 45.0 

r = 1.0, H = 15.0 
= 22.5 
= 30.0 
= 37.5 
= 45.0 

r = 2.0, H = 15.0 
= 22.5 
= 30.0 
= 37.5 
= 45.0 

r = 3.0, H = 15.0 
= 22.5 
= 30.0 
= 37.5 
= 45.0 

r = 4.0, H = 15.0 
= 22.5 
= 30.0 
= 37.5 
= 45.0 

0.0200 
0.0130 
0.01 00 
0.0080 
0.0067 

0.0400 
0.0267 
0.0200 
0.0160 
0.0133 

0.0667 
0.0444 
0.0333 
0.0267 
0.0222 

0.1333 
0.0889 
0.0667 
0.0533 
0.0444 

0.2000 
0.1333 
0.1000 
0.0800 
0.0667 

0.2667 
0.1778 
0.1333 
0.1067 
0.0889 

0.029 
0.021 
0.019 
0.016 
0.013 

0.032 
0.047 
0.055 
0.054 
0.048 

0.036 
0.056 
0.066 
0.107 
0.108 

0.106 
0.119 
0.160 
0.193 
0.205 

0.204 
0.241 
0.170 
0.260 
0.274 

0.322 
0.595 
0.373 
0.336 
0.368 

10.38 
10.74 
15.95 
19.32 
22.50 

5.57 
10.75 
13.49 
24.94 
21.35 

8.38 
10.32 
9.11 

16.82 
16.45 

3.89 
7.87 

11.53 
15.02 
18.38 

9-90 
8.22 

11.28 
18.21 
18.67 

10.69 
11.29 
11.51 
14.27 
19.13 

8.57 
8.50 
9.19 
9.98 

12.01 

4.20 
5.06 
6.40 
8.40 

10.42 

3.66 
6.42 
7.10 
6.47 
9.04 

2.47 
3.79 
5.46 
7.69 
9.56 

3.42 
2.22 
6.39 
7.13 

10.68 

4.78 
3.94 
4.91 
9.33 
9.73 
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