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Parallel Solution of Triangular Systems
on Distributed-Memory Multiprocessors

Michael T. Heath* and Charles H. Romine*

Abstract. Several parallel algorithms are presented for solving triangular systems of linear
equations on distributed-memory multiprocessors. New wavefront algorithms are developed
for both row-oriented and column-oriented matrix storage. Performance of the new
algorithms and several previously proposed algorithms is analyzed theoretically and illustrated
empirically using implementations on commercially available hypercube multiprocessors.

1. Introduction. On conventional serial computers, the solution of triangular systems of
lincar equations is often thought of as an essentially trivial computation. The O(n?) arithmetic
operations required for the triangular solution are usually a mere postscript to the dominant
cost of the O(n®) arithmetic operations required to factor a general matrix into a product of
triangular matrices. On the other hand, if repeated triangular solutions are required, for
example, in computing the inverse of a matrix or in using a triangular preconditioner to
accelerate an iterative method, then thc cost of triangular solutions takes on greater
significance.

On many types of multiproccssor architectures, particularly those with distributed
memory, necessary communication among processors causes the relative costs of matrix
factorization and triangular solution to be quite different from the serial case, with good
efficiency: being much more difficuit to attain for triangular solution than for matrix
factorization. Thus, on some multiprocessor architectures, the triangular solution phase can
require a significant portion of the total time for solving a general system of linear equations
and is therefore worthy of closer study than it has traditionally received. The surveys of
Heller [10] and Ortega and Voigt [15] cite numerous parallel algorithms for solving triangular
systems, but most of them require a very large number of processors (as many as O(n®)), and
are therefore of mainly theoretical interest.

In this paper we will examine and compare, both theoretically and empirically, several
practical algorithms for solving triangular systems on various types of distributed-memory
multiprocessors. Although progress in parallel triangular solution algorithms has lagged
somewhat behind that for parallel factorization algorithms (see, eg., [7] and references
therein), several recently proposed algorithms, as well as some new ones proposed here, can
attain satisfactory efficiency on distributed-memory multiprocessors. In the remainder of this
section we outline some background material on distributed-memory multiprocessors and on
parallel matrix computations. Section 2 presents the motivation for and statement of several
algorithms, including two new wavefront algorithms, for solving triangular systems of
equations on such architectures. Section 3 contains theoretical analyses of the algorithms and
Section 4 gives results of extensive numerical experiments comparing the algorithms on
hypercubes.

*  Mathemnatical Sciences Section, Oak Ridge National Laboratory, P.O. Box Y, Oak Ridge, Tennessee 37831.
Research supported by the Applied Mathematical Sciences Research Program, Ofﬁce of Energy Research, U.S.
Department of Energy under contract DE-AC05-840R21400 with Martin Marietta Energy Systems Inc.



1.1. Distributed-memory multiprocessors. In solving a problem on a multiprocessor
system, the computational work is divided among the processors. Ideally, the workload should
be evenly balanced and concurrency maximized so that all of the processors are kept busy
doing useful work as much as possible, In a distributed-memory system, the problem data
(e.g., the matrix and right-hand-side vector) must also be partitioned and spread across the
memories of individual processors. If one processor nceds data stored in the memory of
another, the necessary information is scot between the processors through a network
interconnecting the processors. Possible interconnection schemes include bus, ring, grid, tree,
and hypercube networks. Most of the triangular solution algorithms we will discuss can be
implemented on many different types of multiprocessor networks. Hypercubes were used in
all of our experiments, however, because of their ready availability and because many other
networks are included as subsets {(sce, e.g., [18]).

The cost of communication between adjacent processors in a message-passing system can
usually be modcled with reasonable accuracy by the linear form

t=a+6M, (1.1)

where « is a start-up cost for any message independent of its length, g is the incremental cost
per unit length, and M is the length of the message in bytes or words, There may also be a
packetizing effect in some systems, in which large messages are broken up into smaller pieces
for transmission. The relative magnitudes of o and 8 determine the most cfficient message
size for a given system. Thus, for example, if o is relatively large, then for a given
communication volume, small messages will be much less efficient than large messages.
Another important characteristic determining the overall cfficiency of parallel algorithms is
the relative cost of communication and computation. Thus, for example, if communication is
relatively slow, then coarse-grain algorithms in which a relatively large amount of computation
is don¢ between communications will be more efficient than fine-grain algorithms. Typical
measurcd communication paramcters for some commercially available hypercubes are shown
in Table 1, which is taken from [4]. The values shown for a and 8 were obtained by a least
squares fit to data takem over a wide range of message sizes, while the
communication/computation cost ratio is based on the cost of transmitting an eight-byte
message vs. the cost of a floating-point multiplication. Note that the start-up cost is relatively
high and communication is relatively slow compared to floating-point computation for all of
these machines.

Table 1. Approximate communication parameters
for some commercially available hypercubes.

Parameter Ametek | Intel | Ncube
c (start-up cost in microseconds) 560 860 450
B (transfer cost in microseconds/byte) 9.3 1.8 24
communication/computation cost ratio 19 26 32

1.2, Paralle! matrix computations. The above considerations have a direct and important
bearing on the design of parallel algorithms for matrix factorization and triangular solution on
distributed-memory multiprocessors. In particular, they explain why good efficiency is much
more difficult to attain for triangular solution than for matrix factorization on multiprocessors
having characteristics such as those shown in Table 1. Simply stated, triangular solution is
inherently a finer-grain process that has an order of magnitude less computation over which to



amortize its significant communication cost. Moreover, the communication required by
triangular solution algorithms tends to be composed of small messages, so that start-up
overhead is a relatively large proportion of the total communication cost. The result is that on
commercial hypercubes, communication cost in solving triangular systems tends to dominate.
Thus, efficiency as high as 50% for triangular solution is difficult to attain, whereas
efficiencies of 80-90% are casily attained for matrix factorization. These issues will be
discussed in greater detail and illustrated in subsequent sections.

The characteristics of the target architecture critically affect the partitioning of matrices
for factorization on 2 distributed-memory multiprocessor, and hence the distributed data
structures with which subsequent triangular solutions will have to work. Several possible
partitionings are plausible, including those by rows, columns, submatrices, or diagonals.
Partitioning by diagonals can be effective for matrices having various special structures (e.g.,
banded, circulant, Toeplitz), but is usually not optimal for general matrices. Partitioning by
submatrices tends to minimize the resulting communication volume, since it minimizes the
perimeter of the individual pieces [6]. However, it also tends to spread this volume over a
relatively large number of messages, yielding poor performance on machines having high
start-up costs for communication. We will therefore restrict our attention to partitioning by rows
and by columns,

Given such a partitioning, the rows or columns can be mapped onto the processors in
numerous ways, including wrap, block, and reflection mappings (see, e.g., [7] for definitions
and comparisons). Due to its good load balancing properties, an effective mapping in many
contexts is given by wrapping (or interleaving) the rows or columns onto the processors, much
as one would deal cards. One row or column is assigned to each processor (in some given
order) until all processors are exhausted, whereupon the assignment returns to the first
processor and continues through the processors again (in the same order), and so on until all
rows or columns have been assigned. In a hypercube, taking the processors in the order given
by a binary reflected Gray code ensures that adjacent rows or columns will be assigned to
processors that are physically connected. The correctness of most of the triangular solution
algorithms we will discuss is independent of the mapping employed, although performance is
often best with wrap mapping; in a few cases noted below, wrap mapping is essential to the
correctness of the algorithm. Insensitivity to the mapping is a desirable trait because in some
cases, for example, when pivoting is required during the factorization to maintain numerical
stability, it may not be convenient to preserve a preassigned mapping.

2. Algorithms. We will present two basic types of parallel algorithms for solving triangular
systems on distributed-memory multiprocessors; in addition, there are many variations on
cach algorithm, some major and some minor. One fundamental distinction is whether the
matrix is stored by rows or by columns: row-oriented algorithms and column-oriented
algorithms come in “dual” pairs. The triangular matrix can be cither lower or upper
triangular, so that either forward or back substitution is required, respectively. The
interconnection network among processors can be used in various ways to meet the
communication needs of a given basic algorithm, especially with a flexible network such as a
hypercube. Finally, there are various techniques that can potentially enhance performance, at
the expense of complicating the basic algorithms somewhat.

2.1. Serial algorithms. In order to establish notation and help motivate the parallel
algorithms, we first state two serial algorithms that have the same dual relationship we will see
later in pairs of parallel algorithms. For definiteness, we consider the solution of the lower
triangular linear system



Lx=b5,

where L is a lower triangular matrix of order n, b is a known right-hand-side vector of
dimension n, and x is the unknown solution vector of dimension #n. On a serial computer,
this system is solved by forward substitution using a doubly nested loop that can be ordered in
either of two ways:

Vector-sum algorithm

for j=1ton
x;=b;/L;
fori=j+1ton
b,': b,""‘ XJ' L,‘j
Scalar-product algorithm

fori=1ton

for j=1toi~1
b,'-':' b,---x,- Lij
x;=b;/Ly

The names we use for these algorithms were chosen to emphasize the duality between
them and to characterize the computations in their respective inner loops. In the vector-sum
algorithm, the inncr loop updates the vector b by a multiple of a column of L. In the scalar-
product algorithm, the inner loop updates a single component of b by an inner-product of a
row of L and the portion of x already computed. (It is tempting to use the names outer-
product and inner-product for the two algorithms, but the inner-loop computation in the
vector-sum algorithm is not really an outer product.)

2.2. Paralle]l algorithms. In partitioning the data and computational work for solving
triangular systems on distributed-memory multiprocessors, we will consider four possibilities:
partitioning the matrix by rows or by columns, and partitioning the work according to the
inner loop or the outer loop. Due to data dependencies in the problem, we do not have
complete freedom to exploit parallelism in solving a triangular system of cquations. In
particular, cach component of the solution vector must be completed in the correct sequential
order dictated by forward or back substitution. Thus, our only opportunities for exploiting
parallelism are in the computations that modify the right-hand-side vector prior to the division
that determines the next component of the solution. We may exploit parallelism, while still
satisfying this precedence constraint, in two distinct ways: in the inner loop or in the outer
loop. The work within the inner loop can be partitioned and distributed across the processors
whilc maintaining strictly serial execution of the outer loop. Alternatively, successive
executions of the outer loop can be partially overlapped so that different processors are
working on different components of the solution simultaneously, yet the sequential order of
completion is still honored. We present algorithms of both types below.

The choice of inner loop or outer loop parallelism determines the appropriate partitioning
of the matrix for a given algorithm. To partition the work in the inner loop of the vector-sum
algorithm, the matrix and right-hand side must be partitioned and distributed by rows, so that
cach processor can update the portion of b it owns by the appropriate column of L in those
rows it owns, and these updates can occur simultaneously. Similarly, to partition the work in
the inner loop of the scalar-product algorithm, the matrix must be partitioned and distributed
by columns, so that cach processor can contribute to the inner-product those terms
corresponding to the columns of L it owns, and these “subtotals” can be computed
simultaneously.



Exploiting parallelism in the outer loop suggests the opposite data organization. Thus, in
the vector-sum algorithm, if the matrix is partitioned and distributed by columns, then the
updating due to each column must be computed solcly by the one processor that owns it.
Similarly, in the scalar-product algorithm, if the matrix is partitioned and distributed by rows,
then each inner product will be computed entirely by the one processor that owns the
corresponding row. Despite this serial execution of the inner loops, parallelism is attainable in
both cases by overlapping the work on successive components of the solution, as we will
demonstrate below.

2.3. Fan-out and fan-in algorithms. Partitioning the work in the inner loop of the vector-
sum and scalar-product algorithms leads to what we will call the fan-out and fan-in parallel
algorithms, respectively, for solving triangular systems. The names refer to the communication
pattern of these algorithms, in which information is either broadcast from one processor to all
others or gathered into one processor from all others. The duality between fan-out and fan-in
communication matches that between the vector-sum and scalar-product algorithms, as will
soon be made clear.

In implementing the vector-sum algorithm using fan-out communication, we assume that
the matrix L and vector b are distributed among the processors by rows; for each processor,
the row numbers it is assigned are contained in the set myrows. (All of the sets in the
algorithms to follow have a natural order associated with them, and when we indicate a loop
over the elements of a set, the elements are to be taken in that natural order.) We adopt the
notation that processor map(j) is assigned row j of L (or column j if the assignment is by
columns), and map is known by all processors. The result of the operation fan-out(s,root) is
that processor root sends, and all other processors receive, . The details of the fan-out
breadcast depend on the particular interconnection network. The fan-out operation provides
all necessary synchronization in the algorithm below, since we assume that each processor
waits until an expected message arrives before proceeding. The fan-out vector-sum algorithm
was first stated by Kuck {i1], who called it the “column-sweep” algorithm. The basic
algorithm for each processor is as follows:

Fan-out vector-sum algorithm

for j=1ton do
if je myrows them x;=b;/L;;
fan-out (x;,map(j))
for ic myrows,i>j,

In implementing the scalar-product algorithm using fan-in communication, we assume that
the matrix L is distributed among the processors by columns; for each processor, the column
numbers it is assigned are contained in the set mycols. The components of b are distributed
among the processors correspondingly. The result of the operation fan-in(f,root) is that
processor root receives the sum of the (’s over all processors. The details of the fan-in
operation depend on the particular interconnection network. The fan-in algorithm is due to
Romine and Ortega [17], [16]. The basic algorithm for each processor is as follows:



Fan-in scalar-product algorithm

fori=1ton do

t=0
for je mycols, j<i,
t==t+x,~ L.'j

= fan-in {{ ,map(i))
if ie mycols then x;=(b;—s)/Ly

With most multiprocessor networks, the fan-out or fan-in of information is implemented
by means of a spanning tree, with information either originating or culminating, respectively,
at the root. The necessary flow of information is implemented by a “bucket brigade” from
processor to processor. In a richly connected network, such as a hypercube, the terms “fan-
out” and “fan-in” can be interpreted quite literally, and global communication is quite
efficient. In more sparscly connected topologies, such as a ring, the degree of fan-out or fan-in
in the spanning tree is necessarily limited, so that the height of the spanning tree (equivalently,
the diameter of the network) is much greater. In a fully connected network (e.g., a cross-bar),
or onc which cfficiently emulates full connections, the global dissemination or collection of
information can be accomplished directly between any node and all other nodes. With a bus
architecture, the duality between fan-out and fan-in breaks down somewhat, since global
broadcasting can be accomplished with a single message, while collecting global information
into a single processor requircs multiple messages. For our experiments on hypercubes, we
have implemented both fan-out and fan-in algorithms using four different types of
communication:

« minimal spanning trec (logarithmic fan-out/fan-in)
« unidirectional ring
¢ bidirectional ring

+ complete connectivity (simulated by automatic routing)

The relative performance of these options will be examined in Sections 3 and 4.

The fan-out and fan-in algorithms were stated above in their simplest forms. Both are
subject to modifications that can potentially enhance performance. Consider the j-th step of
the fan-out algorithm, in which the computation of x; is completed. Following the fan-out of
x;, each processor updates all of its components of b; not until the next iteration of the outer
loop does each processor check whether it is responsible for computing x;,. Processor
map (j-+1) could in fact have computed x,, as soon as b,;,; was updated, before updating its
remaining components of b, and therefore could have started the next fan-out somewhat
carlier (of course, it must eventually complete the postponed updates). Such a strategy of
sending out results needed by other processors at the earliest possible moment is intended to
minimize possible idle waiting times in the receiving processors. The extent to which the
potential gain in performance is realized in practice depends on a number of factors, including
the particular connectivity used for the fan-out and the particular mapping of the rows onto
the processors. Since messages will arrive at unpredictable times, the implementation of this
strategy requires a communication system capable of queuing incoming messages in system
buffers until the user program is ready to receive them, and this capability may not be
available in some message-passing multiprocessors. By contrast, the basic fan-out algorithm
stated above is easily implemented on systems that support only synchronous communication.

By analogy with the “send-ahcad” strategy for accelerating the fan-out algorithm, Cleary
has suggested a “compute-ahead” strategy for accelerating the fan-in algorithm [3]. His idea is
based on the observation that processor smap (i), because it must compute x,, will be the last



processor {0 compute its contribution to the inner product for the next component of the
solution, x;,,;. In order to avoid being the bottleneck at the i+1-s¢ stage, processor map (i)
could go ahead and compute most of its contribution to the i+ 1-s¢ inner product (all but the
one term corresponding to x;) while it would otherwise be idle waiting for the contributions
from the other processors to the j-th inner product. After computing x;, processor map (i)
will then require only a trivial amount of computing to compiete its contribution to the i+ 1-s¢
inner product and therefore will not unnecessarily delay the computation of x;,;. Again, the
effectiveness of this potential performance enhancement depends on the communication
pattern used and the mapping of the columns onto the processors, among other factors. Note
that both of these modifications introduce some degree of pipelining into the basic fan-out and
fan-in algorithms by partially overlapping successive executions of the outer loops, although
their dominant source of parallelism is still found in the inner loops.

2.4. Wavefront algorithms. We turn now te algorithms whose source of parallelism is the
overlapping, or pipelining, of work on many components of the solution at once. First,
consider the vector-sum algorithm with the matrix partitioned and distributed by columns.
After processor map(j) computes x;, the work of updating & cannot be shared with the other
processors, since only processor map{j) has direct access to column j of L. Serial execution
of the inner loop by a single processor, however, would limit us to an entirely serial algorithm
unless we can somchow overlap successive iterations of the outer loop so that all processors
are working simultancously on different components of the solution. This can be
accomplished by breaking the update vector into segments and pipelining the segments
through the processors in & wavefront fashion. In the discussion and algorithm to follow, we
introduce the n-vector z in which to accumulate the updates to b, so that b itself need not be
collected into any one processor, but instead its components remain distributed among the
processors in the same manner as the columns of L.

Processor map (1) first computes x;, then proceeds to compute the components z;= x, L,
of the update vector z. After computing the first ¢ such components, 1<o<n, processor
map(1) sends them on to processor map(2) so that the latter can compute x, and begin
further updates of z. Meanwhile, processor map(1) has resumed work on the next o
components of z, and so on through successive segments of ¢ components each (if o does not
divide n, then the last segment of z may have fewer than o components). As soon as it
completes updating each segment of z, cach processor forwards the segment to the next
processor. Depending on a number of factors (the segment size, the mapping of the columns
onto the processors, the relative speeds of communication and computation, etc.), it may be
possible for all of the processors to become busy simultancously, each working on a different
segment. In effect, the segment size o is an adjustable parameter that controls the granularity
of the algorithm. A smaller segment size tends to increase the potential amount of
concurrency, but also increases the number of messages required, which may be prohibitively
expensive on a message-passing system with high start-up cost. A larger segment size, on the
other hand, reduces the number of messages, but may severly limit the amount of concurrency
attainable (in the extreme, o=n gives a purely serial algorithm). Thus, there is a trade-off in
performance as segment size varies, and the optimal value depends on the characteristics of
the particular architecture on which the algorithm is implemented. We will address this issue
analytically in Section 3 and empirically in Section 4.

We now state the wavefront vector-sum algorithm somewhat more formally, although in
the interest of brevity and simplicity we omit the initialization phase of the algorithm, checks
for termination conditions, and the details of computing how many segments each processor
should expect at each stage. These details can be found in the program listings in the
appendix below. In the following pseudo-code, segment is a set containing at most o
components of the update vector z. The algorithm for each processor is as follows:



Wavefront vector-sum slgorithm

for je mycols do
for k=1 to #segments

receive segment

if k=1 then do
x;= (b;~2;)/Ly;
segment = segment — {2 )

for z; e segment do
z;=Zi+ x; Ly

if |segment |>0 then send segment to processor map(j+1)

Several additional points about this algorithm bear mentioning. We no longer have a
simple serial outer loop that goes through all values from 1 to #n, since each processor no
longer contributes directly to the computation of every component of the solution. Another
interesting feature is that the “first” segment shrinks by one element after each component of
the solution is computed, disappearing entirely after o steps, at which time the next segment
becomes the “first” segment. By the time the algorithm reaches the final component of the
solution, only onc segment remains and it contains only onc element. This declining
communication volume as the algorithm progresses offsets to some extent the undesirable
property that segments may pass through the same processor multiple times (albeit in altered
form).

A fundamental assumption behind the wavefront algorithm is that it is always possible to
send messages from processor map(j) to processor map(j+1). Whether processors holding
contiguous columns of the matrix are physically adjacent in the multiprocessor network
depends on the interconnection scheme and the mapping of columns to processors. In a ring,
for cxample, such direct communication would be possible only if the mapping were
compatible with the ordering of the processors in the ring. Even if processors are not directly
connected, however, some systems provide automatic routing through intermediate nodes
between arbitrary sender and destination, although there is usually a performance penalty
associated with longer paths. In most hypercubes, for example, the wavefront vector-sum
algorithm is valid for any mapping, but performs best using the wrap mapping with Gray code
ordering.

The wavefront idea can also be applied to the scalar-product algorithm, producing a
parallel algorithm that is the dual of the wavefront vector-sum algorithm. Consider the
scalar-product algorithm with the matrix partitioned and distributed by rows. Computation of
the i -th inner product cannot be shared, since only processor map (i ) has direct access to row
i of L. Thus, once again, if we arc to attain any concurrency it must be through the
overlapping of work on different components of the solution by multiple processors. The dual
concept here is to break the solution vector x into segments that are pipelined through the
processors in a wavefront fashion.

Processor map(1) first computes x; and sends it to processor map(2). Processor map(2)
can then compute the second inner product and x,. Processor map (2) now sends both x4 and
x4 (ie., a segment of x of size 2) to processor map (3), which uses them in computing the third
inner product. This process continues (serially in this carly stage) until o components of x
have been computed, at which point the receiving processors begin forwarding any full-sized
segments before they are used in computing inner products, so that subsequent processors can
get started on their inner products. Forwarding of the one segment that is currently
incomplete is delayed until the next component of x can be appended to it. Depending on the
segment size and other factors, it may be possible for all processors to become busy
simultaneously, each working on a different segment. As before, the segment size o is an
adjustable parameter that determines the granularity of the algorithm, with a similar



performance trade-off between communication and concurrency as o varies. The optimal
value of o depends on the characteristics of the particular architecture. We now give a
somewhat more formal statement of the algorithm, again omitting such details as initialization
and termination. The algorithm for each processor is as follows:

Wavefront scalar-product algorithm

for i ¢ myrows do
for k=1 to #segments—1
receive segment
send segment to processor map(i+1)
for x, € segment do
bi"-—': b,""‘x‘,' L.‘j
receive segment /* last segment may be empty ¥/
for x; € segment do ‘
b,-= b,-'-" Xy L;j
x;=b; Ly
segment = segment | J {X;}
send segment to processor map(i+1)

Similar remarks apply to this algorithm as were made for the wavefront vector-sum
algorithm, except that many of its {eatures are the “duals” of those for the earlier algorithm.
Thus, for example, instead of starting with a full set of segments that shrink and eventually
disappear until no segments remain, the scalar-product version starts with no segments, but
segments appear and grow until there is a full set of them. Again, the algorithm depends on
the ability to send messages between processors holding contiguous rows of the matrix, which
may or may not be possible and may or may not be direct, depending on the interconnection
network and the mapping of rows to processors. On most hypercubes, the wavefront scalar-
product algorithm is valid for any mapping, but performs best using the wrap mapping with
Gray code ordering. We will sce in Section 4 that the two wavefront algorithms performed
similarly, but by no means identically, in our experiments.

To the best of our knowledge, both of the wavefront algorithms presented here are new,
although many other wavefront algorithms (and closely related dataflow and systolic
algorithms) have been proposed for various matrix computations (see, e.g., [12], [14]), and the
idea of an adjustable segment size has also been used in other contexts (see, e.g., [9]). Paraliel
wavefront algorithms for solving triangular systems were proposed by Evans and Dunbar {5],
but their algorithms have a very different flavor from those presented here. In particular,
their algorithms require at least (n~1)/2 processors and they involve a rather complicated
reassignment of processors to rows as the algorithms proceed that would be difficult to
implement efficiently in a distributed-memory environment.

2.5. Cyclic algorithms. The motivation for the final pair of dual algorithms we present is
to attempt to gain performance by taking specific advantage of the wrap mapping to attain
minimal communication volume. The resulting algorithms are therefore less widely applicable
than the other algorithms presented above, but they can have very attractive performance
characteristics under some conditions. We use the term “cyclic” to describe these algorithms
for reasons that will become clear shortly. Cyclic algorithms bear a superficial resemblance to
the wavefront algorithms in that they are based on partitioning the outer loop of the vector-
sum and scalar-product algorithms, and they send a segment of z or x between processors.
Their motivating philosophy and performance characteristics, however, are entirely different
from the wavefront algorithms. In particular, rather than having a variable number of
segments of an adjustable length, cyclic algorithms circulate a single segment of a fixed and
specially chosen size, namely p—1, where p is the number of processors. ‘
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We first describe the cyclic vector-sum algorithm, with the matrix partitioned and
distributed by columns according to the wrap mapping. This algorithm is due to Li and
Coleman [13]. A segment of size p—1 passes from processor to processor, one step for each
column of the matrix, cycling through all of the other p—1 processors before returning to a
given processor (hence the name cyclic). The function of the segment is to contain partially
accumulated components of the update vector z. At stage j of the algorithm, processor
map (j) receives the segment from processor map(j—1) and uses its first element (which has
accumulated all necessary prior updates except that computed by processor map () itself) to
determine x;. Processor map(j) then modifies thc segment by deleting the first clement,
updating the remaining p—1 elements, and appending a new ¢lement to begin accumulation of
the next component of z. Processor map(j) then sends the segment to processor map (j+1),
where a similar process is repeated. After forwarding the modified segment, processor
map(j) then computes the remaining update components duc to x;, which will be needed
when the segment returns to processor map(j) again. These latter update computations,
which take place in each processor while the segment passes through the other processors,
provide the source of concurrency in the algorithm, since the computations on the segment
itself are strictly serial.

We now state the cyclic vector-sum algorithm somewhat more formally. We need to make
a distinction between the updates that accumulate in the elements of the segment and the
updates computed by each processor while the segment is circulating elsewhere. We denote
the former by the vector z and the latter by the vector ¢. For convenience, we use the
corresponding row numbers in the matrix as subscripts for the elements z; of the segment; in a
real program one would use relative positions in a smaller array (see program listing in
appendix). Again, for simplicity and brevity, we omit details such as initialization and
termination conditions. In particular, toward the end of the algorithm (for the last n—p+1
columns), the segment is less than p—1 in size, shrinking by on¢ element each time until
termination. The algorithm for each processor is as follows:

Cyclic vector-sum algorithm

for je mycols do

receive segnient
x;=(bj=z,;—1;)/Ly;
segment = segment —{z;}
for z; € segment do

Zi=Zi+ i+ x5 Ly
Zip1= Liapat Xj Ljip1s
segment = segment ) (Z;4p-1)
send segment to processor map{(j+1)
fori=j+p ton

ti=ti+ x; Ly

We turn now to the cyclic scalar-product algorithm, with the matrix partitioned and
distributed by rows according to the wrap mapping. This algorithm is due to Chamberlain [1].
In this algorithm, the scgment that passes from processor to processor contains components of
the solution vector x. At stage i of the algorithm, processor map (i) receives the segment
from processor map(i—1) and uses the elements of x it contains to complete the 7-th inner
product (processor map(i) will have previously accumulated all other terms in the inner
produoct while the scgment was circulating through the other processors), so that x; can then
be computed. Processor map (i) now modifies the segment by deleting the first element and
appending the new element x; just computed. Processor map (i) then sends the segment to
processor map(i+1), where a similar process is repeated. After forwarding the modified
scgment, proccssor map (i) then computes the partial inner products that use the components
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of the segment, which will be further accumulated when the segment returns to processor
map(i) again. These latter computations, which take place in each processor while the
segment passes through the other processors, provide the source of concurrency in the
algorithm, since the computations on the segment itself are strictly serial.

We now state the cyclic scalar-product algorithm somewhat more formally. For
convenience, we use the actual elements of the solution vector x to denote the elements of the
segment; in a real program one would use relative positions in a smaller array (see program
listing in appendix). Again, we omit details such as initialization and termination conditions.
In particular, in the beginning of the algorithm (for the first p—1 rows), the segment contains
fewer than p—~1 elements; it grows by one element each time until it contains p—1 elements,
where it remains fixed in size thereafter. The algorithm for each processor is as follows:

Cyclic scalar-product algorithm

for i e myrows do

receive segment
for x; ¢ segment do

b"‘-‘: b,' -~X; L“
x;=b;/Ly
segment = segment —{x; _,} | {x;}
send segment to processor map{(i+1)
for me myrows, m> i,

for x; ¢ segment do

bp=bp—X; Ly

In both cyclic algorithms, the moving segment must pass through all other processors
before returning to any given processor. Thus, the correctness of these algorithms depends on
the use of the wrap mapping. The cyclic algorithms, like the wavefront algorithms, also
depend on the ability to send messages between pairs of processors containing consecutive
rows or columns. For this reason, the cyclic algorithms were originally proposed as algorithms
for rings or hypercubes using the wrap mapping with Gray code ordering, but they might also
be suitable for other message-passing multiprocessors as well. For a bus-based distributed-
memory System, in particular, the cyclic algorithms have the highly desirable property that
only one pair of processors is communicating at any one time. In coatrast, most of the other
algorithms we have considered would encounter contention for the bus due to simultaneous
message traffic. On the other hand, this lack of concurrency in communication implies that
the cyclic algorithms use very little of the available bandwidth in more richly connected
multiprocessor networks.

The efficiency of the cyclic algorithms depends on whether the time interval between
successive appearances of the segment at any given processor is balanced by the time required
for the intervening computations in that processor. Since the latency of the segment cycle
tends to grow with the number of processors, there may be a point for a given problem size at
which the use of more processors will incréase rather than decrease the execution time. The
proposers of the cyclic algorithms have suggested modifications to both algorithms aimed at
improving their performance for large numbers of processors [1], [13]. These modifications,
which include reorganizing the computations for better load balancing and breaking a
hypercube into several subrings, have not been worked out in detail, however, and we have
not implemented them. We have also considered a hybrid combination of the cyclic and
wavefront algorithms that would attempt to combine the best features of both, but this also
remains unimplemented. Qur experiments reported in Section 4 used only the basic wavelront
and cyclic algorithms.
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3. Analysis. In this section we present theoretical analyses of the algorithms described in
Section 2. For those algorithms whose analyses have appeared in the literature, we merely cite
known results; readers should consult the original references for further details. For the new
wavefront algorithms, we present a more detailed analysis. As originally presented, the
analyses of the various algorithms have been based on a varicty of models of communication
and computation. To make the theorctical results for different algorithms more directly
comparable, we couch all performance estimates in terms of the model of communication
given by (1.1). This approach provides a convenient means of accounting for the different
message sizes employed by the various algorithms. In addition, we use flops (linked scalar
multiply-add pairs of the form ax+y) as the basic units of arithmetic computation. For a
given machine, we assume that one flop (including any necessary indexing and addressing
overhead) requires f microseconds. For compatibility of units, we take 8 in (1.1) to be the
message transfer cost per word rather than per byte.

In modeling performance for a specific machine, we use the machine constants shown in
Table 2. Thesc differ slightly from those in Table 1 because in our experiments we used a
faster version of the Ncube hypercube than was used in [4] (8 MHz clock speed instead of 7
MHz) and becausc we restricted the least squares fit of (1.1) to the range of message lengths
actually used in our experiments.

Table 2. Machine parameters used in theoretical models
of performance on hypercubes.

Parameter Ncube | Intel
¢ (microseconds) 384 | 1108
B (microseconds/word) 10.4 2.9
f (microseconds/flop) 35 70

3.1, Fan-out and fan-in algorithms. The performance of the fan-out and fan-in algorithms
is analyzed in detail in [17] and [16] for the case in which logarithmic hypercube
communication is used. Upper bounds on ¢xecution time are obtained by assuming that there
is no overlap between successive stages of the algorithms, nor between communication and
computation. Under these assumptions, an upper bound on execution time for the row-
oriented fan-out algorithm is

T= -il;-(n2+2np ~2n)f + (n—1)(logz p Ya-+A). (3.1)
Similarly, an upper bound on execution time for the column-oriented fan-in algorithm is
T= ~2!;(n2+(2+logz pYp—2n)f + (n—1)(logz p Na-tB), (3.2)

which is the same as for the fan-out algorithm except for an additional % n(log,p)f to
account for the sums done during the fan-in.

These upper bounds can be adapted to other communication schemes simply by replacing
the log, p latency of the cube fan-out/fan-in by another appropriate maximum path length,
However, the validity of the underlying assumptions of nonoverlapping stages and
nonoverlapping communication and computation becomes more untenable for some of these
communication schemes. With logarithmic fan-out or fan-in, these assumptions are not grossly
in error, due to the fact that many of the processors are occupied with forwarding messages
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throughout the log,p stages of the fan-out or fan-in. But with a ring, for example, each
processor forwards only one message and can then resume computation. Thus, if the matrix is
mapped onto the ring in a compatible order so that successive stages can be pipelined, the
high communication latency of ring fan-out or fan-in can be almost completely masked (as will
be shown experimentally below). Moreover, many stages may be in progress simultaneously,
thereby significantly reducing execution time below the value that a pessimistic upper bound
such as (3.1) or (3.2) would suggest. Use of the “compute-ahead” or “send-ahead”
acceleration techniques discussed in Section 2.3 would further invalidate the nonoverlapping
assumptions. ~

In a somewhat more subtle form, these effects also have a bearing on the relative
performance of the fan-out and fan-in algorithms using logarithmic hypercube communication.
The slightly larger upper bound for the cube fan-in algorithm compared to the cube fan-out
algorithm is offset by an effect discussed in detail in [16]. Specifically, the fan-in, which
originates at the leaves and terminates at the root of the spanning tree, frees more processors
earlier to resume computing than the fan-out, which originates at the root and terminates at
the leaves. The fan-in algorithm should therefore permit a greater degree of overlapping than
the fan-out algorithm, thereby enhancing performance. Given these offsetting factors, cither
algorithm could be superior, depending on the specific machine and implementation.

3.2. Cyclic algorithms. The performance of the column-oriented cyclic algorithm is
analyzed in {13]. It is shown that for a given number of processors p, the execution time of
the algorithm increases linearly with # until # reaches a threshold and i increases quadratically
thereafter. More specifically, :

T=[n(t,+p)=%p(p-1)—t,]1f whenever n<p(t,+p), | (3.32)
and

T= [—zl—p-(n2+np )+ J%((t,,-l—p Y~tP—p+1)~1,]1f otherwise, (3.3b)

where 1, is the cost, measured in flops, of sending a message of length p-—1 to a neighboring
processor. Thus, in our model of communication performance, {,=(a+B(p—1))/f. For the
hypercubes listed in Table 1, the minimum value for ¢, is approximately 12.

A rough calculation is given in [13] of the value of n required to achieve 50 percent
efficiency with the column-oriented cyclic algorithm using a given number of processors. This
value is approximately #n= p(¢,+p), which suggests that the algorithm will be highly efficient
for small p, but much less efficient for large p. For example, if p=8 and t,= 12, then this
model predicts that 50 percent efficiency will be achieved for n=160. However, for p=64, n
must be greater than 4800 for the algorithm to achieve an efficiency of 50 percent. There
appears to be something of a paradox in the two-phase performance behavior given by (3.3):
one would expect lincar behavior to be superior to quadratic behavior, yet it is when the
linear portion is brief that the algorithm performs well, while a lengthier linear portion
indicates: relatively poor performance. The explanation is that since the underlying
computational task is O(n?), linear behavior can hold only when communication dominates
computation, so that an early transition to quadratic behavior is necessary for high cfficiency.

Chamberlain [1] does not provide a detailed performance analysis of the row-oriented
cyclic algorithm. However, the characteristics of that algorithm are sufficiently similar to the
column-oriented version that similar behavior should be expected.

3.3. Wavefront algorithms. Since the wavefront algorithms are new, we will give a more
detailed analysis of their performance. Unlike the other algorithms, the performance of the
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wavefront algorithms depends upon the choice of an adjustable parameter, the segment size o.
In addition to describing the performance of the algorithms, the theorctical performance
models should also enable us to predict the optimal choice of o to minimize execution time.

We begin by analyzing the column-coriented wavefront algorithm. We assume that the
columns are distributed to the processors using a wrap mapping in Gray code order. Several
imporiant observations will make the behavior of the algorithm clear. First, each segment can
be worked on by only one processor at a time, and the ideal situation is to have all processors
working simultaneously on different segments. Hence, the segment size ¢ should be chosen so
that there arc at least p segments (ie., o<n/p). Second, once the start-up phase of the
algorithm is over so that all processors have become busy, then as long as therc arc at least p
segments remaining (recall that segments disappear throughout the algorithm), all processors
will remain busy. (This does not imply that one should take o= 1 to maximize the number of
segments. While this would keep all processors busy throughout most of the algorithm, almost
all of their time would be spent performing communication unless the latter were
extraordinarily inexpensive). Third, when fewer than p scgments remain, the time required
for the last segment to make one circuit through all the processors is independent of the
number of segments remaining, since each processor will be ready to receive this segment
when it is sent. Fourth, at any stage of the algorithm, all but (perhaps) the first of the
segments will be of length . Thus, to simplify the model, we assume that the cost of each
communication is a+fo, and the cost of the operations performed on each segment isof .

To simplify notation in the following argument, we will number both the processors and
the columns of the matrix starting from O rather than 1. For convenience, we model the total
execution time as the total execution time of the first processor (ie., processor map (0), which
under the wrap mapping is processor 0) and assume that p divides #. The execution time can
be split into two parts, depending upon whether there are at least p segments remaining. We
must determine which of the columns contained in proccssor 0 is the first to have only p
segments remaining. Under the wrap mapping, the first processor contains all columns
kp (0<k<n/p). Column kp will have [(n—kp)/o] segments. Setting this equal to p we see
that when k = (n/p)—o, column kp will have p segments.

To compute the first part of the execution time (when the number of scgments is greater
than p ), we now let k range from 0 to (n/p)—o. For cach column kp in processor 0, there are
(n—kp)/o segments to be processed. Hence, since no idle time occurs during this phase of the
computation, the execution time is

a

P -
Y (A=K Yot Bot £ o). (34)
k=0 g

Once fewer than p segments remain, we must account for the induced idle time in
processor 0. Since we have noted that the time required for the final segment to make one
circuit through all the processors is now independent of the number of segments, we can
model the execution time by assuming that p segments remain until the computation is
complete. That is, regardless of the number of remaining segments, the time required for the
last segment to return to processor 0, including the idle time, is the same as if p segments
remained. This yiclds

L.

S platBotfo) (.5)

=l~'6+1
P

as the expression for the second part of the execution time.
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Adding the expressions in (3.4) and (3.5) together to obtain the total execution time yields
T= -i-l;(n2+np +olo=1)p?) (L +5+41). (3.6)

The performance model of the column-oriented wavefront algorithm given by (3.6) exhibits
the expected trade-off between communication and computation as the segment length varies.
Specifically, a large value of o reduces the communication start-up cost (given by the a term)
at the expense of greater computation cost, while a small value of ¢ does the opposite. Fig. 1a
shows the execution time as a function of o predicted by (3.6) for a typical problem (n= 500)
using various numbers of processors and the Ncube machine parameters. (In producing Fig.
la, whenever o>n/p, the term given by (3.4) drops out and the model reduces to linear
behavior given by T'=n(a+B80+f0)). Fig: 1a should be compared to Fig. 4a in Section 4,
which shows the same curves resulting from actual runs on the Ncube hypercube.

To determine the optimal segment size to minimize execution time, we differentiate (3.6)
with respect to o and equate to 0, producing (after some algebraic manipulation)

208+ )po®+ (a—(B+f ))paz—an(-g—-}-l)zo. (3.7)

(These calculations have been verified by the Maple symbolic algebra package [2].) For
convenience, we define the machine constant K= a/(8+f ), so that (3.7) is simplified to

2a3+(K~1)02~—I;—n-(%+1)=0. (3.8)

For the Ncube and Intel hypercubes, the constant K has the values 8.5 and 15.2, respectively.
Using these values for X, Newton’s method was applied to find the roots of equation (3.8). In
each case, only one real root was found, which was taken to be the optimal segment size o.
Table 3 gives the computed values of o for various » and p using the values of X
corresponding to the two hypercubes. These theorctical results based on the model are
compared with numerical experiments in Section 4.

Table 3. Estimated optimal values of segment size o for the wavefront algorithms.

column-oriented algorithm row-oriented algorithm
}/ n =500 n = 1000 n =500 n = 1000
Ncube | Intel | Ncube | Intel | Ncube | Intel | Ncube | Intel
4 39 47 63 76 58 73 90 120
8 24 29 39 47 37 58 58 88
16 15 18 24 29 23 37 42 69
32 9 11 15 i8 13 20 23 48
64 6 6 9 11 8 10 13 20

We turn now to an analysis of the row-oriented wavefront algorithm. The most important
difference between the row- and column-oriented wavefront algorithms is that at a given stage
of the row-oriented algorithm, all but the last (currently incomplete) segment can be
forwarded immediately after receipt by each processor, before any floating-point processing of
the segment is done. This permits more than one processor to be working on the same
segment at the same time (unlike the column-oriented algorithm), which means that it may not
be necessary to have a full set of p segments in order to keep all processors busy. We would
therefore expect that the optimal segment size for the row-oriented algorithm might be
somewhat larger than for the column-oriented algorithm, since a larger segment size would
tend to reduce communication cost without necessarily sacrificing computational parallelism.
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To simplify the analysis, we make similar assumptions (wrap mapping, p divides n, etc.)
to those made for the analysis of the column-oriented wavefront algorithm. We focus our
attention on the first segment (which contains the first o components of x). Until the first
segment is complete, there is an initial serial phase whose duration is about

3 (atBo+f o). (39)
k=1

Beyond this point, the first segment and all other complete segments are forwarded
immediately upon receipt by each processor. Thus, the first segment will be propagated
without dclay, provided the receiving processors are not busy with computation when it
arrives. Initially, the processors are waiting in an idle state for the first segment to arrive, but
as the algorithm progresses each processor has more and more work to do between successive
appearances of the first segment, so that eventually a processor may not be able to finish work
on other segments before the first segment reappears. We wish to determine this point, prior
to which the algorithm is communication bound and after which the algorithm is computation
bound.

As long as the first segment propagates without delay, each circuit through all of the
processors takes time

p(a+fo). (3.10)

After forwarding the first segment, a given processor must process it and all remaining
segments before receiving the first scgment back again. If there arc currently j segments, the
time required for this processing will be about

J(etBotfo) (3.11)

To determine the trade-off point we equate (3.10) and (3.11), so that when there arec more
than [K,p] segments, where

.= _atfo , (3.12)
atfBotfo

the algorithm will be computation bound. Note that K, is always less than 1, in agreement

with our ¢xpectation that fewer than p segments are required for full processor utilization.

We can now determine the total ¢cxecution time by summing up the initial serial phase
given by (3.9), the communication bound phase given by (3.10), and the computation bound
phase given by (3.11). If a given processor contains all rows kp (0<k <n/p), then the trade-off
point between the latter two phases will occur at row number [K,o], so the total execution
time is given by

[K,0) P

T= S (@4Botfa)+ 3 (CLYatBo)+ % platBotfo). (3.13)
k=1 k=0 ¢ k=[K o] +1

Unfortunately, due to the complicated limits of summation, (3.13) cannot be reduced to a
simple form comparable to (3.6), but it can be evaluated numerically for any given values of
the parameters. This approach was used to generate the curves in Fig. 1b. A one-dimensional
minimization procedure was used to determine the optimal segment sizes for the row-oriented
wavefront algorithm shown in Table 3. We obscrve that the predicted optimal segment sizes
are indeed somewhat larger than the corresponding ones for the column-criented algorithm,

3.4. Comparison of models. The three basic column-oriented algorithms can be compared
theoretically using the models given by (3.2), (3.3), and (3.6). Fig. 2 shows the performance of
the three algorithms for fixed » as p varies. The hypercube fan-in algorithm is fairly
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insensitive to the number of processors, with increasing communication overhead offsetting
computational gains as p increases. The cyclic algorithm performs best for small p, reaching a
minimum ‘at p= 16, but its execution time increascs sharply for large p as the algorithm
becomes strongly communication bound. 'The wavefront algorithm displays the opposite
behavior, performing worst for small p but improving markedly as p grows.

Fig. 3 shows the performance of the three algorithms for fixed p as n varies. For this
relatively large number of processors, the cyclic algorithm never gets out of the
communication-bound range given by (3.3a) in which it displays linear behavior, and is
consequently the poorest performer. The hypercube fan-in algorithm performs slightly better
and does show quadratic behavior. The wavefront algorithm shows superior performance.
Figs. 2 and 3 should be compared to Figs. 5a and 6a in Section 4, which show the same curves
for actual runs on the Ncube hypercube.

4. Numerical experiments. We have conducted a series of numerical experiments on
commercially available hypercubes to compare the basic triangular solution algorithms and to
determine the effectiveness of the variations discussed in Section 2. Qur programs are written
in C and use single-precision floating-point data. While we believe the programs to be
reasonably efficient, no attempt was made to optimize the source code through special
techniques such as loop unrolling, nor were any assembler language modules used. The
programs are written in a generic message-passing style, so that the source code can be ported
without change across hypercubes from different manufacturers. The various algorithms were
implemented in the same coding style and with equal care, so we believe that the tests
represent their relative performance fairly. For sample listings of the programs, see the
appendix below. '

The hypercubes used in our tests were those shown in Table 1. At the time these tests
were run, the Ametek hypercube available to us had only 16 processors, which was
inadequate for running our full test suite. We therefore give results only for the Ncube and
Intel machines, each of which had 64 processors. The results from the Ncube machine turned
out to match the predictions of our theoretical models much more closely than did the Intel
results. The principal reason for this is that the communication behavior of the Ncube
machine is described almost exactly by the linear model (1.1), upon which our performance
models are based, whereas the Intel machine deviates significantly from linear behavior as the
message size varies. Thus, the parameter estimates for the Intel machine are less well
determined and less meaningful. We¢ also observed a substantially greater degree of
nondeterminism in the Intel communication system, leading to somewhat erratic results that
are inherently more difficult to model analytically. For these recasons we will focus primarily
on the Ncube results, but will give enough Intel results to show that they were qualitatively
similar,

4.1. Preliminary tests.  We first give preliminary results on such issues as connectivity,
mapping, and acceleration techniques. These preliminary findings will enable us to reduce the
large number of algorithms and variations down to a more manageable number for the more
comprechensive comparisons to follow, in which we study performance as a function of the
number of processors and the size of problem.

4.1.1. Connectivity. As noted in Section 2.3, the fan-out and fan-in algorithms can be
implemented using a number of different communication patterns, depending on the
connectivity of the underlying network. Each of these types of communication has its
advantages and disadvantages. The minimal spanning tree in a hypercube with p processors
has a maximum path length of log, p. Thus, logarithmic fan-out and fan-in have the smallest
communication latency of ‘any method of global communication, but at least some of the
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processors must participate in up to log,p stages of the fan-out or fan-in procedure before
resuming computational work. For brevity, we will refer to this type of communication as
cube fan-out or fan-in. A unidirectional ring, in which messages flow in only one direction,
has a maximum path length of p~1, but each processor forwards only one message, so that all
processors can return to computational work quickly. This permits a pipelining effect,
substantially overlapping communication with computation, which can result in a considerable
gain in efficiency. This gain will be realized, however, only if the problem is mapped onto the
processors in a compatible fashion. In a hypercube, the wrap mapping in Gray code order is
one such mapping. A bidircctional ring, in which messages flow in both directions, has a
smaller maximum path length of p/2, but is somewhat less amenable to pipelining. Finally,
using complete connectivity requires no user-level forwarding at all, thus permitting pipelining
at the user level, but requires that a large number of messages be sent sequentially and entails
a great deal of system-level forwarding by intermediate processors.

Typical test results are shown in the first column of data in Tables 4a-b (for comparison,
results for the wavefront and cyclic algorithms are also shown). Here the matrix has been
mapped onto the processors using a wrap mapping in Gray code order. The unidirectional
and bidirectional ring algorithms have similar performance and both substantially outperform
the cube and completely-connected algorithms.

Table 4a. Execution time in seconds on the Ncube hypercube for
column-oriented algorithms on a matrix of order 1000 using 64 processors.

wrap mapping | random mapping
algorithm basic  accel. | basic accel.
cube fan-in 298 2.86 2.58 241
unidirectional ring fan-in 1.56 1.53 | 15.69 15.42
bidirectional ring fan-in 1.61 1.61 847 8.22
completely connected fan-in 1.80 1.78 5.33 5.34
wavefront 1.34 N/A 9.34 N/A
cyclic 4.08 N/A | N/A N/A

Table 4b. Execution time in seconds on the Ncube hypercube for
row-oriented algorithms on a matrix of order 1000 using 64 processors.

wrap mapping | random mapping
algorithm basic  accel. | basic accel.
cube fan-out 2.55 2.38 2.91 2.80
unidirectional ring fan-out 1.48 1.63 | 15.59 16.22
bidirectional ring fan-out 1.72 1.84 | 10.02 10.02
completely connected fan-out 2.23 2.22 | 13.67 13.67
wavefront 1.03 N/A 6.53 N/A
cyclic 3.47 N/A N/A N/A

4.1.2, Acceleration. The second column of data in Tables 4a-b gives results for the
“send-ahead” and “compute-ahead” acceleration techniques discussed in Section 2.3. The
results are disappointing in that the hoped-for acceleration effects are not evident. Indeed,
performance is worsened as often as it is helped by these modifications to the basic
algorithms. This behavior is at odds with our prior experience using similar acceleration
techniques in matrix factorization, where they provide a significant reduction in execution
time. Matrix factorization is largely computation bound, however, so that any technique that
enables processors to get an earlier start on computational tasks is likely to be beneficial. By
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contrast, triangular solution algorithms are much more communication bound, so getting a
head start on computational tasks is less significant. In fact, the acceleration techniques may
even disrupt an otherwise smooth (systolic-like) flow of data.

4.1.3. Mapping. The third and fourth columns of data in Tables 4a-b show the
performance of the algorithms with a random mapping of rows or columns to processors, as
might result, for example, from pivoting for numerical stability during the factorization phase.
We see that the algorithms based on logarithmic hypercube fan-out and fan-in are almost
unaffected by the change in mapping, while performance of the other algorithms is
substantially degraded. The orderly pipelining in the ring algorithms, which accounts for their
superior performance using the Gray wrap mapping, is destroyed by a random mapping,
resulting in performance that reflects the full latency caused by their longer communication
paths. We conclude that the cube fan-in and fan-out algorithms are preferable over all other
algorithms unless the mapping is known to be compatible with the ring algorithms.

4.1.4. Segment size. Our next series of tests is an empirical study of the effect of the
segment size o on the performance of the wavefront algorithms. Figs. 4a-b show the execution
time of the wavefront algorithms as a function of segment size using various numbers of
processors, The curves have the roughly convex shape one would expect from the trade-off
between concurrency and communication overhead. These curves should be compared with
Figs. 1a-b, which show the same curves predicted by the theoretical performance models of
the wavefront algorithms. The optimal segment size for each curve predicted by the model
and shown in Table 3 is indicated by the corresponding symbols along the horizontal axis in
Figs. 4a-b. The agrecement between model and experiment is remarkably good for the
column-oriented algorithm; The model accurately predicts the magnitude and variation of the
execution time as a function of 0. The model of the row-oriented algorithm is less accurate in
predicting the actual execution time, but still predicts the optimal o quite well.

4.2. Comprehensive tests. To keep the number of algorithms and variations manageable
for our more comprehensive tests, we will discard the acceleration techniques, which proved
largely ineffective anyway. We will restrictour attention to the Gray wrap mapping, since this
is the only mapping for which every algorithm is valid and since the performance models are
based on: it. Since the two types of ring communication perform similarly for the wrap
mapping, we will use only the simpler unidirectional ring communication, hereafter referred to
simply as ring communication. Similarly, we discard completely-connected communication,
since its performance at best resembles that of cube fan-out and fan-in. This leaves us with
four types of basic algorithms (cube and ring fan-out or fan-in, wavefront, and cyclic), and
two types of storage organization {rows and columns) on which to make more extensive
comparisons. In particular, we are interested in the performance of the algorithms as the
number of processors and the size of the problem vary.

4.2.1. Performance as a function of p. Figs. 5a-b give results for a matrix of fixed size
using a varying number of processors. The cyclic algorithms perform extremely well for 16 or
fewer processors, but their performance degrades rapidly as p grows. The wavefront
algorithms behave in just the opposite manner: they fare badly for small p, but their
performance improves markedly as p increases. Performance of the fan-in and fan-out
algorithms is less sensitive to the number of processors; ring communication performs better
than cube communication, with the gap widening significantly as p grows. Fig. 5a should be
compared with Fig. 2, which shows the same curves for three of the four algorithms using the
theoretical performance models. There are slight differences between predicted and observed
behavior, but the models capture remarkably well the order of magnitude and general shape of
the performance curves and the crossover points between them. '
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4.2.2. Performance as a function of n. Figs. 6a-d give results for matrices of varying order
using a fixed number of processors, this time including Inte! as well as Ncube results. We used
the maximum number of processors available (64 for both hypercubes) for this test because
our primary interest is in the effectiveness of parallel algorithms for very large numbers of
processors. Generally speaking, the wavefront algorithms perform best, with ring fan-in or
fan-out second, cube fan-in or fan-out third, and the cyclic algorithms worst. There are some
exceptions to this order, however: on both machines there is a crossover point beyond which
the ring fan-in algorithm outperforms the column-oriented wavefront algorithm for very large
problems, and on the Intel machine the cube fan-out algorithm performs uniformly more
poorly than the row-oriented cyclic algorithm. Fig. 6a should be compared with Fig. 3, which
shows the same curves for three of the four algorithms using the theorctical performance
models. Again, agreement between predicted and observed behavior is quite good.

5. Conclusion. We have presented two new wavefront algorithms for solving triangular
systems of equations on distributed-memory multiprocessors, with matrices partitioned and
distributed among the processors by rows or by columns. Both algorithms featurc an
adjustable paramcter, the segment size, that controls the granularity of the algorithm and can
be tuned to a specific architecture. Performance models were developed for both algorithms
that accurately predict the optimal segment size for given machine parameters.

The new wavefront algorithms were placed in the context of other message-passing
algorithms for solving triangular systems. These basic algorithms and several variations were
implemented and tested on commercially available hypercube multiprocessors. No one type
of algorithm proved to be superior in all cases. If the matrix is not compatibly mapped onto
the processors, then logarithmic hypercube fan-in and fan-out are the best performing
algorithms. The best absolute performance occurs, however, when the matrix is mapped
compatibly onto the processors, such as in the Gray wrap mapping. In this case, for small
numbers of processors cyclic algorithms are best, while for large numbers of processors
wavefront algorithms are best. Ring fan-in and fan-out perform well across a wide range of
numbers of processors, but provide the overall winner only in the case of a very large matrix
mapped by columns onto a large number of processors.

Parallel algorithms for solving triangular systems tend to be inherently less efficient than
similar algorithms for matrix factorization on the same architectures. The difference is due to
the relatively high proportion of communication required for triangular solution compared to
that for factorization. On the other hand, only one of the triangular solution algorithms we
have discussed (column-sweep) was known prior to 1986. This substantial recent progress has
produced algorithms with acceptable efficiency, so that the triangular solution phase no longer
requires a scverely disproportionate amount of the tota! time in solving a general system of
equations, rcgardless of whether the matrix is partitioned by rows or by columns. Moreover,
further investigation may lead to still more efficient algorithms. A combination of the best
featurcs of the cyclic and wavefront algorithms appears especially promising, since their
regions of greatest effectiveness are complementary,
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Appendix

In this appendix we give selected program listings for our implementations of the
algorithms presented in this paper. Our purpose is to provide details that were omitted from
the high-level statements of the algorithms given carlier. These listings may also help readers
in making comparisons with their own programs and timings.

The programs that follow are straightforward implementations of the algorithms. We
believe that the coding is clean enough to make our performance results meaningful, but no
special attempt was made to optimize the source code for highest possible performance. All of
the algorithms were implemented in the same coding style and with the same degree of care,
so comparisons based on these programs should be fair. The close correspondence between
our empirical results and the results from our theoretical performance models bears this out.

The programs are written in a generic message-passing style so that the source code can
run on hypercubes from different manufacturers without change. The generic communication
procedures nsend and nrecv in turn invoke the native communication procedures of a given
machine. A receive call blocks further exccution by the recciving processor until the
expected message arrives. The parameters of the communication procedures include a
channel identifier ¢i, a message buffer, the length of the message in bytes, the source or
destination node, and a message (ype. The latter permits discrimination among messages in
the input queuc of a processor and can be helpful in synchronization.

The following program listings include the eight basic algorithms comprehensively
compared in Section 4.2. To illustrate the other two topologies and the two acceleration
techniques, we also give program listings for the column-oriented fully connected fan-in
algorithm with compute-ahead and the row-oriented bidirectional ring fan-out algorithm with
send-ahead. All of the programs solve a lower triangular system by forward substitution. We
have also implemented all of the algorithms in this paper to solve upper triangular systems by
backward substitution. In most cases the programs are similar to their forward-substitution
counterparts, with the loops siraply running backward. The wavefront algorithm is a bit
trickier to adapt, and the unidirectional ring algorithms communicate in the opposite direction
around the ring.

The parameters for the triangular solution procedures are as follows:

n  size of matrix
ncols or nrows  number of columns or rows owned by this processor
map  vector giving mapping of columns or rows to processors
mycols or myrows  the set of columns or rows owned by this processor
col or row  vector of pointers to the columns or rows of matrix
b  components of right-hand-side vector owned by this processor
(on exit contains components of solution computed by this processor)
p number of processors
me  identification number of this processor

¢i  communication channel identifier

In addition, for the wavefront algorithms the parameter segment gives the segment size. The
ring algorithms use a few utility routines for determining neighbors in a Gray code ordering,
and these are given in a separate listing at the end.
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col_cf ( n, ncols, map, mycols, col, b, p, me, ci )
int n, ncols, *map, *mycols, p, me, ¢i ;
fleoat **col, *b ;

/*

* |ower triangular forward solve

* column-oriented cube fan-in algorithm

*/
{
int 1, J, k ;
float t ;
j=0;
if ¢ mapl0] == me )
<
blj] /= *coll]] ;
i
b
for ¢ k=1; k<n; k)
{
t=0;
for (1 =0 ; i<]; it+)
t += b[i] * *(col[il+k~-mycols[il) ;
fan_in ( ci, me, k, &t, maplkl, p ) ;
if ( maplkl == me )
{
bLjl -= t ;
biljl /= *colljl ;
it
>
)
3

fan_in ( ci, mynode, type, sum, root, p )
int mynode, type, root, p ;
float *sum ;
/*
* global sum over all processors
* yusing minimal spanning tree with given root
*/
{
int me, bytes, cnt, node-;
float t ;

bytes = sizeof(float) ;
me = mynode“root ;

p/=2;
if (me<p)
{

nrecv ¢ ci, &t, bytes, &cnt, &node, &type ) ;
*sum += t ;

if ( pt=1) fan_in ( ci, mynode, type, sum, root, p ) ;

else nsend ( ci, sum, bytes, (me-p)*'root, type ) ;
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row_cf ( n, nrows, map, myrows, row, b, p, me, ci )
int n, nrows, *map, *myrows, p, me, ¢i ;
float **row, *b ;

/*

* |ower triangular forward solve

* row-oriented cube fan-out algorithm

*/
(
int 1, j, k;
float x ;
i=0;
for ( k=0 ; k <n=1; k#+ )
{
if ( maplkl == me )
{
bljl /= *(rowljl+k) ;
x = bljl ;
it
>
fan_out ( ci, me, k, &x, sizeof(float), maplkl, p ) ;
for ( i =j; i <nrows ; i+t )
b[i]l == x * *(row[il+k) ;
}
if ( mapIn-11 == me ) bLj] /= *(row[jl+n-1) ;
)

fan_out ( ci, mynode, type, vec, bytes, root, p )
int ci, mynode, type, bytes, root, p ;
char *vec ;
/*
* broadcast vector vec of length bytes to all processors
* using minimal spanning tree with given root
*/
{
int me, c¢nt, node ;

me = mynode”root ;

p/=2;

if (me<p)

¢
if ( p'= 1) fan_out( ci, mynode, type, vec, bytes, root, p ) ;
nsend ( c¢i, vec, bytes, (me+p)“root, type ) ;

}

else
nrecv ( ci, vec, bytes, &cnt, &node, 8type ) ;

}
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col_rf ( n, ncols, map, mycols, col, b, p, me, ci )
int n, ncols, *map, *mycols, p, me, ci ;
float **col, *b ;
/*
* lower triangular forward solve
* column-oriented ring fan-in algorithm
*/
{
int i, j, k, cnt, node, type, forward, back ;
float sum, t ;

forward = right(me,p) ;
back = left(me,p) ;

j=0;
if ( mapl[0} == me )
4
brjl /= *collj] ;
i+
3
for (k=1; k<n; kt+)
€
t=0;
for (i =0; i<]j; its)
t += bIi]l * *{col[il+k~mycols[il) ;
sum = 0 ;
if ( back t= maplkl )
<
type = k ;
nrecv ( ci, &sum, sizeof(float), &cnt, &node, &type ) ;
b
sum += t ;
if ¢ mapfk] == me )
4
blj] ~= sum ;
bljl /= *colljl ;
A
3
else nsend ¢ ci, &sum, sizeof(float), forward, k ) ;
)
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row rf {( n, nrows, map, myrows, row, b, p, me, ci )
int n, nrows, *map, *myrouws, p, me, ci ;
float **row, *b ;
/*
* lower triangular forward solve
* row-oriented ring fan-out algorithm
*/
{
int i, j, k, cnt, node, type, forward ;
float x ;

forward = right(me,p) ;
i=0;
for ( k=0 ; k <n-1; k#+ )
{

if ¢ maplk} == me )

{

bljl /= *(rowljl+k) ;

x = b[jl ;
nsend ( ci, &x, sizeof(float), forward, k ) ;
it
>
else
{
type = k ;
nrecv ( ci, &x, sizeof(float), &cnt, &node, &type ) ;
if ( forward != maplk]l ) nsend ( ci, &x, cnt, forward, type ) ;
>

for ( i = j ; i <nrows ; i++ )
b[il -= x * *(row[il+k) ;
>
if ¢ mapIn-11 == me ) b[j] /= *(rowljl+n-1) ;
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col_wv { segment, n, ncols, map, mycols, col, b, p, me, ci )
int segment, n, ncols, *map, *mycols, p, me, ci ;
float **col, *b ;
/*
* |lower triangulesr forward solve
* column-oriented wavefront algorithm
*/
{
int i, j, k, m, lim, tag, bytes, cnt, node, type ;
float *z ;

bytes = segment*sizeof(float) ;
z = (float *)malloc(bytes) ;

1=0;
for ( k=0 ; k <n; kit )
{
if ¢ maplk]l == me )
<
teg = 1 ;
m=0;
while {( m < n-k )
if (k>0)
{
type = k ;
nrecv { c¢i, z, bytes, &ont, &node, &type ) ;
>
else
L4
cnt = segment*sizeof(float) ;
for ( 1 B0 ; i < segment ; i++ ) z[i] =0 ;
>
lim = cnt/sizeof(float) ;
if ¢ Lim> n-m ) lim = n-m ;
if ( tag )
{
b(jl -= z[0]1 ;
bijl /= *colljl ;
me+
>
for ( i =tag; i < lim; i++ )
{
2[i} += bl}1 * *(col[jI+m) ;
m+
)
if ( k <n-18& lim-tag > 0 )
nsend ( ci, &z{tagl, (lim-tag)*sizeof(float), maplk+1l, k+1 ) ;
tag = 0 ;
3
j+
}
),
free(z) ;
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row wv ( segment, n, Nrows, map, Myrows, rou, b, p, me, ci )
int segment, n, nrows, *map, *myrows, p, me, ci ;
float **row, *b ;

/*

* |lower triangular forward solve

* row-oriented wavefront algorithm

*/

{
int i, i, k, m, lim, nseg, iseg, bytes, cnt, node, type ;
float *z ;

bytes = segment*sizeof(float) ;
z = {(float *)malloc(bytes) ;

1 =0;
for (k=0 ; k <n; ktt )
C
if ( map(k] == me )
{
m=0;
nseg = k/segment ;
for ( iseg = 0 ; iseg < nseg ; isegtt )
{
type = k ;
nrecv ¢ ci, z, bytes, &cnt, &node, &type ) ;
if ( kK <n-1) nserd ¢ ci, 2z, ent, maplk+11, k+1 ) ;
for ( i =0 ; i < segment ; i++ )
{
bljl -= z[i] * *(row[jl+m) ;
me
>
>
if ( k > 0 & k¥segment 1= 0 )
<
type = k ;
nrecv ¢ ci, 2z, bytes, &cnt, &node, &type ) ;
else ent = 0 ;
lim = cnt/sizeof(float) ;
for (i =0 ; 1< lim; i++)
{
b}l -= z[i] * *(rowljl+m) ;
M+ 7
)
bljl /= *(rowl[jl+k) ;
if (k<n1)
{
z[lim) = b[j1 ;
nsend ¢ ci, z, (Lim1)*sizeof(float), maplk+1l, k+1 ) ;
>
jtt g
M
}
free(z) ;
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col_cy ( n, ncols, map, mycols, col, b, p, me, ci )
int n, ncols, *map, *mycols, p, me, ci ;
float **col, *b ;

/

{

*

* Lower triangular forward solve
* colum-oriented cyclic algorithm

*/

int i, j, k, lim, bytes, cnt, node, type ;

float *z, *t ;

bytes = (p-1)*sizeof(float) ;

2z = (float *)malloc(p*sizeof(float))
for (i =0; i<p; i++ ) 2{il1 =0
t = (float *)malloc{n*sizeof(float))
for ( i =0 ; i<n; i+¢+ ) t[i1 =0

=0;
o]

-~
g

e w3 wa wmy

(k=0; k<n; kt+)

if ( maplk] == me )
{

)
}
free (t) ;
free (z) ;

if(k>0)
{
type = k ;
nrecv { ci, z, bytes, &cnt, &node, &type ) ;
)
brjl -= z[0] + tik]l ;
bljl /= *colljl ;

if{k<n1)
{
if ( p<=nk)
[ 4
lim = p~1 ; :
for (i =1; 1< Llim; i++)
2{1] += tik+i]l + b[j]1 * *(colljl+i)
z[Lim) = tik+lim] + bLjl * *(col(ji+lim) ;
3 )
else
{
tim = n-k ;
for ( i=1; 1< lim; i++ )
z{i] += tlk+il + bLj1 * *(coll[jl+i) ;
)

nsend ( ci, z+1, lim*sizeof(float), maplk+1l, k+1 )
for (i=kip,; i <n; i++)
tlil += bljl * *(colljl+i-k) ;

¥+

¥

-
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row ¢y ( n, nrows, map, myroWs, row, b, p, me, ci )
int n, nrows, *map, *myrows, p, me, ci ;
float **row, *b ;
/*
* lower triangular forward solve
* row-oriented cyclic algorithm
*/
{
int i, j, k, m, lim, tag, bytes, cnt, node, type ;
float *z ;

bytes = (p-1)*sizeof(float) ;
2z = (float *)malloc(p*sizeof(float)) ;

i=0;
for (k=0; k<n; ktt )
{
if ¢ maplkl == me )
<
if(k>0)
{
type = k ;
nrecv ( ci, z, bytes, &cnt, &node, &type ) ;
else cnt = 0 ;
lim = cnt/sizeof(float) ;
for ¢ 1 =0 ; i < lim; i++ )
bLjl -= z[il ® *(rouwl[jl+i) ;
bLjl /= *(rowl[j1+k) ;
if (k<n1)
{
z{lim} = b[j] ;
tag = lim<p-120:1;
nsend ( ci, z+tag, (limr1-tag)*sizeof(float), maplk+1), k+1 ) ;
for ( m = j+1 ; m < nrows ; m+ )
for ( 1 =0 ; i <= lim; i++ )
biml -= z[i]l * *(row{m]+k+i) ;
)
jt+
>
)
free (2) ;
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col_ff ( n, ncols, map, mycols, col, b, p, me, ci )
int n, ncols, *map, *mycols, p, me, ci ;
float **col, *b ;

/*

* lower triangular forward solve

* column-oriented fully connected fan-in algorithm with compute-ahead

*/

{
int i, j, k, cnt, node, type ;
float sum, t, next ;

ij=0;
if ( map[0] == me )
C
bljl /= *collj] ;
t = blJ] * *(coll[j1+1) ;

it
)
for ( k=1; k<n; k++ )
€
if ¢ maptk-1] 1= me )
{
t=0;
for (i =0 ;1 <j; i++)
t += b{i] * *(col[i)+k-mycols[il) ;
if ( maplk) == me )
{
next = 0 ;
Flk<ntdYFfor (1 =0; 1 <j; iv+)
next += b[i]l * *(col [i1+k+1-mycols[il) ;
sum = t ;
for (i=1;1<p; i++)
{
type = k ;
nrecvy { ci, &t, sizeof(float), &cnt, &node, &type) ;
sum += t 3
3
bl[j] -= sum ;
bljl /= *colljl ;
if (k<n-1)t=next+ b[jl* *(colljI+1) ;
i+
b
else nsend ( ci, &t, sizeof(float), maptkl, k ) ;
3}
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row_bf ( n, nrows, map, Wyrows, row, b, p, me, ci )
int n, nrows, *map, *myrows, p, me, ci ;
float **row, *b ;
/*
* {ower triangular forward solve
* pow-oriented bidirectional ring fan-out algorithm with send-ahead
*/
4
int i, j, k, m, cnt, node, type, forward, back, antipode ;
float x ;

forward = right(me,p) ;
back = left(me,p) ;

j=0;
if ( mapl0] == me )
{
bljl /= *rowlj] ;
nsend ( ci, &b([j3, sizeof(float), forward, 0 ) ;
nsend ¢ ci, &bL]1, sizeof(float), back, 0 ) ;
nsend ¢ ci, &bl[jl, sizeof(float), me, 0 ) ;
IR
b
for ( k=0 ; k <n-1; kt+ )
<
type = k ;
nrecv { ci, &x, sizeof(float), &cnt, &node, &type ) ;
antipode = gray((invgray(mapfk}3+p/2)%4p) ;
if ¢ me != antipode && me != mapl[kl )
{
if ¢ node == back ) nsend ( ci, &x, cnt, forward, type ) ;
else if ( back != antipode ) nsend ( ci, &x, cnt, back, type ) ;
Y
for ( i =j ; i <nrows ; i++ )}
{
blil -= x * *(rowlil+k) ;
if ( k == myrows[jl-1)
{
m = myrowsijl ;
blj) /= *(rowljl+m} ;
if ¢ myrows[jl < n-1)
(
nsend ( ci, &bl[j], sizeof(float), forward, myrows[jl ) ;
nsend ¢ ci, &b[j], sizeof(float), back, myrows[jl ) ;
nsend ( ci, &bI[jl, sizeof(float), me, myrows[jl ) ;
b
I Aal
>
)
3



int right ( node, p )

int node, p
4

int gray(), invgray() ;

return{ gray((invgray(node)+1)%p) ) ;
>

int left ( node, p )
int node, p ;

<
int gray(), invgray() ;
return( gray({invgray(node)+p-1)%p) ) ;
b
int gray (i)
int 1 ;
{
return( (i>»>1)"1 ) ;
}
int invgray (i)
int 1 ;
{
int k ;
k=1;
while ( k > 0 )
{
k>>=1;
i*=k;
)

return (i) ;

33
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Fig. la. Predicted execution time as a function of segment size for the
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Fig. 2. Predicted execution time as a function of number of processors for

column-oriented algorithms on the Ncube hypercube with a matrix of order 500.
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Fig. 3. Predicted execition time as a function of matrix size for
column-oriented algorithms on the Ncube hypercube using 64 processors.
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Fig. 4a. Execution time as a function of segment size for the column-oriented

wavefront algorithm on the Ncube hypercube with a matrix of order 500.
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Fig. 4b. Execution time as a function of segment size for the row-oriented
wavefront algorithm on the Ncube hypercube with a matrix of order 500.
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Fig. 5a. Execution time as a function of number of processors for
column-oriented algorithms on the Ncube hypercube with a matrix of order 500.
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Fig. 5b. Execution time as a function of number of processors for
row-oriented algorithms on the Ncube hypercube with a matrix of order 500.
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Fig. 6a. Execution time as a function of matrix size for column-oriented
algorithms on the Ncube hypercube using 64 processors.
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Fig. 6b. Execution time as a function of matrix size for row-criented
algorithms on the Ncube hypercube using 64 processors.
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Fig. 6c. Execution time as a function of matrix size for column-oriented
algorithms on the Intel hypercube using 64 processors.
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algorithms on the Intel hypercube using 64 processors.
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