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ABSTRACT

We examine several aspects of the dynamical behavior of competitive systems
modeled by nonlinear maps. In the second chapter of this report, we analytically
investigate some features of special cases of such maps, and we use the
symbolic manipulator MACSYMA to derive expressions for the linearized systems’
eigenvalues. These enable us to determine the linear stability of some of the fixed
and periodic points of these maps, and in some cases, yield the regions of attraction
in phase space.

In Chapters 3-5 we extend the analysis to a more general form of competitive
systems. The two-species one-index system and the one-species two-index map are
numerically explored in search for interesting bifurcation and/or chaotic regimes
over a large range of parameters. We will show that system (1-1-4) with linear
attrition displays stable, interesting behavior for a large region of parameter space
even if the quadratic self-repression is taken very small. We will also show that
small quadratic self-repression combined with bilinear attrition generally results in
steady-state solutions with one species zero or in unbounded iterates.

In Chapter 6, we describe the method used to obtain an approximate estimate of
the correlation dimensions of the chaotic attractor presented in Chapter 3. We also
propose a new method to evaluate the correlation dimension of a chaotic attractor
using statistical analysis methods.
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1. INTRODUCTION

A two-dimensional finite difference map has recently been proposed as a discrete
time- and space-dependent model for competitive systems.! This map was derived
from a time- and space-dependent partial differential equation (PDE) model of
combat.?2 The two-species, two-index version of the finite difference system has the
following form in one space dimension:

i £
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(1-1-1)

The variables u; and u, represent the area densities of the two forces (species) at
a given node, m, and at a given iteration (time), n. The term on the left-hand side
of Eq. (1-1-1) models the variation of the densities of the species with time. The first
bracketed term on the right-hand side of Eq. (1-1-1) represents diffusion effects. The
second and third bracketed terms model convective motion (advance and retreat)
of the two forces. The fourth bracketed term models self-repression, resupply, and
local attrition effects. The fifth term allows for the existence of autonomous sources.
The sixth term models nonlocal attrition, whose first part is analogous to the area
fire term and second part to the aimed fire term in Lanchester’s seminal ordinary
differential equation (ODE) model of combat.>#* The functions ¢ and ¢ modulate
the effect of these terms over distance. The nonlocal terms were not present in
the previous study! of system (1-1-1). However, their analogies appear in the PDE
model and we shall include them in future studies of system (1-1-1). The form of
system (1-1-1) is complete with the specification of the initial conditions

ul=0" = 0" m=0,..., M, i=1,2 (1-1-2)
and the boundary conditions
a',‘c n,k+1 n,k—1 k. nk k .
Eé[u,-’ —uy’ ]+/3,~ui’ =e , k=0,M, i=1,2. (1-1-3)

For a full description of the form and derivation of this map, see Reference 1.

A previous analytical and numerical analysis of system (1-1-1), largely centered
on the dynamics of the one species (two noninteracting species) version, has been
conducted.! The full-blown system (1-1-1) is analytically intractable. Furthermore,
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the large number of parameters makes even a numerical investigation extremely
difficult. The purpose of this paper is to provide more insight into the dynamics of
system (1-1-1). To this end, we analyze the following simplified, space-independent
version of this system:

Tnil = Almn(]- — Bz, — Clyn) - Dlyn + Ey

(1-1-4)
Yni1 = A2yn(1 - B2yn - 023:11) - D2$n + E2

Species u; and u, have been renamed as species z and y. Diffusion and
convection have been removed in this model, as well as some local terms. Those
that remain have the following interpretations in the context of combat modeling:

Expression

A1$, A2y

E17 E2

Dly’ Dgl'

Cl‘Tya C2$y

Bi2?, Byy?

Interpretation

For Ay, Az > 1, these terms model resupply (reinforcement). If A; or
Aj is taken less than or equal to one, and no source terms are present,
then one force will necessarily be annihilated.

For E,, E5 > 0, they model autonomous sources.

For Dy, Dy > 0, these terms model aimed fire. Their form assumes
that all members of the targeted force are visible to and within
range of the firing force, and that once a member of the targeted
force is killed, fire is concentrated on the remaining combatants.*
Fire is assumed proportional to the force levels (the values of z and
y). As the number of the force firing their weapons decreases, the
effectiveness of this term decreases. The Lanchester ODE system
using linear attrition in both species was found to model well the
battle of Iwo Jima.*

For C,, C; > 0, these terms model area fire. Unlike aimed fire,
these terms model fire targeted into a region, rather than at a specific
combatant. The eflectiveness of this kind of fire increases as the
density of the targeted force in the area increases and as the amount
of fire (again assumed proportional to the size of the firing force)
increases. Examples of area fire situations are artillery fire and fire
directed at hidden guerilla forces.* Also, these attrition terms have
some support from their similar use in predator-prey models.*5

For By, By > 0, they model self-repressing effects (such as a loss of

efficiency) due to crowding, saturation, etc.? It would seem natural
that such effects should be small compared to attrition effects. We
include these terms for completeness, because as will be shown, the
dynamics mapping (1-1-4) depends highly on the presence or absence
of these terms. We will especially want to determine the behavior
of system (1-1-4) for small, and thus more plausible, self-repression
effects.
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While we have given the interpretation of the terms in the context of combat
modeling, we certainly do not hold that the very simplistic system (1-1-4) should
be construed as a model of combat. No attempt is made here to derive conclusions
about the dynamics of forces in combat from the analysis of this system. Rather, we
analyze this system in order to provide a heuristic understanding of the dynamics
of system (1-1-1). Furthermore, the dynamics of system (1-1-4) can be considered
interesting in its own right. '



2. ANALYTICAL INVESTIGATION OF
A SPECIAL TWO SPECIES SYSTEM

2.1 INTRODUCTION

This chapter summarizes the dynamics of the two species logistic map:

Tpt1 = A1-77n (1 - Ep_ - "yi)
(2-1-1)
Ynt1 = A2Yn (1,__@,“__) , n=0,1,2,....

This map can be viewed as a model of the dynamics of two competing species.
The linear terms represent resupply, the quadratic terms self-repression, and the
bilinear terms attrition.

Single® and double” precision computer programs written in VAX FORTRAN?®
are used to simulate the map. Bifurcation diagrams are generated using DISSPLA®
graphic library routines.

The fixed points and period two solutions for Egs. (2-1-1) are determined
analytically using MACSYMA.!? A discussion of the results is in Section 2.2 and
the MACSYMA output is listed in Appendix 1.

In Section 2.3, we prove that all periodic solutions to Egs. (2-1-1) must have at
least one component equal to zero, except for the degenerate case A; = A;, which
has infinitely many parameterized periodic solutions. Thus, for the nondegenerate
case, Eqgs. (2-1-1) asymptotically approach a single species logistic map.

Sections 2.4 and 2.5 discuss the linear stability of the fixed and periodic solutions
of Egs. (2-1-1), respectively. These sections give necessary constraints, in terms of
A, and A,, for the linear stability of the solutions.

Section 2.6 is motivated by the numerical analysis of Egs. (2-1-1) with A; = 3,
which shows iterates in a stable or nearly stable 2-cycle closely straddling a fixed
point for a large range of parameter values. However, it is shown analytically that
no 2-cycle exists in the region. A plausible explanation based on computer storage
of a finite number of significant digits is given.

2.2 ANALYTICAL DETERMINATION OF THE FIXED AND
PERIOD-TWO SOLUTIONS

The fixed points of the map represented by Egs. (2-1-1) satisfy

> z (2-2-1)
v= a5 (1-5-3)
The origin
z2=0,y=0 (2-2-2a)

is a trivial fixed point. The fixed point



T=0,§=2 (1 - —1—) (2-2-2b)

g=2 (1 - i—) -z (2-2-2d)

if A1 =Ay=A#0.

We used the symbolic manipulator MACSYMA1® to calculate the fixed points
of Egs. (2-2-1) as functions of the parameters A; and 4,. MACSYMA found all
the above solutions except (2-2-2d). The MACSYMA routine did produce (2-2-2d)
when A; was explicitly set equal to A;. These results, along with the MACSYMA
routine’s period-two solutions, are included in Appendix 1.

2.3 GENERAL CONSTRAINTS ON THE PERIODIC SOLUTIONS

In this section, we prove that periodic orbits of Eqs. (2-1-1) must have one
component zero, except in the degenerate case, A; = A4,. Thus for A; # A,,
stable periodic trajectories of Egs. (2-1-1) reduce asymptotically to those of a single
component logistic map (see Figures 1 and 2).

Proof:

Equations (2-1-1) can be written as a system of functions:

filz,y) = Az (1 -z .y~)

2 2
(2-3-1)
fo(z,y) = Agy (1 _ g _ g)
The first composition yields
ﬁ@w=mh0_%,%)
ﬁ@wz%ho_%f%)

and the second composition yields

2 2 2 2
ﬁ@wzmﬁ0~%-%>xﬁﬁ@~§_§)0~%~%)

and similarly for f3(z,y).
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Figure 1. Bifurcation diagram for map {2-1-1). Note that one species always becomes equal to zero after
sufficient iterations, except in the degenerate case.
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Figure 2. Bifurcation diagram for map (2-1-1). A second example of the steady state behavior of the
map.



Suppose the nth composition yields

n—1 i :
e,y =Ar""1 1] (1 - fEl _ 1;2)

= (2-3-2)
n—1 fi fi
By =47""1]] (1 - 51 - -22)
=1
for some n > 1. By showing Egs. (2-3-2) holds also for the case n + 1, Egs. (2-3-2)

will be proven by mathematical induction for all n > 1. The n + 1 composition of
Eqs. (2-1-1) is

n—1 i+1 i+1
i f) =4 1 T (1 SR )

=1
n—1 i+1 i+1
‘ i f 1 2
e An J4Je 1 — =4
171 (1 2 2 I:__Il 2 2

which becomes

=1

iy =AtA ] (1 _ % ~ fég)

and similarly for f3t!, which is just the case n = n + 1 of Eqgs. (2-3-2). Thus,
Eqgs. (2-3-2) is valid for all n > 1. Solving for the period—n solutions and using the
definitions of fi* and fJ' gives

n-1 i i
ﬂlf:A?JI(]_”g-—g)H(l_%w%)
i=1

n-—1

(2-3-3)

We will assume the system (2-1-1) has periodic solutions of period-n given by
Eqgs. (2-3-3) with neither z nor y zero, and show a contradiction develops. For this
case, Egs. (2-3-2) become

n—1 : :
1 Ty 1 5
2o 1_u_,_) 1-d1_J2
AT ( 2 2 H( 2 2

(2-3-4)
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which is a contradiction unless A; = A,, the degenerate case. While Eqs. (2-3-
2)-(2-3-4) hold only for n > 1 because of the upper limit on the [] operator, the
conclusion holds for fixed points, n = 1, as we have shown in Section 2.2.

Therefore, Eqs. (1-3-1) cannot have periodic solutions with both components
different from zero unless 4; = A,;. Furthermore, when A; = A;, Eqgs. (2-3-4)
reduces to one equation in two unknowns. This implies there will exist infinitely
many parameterized periodic solutions.

2.4 LINEAR STABILITY OF THE FIXED POINTS

In this section, a linear stability analysis of the fixed points of Egs. (2-1-1) is
performed. Sufficient constraints on A; and As are derived to insure linear stability
of the fixed points, Eqgs. (2-2-2). Then it is shown that the stability of all fixed
points of the map (2-1-1) with 4; = {1,3} or A3 = {1, 3} cannot be determined by
linear analysis. Furthermore, in the next section, we show that for Eqs. (2-1-1) in
general, the stability of periodic orbits of period two or more cannot be determined
by linear analysis either.

Rewriting Eqgs. (2-1-1) in vector form,

A A
fi(z,y) = A1z — -Ele - —z-lxy
F= A 4 (2-4-1)
= S 0
Fow,y) = Awy — 57" — 5y
The Jacobian of F is given by
A1 - A1$ - %‘Ly ——‘%1'33
JF = ] ) (2-4-2)
—5Y Ay — Agy — Pz
Evaluating Eq. (2-4-2) at the origin gives
4, 0
JE = : (2-4-3)
0 A

Therefore, the origin is stable if both |A;| < 1 and |A4;| < 1, and unstable if either
|41] > 1 or |4z] > 1.
Evaluating Eq. (2-4-2) at the fixed point given by Eq. (2-2-2b) gives

o 0
JE = [ ? ] , (2-4-4)
1~ A2 2 - Az

whose eigenvalues are A; = % and Ay = 2 — Ay. Therefore, the fixed point (2-2-2b)

is stable if both 1 < 4; < 3 and |A4;1| < Aj, and unstable if either 4; > 3, 4; < 1,
or lAll > Ag.
Finally, evaluating Eq. (2-4-2) for the third fixed point, Eq. (2-2-2c) gives
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JE =

(2-4-5)
o &

This fixed point is stable if both 1 < 4; < 3 and |A2| < A; and unstable if either
A1 >3, A1 <1, or |A2| > A;.

The parameter values A;, A2 = {1,3} result in eigenvalues of magnitude one
for Egs. (2-4-4) and (2-4-5), and thus are boundaries of linear stability. Consider
the case A; = 3 and A, arbitrary. The fixed point (2-2-2b) is unstable for 4; > 3.
For A; < 3, stability cannot be determined by linear analysis because at least one
of the Jacobian matrix eigenvalues has unit magnitude. For A; < 3, numerical
solutions have converged to this fixed point, indicating that it has a finite region of
attraction. On the other hand, for A, = 3, the fixed point Eq. (2-2-2¢) is stable if
1 < A; < 3 and |A;| > 3, which is a contradiction; so for A; # 3, this solution is
unstable. This fixed point may be nonlinearly stable at A4; = 3.

Consider further the degenerate case 41 = Ay = A. Evaluating Eq. (2-4-2) at
the fixed point (2-2-2d) with 4; = A; = A yields

[2—.41 1-—-A1

1~ A[z'“'z‘a -] ~Ay
JF = ; 2 (2-4-6)
_A[z"";g —} 1 — %y

The eigenvalues of this matrix are Ay = 1 and A, = 2 — A. Thus, the stability of
this “off—axes” fixed point (fixed point with both species nonzero) is indeterminant.

Figure 3 summarizes the results of the parametric stability analysis of the system (2-
1-1).

2.5 DETERMINATION OF THE PARAMETRIC REGIONS WHICH

YIELD STABLE PERIODIC SCLUTIONS

We showed in Section 2.3 that any periodic solution to Egs. (2-1-1) for Ay # A;
must have at least one component zero. In this section, we determine the regions in
parameter space, (A1, Az), in which periodic solutions with either & or y zero may be
stable. The Jacobian matrix for = or y zero simplifies significantly and its eigenvalues
can be found analytically as follows. The Jacobian of the nth composition of the
system is

(2-5-1)

e fy
JE (z,y) =

fie foy

where

Fr(z,y) = [f{’(:c,y)J ’

f2(z,y)
whose components are given by Egs. (2-3-2).
Period—n solutions are essentially fixed points of the nth composition of the

map and thus satisfy Egs. (2-3-3). Consider, for example, a period-n solution of
the form [0,y]. For this case, Eqs (2-3-1) become
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Figure 3. Stability diagram for the system (2-1-1).
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f1(0,y) =0 )
£2(0.4) = Ay — %%yz (2-5-2)
and the Jacobian of the system becomes
A(1-4%) 0

The Eqgs. (2-3-3) become the single condition on the amplitude, y, of the period-n
solution,

1 v\ T1 £00,y)
Ag’z(l“é)g (1*——2—;*) , n>1. (2-5-4)

The eclements of the Jacobian, Eq. (2-5-1) can now be evaluated. Observe
immediately f7,(0,y) vanishes because f1,4(0,y) and f1(0,y) are zero. So, the
eigenvalues are fi*,(0,y) and f7,(0,y). Using Eqgs. (2-5-2)-(2-5-4), these are now
evaluated for n > 1. _

First note fi(0,y) = 0 because f(0,y) = 0 and f} is given by Eq. (2-5-3). Then,
by virtue of Eq. (2-5-4)

n~1

f(0,y) = A7 (1 - g—) I1 (1 ~ fz.l) = % : (2-5-5)

=1

Since f{ ,(0,y) =0,

n--1 i n—1 :
o=t (1-) T (1-5) -5 (- F)

=1 =
(1 YN P\ TT (1 £
+agy (1-5) >-: 2 || ( 2)

with all functions and derivatives evaluated at [0, y].

Using Eq. (2-5-4),

<

f24(0,y) =1 — A3§ﬁ ( - i;i)

=1
n

+Any (1~—g—)§-::(—f";—y) ( - f.;)—] (Eﬁl——@)

==

Simplifying and writing the terms inside the summation as the derivative of the
natural logarithm gives
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n-—1 i
n —1-2-Nn" i £
fz,y(ﬂay)**l“'z'(l"z) +y;6yln[1 2] )

or,

n ) y\ ! 0 nd fi
f2,y(05y):1"'§(1--2~) +y-é;/-1n H(l___é_)

=1

Using Eq. (2-5-4) and then differentiating and simplifying gives

f2y(0,y) =1 . (2-5-6)

This immediately implies that the stability of the solution cannot be determined
by linear analysis. However, it is minimally necessary for stability that the following
condition be met:

|41] < ]42] . | (2-5-7)

Essentially, the same analysis for the solution of the form [z,0] to the nth
composition of Egs. (2-3-1) yields the eigenvalues

L An
f2 ,y($,0) = Z%
frx(z,0)=1 .

Again, linear analysis is insufficient. However, it tells us a necessary condition for
stability of this solution is

[Aa] < |A44] . (2-5-8)

So, it has been shown in this section that linear analysis is insufficient to determine
the stability of period-n solutions of Egs. (2-1-1) for n > 1, although necessary
constraints on A4; and A, were found.

2.6 ANOMALOUS NUMERICAL SOLUTIONS

This section is motivated by the existence of anomalous periodic orbits in the
finite precision computer simulation of Egs. (2-1-1) with A; = 3 and 4; < 3. The
computer results conflict with the MACSYMA results which show no such orbits
exist for those parameter values. Specifically, for 4y < 3, the y—component of the
single precision (i.e., seven significant figures) computed iterate oscillates indefinitely
with period two about the y-component of the fixed point, Eq. (2-2-2b), namely
z = 0,7 = 4/3. The z—component converges monotonically to zero (see Figure 4).
The periodicity of the y~component appears to be stable; after 50000 iterations to
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damp the transients, every second iterate is identical up to the seven significant
figures for some initial conditions (see Table 1).

TABLE 1
The Anomalous Periodicity of the y—Iterate of Eqs.(2-1-1)
Single Precision. For A; =3, A; =0.1,20=yo0=.6

Iteration Number y—component
50,001 1.329810
50,002 1.336837
50,003 1.329810
50,004 1.336837

Similar behavior is exhibited for 4; = A; = 3. Here, both the z— and y-
componerit oscillated with period two about their respective values of a fixed point
given by Eq. (2-2-2d). For z¢ = yp = .6, the iterates begin converging to the fixed
point T = § = 2/3, but eventually oscillate about it (see Table 2).

TABLE 2
The Anomalous Periodicity of the Iterates of Eqgs. (2-1-1)

Single Precision. For A2 =3, A1 =3, 20=yo = .6

Iteration Number z—Iterate 1Iterate
50,001 0.6685271 0.6685271
50,002 0.6647958 0.6647958
50,003 0.6685271 0.6685271
50,004 0.6647958 0.6647958

An analysis based on the computer’s finite truncation, i.e., the number of
significant figures the computer retains, was formulated to explain this contradiction
between analytical and numerical results. A double precision program has been
written, and it displays dynamical behavior consistent with that predicted by the
truncation analysis. The truncation analysis is presented first, followed by an
interpretation of the double precision results. The analysis is written with A, and
A; arbitrary; however, so far, the only cases discussed are A3 = 3 and 4; = A; = 3.

Case 1: 2 £ 0,y #0
The family of fixed points 1s given by Eq. (2-2-2d). Suppose the average of z
and y differs from the value (1 — %) by some real number §,, after n iterations,

Tn t Yn 1
——— 1= =) =6, . -6-
5 < A) (2-6-1)
Substituting Eq. (2-6-1) into Eqgs. (2-1-1) yields
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Tpt1 = xn(]- - A6n)
UYnt1 = yn(l - A‘Sn) .

The above can be rewritten as

Tpt1 + Yntt ZTn + Yn
- 1— A6,) .
! ( ! ) ( )

Subtracting (1-1/A) from both sides and using Eq. (2-6-1) yields,

Ztt i (1o 1) =62~ 4) - A% (2:6:2)

then applying Eq. (2-6-1) evaluated at (n + 1), this becomes,

bnp1 = 6n(2 — A) — ASZ . (2-6-3)

Thus, the difference of the new iterate from the “fixed point” is related to the
difference of the previous iterate from that “fixed point” by Eq. (2-6-2), which is,
actually, another logistic map.

Case 2: z =0,y #0
The fixed point is given by Eq. (2-2-2b). Suppose the nth iterate differs from y
by some real number §,,. So,

1
n—2{1-=) =6, 9-6-4
Y ( A2> (2-6-4)
where A, = 3. Substituting Eq. (2-6-4) into Eqs. (2-1-1) yields
1 A
Yni1 = 2 (1 - —) +6u(2 — Ag) — 2262 (2-6-5)
Ay 2
or
Spi1 = 6n(2 — Az) — %355 . (2-6-6)

Case 3: ¢ # 0,y =0

Similar analysis shows

1 A
Tny1 = 2 (1 - ;1”1*) +60(2 — Ay) — _2£5£ (2-6-7)
or
6n+1 == 671(2 - Al) — “‘%‘1'5721 . (2-6'8)

The evolution of the iterates is described by Eq. (2-1-1) or equivalently by
Eqgs. (2-6-2), (2-6-5), and (2-6-7), for cases 1, 2, and 3, respectively. In these
expressions as the fixed point is approached, §, — 0 and 62 eventually assumes
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values that are much smaller than the remaining terms which are of order 1 and
6,. In particular, in a computin; environment with N significant figures, once §,,
reaches values of the order 10~"/2, the terms proportional to 62 do not contribute
to the evolution. When this happens, Egs. (2-6-3), (2-6-6), and (2-6-8), with 4 = 3,
Ay = 3, and A; = 3, respectively, become,

g1 = —6n , bn = 0107V (2-6-9)

on the computer, thus indicating oscillation of the iterates about the fixed point
with an amplitude of the order 10~"/2, These oscillations result directly from the
finite truncation on the computer and cannot be predicted by the exact analysis
methods employed in the previous sections. Furthermore, they are bound to occur
in any finite computing environment, even though its amplitude can be significantly
reduced by increasing the number of significant figures, N, e.g., by computing in
double precision.

For single precision variables in VAX FORTRAN, only about seven digits are
significant. As an example, consider Eqgs. (2-6-5) and (2-6-6) for A, = 3 and § =
1x 1072 (zg = 0, yo = 4/3+ &). Via Eq. (2-6-5), y1 = 1.332331, truncated
after the seventh figure. One iteration of (2-6-6) gives §; = ~1.0015 x 10~3; thus,
6% = 1.00300255 x 10~%, exactly. The computer truncates this value when 6% is
combined via Eq. (2-6-5) to form y2, only the first two digits of 67 will contribute.
This is because the term 2(1 — XIQ) is of order 1, making the sixth decimal place the

last significant figure. So, instead of the exact value for 67, the value 1.0 x 107
is used in Eq. (2-6-5), yielding yo = 1.334333 = yo. Thus, a fictitious period-two
orbit is observed in this case.

In VAX FORTRAN, 16 figures are significant when working in double precision.
Thus, “periodicity” analogous to the single precision results should be seen when
variations in 62 are of order 10718, which will be truncated by the computer when
the Egs. (2-6-2), (2-6-5), and (2-6-7) are evaluated. A deviation of §; = 1078
from the fixed points occurring during the evolution would produce such variations.
This deviation was initially supplied to the double precision program in a region
in parameter space where Eqs. (2-6-5) and (2-6-6) represent the stable fixed point.
Table 3 compares the values of y, predicted by the analysis above to those calculated
by the computer.

TABLE 3
A Verification of the Significant Figure Argument for Egs. (2-1-1)
Double Precision. For A; =3,A1 =2,20=0, y9=4/3+6,, 6, =1x 1078

Iteration y, predicted y, calculated
0 1.333333343333333 1.333333343333333
1 1.333333323333333 1.333333323333333
2 1.333333343333333 1.333333343333333

The above truncation analysis can also be verified in two other ways. First,
it predicts the existence of fictitious period-two orbits for Ay = 3 and 4, < 3
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analogous to those found for 4; = 3 and A; < 3. This was confirmed on both
the single and double precision simulators. Second, it predicts the appearance of a
fictitious fixed point for A =1, A3 = 1, or A; = 1 in cases 1, 2, and 3, respectively,
because again, convergence would depend on the quadratic term alone. Consider
Egs. (2-6-7) and (2-6-8). For the single precision program with 4, = 1, they predict
zo = 1 x 1078, yo = 0 will be a fixed point because variations in z, would be of
order 1071¢ and thus lost when combined with z,. This was verified.

Thus, our truncation analysis predicts well the aberrations that arise in the
computer simulation of Egs. (2-1-1).



3. ANALYSIS OF A GENERALIZED
TWO-SPECIES SYSTEM

3.1 INTRODUCTION

System (1-1-4) is itself quite complex. So as an aid in analysis, we first consider
this system with neither linear attrition nor sources. We also couple the parameters
B, and B; with C; and C; through the new parameter A to get:

Tpyr = Arza(l - (1~ A)zpn — Ayn)

Yng1 = A2yn(1 - (1 - A)yn -~ A.’En) .

The fixed points of system (3-2-1) are determined analytically using MACSYMA
and the results are presented in Section 3.2. Section 3.3 discusses the stability of
the fixed points in parameter space. Section 3.4 describes the behavior of the map
for a range of values of A. In particular, it discusses the instability that arises in
system (3-1-1) for values of A approaching one, corresponding to low self-repression
relative to bilinear attrition. A partially analytical basis for this pathological
behavior is developed in Section 3.5. From the above analyses, conclusions are
drawn in Section 3.6 to direct the subsequent numerical investigation of system (1-
1-4) presented in Section 4.

(3-1-1)

3.2 DETERMINATION OF THE FIXED POINTS

Equations (3-1-1) are clearly a generalization of Eqs. (2-1-1) whereby the latter
is obtained by setting

1
A== -2-

in the former.
The system (3-1-1) possesses four fixed points. The origin

F=0, =0 (3-2-2a)

z=0, y=—~(AW1)A2 (3-2-2b)
exists for A2 5% 0 and A # 1. Similarly, the fixed point
- Ay —~1
S SN -2.2¢
Z (Awl)Al’y 0 , (3-2-2¢)
exists for Ay # 0 and A # 1. Finally, the fixed point
e (2A~1)A; — A+ 1)A; — A4 _ ((24,)4; — A4y + (1 — A)4,
(24 — 1)A; 4, Y= (24 - 1)A, 4,
(3-2-2d)

19
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exists for A;, Ay # 0and A # 1/2. All fixed points were also found by a MACSYMA
progran.

3.3 LINEAR STABILITY OF THE FIXED POINTS

We now look for constraints on the parameters A;, A;, and A sufficient to
ensure linear stability for each fixed points (3-2-2). Because of the complexity of
the parametric expressions, surface plots have been generated in parameter space
so that stable regions can be found by visual inspection.

Writing system (3-1-1) in vector form

oy [Aiz(1 - (1 - Az — Ay)
The Jacobian of system (3-3-1) is
. A1 - 2A1(1 - A).T — AlAy -—A1A$ -
JG = A, Ay Ay —245(1 — Ay — Az Az (3-3-2)

Evaluating the Jacobian (3-3-2) at the fixed point Eq. (3-2-2a) gives

(4, o
J—G-“[o A2]

Thus, the origin is stable if both |4;] < 1 and |A4;] < 1. Evaluating the Jacobjan
at the fixed point (3-2-2b) yields

A, — AA(Ay-1) 0
1 Az(1-A)

(1-4)

JG =

Thus, linear stability is assured if both |2 — 4;] < 1 and |4; — é—(‘fg_—(—gﬁ}ll < 1.
Analogously, at the fixed point (3-2-2¢),

A(A |~
R N ]
A A(A;~1)
0 A - ~FiZa

|
r =

This fixed point is linearly stable if both |2 — A;| < 1 and |4, — #2552 | < 1.

Determination of the eigenvalues of the Jacobian (3-3-2) evaluated at the fixed
point (3-2-2d) is exceedingly arduous. Therefore, a MACSYMA program was
written and used to perform the evaluation.

Surfaces were generated in parameter space to give a graphical representation
of the parametric regions of fixed-point linear stability. This was accomplished
by using the graphics capabilities of MACSYMA and the DISSPLA?® graphics
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subroutine library. The surfaces generated for the “off-axes” (neither species zero)
fixed point (3-2-2d) are shown in Figures 5 and 6.

3.4 NUMERICAL ANALYSIS OF THE BEHAVIOR OF SYSTEM (3-
1-1) FOR VARIOUS VALUES OF THE PARAMETER A

If the self-repression terms are taken sufficiently large, system (3-1-1) displays
interesting regimes, often with both species positive (see Figures 7, 8, 9, and 10).
Stalemates, as well as clear victories, commonly occur, often in the same bifurcation
diagram (see Figure 7). Periodicity and chaos are ubiquitous. Periodicity of a large
number of cycles and chaos can be viewed as a loss of predictability in future force
levels.

In the figures above, the effects of self-repression were over twice those of
attrition. In a model of combat, we assume that the attrition effects should be
generally taken significantly greater than the self-repression effects.

Therefore, we are particularly interested in parameter regions for which the self-
repression is low, This implies the parameter A should be taken relatively close to
one. Unfortunately, instability arises in the model (3-1-1) with increasing A. Here,
instability means failure of the iterates to be attracted to any fixed, periodic, or
chaotic attractor, resulting in the iterates of the species becoming unbounded. This
behavior is consistent with the results of the last section which showed that as 4
approaches one, the fixed points (3-2-2b), (3-2-2¢), and (3-2-2d) become repellors.

A series of bifurcation diagrams were plotted with A; first set to 3.55 and A,
allowed to vary from zero to four. Bifurcation diagrams were constructed with
A = 0.3 through 4 = 0.9 in 0.1 increments (see Figures 11, 12, 13, and 14).

As A becomes sufficiently large, instability arises, with iterates becoming
unbounded for sufficiently large Ay and then for even smaller A, as A grows larger.

The experiment was repeated with Ay = 1.7. For a given A, decreasing A, has
the effect of delaying the onset of instability until larger values of A; are reached.
But for A greater than about 0.7, instability again arises, with iterates failing to
converge to an attractor and becoming unbounded. With increasing A, the onset
of this instability occurs for smaller values of A;.

In both cases (A2 = 3.55 and A4, = 1.7), for sufficiently small A;, the iterates of
species z converge to zero, either monotonically or with decaying oscillations about
zero (see Figure 15). The iterates of species y converge to a fixed, periodic, or
chaotic attractor, depending on the values of A; and A, chosen. Iterates that decay
monotonically can be forced into decaying oscillations by increasing either Ay, A,
or A. Iterates which converge to zero with decaying oscillations can be forced to
grow, again either by increasing 4;, Az, or A sufficiently. These growing oscillations
result in either species & or y becoming unbounded. Table 4 provides a sample of
the numerical output showing how the amplitude of the oscillations increase with
increasing A, for the same number of iterations.

3.5 THE EVOLUTION OF THE INSTABILITY

We now look at the transient behavior of the iterates for specific parameter
regions to detail the evolution of the instability discussed above. First, consider the
simplified case of zero self-repression in system (3-1-1), written



EIGENVALUE- —1 SURFACE OF THE OFF-AXES
FIXED POINT OF THE SYSTEM (3-1-1)

Figure 5. The region below this surface represents negative eigenvalues with magnitude less than one.

r4é



>z
ey
23

&7 -2 4

0.0 01
——
&

magnitude less than one.

"
et \‘ \ EIGENVALUE- —1 SURFACE OF THE OFF-AXES
7z b \
AASYANY FIXED POINT OF THE SYSTEM (3-1-1)
” P
PR A \'X \
’,'.-‘:"‘ \. |‘ \‘ \;’4\‘ \“ “
'S RSO T S O N AN
:'i“\ v ‘\1,‘ NN A N
° AT B S A
Bl i 5 PR ‘/\’ \ oK
A ’ A Y
“:\."‘ Y v X . * /\:‘
S Syl “‘1\:\ A .
.
‘, : LY \u ""\ ‘\( “‘ ”, ‘:
° S SR SRR
N -
© . s [} [y “ \‘ “
Iy . . s
~ YN N N R “1
[y -~ .‘ ’\’_)‘—-""'\‘-~‘:~4‘
T a4 A . L
!tt Ly l\‘ . “ ,‘_‘( _\__:“\_ )
< \"‘:‘ :(\":\~,:\. W
- 7
Q© .
o

Figure 6. The region below the lower surface yields eigenvalues for the fixed point (3-2-2d) with

€c



s Sm s

BIFURCATION PLOT
TRANSIENT ITERATIONS: 560
f2~2.75, A=-0.7 ;Xo=Yo=.6

o !
-—:‘ ] i
* w & 9 & ¢ ¢ ¢ v ® v e - » " L
» n
© . " »
o Y . N
* >
. . " .
L »
? w0 T 4 " .’ i . {
b o » ™ Te. " !
- ] - »
X » - - ™
] v "
> . cle
- - s
dN » n ¥
n »
B
»
e »
D.-‘ ”
L]
fo ]
d _ ”
k4 L 4 ¥ ¥ T ¥ ¥ ]
0.0 8.5 1.0 1.5 2.0 2.5 3.0 3.5 1.0

VARYING PARAMETER IS A1

Figure 7. Bifurcation diagram for system (3-1-1).

¥e



25

0000

BIFURCATION PLOT

TRANSIENT ITERRTIONS:

L 2 L 3 L ol
L
AR

IO TR XA &AM ¥

WP WD M. MRS WS W Sesd maer W » 4+ - &

A, Tt
RSO T
6 t e LI 4 L4 L] L 4
» ¢ r 1 »
et e » - -
Rosssanssisatncts. s QAR L EXR
WD NCHM AR & SOMMEGMAME D OAT.

¥e [N
(X2 __-.T¥ . .. %3
O RS O AR LT DN
T

ST SR, 3 AR e Od: BB i (O . CENRCKEEVAD & SRR & S RS Q%8

& & Ol MBSO O [ ORCNT

NSNS FNMEP Db LANERNSD Bt OXD St SRACMNORNCIN. e O Wty
W VIRCENIEC W —— O D GRS O W G

!

o vty
e

» O L B KIGOKE B
¢ kx ] oy Xxx L) ]
»

°
o

- xn ° * LER ] L 4

°
+

™
‘.,
T, eovovef
Ceegg0®
»

©

o™
o
P enovotd
o

L4

L)

v
°
[

A4
-]

»
[ W ) - et - »
TN (N ¢ B2 B W D DN T T KON OWO 3P
e anman & M XD G SO KD PR OB B
L2 -~ [F .} DO C U WO (DO B C 0 & 6000 e
GRNDIDIS SN O K ¥ DOd & & o L o wOF 0 DO G N e
AEOWGI: WD TS Nt U T WO EXD S & 00 oY 00 PapRt 0 WD 00N GO WO
W SR SO ARG ® e O LN 3 ® va e
PO TR (RO S AT W b EMW D D @ ¢ B LaCE TR O W
- S I tBL D SO PC S & ¢ LB DWW B - ams

o s woom AMCEC W E D B D WS O BB DD COF M

GO SN SN ¢ R SNDie @ Slan By 0P D o= > & o oCw » o L E-R-Y )
W AR Y D DONTIT WA QN OB IND B ¢ 9 w BB 08 »OY o &
S A MO T D SR G s b P WY m ompen M Do ros
OB DAROC & DMRCNMMONSY DC €D W © b bowd @ [T S Y
WRRETEACIW HOM DRC-ECOWOES D € DR e e W e L DW 0 M O fmODrtMe
MEE-® ANCP ERICR-SANINIERNMEL - ® 8 W § 0O ¢ e [ A ] "o ORR L e e
e 100 oEX BPRDL ¢ WO ¢ . aoY e
- BIPG BE GPACD 0 b N0 N0 (R NIMME OF L Ml 000 @

Ak O OND B MEREEE B 06> % -y ¢ oy ot o te @ . w—
W SO EE B N DN WS e R e weem o0 we »o mcam
Wt (VTN B LD NN DS & NP WD B IC AW b " re exowom
hnd »~ o LERAE & LEaE P PR " ceme
W @ ¢ SEPCOPE DS DU BB ¢ ¢ RO p0 L B L R
MOH B0 SNCOSE BT CEN aXCC B0 B 8 POCE bR cHs @b AL W
W W DS W LS EDRE 00 D WD D P ames po Po W Dwce
SMKE BSOS RODSEEE OMAC BT B DO AT 0 B DU o 2L comm -
[ 2 “r aroe b pe o LR IR U A )

L] A, A A B WS A'Q;;sg [X-- A
SN ¢ WOF ¥ WATMSKE DS WD OB b D PO COWm OEEMEN ¢ Wered OMR

.o M

5 N A, U
Bt O

L]

WA W W SR WAL MR SN WR R N NX XA
XD SO
B T NI N RONPRI T

7

H

| t t T
D g'Q 8'0 ' 0
Oul ‘XX

2'0

00

0.5 1.0 1.5 2.0 2.5 3.0 3.5
YARYING PARAMETER IS Al

0.0

Figure 8. Bifurcation diagram for system (3—1-1) for A; =3.7, A=0.2, 29 = 0.5, yo = 0.6.

R S T



T-2

X=x,

BIFURCHTION FLOT

TRANSIENT ITCRRTIONS: S0000

™~
|§- ﬁ'
o ool utf ol !»g *;- . g
— i - 0.83"5: o pens ”'ﬁlgg“ ! ¥ gss I ue 3' -
ggees 08 -"!"“l- !"! “og ,;X RITH n"*‘ S i
Ba’ - p' 50355 "'Y o " - ‘ P.
; ,_!-'U ‘!!3}‘.. é g ."-‘ ! : 3:;
o .o-oo*oi lljx g El! !’l!&,:l!l i : g ’g
T o T I
PSR | HTILI "i‘i§§3,=a%sa' SM a!s'”'"”"'"iﬁ i u.?m
e R
P ,svc,«r’ se g,,, ° i L } k) °’° i-
W o"'°1'0.« Y e e ae 5@ : ene "9’ l ' : ¥ x.
6_1 v SHU - o '.. AP LA e -§g g go‘ xglisﬂg § j z:h g.os i
A q"‘"g ' “8 Hqu, é-g ,“,'N- ""! g “a e
LY C ' 93-38 - *'5' ' !! K"" . " . !2..-,,"5
'-!---glg | -' 603 Mu "v*: .~va g'ﬂ o ' " g’ ' °.v ...‘“ s
:__u;aggguf .g :.xsi'lil ‘a‘g‘lxggi [ELL .35 o ge? R" :'H‘ L2 !' !-3':
---.'.. ‘!',.,, ’o » ban .go - ht ) . « «o :,5 -
- o! ‘ o’ . sg' .nt .,- ! -
C;..; z --. I !'!! !sig g g ; : ,'G-s ::-uo‘ ¥ g Z
eveseso og .. ”' G:" . v..,-'a !‘“ .,,'o‘ i . -Gnl"‘;
*ee - : - d gg!!"" V"'x'ﬂ e - -
.-"x!'§§ fig . § a- P ,-o. . ‘ e ‘ " ."_: _“o « x 91y
‘§‘.§;..'..; e Ty f 3,,«3" $52 % !.5 faer
"o o o 8° oee - :"' ° "q. . - ,;vv:n 3
f\.’_‘ 8' .'.ﬂ',.f::' ‘:o. ! !Euh :. Y § :"’ ' "'Jge
o 8 e .,a M _] b i«
» 0..§ h"ﬂu . e
u u ,
H:;‘ oo
O
b H ¥ ¥ H ¥ [} L | H T 1 1 i
3.0 3.1 3.2 3.3 3.4 3.5 3.6 3.7 3.8 X, 1.0 4.1

VARY ING PARAMETER 1S Al

1.2

Figure 9. Bifurcation diagram for system (3-1-1) for 4; = 3.7, A = 0.2, xo—; O%i,yg =0.5.

9¢



1350000 b u e dmree

st o oo s o 3¢

Phase Porblralt

-

LT Yo .
R SETT
RN e
\‘, Lalined

. THea s )

TV S
I oy

JEEL V204

T T T 1 ¥
0.006000 0.22346 0.458%1 0.68837 0.31782 1.14728
Species X

.]E‘igure 10. A chaotic attractor for system (3-1-1) for A; = 3.87, 4, = 3.7, A= 0.2, zo = 0.1, yo = 0.9.

Lg



A2

TRANSIENT ITERATIONS:
- 3.55

BIFURCATION PLOT
fl-0.3

500
Xo - Yo - 0.6

VARYING PARAMETER IS A1

2 8 ¢ ¥ 2 9% 9 % 8 9B E Ve
o~
"’.......‘.....
4 ® o o ® o 9 @ ¢ v e 00 " -
.
°
2 ‘
.o. ¥ oy
... nﬁ
v o .'.‘i”’
® > . a’
0(3'.4 ‘z. i !
[ 4 LI * o o v 9 e » ¥
e " e * o 9 000 * * ‘:g
z:u) ’ » -in
> o] °°°""._-. -ng
4 & » 5 5 O & & & » &6 6 O & * -... .B‘c
® » o ¥ 0O 8 ®« ¢ 2 600 e ] o 5 3,
x . ® . e x :;"
- T R
o !.n .:l 8!
o EH
L w ™
~N w ™ n ®
o- »
H
¥
X
(&)
D' oy PP PO Ty M
1] 14 1] L) 1 | ¥ 1
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

1.0

Figure 11. Bifurcation diagram for system (3-1-1).

8¢



1.8

.4

1

ea
e
L X ]
..

or
L X ]
L X
[ X )
e
e

fe

se

.y

ve

- 3.55

as
(X

LR ]
L X ]

o
o8
L X}

(2]

(X )

BIFURCATION PLOT
TRANSIENT ITERATIONS:
A=-0.1

°00

Xo = Yo = 0.6

ive €

xS
L ]
s

X ¢
M OMEE NN A X X & NS &N AW WM

-
anx -e¢ m L ]

%o
xe

L4

1.0

3.0

VARYING PARAMETER 1S A1

Figure 12. Bifurcation diagram for system (3-1-1).

6¢



BIFURCATION PLOT
TRANSIENT ITERATIONS: S0C
A2 - 4.55 A= 0.7 Xo - Yo - 0.6
[aY ]
-
o
:-!!ODQSI!!IIOISIOIQD 8
‘6- » s S % %5 & % € & & & & 5 6 & 6 4 > 6 L J
‘0’—‘ ® % H & & @ y ® & ® * & ¥ % ¢ O o & 9 -
-
o
™~
‘\;—1
j om |
i LI » ¢ o > o 0 v o
’ >_‘\9 e s . . > » . .
x o
1 ¢
_
o
g-
:.d
B.H
o Y ot —y 14 T L ¥ T Y :
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 1.0
VARYING PARAMETER 1S A1

Figure 13. Bifurcation diagram for system (3-1-1). Iterates which became negative or unbounded were not plotted.

114



BIFURCATION PLOT
TRANSIENT ITERATIONS: 500
A2 - 3.55, A - 0.8 Xo - Yo - 0.6
':_1 s P uaes
Cl{escsse
N .
I";-
o
; o
1 - ] e v e L
: > -« ® 2 0@ o e
§ x\“;“
>
o
o
D”"
i
O
© Y T T ¥ L T ¥ )
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
VARYING PARAMETER IS Al

Figure 14. Bifurcation diagram for system (3-1-1). Iterates which became negative or unbounded were not plotted.

1€



SPECIES X

0.0

«7.9

THE DECAYING OSCILLATIONS IN SPECIES X
Al - 1.3, A2 ~-1.7, A - .8
o - .5, Yo - .6

1 Y 7 T | Y
12.0 13.0 14.0 15.9 18.0 17.0

ITERATION NUMBER, n

Figure 15. Decaying oscillations of species x.



33
TABLE 4

The increasing magnitude of the oscillations in species z for increasing A; in
system (3-1-1) with A = 0.7, 2y = yo = 0.6, A2 = 3.55. These transients eventually
reach a steady-state at zero.

Iteration Ay =11 A =1.6 Ay =23
101 —5.545 x 10733 —3.428 x 10~1? 4.020 x 10~°
102 5.466 x 10~33 5.800 x 10~1° 1.590 x 10~°
103 —1.569 x 10733 1.261 x 1019 3.278 x 10~°
104 1.825 x 10~33 —1.880 x 101 1.967 x 108
105 2.730 x 1073 5.443 x 10~ —4.784 x 107°
106 —2.797 x 1073 —9.323 x 10~ —1.498 x 10~°
107 5.564 x 10735 —2.567 x 1020 3.208 x 10-¢
108 ~6.552 x 10~3° —3.681 x 10~20 —~1.337 x 10°

Az(1 — Ay)
F=1|" . 3-5-1
[Azy(l — Az) ( )
The fixed point of system (3-5-1) with both species nonzero is
 Ay—1 A1
T4 YT A4 (3-52)

Evaluating the Jacobian of Eqs. (3-5-1) at the fixed point (3-5-2) yields the
eigenvalues

A2 =12(41 —1)A; ~ 4; +1.

This immediately implies the fixed point (3-5-2) is linearly unstable for all parameter
values, except 4; = A; = 1. However, this caveat can be ignored in a modeling
context because taking A; or A2 = 1 corresponds to the absence of resupply and
will necessarily result in trivial or negative steady-state solutions in at least one
species. Therefore, in this idealized case of zero self-repression, a steady-state, non-
oscillatory solution with both species nonzero cannot exist. In fact, it can be easily
shown that all fixed points of the system (3-5-1) are linearly unstable for 4;, 4, > 1.

With this in mind, consider Column A of Table 5 which shows successive
iterates of system (3-5-1) for the parameter values listed. Notice that species y
grows stronger while species x tends toward zero at first. However, after sufficient
iterations, species z becomes negative and begins to oscillate about zero with
increasing amplitude. This occurs because species y increases past one, so that
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TABLE 5

The evolution of the instability in System (3-1-1) for various parameter values.

[43 Byl

The base 10 exponential is written using computer “E” notation.

Column

A B C D

Parameter A1 =13 A4 =17 A1 =13A3 =17 A1 =13A2=27 A1 =13 A4,=17

Values A=0..8 A=0.8 A =038 B =By =0C; =C% =038
(System 3-2-5) (System 3-2-1) (System 3-2-1) Dy =0Dy; =04
(System (1-1-4)
Initial
Conditions z9 =05 yy =08 z;=05 y =06 z0=05 y=06 =z¢p=205 yo = 0.6
Species x Y z y z Y x Y
Iteration 0.338 0.612 0.273 0.489 0.273 0.777 0.338 0.412
1 0.224 0.759 0.196 0.569 0.114 0.31 0.294 0.375
2 0.114 1.05 0.129 0.705 -1.11E-2 2.29 0.267 0.370
3 2.27E-2 1.63 6.88E-2 0905 1.19E-2 3.40 0.244 0.387
4 -9.11E-3 2.70 2.33E-2 1.17  -2.69E-2 2.84 0.219 0.432
5 1.40E-2 4.67 1.65E-3 1.49 4.44E-2 3.47 0.186 0.432
6 -4.99E-2 7.85 -4.16E-4 1.77 -0.103 2.52 0.142 0.673
7 0.343 13.8 2.27E-4 1.94 0.134 3.93 8.55K-2 0.957
8 -4.51 17.1 -1.65E-4 2.02 -0.380 1.11 2.59E-2 1.48
9 74.4 134.1 1.32E-4 2.04 -921E-2 3.25 -6.28E-3 2.45
10 -10298 -13366 -1.09E-4 2.05 0.189 3.71 7.88E-3 4.20
11 —_— e 9.19E-5 2.05 -0.495 1.053 -2.42E-2 7.09
12 — — — — -0.1G65 3.37 0.147 12.3
3 — — — 0.357 4.16 -1.69 18.3
14 — — — — -1.11 -1.34 30.1 74.3
15 — e —_— -3.35 -7.88 -2293 -2936
16 — — — —  -34.7 -112.0 - e
17 — e — e -4409 -15489 —

the attrition of species 2 surpasses its resupply, forcing z to become negative and
to oscillate. The increasing magnitude of species y corresponds to the increasing
amplitude of the oscillations of species z.

The final result is species 2 and y converging to minus infinity. However, we
have not shown that this is the only type of behavior system (3-5-1) can exhibit.
The iterates may instead remain bounded by converging to a periodic or possibly
a chaotic attractor. However, for a variety of parameter values, unstable behavior
was the only type observed.

Now consider the effect on the unstable behavior of system (3-5-1) of adding a
small amount of self-repression; that is, we now consider system (3-1-1) for A large
but less than one. Intuitively, self-repression might have the effect of curbing the
drastic rise in species y. Certainly, this is the effect of the quadratic term in the
single species logistic equation, for without it the iterates increase linearly without
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bound. Observing Column B of Table 5, this seems to be the effect of quadratic
self-repression in system (3-1-1) as well. The oscillations in species * now decay
instead of grow. This would seem to be a result of the slower and bounded rise in
species y.

Column C of Table 5 shows the effect of increasing the parameter A; on the
dynamics above. Comparing Columns B and C, we see that the increase results
in the return of the instability. As was mentioned in Section 3.4, increasing the
parameter A; has a similar effect.

We hypothesized that the inclusion of a linear attrition term (aimed fire) to the
y-equation of system (3-1-1) might help stunt the growth of the y-iterates, resulting
in a stable system. The results are shown in Column D of Table 5. Obviously
the attempt failed, probably because the effect of the linear attrition term becomes
negligible as species z becomes close to zero, allowing the y-iterates to again rise.

3.6 CONCLUSIONS

In summary, the quadratic effect diminishes as A grows large. As even very
small quadratic self-repression does not result in unboundedness in the absence
of bilinear attrition, it. is the combination of the lack of damping due to the low
self-repression and the feedback of the bilinear terms that brings on instability.

We observed further increases in instability as A; and A; were increased.

The three general types of behavior observed for system (3-1-1) with large A
are:

(i) The iterates become unbounded. Generally, one species increases in strength,
eventually forcing the other species into growing oscillations around zero, finally
resulting in both iterates becoming unbounded.

(1) The iterates remain bounded with one iterate converging o zero monotonically
and the other converging usually to a fixed attractor.

(ili) The iterates remain bounded with one iterate converging to zero with decaying
oscillations and the other converging to a fixed, periodic or chaotic attractor.
For a given A, this behavior occurs for A4; or A, larger than in (ii). The
possibility of selecting parameters in such a way as to drive one species toward
a fixed point while the other one is in a high bifurcation or even chaotic regime.
seemed a rather new phenomenon with promusing potential for applications.

For many of the stable regions with low self-repression, one iterate converges
to zero with decaying oscillations about zero. This means that positivity is not
preserved in the iterates, which is physically unacceptable. However, the magnitudes
of these transient oscillations are small, such that they could be taken to be zero.

Essentially, we have shown in the previous sections that for small quadratic
effects in system (3-1-1), one species quickly gains a decisive advantage over
the other, forcing the other to zero or into growing oscillations leading to
unboundedness. This conclusion provides the rationale for the form of the numerical
investigation of system (1-1-4) presented next.



4. NUMERICAL ANALYSIS OF SYSTEM (1-1-4)

4.1 INTRODUCTION

A brief description of the program used for the numerical simulations is
presented in Section 4.2. In Section 4.3, we analyze system (1-1-4) without linear
attrition. We consider system (1-1-4) with linear attrition in Section 4.4.

4.2 DESCRIPTION OF THE COMPUTER PROGRAM

A computer program called DPMAP,” written in double-percision VAX
FORTRAN,%1! was used for the numerical analysis. It is based on an earlier
program by S. de Rada called MAP.® The form of the equations to be iterated
is specified by the user in the subroutine DPEQN.FOR, which is contained in an
external file. The user specifies parameter values and other options in the data
file DPMAP.DAT. An output file with the numerical results is generated by the
program, as well as a graphics file created using DISSPLA® graphics subroutine
library. The program is menu driven by a Digital Command Language'? command

file.

4.3 NUMERICAL ANALYSIS OF SYSTEM (1-1-4) FOR BILINEAR

ATTRITION AND LOW SELF-REPRESSION

In an attempt to improve the stability of system (1-1-4) for low self-repression,
we now decouple the parameters By, Bz, and C;, C;. We chose B; < B; and
Cy < (O, effectively strengthening species z relative to the coupled-parameter case,
system (3-1-1). Of course, this implies A; must be taken less than A;, otherwise,
species ¢ would necessarily emerge as dominant.

It was supposed that strengthening species z might help damp the increase in
species y, allowing the iterates to remain bounded for a larger range of parameter
values. It was also hoped that the strengthening of species ¢ might allow the iterates
to converge to an attractor positive everywhere, as commonly occurs in this system
for larger quadratic effects. Besides being more interesting dynamically, this would
mean system (1-1-4) with bilinear attrition would be capable of modeling stalemates
for small quadratic effects.

The parameters Ay, A, By, B,, €1, and C, were systematically varied and
several bifurcation diagrams were constructed. The parameter 4, was first chosen
to be 2.75, a compromise between the need to reduce the strength of the species y
and the desire to maintain the possibility for bifurcations into periodic orbits and
chaos. The parameter A, was allowed to vary between zero and three. A reference
case with 4, = 2.75, B; = By = 0.3, and C; = {3 = 0.7 was constructed for
comparison (see Figure 16).

Figures 17 and 18 show what we continued to see for all trials: a limited region of
stability, always with one species converged to zero, which gives way to instability
as A; is increased. The nature of this instability is the same as was found in
system (3-1-1) and discussed in the previous two sections.
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If a source term for species z is included, species & converges to the approximate
value of the source term instead of zero. However, the inclusion of these terms in a
model already containing resupply terms is questionable.

Of course, if the bilinear attrition of species y is increased beyond certain values,
species = gains the advantage, even for 4; less than A,. In trials where species x
is made the stronger by increasing either the attrition of species y or the initial
force-level of species z, the only stable behavior was, similar to the case before, the
decay of species y to zero and the convergence of species « to a fixed, periodic, or
chaotic attractor. However, there was an exception: stable periodic oscillations in
both species. But from a modeling standpoint, this case must be ignored because
some iterates would become negative and not of negligible magnitude.

We also analyzed the effect of granting both species equal strength (equal
parameters) and equal initial force levels and then perturbing the values slightly.
This was both an attempt to study the semsitivity of the dynamics to small
parameter changes and an attempt to produce a steady-state solution with both
species nonzero. We felt a steady-state solution with both species nonzero might
occur if the strengths of the species were nearly equal. Table 6 shows the
results of one such experiment. QObviously, the dynamics are highly sensitive to
perturbations in the parameters and initial conditions from the symmetric case.
Small perturbations in equal configurations of the forces were always seen to result
in the annihilation of one species.

In summary, we have shown that system (1-1-4) with bilinear attrition and
relatively small self-repression displays the same instability as system (3-1-1) and
that decoupling of the parameters in system (1-1-4) has not helped to eliminate
or even reduce the occurrence of the instability. The asymptotic states for low
self-repression and bilinear attrition continue to be unbounded iterates or bounded
iterates with one species zero.

4.4 ANALYSIS OF SYSTEM (1-1-4) WITH LINEAR ATTRITION

We remove the bilinear attrition and source terms from system (1-1-4) to get
Tny1 = A122(1 — Bia,) — Diya
Yn41 = A2yn(1 - B2yn) e DZCEn

Numerical analysis shows that this system is much more well-behaved than
system (3-1-1). Specifically, we observed that for both large and small quadratic
self-repression effects, system (3-3-1) displays positive, bounded iterates in both
species for a considerable range of parameter values. Chaos and bifurcations from
periodicity to fixed points to chaos were observed (see Figures 19, 20, and 21). As
in the case of system (3-1-1) for large quadratic eflects, bifurcations in both species
were always seen to occur in phase.

We analyzed the effect of perturbing system (4-4-1) with low quadratic effects
by adding a small amount of bilinear attrition in one or both species. In the
cases observed, small bilinear effects had a strong effect on model dynamics (see
Table 7). Only bilinear attrition comparable in size and smaller than the quadratic
self-repression was seen to result in bounded iterates.

(4-4-1)
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TABLE 6

The effect of small perturbations on equally configured forces in sytem (1-1-4).
The unperturbed system has the parameter values: 4; = A3 = 1.7, By = B, = 0.2,
Cy =Cy =08, Dy = Dy, =0.5, E; = E5 =0, and the initial conditions z¢y = yo =
0.5.

Case: unperturbed B; = 0.201 Ch, = 0.801 D = 0.501 A; =1.701
Species z y z y z y z Y T y

Iterate

1 0.175 0.175 0.174 0.175 0.174 0.175 0.174 0.175 0.176 0.175
0.157 0.157 0.157 0.158 0.157 0.158 0.157 0.158 0.158 0.157
0.147 0.147 0.145 0.147 0.145 0.147 0.145 0.148 0.148 0.146
0.139 0.139 0.137 0.141 0.137 0.141 0.136 0.142 0.141 0.138
0.134 0.134 0.129 0.138 0.129 0.138 0.128 0.140 0.138 0.131
0.127 0.127 0.121 0.140 0.121 0.140 0.117 0.143 0.138 0.123
7 0.125 0.125 0.107 0.147 0.107 0.147 0.099 0.1556 0.144 0.111

Steady Fixed point at Unbounded Unbounded Unbounded  Unbounded
State =y =.117

Dy U B W N

4.5 CONCLUSIONS FOR THE ANALYSIS OF SYSTEM (1-1-4)

System (1-1-4) was found to generate steady-state solutions with both species
positive, including fixed, periodic, and chaotic, solutions for both linear and bilinear
attrition as long as quadratic self-repression is large compared to the bilinear
attrition. System (1-1-4) continues to display such dynamics for small self-repression
with linear attrition but not with bilinear attrition. Bilinear attrition combined
with relatively small self-repression results in steady-state solutions with at least
one species zero or in unbounded iterates.
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TABLE 7

The strong effect of addition of bilinear attrition has on a system with linear
attrition.

System (1-1-4) with A4, = 2.0, 4; = 2.05, B; = 0.01, B, = 0.014, D; = 0.2,
D2 = 0.16, Ty = 06, Yo = 0.6.

Case: Ci=0,C,=0 Cy = 0.002, C, = 0.001 C7 =0.02, C;, =0.01
Species: x Yy T Y x Y
Iteration
1 1.07 1.12 1.07 1.12 1.05 1.11
2 1.89 2.09 1.89 2.09 1.82 2.05
3 3.30 3.86 3.27 3.85 3.01 3.73
4 5.61 6.96 5.51 6.92 4.65 6.53
5 9.21 11.99 8.88 11.85 6.35 10.8
6 14.32 18.98 13.39 18.62 7.00 16.36
7 20.74 26.28 18.48 25.57 5.16 22.39
8 27.63 30.73 23.12 29.73 0.69 28.31
9 33.84 31.47 26.85 30.46 -5.07 34.52
10 38.48 30.67 29.92 29.84 -10.55 40.96
11 41.21 29.72 32.39 28.99 -14.23 46.37
12 42.51 28.98 34.24 28.20 -15.39 49.16
13 43.08 28.50 35.53 27.52 -15.08 49.39
14 43.34 28.22 36.39 26.99 -14.79 48.92
15 43.46 28.06 36.96 26.58 -14.79 48.80
16 43.53 27.97 37.35 26.28 -14.84 48.86
17 43.56 27.92 37.61 26.06 -14.85 48.89
18 43.58 27.89 37.79 25.90 -14.85 48.89
19 43.59 27.87 37.92 25.79 -14.85 48.89

20 43.60 27.86 38.01 25.70 -14.85 48.89



5. NUMERICAL ANALYSIS OF SYSTEM (i-1-1)

5.1 INTRODUCTION

The results of further numerical analyses of system (1-1-1) are presented in
the following sections. In Section 5.2, the computer program used in the analysis is
described. Section 5.3 discusses further results for the one species case of system (1-
1-1) used to test program correctness. Section 5.4 compares the dynamics of the
space-independent system (1-1-4) with system (1-1-1).

5.2 DESCRIPTIONS OF THE PROGRAMS

System (1-1-1) was numerically analyzed with a computer program called
MAP1V2, written in double-precision VAX FORTRAN.® It was based on a previous
program written by S. de Radal!® called MAP1. A sister program of MAPV2
was written, namely MAP1V1 which is a four-species-capable version of MAP1V2.
While all analyses that can be run on MAP1V2 can, of course, also be run on
MAP1V1, the less complex MAP1V2 can run two species simulations faster than
the more complex MAP1V1.

Both programs require a user edited data file and function file. Through the
data file the user directs how the time-space mesh shall be configured, supples
the values of the coefficients, initial conditions and boundary conditions as needed,
identifies the parameter to be varied and supplies bounds, and directs the formatting
of the output. The function file describes the functional dependence on distance
of the diffusion, convection, initial conditions, etc., for each species as stated in
system (1-1-1).

The output of MAP1V1 and MAP1V2 consists of a file containing the results of
the simulation and an optional graphics file generated using the DISSPLA® graphics
subroutine library.

Both programs are menu driven by Digital Command Language'? command

files.

5.3 ONE-SPECIES DYNAMICS

Results given by MAP1V2 were compared with those found by Mitchell and
Bruch' as well as with those found by de Rada!’ to prove correctness of the
program. Figure 22 was generated by system (1-1-1) by varying the diffusion
with ay;; = 20, by; = —12, and all other coeflicients zero. Figure 23 shows the
similar effect of varying convection for small diffusion. Here we took a;y; = 20 and
b1 = —12, D = 0.1, and all other coeflicients zero. For Figure 24, system (1-1-1)
was configured identically as for Figure 23 except D was taken as 0.35. Comparing
Figures 23 and 24, we sec that bifurcations and chaos occur for smaller values of
convection as diffusion is increased. This effect is similar with the one reported in
Reference 4 where it was found that the onset of bifurcations and chaos occurs for
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smaller values of diffusion as convection is increased. These two findings have the
potential for important practical applications.

5.4 A COMPARISON OF SYSTEM (1-1-4) AND SYSTEM (1-1-1)

DYNAMICS

We now briefly study how the dynamics described in Part 2 for system (1-
1-1) change as a spatial dimension and the effects of diffusion and convection are
added. We first observed the effect of adding diffusion to bilinear attrition and large
self-repression cases. Figures 25, 26, and 27 show the results for such a case. The
addition of diffusion with homogeneous Neumann boundary conditions has not been
seen to drastically alter the behavior of bilinear attrition, high self-repression cases.
On the other hand, the addition of diffusion with Dirichlet boundary conditions
can have a pronounced effect. Figures 26 and 28 were generated by the same
system except in Figure 28, Dirichlet instead of Neumann boundary conditions
were used, forcing the iterates into chaos for low values of the local bilinear
attrition. The different effects of Neumann and Dirichlet boundary condition were
also seen in simulations of system (1-1-1) for local linear attrition with low self-
repression. The specification of Dirichlet boundary conditions were seen in cases to
lead to unbounded iterates at and near the boundaries of the mesh. By choosing
homogeneous Neumann boundary conditions, we eliminated this problem.

Local bilinear attrition with small self-repression was again seen to produce
solutions with either one species zero or to result in unboundedness, even in the
presence of diffusion.

The effects of spatially-dependent nonlocal interaction were next examined. The
nonlocal attrition function used in the studies was

,,)6—(0.01)Im“-ll (3_4_1)

where 1 is a constant.

Cases were simulated with both species initially uniformly distributed, either:
over the entire mesh or each over a region at the ends of the mesh. For both
species initially uniformly distributed, either over the entire mesh or each over a
region at the ends of the mesh. For both types of distribution, nonlocal bilinear
attrition with low self-repression displayed essentially the same dynamics discussed
in Section 2, even in the presence of diffusion with Neumann boundary conditions.
For example, Figure 29 shows a low self-repression, nonlocal bilinear attrition
simulation. Figure 30 shows the same simulation with the addition of diffusion
in uy with Neumann boundary conditions.

For a separated initial distribution, nonlocal linear attrition and diffusion, we
have observed the iterates at the nodes which represent the fronts of the two species
to become unbounded. This “fringe-effect” occurs because the densities at these
nodes are originally zero, then due to diffusion become small and positive, too
small to sustain the effects of the nonlocal linear attrition. Thus, these itterates
rapidly become negative and unbounded.

5.5 CONCLUSIONS

The purpose of the brief discussion above was to point out that the dynamics
studies in Sections 5.2 and 5.3 for system (1-1-4) are relevant to the dynamics of
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system (1-1-1). Also, new problems that occur for system (1-1-1), such as boundary
condition specification and “fringe-effects,” were highlighted. Future studies may
show the “fringe-effects” can be avoided by appropriately selecting nonlocal linear
attrition functions. Furthermore, it remains to be seen whether the pathological
dynamics that occur for bilinear attrition and low self-repression in system (1-1-4)
can be controlled with judicious and physically acceptable choices of parameters,
boundary conditions, nonlinearities, ete., in system (1-1-1).



6. CALCULATION OF THE CORRELATION
DIMENSION OF THE CHAOTIC ATTRACTOR

6.1 INTRODUCTION

The two species “bilogistic” system

Xnp1 = A X, (1 - (1 - A)X — AY)
Yot = A Y, (1 (1 - A)Y — AX)

harbors a chaotic attractor for 4; = 3.87, A; = 3.8, and A = 0.2, similar to the one
shown in Figure 10. In this chapter we describe our calculations of the correlation
dimension, v, of this attractor. The correlation dimension has been shown to be a
lower bound on the Hausdorff dimension.’>™17 Yet, it is rauch simpler and less costly
to calculate than the Hausdorff dimension and may even be more meaningful.!5:1¢

(6-1-1)

6.2 ESTIMATION OF THE CORRELATION DIMENSION

The correlation dimension of the attractor was calculated using the method
introduced by Gassberger and Procaccia.l®1% A total of m vectors in p-dimensional
iterate space are formed from the iterates of a single species (observable):

Vi=(Xi, Xit1,-- -, Xigp-1), 1 =1,2,...,m, (6-2-1)

The spatial correlation of these points is found by applying the correlation integral®":
1 s

C(r) = lim — > H(r — |z — z5)) (6-2-2)
ij=1

where H is the heavyside function defined by H(z) = 1 for z positive, 0 otherwise.1”
The sum above can be viewed as placing at every point on the attractor, now
embedded in a p-dimensional iterate-space, p-dimensional hyperspheres of radii r
and summing the points within the hyperspheres.

It has been shown'3717 that the correlation integral behaves as a power of r for
small »:

C(r)~r" (6-2-3)

where v is the correlation exponent, or dimension, which means the logarithm of
C(r) has a linear dependence on the logarithm or r with a slope of v. Thus, v
can be determined by choosing a sample of hypersphere radii, calculating their
corresponding correlation integrals and performing a regression analysis of the
results to estimate v.

The values of p, m, and » must be judiciously chosen. The dimension of the
iterate space must be greater than the dimension of the attractor. Grassberger and
Procaccia advocate choosing p larger than strictly necessary in order to eliminate
systematic errors. They also caution that increasing p increases statistical errors,
so a compromise must be reached. If the iterate comes from a measurement instead

58



59

of a model, Bergé et al.1” advocate calculation of v for a range of increasing p; if v
continues to increase with p, then the signal is white noise.

The values found for the correlation integrals will, of course, depend on the
number of vectors, m, that are compared. Although Grassberger and Procaccia?
have used ~20,000 points in their calculations, they have stated that convergence
usually occurs with a few thousand points. Furthermore, they have stated
convergence with fewer points occurs faster for larger p, and it is generally more
important to embed the attractor in a larger dimensional phase space than to
increase the number of points. It has been suggested!” that ~100 points is sufficient
for a reasonable estimate of v if a range of iterate-space dimensions are used.

The values of the hypersphere radii must be chosen with reference to the size of
the attractor in phase space. If r is too small, statistical errors will dominate,'” while
if r is too larger, resolution will be insufficient and the sum in (6-2-2) approaches
unity.

A double precision VAX FORTRAN? computer program, SATRCT, was written
to implement the method described. The program takes, as input, a file containing
the iterates of the observed variable and a file which specifies the values of m, p,
the hypersphere radii, and other user options. The program outputs the calculated
correlation integral for each r. It also outputs the sample regression coefficient for
the logarithms of the correlation integrals versus the logarithms of the hypersphere
radii obtained by a Gaussian least-squares fit.!® The sample regression coefficient
serves as an estimate of v. ‘

6.3 RESULTS

The program was tested on the Henon Map and the results compared well with
the known Hausdorff dimension and other published results (see Table 8).

The preliminary results for the system (6-1-1) are shown in Table 9. In
Figure 31, the points formed by the logs of the correlation integral versus the logs
of their corresponding hypersphere radii for m = 500 and a range of embedding
dimensions are fit with a least-squares regression line. This line represents an
estimate of the correlation dimension.

In order to determine the correlation integral with certainty, a much larger m
would be needed.!®1® Because of the large CPU time requirement, this becomes
quite expensive. In order to reduce CPU cost and obtain confidence limits on v, we
are now conducting a statistical investigation of the correlation integral as described
below.

6.4 A STATISTICAL ANALYSIS

We are using SAS!® to model the behavior of the correlation integral as a
function of the number of iterate-space points for a given hypersphere radius. Such a
model may yield a good estimate of the asymptotic value of the correlation integral
for a smaller number of iterate-space points than required by current methods.
It also may allow an analysis of the errors associated with the calculation of the
correlation integrals and the correlation dimension.

However, a problem has arisen in that the errors are highly autocorrelated.
Autocorrelation in the results means that the error estimates returned by SAS are
questionable. Current efforts are directed at surmounting this problem.



Figure 31
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Table 8. Results for the Henon Attractor

Embedding Dimension
Number of Points

100
200
500
2000

2

&

0.94212

1.1425

1.1835
1.1802

3
0.81591
1.0389
1.2010
1.2574

4
0.55757
0.77740
1.0402

5
0.39722
0.62302
0.9421

Table 9. Results for the Bilogistic Attractor |

Embedding Dimension
Number of Points

100
200
500
2000

1.2188
1.2458
1.2453
1.2261

3
1.1676
1.3087
1.3384
1.3605

4
1.0096
1.3428
1.3926

5
0.86658
1.2382
1.4022

6
0.33508
0.50621
0.8608

6
0.63170
1.0570
1.3231



APPENDIX 1

MACSYMA OUTPUT for the map (2-1-1)

The results on page 62 are the fixed and period—-two points for the system
Eqs. (2-1-1) with A; not equal to Az (in the MACSYMA output, Al = A4; and
A2 = A;). Note that MACSYMA does not find the parameterized family that
exists for A; = A,. This solution is found by MACSYMA when A; is set equal to
Az in Egs. (2-1-1) as the results on pages 63 and 64 show.
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$ This is Macsyma 412.61 for DEC VAX 8650 Series Computers.
Copyright (c) 1982 Massachusetts Institute of Technology.

All Rights Reserved.

Enhancements (c¢) 1982, 1988 Symbolics, Inc. All Rights Reserved.
Type "DESCRIBE(TRADE_SECRET);” to see important legal notices.
Type "HELP();” for more information.

Checking password file: S1:[MACSYMA_412.SYSTEM]PASSWD-STCVAX8600-
412.TEXT

Init File Not Found: U2:[DFN]macsyma-init.mac

(C1)

(C2)

(C3)

(C4)

(D4) The equations being investigated are:

(C5)
(D5) FI(X,Y):=A1X(1-4-1)
(C6)
(D6) F2(X,Y):=A2Y(1-¥- %
(C7)
(C8)

The Period 1 Roots Are:

[X=0,Y=0],[X =242 Y=0],[X=0,Y = 242=2]

The Period 2 Roots Are:

[[Xz(),Y:O]’[X::SQRT(A12-2ﬁi~3)-A1~'1’Y:: ],

2._. —
[X:SQRT(AI 2‘:11 3)+A1+1,Y:0], [XZZAi1~2’Y30],

SQRT(A2%2 — 2 A2 — - A2 -
[X:O’Y: QRTLA Ai g .2 1]7

SQRT(A2% — 2 A2 - A —
X=0Yy="9RIA2 =228 =94 MH1) (¥ =0, Y = 2482=2])

(C9)



64

This is Macsyma 412.61 for DEC VAX 8650 Series Computers.
Copyright (c) 1982 Massachusetts Institute of Technology.

All Rights Reserved.

Enhancements (c) 1982, 1988 Symbolics, Inc. All Rights Reserved.
Type "DESCRIBE(TRADE_SECRET);” to see important legal notices.
Type "HELP();” for more information.

Checking password file: S1:[MACSYMA_412.SYSTEM]PASSWD-5TCVAXS8600-

412 TEXT

Init File Not Found: U2:[DFN]macsyma-init.mac
(C1)

(C2)

(C3)

(C4)

(D4) The equations being investigated are:

(C3)

(D3) FI(X,Y):=A1X(1-%.%

(C6)

The Period 1 Roots Are:

[[X:%RLY:_%RlAl—-2A1+2],[X:O’Y:0],[X:Al—I’Y:Alv—l

Al Al Al

The Period 2 Roots Are:

(X = %R2, Y = - ZRZAL =2 413 21 [X = %R3,

_ SQRT(A1% — 2 A1 — 3) — %R3 Al + A1 + 1
Y - Al ]’

_ SQRT(A1% — 2 A1 ~ 3) — A1 — 1 _
X = - 4 Al Y =

3 SQRT(A1l — 3) SQRT{Al + 1) — 3 Al — 3]
4 Al ’

I



X = SQRT(A1% ~ 2 A1 — 3) + Al + 1

4 Al

QRT(A1 + 1) + 3 Al + 3

3 SQRT(A1 — 3) S

(C9)

4 Al
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