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ABSTRACT

Analytical and numerical stability or transport calculations for toroidal plasmas are
facilitated by using flux coordinates in which the magnetic field lines are straight. A pub-
lished method for obtaining these magnetic coordinates, or more specifically the Fonrier
components of the magnetic field in this coordinate system, has existed for a vacuum mag-
netic field. A procedure for calculating these components for a finite-g plasma equilibrium,
however, has not previously been available. (Here, 3 is the ratio of plasma pressure to
magnetic pressure.) In this report, we describe such a procedure, in which we start with an
arbitrary-3 magnetic equilibrium for which nested toroidal flux surfaces exist and obtain the
Fourier components of the magnetic field in straight-line magnetic coordinates. We describe
the various numerical procedures, referring to published documentation where needed. We
then document the codes involved and apply them to a specific toroidally nonsymmetric,
finite-3 plasma.






1 INTRODUCTION

Stability and transport calculations often require input of magnetic field components in
a straight-line magnetic coordinate system. In particular, calculations of plasma transport
coefficients for a three-dimensional (3-D), finite-3 plasma of arbitrary geometrical shape by
use of a numerical method described by Hirshman et al. [1] require such input. Specifically,
one must input spectral components of B~!, B./B?, By/B?, and /g, where (B¢, Bg) are the
covariant components and B is the magnitude of the magnetic field B in Boozer coordinates
[2] (described in Sect. 2) and where ,/g(¥) is the Jacobian; ¥, the “radial” coordinate in
magnetic flux coordinates, is the toroidal magnetic flux inside a given flux surface.

In this report, we describe a numerical method for obtaining these magnetic field spectra
in a straight-line coordinate system, starting with the real-space components B(R, ¢, Z).
Here, B is the solution of Vp = j X B and is obtained from a 3-D magnetohydrodynamic
(MHD) equilibrium code. In particular, we show how the MHD equilibrium obtained from
MOMCON [3], or its more accurate version, VMEC [4], can be used to obtain these straight-
line magnetic flux coordinates, as well as the appropriate magnetic field components in these
coordinates. These equilibrium codes output the real-space spectral components of R, Z,
and ), where A is a renormalization parameter that is used to ensure a rapidly convergent
Fourier series for the spatial coordinates (£, Z). A subroutine is then needed to calculate the
real-space components of B(R, ¢, Z) from the output of the MHD equilibrium code. Finally,
using this B(R, ¢, Z), we employ a method developed by Rome and Fowler [5] to calculate
the straight-line coordinates for this magnetic field, as well as the Fourier components of
B~1' and B~? in that coordinate system. A flow chart of the method is given here.

FLOW CHART

Specify Plasma Boundary
(from vacuum magnetic field
or output of any other MHD

equilibrium code)

Obtain Finite-b Equilibrium
VMEC

Transform to Boozer Coordinates

MAGC1

Output Fourier Components in Boozer Coordinates
-1 -2
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Section 2 reviews the method used by Boozer and his colleagues to transform to straight-
line (Boozer) coordinates and describes the code (MAGC1) to implement the calculations.
Section 3 describes the algorithm to calculate B( K, ¢, Z) from VMEC or MOMCON output.
The differences between MOMCON and VMEC are discussed, and a method for converting
MOMCON output to VMEC output is described. Section 4 discusses input/output from
MAGCI1, as well as code availability. Included with this are subsidiary codes related to
input/output. Section 5 shows a sample calculation, and Sect. 6 provides a conclusion.



2 CALCULATION OF B IN BOOZER COORDINATES

The method of Rome and Fowler is described in detail in ref. 5. However, for com-
pleteness, we will review the salient points needed to describe its application to the preseut
problem. The method calculates B(x), where x = [ B .df is the coordinate along the
magnetic field. The magnetic coordinates are defined by

B

1l

1 .
2—V'ill x V4, (contravariant) |, (1)
™

i

Vx + 8 Vo (covariant) . (2)

The coordinate 8, labels the field line and is constant along a field line, and ¥ = 271 is the
toroidal flux. These coordinates are related to the toroidally (¢) and poloidally () periodic
flux coordinates by the relations

x = g(¥)o + I(¥)8, (3)
6 = 00 + {(I/J)(f) ’ (4)

where ¢ is the rotational transform.

A requirement for successful application of the method is the accurate computation of
B(R,,Z) for any (R, ®, Z). Since the real-space Fourier components (Rmn, Zmn) of (R, Z)
are output only on a discrete set of flux surfaces by the MHD equilibrium code MOMCON
(3] or VMEC [4], a splining technique (discussed in Sect. 3) is needed to obtain (Rmn, Zmn)
on an arbitrary flux surface. To follow a field line, the components B need to be calculated
accurately. Also, the values of g(%), I(¢), and +(3) are needed, where (27 /uo)g(v) and
(27 /po)I(3)) are the total poloidal current outside and total toroidal current inside a flux
surface, respectively, in mks units. Accuracy of these gnantities can be verified in the graphic
output by observing if the positions of the peaks of the m = 0 Fourier amplitudes calculated
by MAGCI1 coincide with the toroidal harmonic points wpe = n/g-+ ¢, which are plotted on
the same output. [See, for example, Figs. 3(a) and 3(d)]. Here, wp,, is the Fourier transform
frequency resulting from Fourier decomposition along x: B(x) = 3, ;n [@nm eXP(iwpmX)]-

Since these locations depend on 8 through g, I, and +, this test is quite sensitive.

. . ‘7, . -1 )
The various poloidal and toroidal harmonics, (BBoozer)mns (Bp,oper)mn: (Bpagger)mns

( RBoozer)mns (ZBoozer)mn, and (@ — @Booger)mn, are then obtained by the method discussed
in ref. 3.



3 CALCULATION OF REAL-SPACE
COMPONENTS OF B

For finite-3 plasmas, the real-space components of B are specified by a 3-D MHD
equilibrium code, VMEC. Output from other equilibrium codes may be used; in particular,
a subsidiary code for converting MOMCON output to conform to VMEC format is included
in the discussion. Previously, output from the Chodura-Schliiter code has been used [6]. A
VMEC equilibrium is described by the set of Fourier coefficients Rmn, Zmn, and ¥'An,,
which are defined at discrete points on a radial (s) grid, with

§ = ‘I’/q’edge . (5)

(Hence, ¥' = dW¥/ds = ¥ qz..) R and Z are the cylindrical coordinates of a given flux
surface. R, Z, and ¢ are evaluated on the set of integer radial nodes s; = (7 — 1) As,
where As = 1/(N, ~ 1) and j = 1,..., N,. The quantities X, ¥’, and + are evaluated on the
half-integer grid, s;,1/2 = (8; + 8j+1)/2, as described in ref. 4.

In order to calculate (R, Z,)\) at arbitrary s, a spline fit is made to all quantities.
Because of the ¥ dependence of the odd poloidal harmonic components of R and Z near
¥ = 0, a more accurate splining can be obtained by dividing the odd-m terms by V.
However, since ¥(s = 0) = 0, (Rmn/V¥)(8 = 0) and (Znn/V¥)(s = 0) are obtained by
extrapolation. Furthermore, since ¥’ and + are given on half grids and since the spline
routine sets the value outside the mesh equal to the last mesh point, ¥’ and + are both
extrapolated to s = 0 before splining. Thus, we can reconstruct (R, Z, A) in the real-space
cylindrical coordinate system from the splined spectral components:

R(s,0,8) = 3 2 XA+ (1) 4 VE L ()7} (o) cos(md —n6) , (6)
Z(s,0,¢) = - Z Z{l + (-1 + V¥ )"} Zmn(s) sin(mb —ng) ,  (7)
(s,8,0) = ZZAM (s) sin(mf — ng) . (8)

Then

B = V¥ x {V[0 + A(s,0,)] ~ +Vo} . (9)

Note that 8, = 8§+ A~ ¢¢. VMEC assumes that ¥ g4g. = 1; therefore, the code magnetic field
can be scaled as required, provided that the plasma pressure is also scaled appropriately.
It can be shown that the real-space components of B are given by

_ poOR | pedR

T (10)
a7z 87
BZ - g?~ o . g ”
50 + B 3 (11)
Bior = RB? | (12)
where
1 X
[ I L4 1Lz
B ~\/§\1: (1 | 69) , (13)

B g ({ - g%) , (14)



and

0ZOR OBZIOR
Vi=2(555 50 30)
which is the Jacobian of the transformation from Cartesian coordinates to flux coordinates.
The quantities 8Z/8s and OR/Ds are obtained from Eqgs. (6) and (7) by using spline
fits to the quaotities Rpyn(s)/s™ and Z,,,(s)/s™ in order to increase accuracy near s = 0.

Further, since for odd m the spline fit is done for Rmn/ﬁ and Zmn/\/i'_, the derivatives
of these can be written

(15)

“ 1 mn /w “Amn
Ol WSl ) | () OV (1 -
where X,.,, = (Bmn, Zmn)-

The procedure for using output from MOMCON is similar to that described previously,
except that s and A have different definitions internal to MOMCON. In VMEC, s is, as
defined earlier, proportional to ¥, whereas in MOMCON 3 = /¥. VMEC takes advantage
of the packing of radial points in the outer regions of the plasma, where higher harmonics
become important and where most of the stored energy exists. -‘Thus, VMEC facilitates
the energy minimization involved. With MOMCON, it is not necessary to factor the v/¥
dependence from the Fourier coefficients.

The subroutine for calculating the real-space components of B from VMEC output
is BCOMP. Since BCOMP has been written to accommodate VMEC output, MOMCON
output must first be converted to the VMEC form in order to use it in BCOMP. A conversion
program, WOUTVM, has been written to accomplish this.



4 PROGRAM DESCRIPTION AND ASSOCIATED
CODES OF MAGC1

The code for evaluation of magnetic coordinates, MAGC1, has been adapted from a code
of the same name developed by J. A. Rome, R. H. Fowler, T. J. Schlagel, and Hal Hancock
and documented by J. A. Rome and Hal Hancock. Internal documentation for use of the
code exists at Oak Ridge National Laboratory (ORNL) [7]. The code has been modified
to include the subroutine BCOMP to read VMEC output and calculate B(R, Z, ¢) for
any finite-3 equilibrium. A version adapted specifically for toroidally symmetric plasmas,
MAGCI1T, which has some advantages over MAGCI1 for such plasmas, including higher
accuracy in the Fourier components, also exists. Both codes reside on the VAX network
at the ORNL User Service Center. The code is written in FORTRAN 1V, and the graph-
ics is written with DISSPLA [8]. The code is divided into four parts: (1) MAGC1.FOR
(or MAGC1T.FOR), the main controlling program; (2) BCOMP.FOR, for calculating the
real-space B(R, Z, ) from the VMEC output; (3) MSUBS.FOR, subroutines peculiar to
MAGC]1; and (4) MSUBS2.FOR, general mathematical subroutines. In addition, two
INCLUDE files, MAGCOM.FOR and DEFS.H, are needed. All reside in the direction
[BEASLEY.MAG] on the ORNL VAX cluster. For internal readers, a listing of the pro-
gram is provided in microfiche at the back of this report. Other interested readers can
obtain the microfiche by writing to C. O. Beasley at ORNL.

4.1 INPUT

Input to MAGC1 consists of a logical unit 25 data file named WOUT.DAT containing
information about the MHD equilibrium. Information for controlling the reading of am-
plitudes consists of the number of flux surfaces and the number of Fourier modes per flux
surface. For each flux surface, spectral armplitudes of R, Z, and A and the (m,n) mode
numbers for the corresponding amplitudes are input. Also used are the (radial) ¢+ and ¥’
profiles. The current version of MAGCI accepts the WOUT.DAT file directly from the
version of VMEC that resides in the direction [BEASLEY MOMCON].

The input is accepted in the following format:

READ(25,1) NTERMS, M1
DO 10 J=1, M1
L) = (J-1) * NTERMS
DO 10 MN= 1, NTERMS
L= MN + LJ
10 READ(25,2) RMN(L), ZMN(L), ELMN(L), XM{MN), XN(MN)
READ(25,3) (AIOTA(J), XMASS(J), VP(J), PRES(J),
> PHIP1(J), PHI(J), BPC, BZC, SPECW(J), J=1, M1)

1 FORMAT (46X, 214)
2 FORMAT (3E22.14, 4E12.4)
3 FORMAT (5E22.14)

In these data, NTERMS is the number of m-modes times the number of n-modes, and M1
is the number of flux surfaces; RMN, ZMN, and ELMN are the amplitudes of the XMth
poloidal and XNth toroidal modes of 8, Z, and A on the jth flux surface; and AIOTA and
PHIP1 are the + and ¥/ profiles, given on each flux surface. Splining of all quantities is
discussed in Sect. 3.



The NAMIN-type input data file on logical unit 4, FOR004.DAT, contains the control
information for running MAGC1. It is essentially the same input as that for running the
vacuum case where B is determined from coils. Sample data for ATF follow:

C ALL UNITS ARE STANDARD MKS UNITS

$NAMIN

RAXIS = 2.159005 Magnetic axis location

RBEGIN = 2.1676 Hnnermost surface for analysis

ROUT = 2.254 IQutermost surface for analysis

IRUP =1 INumber of surfaces for analysis (max=20)

RSURF = 2.251535 ISurface if IRUP=1

STIOTA = 3 'Guess for iotabar on innermost surface;
Imust be < actual value. Lower STIOTA
Iresults in more integration time.

AN = 12. INumber of field periods

MINPP = 50 IMinimurm number of points in puncture plot

MPERMX = 20 IMinimum allowed samples/field period

NFOUR =13 19(NFOUR-1) —nymber samples in FFT (max=13)

IGAUS =0 IIGAUS=1 subtracts big peaks in spectrum
Ito reveal smaller peaks. Normally off,
land IDATOP(5,m) is used to determine
lcutoff level.

ETA = 4.0 IWidth of windowing Gaussian. Normally
14.0. Bigger results in lower noise level,
Ismaller results in more resolution.

ACCURC = 5.E-7 IField line integration accuracy

ABSERR = 5.E-7 {Parameters

TOL = 1.E-6 ITolerance of inverse transformation

lto find s,0(R, Z) and wv.
TITL = ‘PLAQ:atfl b2’

IDATOP(n,0) = GRAPH OPTIONS: 0=OFF 1=0N

n=1:10TABAR(PSI) 2:POL. AND TOR. CURRENTS(PSI)
3:PLOT INTEGRAL DL/B vs THETA AND (DL/B)(PS$I)
4:PLOT FOURIER SPECTRUMS FOR EVERY SURFACE
5:PLOT PUNCTURE PLOTS FOR EVERY SURFACE

IDATOP(n,m) = OPTIONS FOR DATARR QUANTITIES
m=1: BMOD 2: 1/BMOD 3: R 4: Z 5: PHI-PHIBOOZER
6: 1/BMOD SQUARED 7: LOG BMOD

n=1: FOURIER ANALYZE 2: CLASSIFY AND PLOT Anm's
3: PLOT RECONSTRUCTION AND ERROR OF
4: SYMMETRY IN CHI 0-EVEN 1-0DD
5. CUTOFF FOURIER PEAKS FOR Anm's AT 1.E(negative integer)

asTNeNa¥elaNeEaNaNaNeNeNeaEaEaNeNe R



C

$DATAIN
NUMDAT = 6,
IDATOP(1,0) = 1,1, 1, 1, 1,

C
iDATOP(1,1)=1,1,1, 0, -5,
IDATOP(1,2) =1,1,1,0, -5,
IDATOP(1,3) = 1,1, 1, 0, -5,
IDATOP(1,4) =1,1,1, 1, -5,
IDATOP(15) = 1,1, 1, 1, -5,
IDATOP(1,6)=1,1,1, 0, -5,
IDATOP(1,7)=0,0,0,0,-5§

C

SRIOTA

IOTAHl = 0 IPicks lower of « or (AN/AL)-+ for &

AL = 2.0 IWinding number

$END

4.2 OUTPUT
FORO001.DAT: WARNINGS AND ERRORS

This file contains error messages generated by the code.

FOR008.DAT: DIAGNOSTICS

Detailed diagnostics concerning the workings of the code are printed out in this file. Included
are the details of how + was found, the calculations of Boozer’s I, g, and ¥ (all in mks
units), and p = 8, the flux-coordinate minor radius of the plasma, normalized (pmax = 1).
For MOMCON output, s « v/¥; for VMEC, s « ¥. Identification of all the modes, together
with the “goodness” of each fit, is printed out.

FORO009.DAT: ESSENTIAL OUTPUT
This file contains Boozer’s I, g, ¥, +, p, and a listing of the “good” modes.

FORO018.DAT: OUTPUT DATA
The output data set. The data are written out by the following format:

WRITE(18,1) NDIM, MUP, NUMDAT, IRUP
WRITE(18,2) (FLUX(1), TIOTAB(1),GVEC(1), BIVEC(1) 1=1, MUP)
WRITE(18,2) ((((TABALL(NT,MT.IDAT,IR), NT=1,NDIM),
MT=1,MUP), IDAT =1, NUMDAT), IR=1,IRUP)
1 FORMAT(1H, 414)
2 FORMAT(1H, 5E14.7)

In the output data set, NDIM and MUP are the ranges of the n and m values. The m values
are stored in the order M

= INT(- 5 )(~1_)MT.
NUMDAT is the number of functions that can be analyzed, and IRUP is the total number of

flux surfaces. The arrays in the second WRITE statement contain the flux, +, and Boozer’s
g and [ functions for each flux surface.



4.3 SUBSIDIARY CODES

Several valuable subsidiary codes exist to aid in establishing appropriate input data and
in outputting data in a more usable form for DKES, for instance. These are described here.

1. BRWOUT. This program reads the WOUT.DAT file in the VMEC format described
previously and outputs the contravariant cylindrical components Bgr, Bz, and By,
given the cylindrical coordinates (R, Z, ¢) or the flux coordinates (p = s,0,¢). In
addition, the program outputs the other set of coordinates. It is useful for calculating,
for example, the RAXIS, RBEGIN, ROUT, and RSURF for input to MAGC1 when

s is known.

2. WOUTMYV. This program changes MOMCON output to VMEC output for use in
MAGC1.

3. READAMN. This program calculates various B-field components from FOR018.DAT
output and catalogs all spectral components of B~!, B"%, and ,/g for use in DKES.
Here, B is the magnitude of B, and /g is the Jacobian [\/g = (g + +I)/B?].

4. RDTOKAMN. This program does the same as item 3, but for toroidally symmetric
systems. It is much more practical for such systems. It also creates an input data file
for the Fourier components of the needed components of B which can be read directly
by the version of DKES applicable to toroidally symmetric plasmas (tokamaks).



5 EXAMPLE: FINITE-3 ATF

We show here a sample calculation for ATF for (averaged) 8 = 0 and 8 = 0.02. In this
example, the + profile was held fixed, while the mass profile was changed to achieve the
correct B in order to compare neoclassical transport for the same + on a given flux surface
at a given radjus s.

Figure 1 shows sets of puncture plots at ¢ = 0 and ¢ = x/12 (the number of toroidal
field periods in the ATF is 12). Notice the outward (Shafranov) shift of the nested flux
surfaces as 8 becomes larger. The reconstruction of the flux surfaces calculated from (R, Z),
superimposed on the flux surfaces, is shown in Fig. 2 for ¢ = 0.

Figure 3 shows the details of B in Boozer coordinates for p = 0.9 as examples of the
graphic output of MAGC1. Parts (a), (b), and (c) show, respectively, the Fourier spectrum,
modes, and reconstruction (with error éhown) of B for f = 0, and parts (d), (e), and (f)
show the same graphs for 8 = 0.02. Similar output can be obtained for 1/ Bgooger, 1/ B oogers
Rpoosers ZBoozers and ¢ ~ PBoozer- As detailed previously, the FOR018.DAT file contains
numerical output for these same Fourier coefficients suitable for input into DKES.

Input data for the 8 = 2 case are listed in Sect. 4.



10

FLUX SURFACE

ORNL-DWG 87-2609

HALF -~PERIOD
FLUX SURFACE

FED

0.5

0

W

T T T T

I I B

T -05

B8=0.02

-0.5

2.6 1.6

R(m)
Figure 1. Flux surfaces for ATF for 8 = 0 and 8 = 0.02.



11

06 ORNL-DWG 87- 2607  FED
' I | l |

0.4 |— e —
0-2 = /,I \ ]
/ |
! .
0 | ; | _|
\
\ |
‘02 - \\ / -1
-0.4 |~ ~— —

—

N 06 | | l l

0.4 |-
0.2 |- /
oL | L
\
-0.2 - \

-0.4 |- _|

_06 | l | I
1.6 18 20 22 24 26

R{m)

Figure 2. Reconstruction of an outer flux surface from Fourier components in Boozer coor-
dinates for § = 0 and 3 = 0.02.



12

ORNL-DWG 87-2608R
B=0.02

FED

ANMPLITUDES

4096

0 1024 2048 3072 4096 1024 2048 3072
FREQUENCY FREQUENCY
3 ’“\\\s -
() T AV T
2 AVaY, :vaAAA QQ)
LE]J 1~ b " AV,\ AsAp g
2 vva VAAMAAMWVVVVWW v « )
— O [~ AN v A avy [y
ELJ RLL N I 3
T T— <
< ! <
|
-2
-3 |
20 T éL\L\
10
m 20
©

51— — —
e
o= — k i s 2 Jﬂllﬁ;‘w":‘-_s\’\‘:.p.w,.wnm
N ’1 N N SO S S S TR A A
-2500 -2000 -{4500 -1000 -500 0 -2500 -2000 -4500 -1000 -500 0
X X

Figure 3. Fourier spectra of B, Fourier harmouics of B, and |B|(x) reconstruction in Boozer
variables for ATF for 8 = 0 [Parts (a), (b), and (c), respectively] and for 3 = 0.02 [Parts
(d), (e), and (f), respectively].



13

6 CONCLUSION

Given the ideal MHD equilibrium for any low- or finite-3 plasma, the method for con-
verting the VMEC or MOMCON output to magnetic field quantities in Boozer coordinates
has been described. The method of obtaining B{R, Z, ¢) from this output by using the
BCOMP routine was described, and use of this real-space B to obtain the Boozer B was
outlined. Two examples of zero- and finite-3 ATF were shown. Availability of these codes in
the Fusion Energy Division at ORNL provides a practical means of calculating any Boozer
magnetic field quantities. ‘
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