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ABSTRACT 

A gain and electric ( E )  field radiation pattern approximation can be 
used to avoid the complex mathematics and computation methods typically 
required to calculate the gain and E field radiation pattern of  the E- 
plane horn antenna. Using conventional techniques, the calculation of 
these antenna parameters involves solving the Fresnel integrals and the 
use of numerical integration. With the approximation model developed 
by the author, an estimate of the gain and E-plane radiation pattern 
can be determined using simple trigonometric terms. 

The criterion used to evaluate the accuracy of the approximations was 
that the approximated values fall within 3 dB of the calculated values. 
Under this criterion, the results showed that the gain approximation 
holds for a flare angle of less than 10" for typical antenna dimensions 
and the E field radiation pattern approximation holds until the 
antenna's phase error approaches 60". 
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1. INTRODUCTION 

1.1 OBJECTIVE 

The objective was to derive a gain and electric (E) field radiation 
pattern approximation for the E-plane horn antenna that could be used 
to avoid the complex mathematics and computation methods typically 
involved in calculating the gain and radiation pattern. Of course, as 
with other engineering approximations, there are limitations to their 
use that have to be recognized. The gain and E field radiation pattern 
of the E-plane horn antenna are a function of its physical dimensions, 
and these will govern the limitations of the approximations. The 
criterion used to evaluate the approximations was that the approximated 
values fall within 3 dB o f  the calculated values. 

1.2 BACKGROUND 

In general, the electromagnetic horn antenna is a simple aperture 
antenna used to provide a smooth transition for a wave traveling from a 
waveguide into free space. The dimensions of the waveguide are usually 
chosen to allow the propagation of one dominant mode, and the horn 
antenna will support only that mode by acting as a filter for other 
modes that might be excited in the transition. The horn antenna is 
popular in the microwave frequency range above 1 GHz and has the 
advantages of high gain, relatively wide bandwidth, and easy 
construction. However, a disadvantage is that the calculations for 
determining the gain and radiation patterns are mathematically rigorous 
and involve solving the Fresnel integral and performing numerical 
integration that may require using a computer. 

1 . 3  DESCRIPTION OF E-PLANE HORN ANTENNA 

The E-plane horn antenna is one of the basic types of horn antennas and 
is shown in Fig. 1.1. It is formed by flaring the waveguide in the E -  
plane, the y-z plane of  the antenna's aperture. The horizontal 
dimension o f  the aperture is the same as the width of the original 
waveguide, and the vertical dimension is much greater than the height 
of the original waveguide. 

A closer look at the E field and the magnetic (H) field in the E-plane 
horn antenna is shown in F i g .  1.2. The wave front is cylindrical, and 
the fields across the aperture are essentially an expanded version of 
the waveguide fields. 

1 
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F i g .  1 . 1 . T h e  E-p lane  horn antenna. 
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F i g .  1.2. E and H f i e l d s  in the E-plane  ho rn  antlenna 



2. GAIN AND RADIATION PATTERNS 

2.1 APERTURE DISTRIBUTION 

Knowledge of  electromagnetic horn antenna theory has been around since 
the 1930s, and derivations of the gain and radiation patterns of the 
E-plane horn antenna are well documented.1*2~3~4 
E-plane horn antenna in the direction of the vertical flare is shown in 
Fig. 2.1. With the flare, the waves do not arrive at all points in the 
aperture at the same time, and therefore they form a cylindrical wave 
front with a phase error. 

The geometry of the 

In Fig. 2.1, the length of  the antenna flare and the angle of  the flare 
are represented by R and a, respectively. The phase error is 
represented by 6 ( Y s ) ,  since it varies along the y axis, and can be 
expressed as 

KYS2 
6(Y,) = - 

2 1  ’ 

where the phase constant is a function of wavelength, A ,  and is 
expressed as 

2n K - -  x 

The aperture distribution for the E-plane horn antenna is 

and, by substituting Eq. (2.1) into Eq. ( 2 . 3 ) ,  can be expressed as 

( 2 . 4 )  

where Eo is the distribution across a uniformly illuminated aperture. 

2.2 GAIN 

Antenna gain is the ratio o f  the maximum power density and the average 
power density in an antenna; that is, 

The maximum power density is 

3 
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Fig. 2.1. Geometry of E-plane horn antenna. 

b 

where the area o f  the aperture is designated as S with a differential 
area element d S ,  r ]  is the intrinsic impedance o f  the medium, and r is 
the spheri-cal coordinate indicating the distance to t h e  point of 
observation. The average power density is the total radiated power f o r  
the area of  a sphere, 47rr2. 
power density can be expressed as 

The total radiated power and the average 

and 

( 2 . 7 )  

The terms in E q .  (2.5) can be replaced by E q s .  (2.6) and (2.8) so that 
the gain becomes 
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For the aperture distribution of the E-plane horn antenna given in 
E q .  ( 2 . 4 )  and the phase constant in E q .  ( 2 . 2 ) ,  the gain is calculated 
to be 

(2.10) 

where 

(2.11) 

and C ( p )  and S ( p )  are Fresnel integrals. Another way of expressing the 
gain is with dimensions given in terms of  the wavelength, and 
Eq. (2.10) thus becomes 

(2.12) 

2 .3  RADIATION PATTERNS 

The radiation patterns represent the radiating properties in the far 
f i e l d  of an antenna and are a function of the direction f rom the 
antenna. They are the relative intensities o f  the E and H fields 
normalized to their maximum intensities. 

The E field in the E-plane o f  a rectangular aperture i s  

dS 
j K s  inOY, - j R r  

X r  
e E, = j - cos2 (2.13) 

For the aperture distribution given in E q .  ( 2 . 4 ) ,  E q .  (2.13) can be 
expressed as 

- j K r  
( 2 . 1 4 )  

jK(sinf3Ys - Y;/Zl) 
cos2 2a r b e  dYS 

e 
E, = j E ,  7 
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The integral in E q .  (2.14) has no closed form and has to be evaluated 
by numerical means. Using numerical integration, the integral will 
take the form o f  

jK(sin8YS - 
r b e  

YG’2R) dYs = 2b F(Kbsine,S) , (2.15) 

where F(Kbsin@,6) is the relative E field radiation pattern for the 
E-plane horn antenna. A graphical representation of F(KbsinO,G), as a 
function of  phase error and the direction from the antenna, is shown in 
Fig. 2.2. 

The H field in the E-plane of a rectangular aperture i s  

- jKr 
H,=j- dS . j Ks inex, cos2 9 JJ E,(Xs,Ys) e 

e 
Xr 2 s  

(2.16) 

By substituting the aperture distribution in E q .  (2.4), the H field can 
be expressed as 

C ( p )  -jS(p) cos(Kasin0) , ( 2 . 1 7 )  
e - jKr 

cos2 - 4ab 2 HE = j  - E o -  
e 2 

?r Xr 2 
P 1 - (- KasinO)2 

R 

where 

Thus, the relative H field pattern is 

cos(Kasin0) 

1 - (- Kasin0)’ 2 F(KasinO) = 

lr 

( 2 . 1 8 )  

Figure 2.3 is a graphical representation of the relative H field 
radiation pattern as a function of the direction from the antenna. 
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Fig. 2.2. Relative E f i e l d  radiation pattern 



3. GAIN APPROXIMATION 

3.1 ACTTIAT, GAIN 

Gain is the increase in the power radiated by the E-plane horn antenna 
in a given direction over the power radiated by a lossless isotropic 
antenna emitting the same total power. It is expressed as the ratio o f  
the maximum power density and the average power density and is 
independent o f  the actual power levels. The gain o f  the E-plane horn 
antenna was derived in Sect. 2, where it was expressed as 

with 

p = d T T b  2 . 

(2.12) 

(2.11) 

3.2 APPROACH TO GAIN APPROXIMATION 

An approach to approximating the gain can be the ratio of  the power 
radiated by the E-plane horn antenna (P,) to the power radiated by a 
lossless isotropic antenna (PI); that is, 

with a linear approximation of  the E-plane horn antenna wave front 
being used to estimate P,. The ratio of PI and P, can be derived by 
letting the magnitude of the E field strength from the isotropic 
antenna ( E I )  equal the magnitude o f  the E field strength from the 
E-plane horn antenna (EE) ; that is, 

I E1 I = I E, I 
3 . 3  MAGNITUDE OF E FIELD FROM ISOTROPIC ANTENNA 

For the isotropic antenna, the power density (E’,,) can be used to 
relate PI and E ,  since 

(3.2) 

2 

8 
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and 

By setting the power density terms equal, 

and E, can be expressed as 

.- 

( 3 . 4 )  

( 3 . 5 )  

If the intrinsic impedance is replaced by r] = 1207r = 377 for the far 
field, 

m 
E,=---- , 

r 

The E field radiation pattern for an isotropic antenna is also 
isotropic, so 

I E1 r 

( 3 . 7 )  

( 3 . 8 )  

3 . 4  LINEAR APPROXIMATION OF WAVE FRONT FROM E-PLANE HORN ANTENNA 

Figure 3.1 shows a linear approximation of  the E-plane horn antenna 
wave front. The linear approximation will divide the wave front and 
the antenna into two sections with each acting as an independent horn 
antenna. With the linear approximation, the vertical dimensiDn b can 
be replaced by 

The phase error is zero, 
antenna is approximately 

b d = -  . 
COSCY 

and the angular direction away 
the angle of  the antenna flare 

( 3 . 9 )  

from the 



10 

Fig. 3.1. Geometry of  linear approximation. 

3.5 MAGNITUDE OF E FIELD FROM E-PLANE HORN ANTENNA 

The E field at the aperture opening was given in Sect. 2 arid was 
expressed as 

With the linear approximation, the aperture distribution is 

E,(Xs*Ys) = Eo I 

(2.13) 

(3.10) 

and the E field is 

By solving the integrals in E q .  (3.11), the E field can be expressed as 
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- j R r  

Xr (3.12) I -  e a d sin(K d/2 sina) [ K d/2 s i n a  
E, = 2J - cos2 Eo 2a 

Also, if the d term is replaced by its value in E q .  (3.9), the E field 
becomes 

(3.13) 
2 ab -j Kr 

Xr 
e a 

s ina 
7 Eo cOSa E, = 2j ~ cosz 

2cosa 

or 

-jKr 

Xr 
e a 2ab sin(K b/2 tana) [ K b/2 tanm cos2 3 Eo E, = 2j - (3.14) 

So, from the E field in E q .  (3.14), i t s  magnitude can be expressed as 

1 a sin(K b/2 tana) 
2 [ K b/2 tana 

4ab 
Eo cos2 

However, the magnitude of  E, is not expressed in terms 
power density of one section of  the antenna ( P o E )  will 
to relate E, and P, ; that is, 

and 

2 

By setting the power density terms equal, 

2 
EO PE / 2  

- - -  
q 2ab/cosa ' 

and the uniformly illuminated aperture distribution is 

( 3 . 1 5 )  

of P E ,  and the 
have to be used 

(3.16) 

( 3 . 1 7 )  

(3.18) 

(3.19) 
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If the intrinsic impedance q = 1207r = 377 is substituted, 

Eo = d"". :::hCosa (3 .20 )  

Subsequentl.y, the substitution of Eq. (3 .20 )  into Eq. ( 3 . 1 5 )  will yield 

] . ( 3 . 2 1 )  
sin(K b/2 tanu) 

K b/2 tana 

60x P, cosa 
--. cos2 - 

2 ab 2 
4ab 

3 . 6  GAIN APPROXIMATION USING E FIELD MAGNITUDES 

With the magnitude of  the E field from the E-plane horn antenna in 
E q .  (3.21) and the magnitude of the E field from the lossless isotropic 
antenna in E q .  ( 3 . 8 ) ,  the equality set forth in Eq. ( 3 . 2 )  can be 
completed and will yield 

] . (3 .22 )  
sin(K b/2 tana) 

- = =  
K b/2 tana 

6 0 ~  P, cosa 
cos2 - 

r Xr cosa 2 ab 2 
4ab 30 PI 

By squaring both sides of Eq. ( 3 . 2 2 ) ,  manipulating the terms, and 
substituti.ng the value of the phase constant K, the ratio o f  PI and P, 
and in turn the approximated gain becomes 

(3 .23)  
sin(x b/X tana) 

PE cosa T b/X tana -1 . 
PI 

G '  = - = 16x a/X b/X -_I__ 

3 . 7  COMPARISON OF ACTUAL GAIN AND APPROXIMATED GAIN 

Comparisons of the actual gain and the derived gain approximation are 
shown on subsequent pages for variations in the b/X and a dimensions of 
the antenna. More specifically, comparisons o f  the gains are shown 
where the flare angle a is varying with a horizontal aperture dimension 
of a / X  = 0.5 and a vertical aperture dimension o f  b/X = 2 and b/X = 3 ,  
respectively. It should also be kept in mind that a variation in the 
flare angle will also mean a variation in the length 1 o f  the ant, anna . 
Also, comparisons ase shown where the vertical aperture dimension b/X 
is varying with the same horizontal aperture dimension o f  a/A - 0.5 and 
an angle flare of a = 2 " ,  a = S o ,  a = lo", and a - 15" respectively. 
Tables 3.1 through 3 . 6  show the comparisons in a tabular form, and 
Fig. 3 . 2  through 3.7 illustrate the corresponding graphical 
r epr e s cn t-a t i ons . 
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Table 3 . 1 .  Actua l  gain vs approximated gain-- 
a/A = 0.5, b/X = 2 ,  a = 1 t o  20" 

a("> G G(dB) G' G ' ( d B )  G '/G G ' /G (dB) 

50.19 
5 0 . 0 1  
4 9 . 7 0  
4 9 . 3 1  
48.90 

1 7 . 0 1  
16.99 
16 .96  
1 6 . 9 3  
16.89 

50.06 
49.46 
48.47 
47.10 
45.38 

16 .99  
1 6 . 9 4  
16 .85  
1 6 . 7 3  
16 .57  

0 .998  
0.989 
0 , 9 7 5  
0 , 9 5 5  
0.928 

- 0 . 0 2  
- 0 . 0 5  
- 0 . 1 1  
- 0 . 2 0  
- 0 . 3 2  

6 
7 
8 
9 

1 0  

48.19 
47.68 
46.72 
46.02 
44.92 

1 6 . 8 3  
16 .78  
1 6 . 7 0  
16 .63  
16.52 

43.34 
4 1 . 0 1  
38.43 
35 ,65  
3 2 . 7 1  

16 .37  
16 .13  
15 .85  
15.52 
1 5 . 1 5  

0.899 
0.860 
0 .823  
0 .775  
0 . 7 2 8  

- 0 . 4 6  
- 0 . 6 5  
- 0 . 8 5  
- 1.. 11 
- 1 . 3 7  

11 
12 
1 3  
1 4  
1 5  

43.97 
42.94 
4 1  ~ 66 
40.62 
39.33 

16 .43  
16 .33  
16.20 
16.09 
1 5 . 9 5  

29.66 
26.55 
23.44 
20.37 
17 .40  

14.72 
1 4 . 2 4  
13 .70  
13.09 
1 2 . 4 1  

0 . 6 7 5  
0 , 6 1 8  
0.563 
0 .502  
0 .442  

- 1 . 7 1  
- 2 . 0 9  
- 2 . 5 0  
- 3 . 0 0  
- 3 . 5 4  

1 6  
1 7  
1 8  
1 9  
20 

37 .94  
36.77 
35.45 
33.93 
32.62 

15 .79  
15 .65  
15 .50  
1 5 . 3 1  
1 5 . 1 3  

14.56 
1 1 . 9 1  

9 .47  
7.29 
5 . 3 8  

1 1 . 6 3  
1 0 . 7 6  

9.76 
8 . 6 3  
7.31 

0.384 
0 .324  
0.267 
0 .215  
0 .165  

- 4 . 1 6  
- 4 . 8 9  
-5 .74  
- 6 . 6 8  
-7.82 
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Table 3 . 2 .  Actual gain vs approximated gain-- 
a/X = 0 . 5 ,  b/X = 3 ,  Q = 1 t o  20" 

a(") G G(dB) G' G' (dB) G ' / G  G ' / G  (dB) 

6 
7 
8 
9 

10 

11 
12. 
1 3  
1 4  
15 

16 
17 
1 8  
19 
20 

75.16 
74.55 
73.60 
72.29 
70 .73  

69.02 
66.57 
64 .31  
61.56 
58.77 

55.76 
52.75 
49 .45  
46 .55  
42.99 

40.03 
36.75 
33.63 
30.97 
27.88 

18.76 
18.72 
18.67 
18.59 
18 .50  

1 8 . 3 9  
1 8 . 2 3  
18 .08  
17 .89  
17.69 

17 .46  
17.22 
16 .94  
1 6 . 6 8  
16 .33  

16.02 
15.65 
15.27 
1 4 . 9 1  
14.45 

74.72 
72.70 
69 .43  
65 .04  
59 .71  

53.65 
47 .08  
40.28 
33.47 
26.91. 

20.80 
15.32. 
10 .63  

6 .79  
3 .85  

1 . 8 0  
0 . 5 6  
0 . 0 4  
0.09 
0 .55  

1 8 . 7 3  0.994 
18 .62  0 .975  
18 .42  0.943 
18.1.3 0 .900  
17 .76  0 . 8 4 4  

1 7 . 3 0  0.777 
1 6 . 7 3  0.707 
1 6 . 0 5  0.626 
1 5 . 2 5  0.544 
14 .30  0 .458  

1 3 . 1 8  0 . 3 7 3  
1 1 . 8 5  0.290 
10.27 0.215 

8 . 3 2  0.146 
5 .85  0 . 0 9 0  

2.55 0 .045  
- 2.52 0.015 
- 1 4 . 0 1  0 .001  
- 10.46  0 .003  
- 2.60  0.020 

- 0 . 0 3  
- 0.10  
- 0 . 2 5  
- 0.46  
- 0 . 7 4  

- 1 . 0 9  
- 1 . 5 0  
- 2 . 0 3  
- 2 . 6 4  
- 3.39  

- 4.28  
- 5 . 3 7  
- 6 . 6 7  
- 8 . 3 6  
-10 .48  

-13 .47  
-18.17 
-29.28 
-25.37 
- 1 7 . 0 5  
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Table 3 . 3 .  Actua l  g a i n  vs approximated g a i n - -  
a / X  = 0 . 5 ,  a = 2 " ,  b/X = 0 . 5  t o  6 . 0  

b/X G G(dB) G'  G'  (dB) G ' / G  G ' / G  ( d B  ) 

0 . 5  
1 . 0  
1 . 5  
2 . 0  
2 . 5  
3 . 0  

3 . 5  
4 . 0  
4 . 5  
5 . 0  
5 . 5  
6 . 0  

1 2 . 5 6  10 .99  
25.09 14 .00  
37.58 15 .75  
50.01 16.99 
62.35 17 .95  
74.55 18 .72  

86.79 19 .38  
9 8 . 6 1  1 9 . 9 4  

110.40 20.43 
122.24 20.87 
133.49 21.25 
144 .56  21.60 

1 2 . 5 5  1 0 . 9 9  0.999 
25 .03  13 .98  0.998 
37.36 15 .72  0.994 
49.46 1 6 . 9 4  0.989 
61.26 17.87 0 .983  
72.70 18.62 0 .975  

83.70 1 9 . 2 3  0.964 
9 4 . 2 1  19 .74  0.955 

104 .16  20.18 0.943 
113.49 20.55 0.928 
122.17 20.87 0 . 9 1 5  
130.13 21.14 0.900 

-0.00 
- 0 . 0 2  
- 0 . 0 3  
-0.05 
-0 I 08 
-0 .10  

- 0 . 1 5  
- 0 . 2 0  
- 0 . 2 5  
- 0 . 3 2  
- 0 . 3 8  
-0 .46 

Table  3 . 4 .  Actual g a i n  vs approximated g a i n - -  
a/A = 0 . 5 ,  Q = 5 " ,  b/X = 0 . 5  to 6 . 0  

G G(dB)  G '  G '  (dB) G ' / G  G ' / G  (dB) b/X 

0 . 5  
1 . 0  
1 . 5  
2 . 0  
2 . 5  
3 . 0  

3 . 5  
4 . 0  
4 . 5  
5 . 0  
5 . 5  
6 . 0  

1 2 . 5 4  1 0 . 9 8  
24.94 13.97 
37.09 15.69 
48.90 16.89 
60.05 17.79 
70.73 18 .50  

80.78 19 .07  
89.76 19 .53  
98.36 1 9 . 9 3  

105.39 20.23 
112 .05  20.49 
117.27 20.69 

12 .49  
24.50 
35.60 
45.38 
53 .50  
59 .71  

63 .85  
65.86 
65.78 
63.75 
59.98 
54.77 

10 .97  
13 .89  
1 5 . 5 1  
16.57 
17.28 
17.76 

1 8 . 0 5  
1 8 . 1 9  
1 8 . 1 8  
18 .04  
1 7 . 7 8  
17 .39  

0 . 9 9 5  
0 .983  
0.960 
0.928 
0 . 8 9 1  
0 .844  

0.790 
0.734 
0.669 
0.605 
0 .535  
0.467 

-0 .01  
-0 .08  
-0 .18  
- 0 . 3 2  
- 0 . 5 1  
- 0 . 7 4  

-1 .02  
- 1 . 3 4  
- 1 . 7 5  
- 2 . 1 9  
- 2 . 7 1  
-3 .30  
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Table 3 . 5 .  Actua l  g a i n  vs approximated g a i n - -  
a/X = 0 . 5 ,  a = l o " ,  b/X = 0 . 5  t o  6 . 0  

b/X G G(dB) G' G'(dB) G'/G G ' / G  ( d B )  

0 . 5  1 2 . 4 7  10.96 12 .25  10 .88  
1 . 0  24.45 13 .88  22.65 1 3 . 5 5  
1 . 5  35.39 1 5 . 4 9  29.75 14 .73  
2 . 0  44.92 16.52 3 2 . 7 1  15 .15  
2 . 5  52.77 17 .22  31.52 14.99 
3 . 0  58.77 1.7 .69 26 .91  14 .30  

3 . 5  62 .94  17.99 20.18 13 .05  
4 . 0  64.46 18.09 1 2 . 8 9  1 1 . 1 0  
4 . 5  64.00 18.06 6.49 8.12 
5 . 0  62.26 1 7 . 9 4  2.07 3 .16  
5 . 5  58 .81  1 7 . 6 9  0 .11  -9 .59  
6 . 0  53.95 17.32 0.49 - 3 . 1 0  

0.982 
0.926 
0 . 8 4 1  
0 .728  
0.597 
0.458 

0 .321  
0.200 
0 . 1 0 1  
0.033 
0 .002  
0.009 

- 0.08  
- 0 . 3 3  
- 0.76 
- 1 . 3 7  
- 2.23 
- 3 . 3 9  

- 4 . 9 4  
- 6.99 
- 9 . 9 4  
- 1 4  .7 8 
-27.28 
-20 .42  

Table 3 . 6 .  Actual ga in  vs approxi.mated g a i n - -  
a / X  = 0 . 5 ,  a = 1 5 ,  b/X = 0 . 5  t o  6 . 0  

b/X G ( d B )  G' G' (dB) G'/G G'/G(dB) 

0 . 5  12.37 10 .92  
1 . 0  23 .61  1 3 . 7 3  
1 . 5  32.86 1 5 . 1 7  
2 . 0  39.33 1 5 . 9 5  
2 . 5  42 .63  1 6 . 3 0  
3 . 0  42 .99  1 6 . 3 3  

3 . 5  40 .71  1 6 . 1 0  
4 . 0  36.47 15 .62  
4 . 5  31 .11  14 .93  
5 . 0  25.48 14 .06  
5 . 5  20.33 1 3 . 0 8  
6 . 0  16.70 1 2 . 2 3  

1 1 . 8 4  
1 9 . 7 1  
21.41 
17.40  
10 .39  

3 .85  

0 .35  
0 . 4 8  
2.92 
5.48 
6.38 
5 . 1 8  

10 .73  0.957 
12 .95  0 .835  
1 3 . 3 1  0 .651  
1 2 . 4 1  0.442 
1 0 . 1 7  0 .244  

5 .86  0 .090  

-4 .56  0.009 
- 3 . 1 9  0 . 0 1 3  
4 .65  0.094 
7.39 0.215 
8 .05  0 .314  
7 . 1 4  0 . 3 1 0  

- 0.19  
- 0 . 7 8  
- 1 . 8 6  
- 3 . 5 4  
- 6 . 1 3  
-10.47 

-20.66 
- 1 8 . 8 1  
- 1 0 . 2 8  
- 6 . 6 7  
- 5 . 0 3  
- 5.09  
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4 .  RADIATION PATTERN APPROXIMATION 

4 . 1  ACTUAL RADIATION PATTERN 

As shown in Eq. (2.18), the H field radiation pattern in the E-plane is 
rather simple to calculate, making it unnecessary to use an 
approximation to derive it. However, the E field radiation pattern in 
the E-plane is more coinplex and requires the use of numerical 
integration for its evaluation. The actual E field radiation pattern 
can be expressed as 

2 
jK(sinQYs - Ys/21) dYs . F(Kbsin0,G) = - ( 4 . 1 )  

The pattern of the E-plane horn antenna is shown in Fig. 4.1, and the 
relative E field radiation pattern, as a function of direction and 
phase error, has been previously shown in Fig. 2 . 2 .  

h . 2  APPROACH TO RADIATION PATTERN APPROXIMATION 

An approach to approximating the E field radiation pattern can be 
similar to the one used f o r  the gain approximation in the sense that 
the antenna will again be divided into two sections with each acting as 
an independent antenna. Figure 4 .2  shows the geometry o f  each section 
and its associated pattern. An estimate of  the total. radiation pattern 
wi.11 encompass a combination of the individual radiation patterns 
related by the angles of direction B'and 0 " .  

h . 3  APPROXIMATION OF E-PLANE RADIATION PATTERN 

A n  approximation of the E-plane radiation pattern will involve the 
radiation pattzrns of the individual sections which can be expressed as 

sin (KbsinB') 
KbsinQ' F(Kbsin8') = 

and 

sin (KbsinQ") 
KbsinO" F(Kbsinf3") = 

( 4 . 2 )  

( 4 . 3 )  

The radiation patterns in Eqs. ( 4 . 2 )  and ( h . 3 )  are the patterns for the 
E-plane radi-ation from a rectangular aperture. From Fig. 4 . 2 ,  the 
angles 0'  and 63'' are related to the original angle of  direction 8 and 
the flare angle a of the E-plane horn antenna by 

20 
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I 

Fig. 4.1. E-plane horn antenna pattern. 

J, 
i' 

Fig. 4 . 2 .  Geometry of E-plane radiation pattern approximation. 
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( 4 . 4 )  

and 

a € + “ = - + e  . ( 4 . 5 )  2 

The E-plane radiation pattern approximation w i l l  combine Eqs. ( 4 . 2 )  and 
( 4 . 3 )  and can be expressed as 

sin(Kbsin@‘) ,- sin(Kbsin8”) 
Kbs in0 ‘ Kb s i n0 ” 

F’(KbsinQ) = - 2 

The final expression i.n E q .  ( 4 . 6 )  is actually only half 
the radiation patterns of the two sections because of the over]-ap 
between them. 

( 4 . 6 )  

of the sum of  

4 . 4  COMPARISON OF ACTUAL AND APPROXIMATED R A D I A T I O N  PATTERN 

Comparisons of  the actual E field radiation pattern and the 
approximated radiation pattern are shown in Tables 4 . 1  through 4 . 6  f o r  
various val.ues of the maximum phase error. The actual and approximated 
radiation pattern values are specified as F(Kbsin0) and F’(KbsinQ), 
respectively. Figures 4 . 3  through 4 . 8  are the corresponding graphical 
representati-ons of Tables 4.1 through 4 . 6 .  
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Table 4 . 1 .  Actua l  v s  approximated r a d i a t i o n  p a t t e r n - -  
m a x i m u m  phase error - 0" 

Kbs i n @  F(KbsinC3) F ' (KbsinQ) R a t i o  F.atio(dB) 

0.000 
0 . 3 3 0  
0 . 6 6 0  
0 . 9 8 9  
1 . 3 1 8  

1 . 6 4 7  
1 . 9 7 6  
2 . 3 0 3  
2 . 6 3 0  
2 . 9 5 7  

3 . 1 4 1  
3 . 2 8 2  
3 . 6 0 6  
3 . 9 2 9  
4 . 2 5 1  

4 . 5 7 2  
4 . 9 8 1  
5 . 2 0 9  
5 . 5 2 5  
5 . 8 4 0  

6 . 1 5 3  
6 . 2 8 3  
6 . 4 6 3  
6 . 7 7 2  
7 . 0 7 9  

7 . 3 8 4  
7 . 6 8 6  
7 . 9 8 6  
8 . 2 8 4  
8.579 

8 . 8 7 1  
9 . 1 6 1  

1.000 
0 . 9 8 2  
0 . 9 2 9  
0 . 8 4 5  
0 . 7 3 4  

0 . 6 0 5  
0 . 4 6 5  
0 . 3 2 3  
0.186 
0 . 0 6 2  

0 .000  
0 . 0 4 3  
0 . 1 2 4  
0 . 1 8 0  
0 . 2 1 1  

0 . 2 1 6  
0 . 2 0 1  
0 . 1 6 9  
0 . 1 2 4  
0 .073  

0 .021  
0.000 
0 . 0 2 8  
0 . 0 6 9  
0.101 

0.121 
0 . 1 2 8  
0 . 1 2 4  
0 . 1 0 9  
0.087 

0 . 0 5 9  
0 . 0 2 8  

1 .000  
0 . 9 8 2  
0 . 9 2 9  
0 . 8 4 5  
0 . 7 3 4  

0 . 6 0 5  
0 . 4 6 5  
0 . 3 2 3  
0.186 
0 . 0 6 2  

0 .000 
0 . 0 4 3  
0 . 1 2 4  
0 . 1 8 0  
0 . 2 1 1  

0 . 2 1 7  
0 . 2 0 1  
0 . 1 6 9  
0 . 1 2 4  
0 . 0 7 3  

0 . 0 2 1  
0 .000 
0 .028 
0 , 0 6 9  
0.101 

0 . 1 2 1  
0 . 1 2 8  
0 . 1 2 4  
0 .110 
0 .087  

0 . 0 5 9  
0 .028 

1.000 
1.000 
1.000 
1.000 
1.000 

1.000 
1.000 
1.000 
1.000 
1.000 

1.000 
1.000 
1.000 
1 .001  
1 .001  

1 .001  
1.001 
1.001 
1.001 
1.001 

1.001 
1.000 
1 . 0 0 1  
1.002 
1 . 0 0 2  

1 . 0 0 2  
1 . 0 0 2  
1 . 0 0 2  
1.002 
1.002 

1 . 0 0 3  
1 . 0 0 3  

0.000 
0.000 
0.000 
0.000 
0.000 

0 .000  
0 . 0 0 1  
0 . 0 0 1  
0.001 
0 . 0 0 1  

0.000 
0.001 
0.002 
0 . 0 0 2  
0 . 0 0 3  

0 . 0 0 3  
0 . 0 0 3  
0.004 
0 . 0 0 4  
0 .005  

0.005 
0 .000 
0 .006 
0 , 0 0 7  
0 . 0 0 7  

0 ~ 008 
0.009 
0 . 0 0 9  
0 . 0 1 0  
0.011 

0.011 
0 . 0 1 2  
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Table 4 . 2 .  Actual  vs approximated radiation pattern-- 
maximum phase error = 15" 

Kbsin9 F(Kbsin0) F ' (Kbs in0) Ratio Rat io ( d B )  

0.000 
0 .330  
0.660 
0.989 
1 . 3 1 8  

0.997 
0.979 
0 .926  
0.842 
0.733 

0.989 
0 . 9 7 1  
0.919 
0 .836  
0.728 

0.992 
0.992 
0 .992  
0.993 
0 . 9 9 4  

0.037 
0.036 
0.034 
0 . 0 3 1  
0 .026  

1.6(+7 
1 . 9 7 6  
2 .303  
2.630 
2.957 

0.605 
0.466 
0.325 
0 .192  
0.082 

0.602 
0 .465  
0 .325  
0 .190  
0.068 

0.996 
0.997 
0 .998  
0.989 
0.837 

0.015 
0.012 
0.009 
0.050 
0 .773  

3.282 
3.606 
3.929 
4 . 2 5 1  
4.572 

0.068 
0 .134  
0.186 
0 .214  
0.219 

0 .035  
0 .116  
0.172 
0 .203  
0 .210  

0.519 
0 .866  
0.925 
0.946 
0.958 

2.852 
0 . 6 2 4  
0.338 
0.239 
0.189 

4 .891  
5.209 
5 .525  
5.840 
6 .153  

0 .203  
0.170 
0 . 1 2 6  
0.075 
0.025 

0.196 
0.165 
0.122 
0 .073  
0.022 

0 .965  
0 .970  
0 .975  
0 , 9 7 6  
0.887 

0 .156  
0.132 
0.112 
0.104 
0 .520  

6 .463  
6 .772  
7.079 
7.384 
7.686 

0 . 0 3 1  
0 . 0 7 1  
0.102 
0 . 1 2 1  
0.129 

0.025 
0.066 
0.097 
0.117 
0.125 

0.825 
0.937 
0.956 
0.964 
0 .968  

0.834 
0.284 
0.197 
0 . 1 6 1  
0.140 

7.986 
8 .284  
8 .579  
8 . 8 7 1  
9 . 1 6 1  

0.124 
0.110 
0.087 
0 .060  
0.029 

0 .121  
0.107 
0.086 
0.058 
0.028 

0.972 
0 .975  
0 .978  
0 . 9 8 1  
0.979 

0 .124  
0 .110  
0.096 
0.083 
0.093 
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Table  4 . 3 .  Actual vs approximated radiation p a t t e r n - -  
maximum phase e r ror  = 30" 

Kb s in63 F(Kbsint3) F' (Kbsin9) Ratio Ratio (dR) 

0.000 
0.330 
0 .660  
0.989 
1 .318  

1.647 
1 .976  
2.303 
2.630 
2.957 

3.282 
3.606 
3.929 
4 . 2 5 1  
4.572 

4 . 8 9 1  
5.209 
5.525 
5.840 
6.153 

6.463 
6 . 7 7 2  
7.079 
7.384 
7.686 

7.986 
8 . 2 8 4  
8.579 
8 . 8 7 1  
9 .161  

0 .988  
0 .970  
0.918 
0.836 
0 .728  

0.602 
0.467 
0.333 
0.210 
0.122 

0.114 
0 .160  
0.203 
0.226 
0.227 

0.209 
0.174 
0.129 
0.079 
0 .035  

0.039 
0.075 
0 .105  
0 . 1 2 4  
0 . 1 3 1  

0.126 
0 .111  
0.089 
0 .061  
0 .031  

0.955 
0.938 
0 ,890  
0.812 
0 . 7 1 1  

0.592 
0.462 
0.330 
0.202 
0.086 

0.014 
0.092 
0.148 
0 .180  
0.190 

0 .180  
0.154 
0.116 
0.072 
0.025 

0.019 
0.057 
0.086 
0.105 
0.114 

0.111 
0 a 100 
0.080 
0.056 
0.028 

0.967 
0.967 
0 .969  
0 .972  
0.976 

0.982 
0 .989  
0 . 9 9 1  
0.962 
0 . 7 0 3  

0.119 
0.576 
0.730 
0.798 
0.836 

0 . 8 6 1  
0 . 8 8 1  
0.898 
0.906 
0.730 

0.479 
0 .760  
0 . 8 2 4  
0.853 
0.870 

0.884 
0 .895  
0.906 
0 . 9 1 8  
0 .913  

0.148 
0.145 
0.137 
0 .124  
0.104 

0.079 
0.050 
0 .038  
0.167 
1 . 5 3 0  

9.260 
2 .394  
1.366 
0 . 9 8 1  
0.779 

0.648 
0.549 
0.467 
0.430 
1.364 

3.194 
1 . 1 9 4  
0.840 
0.691 
0 .. 602 

0.537 
0 . 4 8 1  
0.427 
0 .374  
0.398 
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Table 4 . 4 .  Actual  vs. approximated r a d i a t i o n  p a t t e r n - -  
maximum phase e r r o r  = 60" 

Kbs in0 F ( K b  s in0 ) F'(Kbsin0) R a t i o  Rat i o  (dB ) 

0.000 
0 .330  
0.660 
0 .989  
1 .318  

0.950 
0 .933  
0.885 
0 .808  
0 .708  

0 .826  
0.813 
0.777 
0.719 
0.642 

0.869 
0 . 8 7 1  
0.878 
0.890 
0.90.7 

0.609 
0 .598  
0.564 
0.507 
0.425 

1 . 6 4 7  
1.976 
2.303 
2.630 
2.957 

0.594 
0.474 
0.360 
0.269 
0.218 

0 .551  
0.452 
0.349 
0.247 
0.152 

0.929 
0.953 
0 .967  
0.918 
0.698 

0 .320  
0.207 
0 .146  
0 .370  
1 .564  

3.282 
3.606 
3.929 
4 . 2 5 1  
4.572 

0.214 
0.236 
0.257 
0 .265  
0.256 

0.068 
0.002 
0.056 
0.093 
0.113 

0 .318  
0.008 
0.217 
0 .350  
0.441 

4 . 9 8 1  
20.719 

6.629 
4.562 
3.555 

4 .891  
5.209 
5.525 
5.840 
6 .153  

0.230 
0 . 1 9 1  
0.144 
0.096 
0 .063  

0.118 
0.109 
0.090 
0 .065  
0.035 

0 .511  
0 . 5 7 1  
0 . 6 2 8  
0 .671  
0.563 

2.915 
2 . 4 3 1  
2.022 
1 . 7 3 6  
2.496 

6.463 
6.772 
7.079 
7 .384  
7.686 

0.065 
0.092 
0.117 
0.133 
0.138 

0.005 
0.022 
0.046 
0.062 
0.072 

0.080 
0 .246  
0 .390  
0.468 
0.522 

10.985 
6.094 
4 .093  
3 .293  
2 .826  

7.986 
8 .284  
8.579 
8 .871  
9 .161  

0.132 
0 . 1 1 7  
0.093 
0.066 
0.038 

0.075 
0 .070  
0 .060  
0.045 
0.027 

0 .564  
0.602 
0.640 
0 . 6 8 1  
0.699 

2.489 
2.206 
1 . 9 3 7  
1 .666  
1 . 5 5 7  
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Table 4 . 5 .  Actual vs approximated radiation pa t t e rn - -  
maximum phase error = 90"  

Kbs in0 F (Kb s in@) F'  (KbsinB) Ratio Ratio(dl3)  

- 
0 .000  
0 . 3 3 0  
0 . 6 6 0  
0 . 9 8 9  
1 . 3 1 8  

1 . 6 4 7  
1 . 9 7 6  
2 . 3 0 3  
2 . 6 3 0  
2 . 9 5 7  

3 . 2 8 2  
3 . 6 0 6  
3 . 9 2 9  
4 . 2 5 1  
4 . 5 7 2  

4 . 8 9 1  
5 . 2 0 9  
5 . 5 2 5  
5 . 8 4 0  
6 . 1 5 3  

6 . 4 6 3  
6 . 7 7 2  
7 . 0 7 9  
7 . 3 8 4  
7 . 6 8 6  

7 . 9 8 6  
8 . 2 8 4  

8 . 8 7 1  
9 . 1 6 1  

a .  579 

0 . 8 8 4  
0 . 8 6 9  
0 . 8 2 7  
0 . 7 5 9  
0 . 6 7 4  

0 . 5 7 8  

0 . 4 0 0  
0 . 3 4 2  
0 . 3 1 5  

0 . 3 1 3  
0 . 3 2 1  
0 . 3 2 5  

0 . 2 9 7  

0 . 2 6 2  
0 . 2 1 7  
0 . 1 6 9  
0 . 1 2 6  
0 .100 

0 . 1 0 2  
0 . 1 2 0  
0 . 1 4 0  
0 . 1 5 2  
0 . 1 5 3  

0,145 
0 . 1 2 7  
0 . 1 0 3  
0.075 
0 . 0 5 1  

0 . 4 8 3  

0.318 

0 . 6 3 3  
0 . 6 2 6  
0 . 6 0 8  
8 . 5 7 8  
0 . 5 3 7  

0 . 4 8 8  
0 . 4 3 2  
0 . 3 7 2  
0 . 3 0 9  
0 . 2 4 6  

0 . 1 8 6  
0 . 1 3 0  
0 .080  
0 . 0 3 8  
0 . 0 0 4  

0 * 0 2 1  
0 . 0 3 8  
0 . 0 4 7  
0 . 0 4 8  
0 . 0 4 4  

0 . 0 3 5  
0 . 0 2 4  
0.011 
0 . 0 0 1  
0 . 0 1 2  

0 . 0 2 0  
0 . 0 2 6  
0 . 0 2 8  
0 . 0 2 6  
0 . 0 2 2  

0 . 7 1 6  
0 . 7 2 0  
0 . 7 3 5  
0 . 7 6 1  
0 . 7 9 7  

0 . 8 4 4  
0 . 8 9 5  
0 . 9 2 9  
0 . 9 0 4  
0 . 7 8 2  

0 . 5 9 4  
0 . 4 0 5  
0 . 2 4 6  
0 . 1 1 9  
0 . 0 1 3  

0 . 0 8 2  
0 . 1 7 5  
0 , 2 7 5  
0 . 3 8 2  
0 . 4 3 7  

0 . 3 4 4  
0 . 1 9 6  
0.079 
0 . 0 0 8  
0 . 0 7 8  

0 . 1 4 0  
0 . 2 0 1  
0 . 2 6 8  
0 . 3 4 9  
0 . 4 3 6  

1.454 
1.. 4 2 4  
1 . 3 3 5  
1.1.88 
0 . 9 8 4  

0 . 7 3 6  
0 .482  
0 , 3 1 9  
0 , 4 4 0  
1 . 0 6 9  

2 . 2 6 4  
3.930 
6 . 0 8 8  
9 . 2 5 3  

1 8 . 9 0 4  

1 0 . 8 7 3  
7 . 5 7 2  
5 . 5 9 9  
4 . 1 7 5  
3 . 5 9 7  

4 . 6 3 7  
7 . 0 8 0  

Ll.CI30 
2 0 . 8 6 8  
1 1 . 0 6 9  

8.530 
6 ~ 9 6 1  
5 . 7 1 5  
4 . 5 7 2  
3 . 6 0 9  
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Table 4 . 6 .  Actual vs approximated radiation pattern-- 
maximum phase error = 1 8 0 "  

Kbsine F(Kbsin6) F ' (Kbs in@) R a t i o  Ratio(dB) 

0 .000  
0 . 3 3 0  
0 . 6 6 0  
0 . 9 8 9  
1 . 3 1 8  

1 . 6 4 7  
1 . 9 7 6  
2 . 3 0 3  
2 . 6 3 0  
2 . 9 5 7  

3 . 2 8 2  
3 . 6 0 6  
3 . 9 2 9  
4 . 2 5 1  
4 . 5 7 2  

4 . 8 9 1  
5 . 2 0 9  
5 . 5 2 5  
5 . 8 4 0  
6 . 1 5 3  

6 . 4 6 3  
6 . 7 7 2  
7 . 0 7 9  
7 . 3 8 4  
7 . 6 8 6  

7 . 9 8 6  
8 . 2 8 4  
8 . 5 7 9  
8 . 8 7 1  
9 . 1 6 1  

0 . 4 9 2  
0 . 4 9 0  
0 . 4 8 4  
0 . 4 7 8  
0 . 4 7 5  

0 . 4 7 7  
0 . 4 8 6  
0 . 4 9 9  
0 . 5 1 3  
0 . 5 2 1  

0 . 5 2 2  
0 . 5 1 1  
0 . 4 8 8  
0 . 4 5 6  
0 . 4 1 6  

0 . 3 7 3  
0 . 3 3 5  
0 . 3 0 5  
0 . 2 8 9  
0 . 2 8 4  

0 . 2 8 5  
0 . 2 8 7  
0 . 2 8 5  
0 . 2 7 5  
0 . 2 5 7  

0 . 2 3 3  
0 . 2 0 4  
0 . 1 7 5  
0 . 1 5 1  
0 . 1 3 6  

0 . 0 1 7  
0 . 0 0 6  
0 . 0 2 6  
0 . 0 7 7  
0 . 1 4 3  

0 . 2 1 7  
0 . 2 9 3  
0 . 3 6 6  
0 . 4 3 0  
0 .  rb78 

0 . 5 0 7  
0 . 5 1 5  
0 . 5 0 2  
0 . 4 6 7  
0 . 4 1 5  

0 . 3 4 8  
0 . 2 7 1  
0 . 1 9 0  
0 . 1 0 9  
0 . 0 3 5  

0 . 0 3 0  
0 . 0 8 3  
0 . 1 2 0  
0 . 1 4 2  
0 . 1 4 9  

0 . 1 4 2  
0 . 1 2 4  
0 . 0 9 8  
0 . 0 6 6  
0 . 0 3 3  

0 . 0 3 5  
0 . 0 1 2  
0 . 0 5 5  
0 . 1 6 2  
0 . 3 0 1  

0 . 4 5 5  
0 . 6 0 4  
0 . 7 3 4  
0 . 8 3 8  
0 . 9 1 6  

0 . 9 7 2  
1 . 0 0 9  
1.027 
1 . 0 2 6  
0 . 9 9 8  

0 . 9 3 1  
0 . 8 1 0  
0 . 6 2 2  
0 . 3 7 9  
0 . 1 2 2  

0 . 1 0 7  
0 . 2 8 8  
0 . 4 2 2  
0 . 5 1 7  
0 . 5 7 9  

0 . 6 1 1  
0 . 6 0 8  
0 . 5 5 9  
0 . 4 3 9  
0 . 2 3 9  

1 4 . 5 9 0  
1 9 . 1 3 6  
1 2 . 6 2 4  

7 . 3 0 2  
5 . 2 1 7  

3 . 4 2 4  
2 . 1 9 0  
1 .343  
0 .  767 
0 . 3 8 0  

0 . 1 2 3  
0 . 0 3 8  
0 . 1 1 7  
0.111 
0.010 

0 . 3 0 9  
0 . 9 1 7  
2 . 0 6 4  
4 . 2 1 2  
9 . 1 3 1  

9 . 7 1 6  
5 . 4 0 7  
3 . 7 4 8  
2 . 8 6 9  
2 . 3 7 6  

2 . 1 4 2  
2 . 1 5 8  
2 . 5 2 9  
3 . 5 7 2  
6 . 2 0 7  
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F i g .  4 . 3 .  Actua l  vs approximated r a d i a t i o n  p a t t e r n - -  
maximum phase e r r o r  = 0 " .  
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kbs in8 

Fig. 4 . 4 .  Actua l  VS approximated r a d i a t i o n  p a t t e r n - -  
maximum phase e r r o r  = 15". 
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5 .  SUMMAKY 

A gain and E field radiation pattern approximation can be used to avoid 
the complex mathematics and computation methods typically involved in 
calculating t h e  gain and radiation pattern. A hand-held calcul.at:or can 
be used to solve the trigonometric terms in the approximations, while a 
computer may be required to calculate the Fresnel integrals in the 
actual gain equation and perform numerical integration to determine the 
actual radiation pattern. A l s o ,  when an approximation is used, it is 
important to know how w e l l  it: is working and what the limitations are. 
The criterion chosen for a good approximation for these types of power 
related equations was that the approximated values fall within 3 dB of 
the calculated values. 

For the E-plane horn antenna, the actual gain was 

with 

( 2 . 1 2 )  

and the approximated gain was 

sin(x b/X tana) 
x b/X tarla 

PI 

YE cosa G' = - = 16x a/X b/X 

(2.11) 

( 3 . 2 3 )  

Tables 3 . 1  through 3 . 6  and Figs. 3 . 2  through 3 . 7  show that when the 
flare angle of the E-plane horn antenna is less than 10" for typical 
antenna dimensions, the 3-dB criterion for the approximation is met. 
However, the correlation between the actual and approximated gain falls 
off quickly when the angle flare is 10" or greater. A flare angle l e s s  
than 10" is reasonable in the design of an antenna. 

For the E-plane horn antenna, the actual E field radiation pattern was 

2 
jK(sinQYs - Ys/2L) 

F(Kbsiri0,6) = - dYs I 

and the approximated radiation pattern was 

I '  s in ( Kb s in8 ' ) s in ( Kb s i ne" ) 
4- 

KbsinO' Kbs in@'' 
F'(Kbsin@) = - 

(4.1.) 

( 4 . 5 )  
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where 

U - 8  *'=z ( 4 * 4 )  

and 

Q 6'' - - 2 + c 3  . ( 4 . 5 )  

Tables 4.1 through 4 . 6  and Figs. 4 . 3  through 4 . 8  show that when the 
phase error is 15" or less for the antenna, the approximation cri.terion 
for the radiation pattern is met. With no phase error, the 
approximated radiation pattern is the same as the actual radiation 
pattern. Except for the regions around the multiples of ar, the 
approximated radiation pattern ho lds  up well. until the phase error is 
over 6 0 " .  
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