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ABSTRACT 

The s t a b i l i t y ,  capac i ty ,  and design o f  a non l inear ,  
cont inuous neura l  netwark are analyzed. S u f f i c i e n t  cond i t i ons  
f o r  ex is tence and asymptot ic  s t a b i l i t y  o f  t he  network 's equi -  
l i b r i a  are reduced t o  a se t  o f  p iecewise l i n e a r  i n e q u a l i t y  
re1  a t  i ons whi ch can be so l  ved by a feedforward b i  nary network, 
o r  by methods such as F o u r i e r  E l im ina t ion .  The s t a b i l i t y  and 
capac i t y  o f  t he  network i s  charac ter ized  by the  post synap t i c  
f i r i n g  r a t e  func t ion .  An N neuron netwo k w i t h  s igmoidal  

o f  which N+1 a r b i t r a r y  p o i n t s  may always be made s tab le .  This 
o f f e r s  a h igher  capac i t y  than the  (0.1-0.2)N obta ined i n  the  
b i n a r y  Hopf ie ld  network. Moreover, i t  i s  shown t h a t  by a 
proper  s e l e c t i o n  o f  t he  pos tsynapt ic  f i r i n g  r a t e  func t i on ,  one 
can s i g n i f i c a n t l y  extend t h e  capac i t y  storage OF t he  network. 

f i r i n g  f u n c t i o n  i s  shown t o  have up t o  3 k e q u i l i b r i u m  p o i n t s  

v i  i 





A neural network i s  a 

subsystems which a re  dynam 

I .  INTRODUCTION 

network o f  a l a r g e  number o f  neu ron - l i ke  

c a l l y  coupled, and e x h i b i t  v i a  t h e i i -  601 e c t i v e  

behav io r  use fu l  computational features. The resemblance o f  t h e  neuron-l i ke 

subsystem model t o  t h e  ac tua l  behavior o f  t h e  human b r a i n  neuron i s  no t  

e s s e n t i a l  a t  t h i s  stage[21], ma in ly  due t o  our as y e t  l i m i t e d  knowledge 

about t h e  human b r a i n  and our  emphasis on computational p roper t i es .  We 

w i l l  thus f o l l o w  t h e  t r a d i t i o n  es tab l i shed  i n  t h e  r e l a t i v e l y  successful  

a p p l i c a t i o n s  o f  such networks t o  the  s o l u t i o n  of c l a s s i c a l l y  complex prob- 

lems, e.g. 

1 i n e a r  programrning[30], f ea tu re  discovery[26], and perceptua l  inferenceC91, 

and r e f e r  t o  them as neural networks, o r  when used as a general purpose 

a r c h i t e c t u r e  - neurocomputers[8]. 

sensory-motor controlC61, t h e  T rave l i ng  Salesman ProblemC131, 

Many models have been suggested f o r  neural  networks[7,10,1.1,12,16,19, 

21,22,27]. When a l l  t h e  neuron subsystems update t h e i r  s t a t e  s imu l tane-  

o u s l y  the  network i s  c a l l e d  synchronous, otherwise, we have an asynchronous 

network. I f  t h e  s t a t e  o f  each neuron i s  represented w i t h  f i n i t e  reso lu -  

t i o n  we denote it a f i n i t e  s t a t e  neural  network; e l s e  i t  i s  a continuous 

network. 

Neural networks may a l so  be c l a s s i f i e d  by t h e i r  p r i n c i p a l  ope ra t i on  

phases. The "produc t ion"  phase i s  t he  one i n  which t h e  t ime e v o l u t i o n  o f  

t h e  network 's s t a t e  man i fes ts  the  use fu l  computational p r o p e r t i e s  sought 

f o r .  For ins tance,  when a neural  network i s  used i n  an " a s s o c i a t i v e  

memory'' ( i  .e., r e t r i e v a l  o f  i n f o r m a t i o n  by conten t ) ,  then t h e  convergence 

of t h e  network s t a t e  t o  a s t a b l e  a t t r a c t o r  i s  t h e  use fu l  a c t i v i t y  which, 

accord ing ly ,  i s  c a l l e d  t h e  "p roduc t ion"  phase. The lea rn ing /adap ta t i on /  
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design phase o f  a neural  network, i s  t h e  stage i n  which t h e  network 

" learns" ,  modi f ies,  o r  designs i t s  i n t e r n a l  a r c h i t e c t u r e  (see Sect ion 2), 

as a r e s u l t  of i t s  i n t e r a c t i o n  w i t h  t h e  environment (ex te rna l  i n p u t )  and 

accord ing t o  "metarules" which are inherent  t o  t h e  g loba l  con tex t  w i t h i n  

which the network i s  t o  be usefulC101. E a r l y  neural  networks m o d e l s f l 6 ~  

separate between these opera t ion  phases. F i r s t  t h e  network i s  operated 

i n  a l e a r n i n g  mode, where t h e  network s t a t e  i s  n o t  al lowed t o  change, but  

t h e  neuron in te rconnect ions  ( a r c h i t e c t u r e )  are modi f ied (designed);  then 

l e a r n i n g  ceases and "product ion"  i s  i n i t i a t e d  by exposing t h e  network t o  

e x t e r n a l  e x c i t a t i o n ,  which y i e l d s  " u s e f u l "  (converging) s t a t e  t r a j e c t o r i e s .  

I n  more recent  models[S-8], t h e  two phases are in termixed,  a l l o w i n g  t h e  

network a r c h i t e c t u r e  and s t a t e  t o  c o n c u r r e n t l y  evolve, i.e., t h e  network 

i s  s imultaneously adapt ive and product ive.  

\hat  makes a problem a "good candidate" f o r  a s o l u t i o n  approach based 

on neural  networks? This i s ,  o f  course, s t r o n g l y  r e l a t e d  t o  t h e  so c a l l e d  

u s e f u l  computational features o f  such networks. Based on t h e  rev iew of  

many neural  networks appl i c a t i  onsC7,lO ,13,15,16,17,24,25,26,31], a common 

s e t  o f  fea tures  was i d e n t i  f i ed. These problems I fea tures  are complex i ty  , 
redundancy, and speed. S p e c i f i c a l l y ,  t h e  problems possess a very h igh  

dimension v a r i a b l e s '  space w i t h  complex i n t e r a c t i o n s  among t h e  var iab les ;  

t h e  f e a s i b l e  s o l u t i o n s  space i s  la rge ,  i.e., t h e  problem has many, almost 

e q u a l l y  use fu l  d i f f e r e n t  s o l u t i o n s  (redundancy); and a s o l u t i o n  must be 

obta ined r e l a t i v e l y  f a s t ,  o f t e n  due t o  i n t e r a c t i o n  w i t h  t h e  rea l  wor ld  

under r e a l - t i m e  c o n s t r a i n t s .  

Although many models have been suggested fo r  neura l  networks and 

d e s p i t e  t h e  f a c t  t h a t  neural  networks models appeared over f o r t y  years 
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agoC201, r e l a t i v e l y  l i t t l e  work has been done i n  ana lys i s  and syn thes is  

of cont inuous neura l  networks models. Reference [SI i s  t o  t h e  best  o f  our 

knowledge, t h e  most general r e s u l t  a v a i l a b l e  t o  date. 

The use and a p p l i c a t i o n  o f  neura l  networks have o f t e n  been h e u r i s t i c  

and “ o p p o r t u n i s t i c “  i n  nature,  i.e., t h e  network model has been customized 

t o  serve t h e  needs o f  the  task  a t  hand[13,26,30,31]. I n  o the r  cases, pro- 

b a b i l i s t i c  o r  fuzzy approaches have been taken[2,3,14,17,22,23], where 

average performance and t h e  performance var iance o f  a neura l  network were 

analyzed, r a t h e r  than i t s  exact evo lu t i on .  

B inary  neura l  networks are e x t e n s i v e l y  discussed i n  the  l i t e r a t u r e ,  

i n  p a r t i c u l a r  w i th  respect t o  t h e i r  design[10,16], s torage capac i ty ,  and 

stabi l i ty f1,2,3,12,32].  Open issues s t i l l  p r e v a i l  however, regard ing  the  

des ign e f f i c i e n c y ,  implementat ion,  e l i m i n a t i o n  o f  spur ious s t a b l e  a t t r a c -  

t o r s ,  i n  t h e  a p p l i c a t i o n  o f  b ina ry  neura l  networks. 

I n  t h i s  paper, our purpose i s  t o  present some r e s u l t s  concerning 

t h e  s t a b i l i t y  and s torage capac i t y  as we l l  as some p r e l i m i n a r y  t o o l s  and 

concepts f o r  t he  design o f  a l a r g e  c lass  o f  continuous, non l i nea r  neural  

networks. Sect ion I1 def ines  a general dynamic model f o r  t h e  network. I n  

Sec t ion  111, we reduce the  problem o f  des ign ing a se t  o f  s t a b l e  network 

a t t r a c t o r s  t o  a se t  of l i n e a r  equat ions and o f  piecewise l i n e a r  i n e q u a l i t y  

cond i t ions .  Sect ion IV analyzes the  i n fo rma t ion  capac i ty  o f  t he  network 

and demonstrates the  r e s u l t s  on a simple, two-neuron example. Sect ion V 

descr ibes our proposed a r c h i t e c t u r e  for  t he  combined des ign/product ion 

system. A d iscuss ion  of f u t u r e  work and o f  cu r ren t  r e s u l t s  i s  g iven i n  

Sec t ion  VI. 
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11. THE NEURAL NETWORK MODEL 

I n  t h i s  sec t i on  we de f ine  t h e  dynamic model o f  t he  neural  network, 

f o l l o w i n g  the  simple models g iven i n  [lo] and [12] (bu t  r e l a x i n g  impor tan t  

c o n s t r a i n t s  on t h e  network 's  a r c h i t e c t u r e ,  such as symmetry). 

The equat ions o f  mot ion of a N-neuron network are: 

- -  dx ( t )  - - A ( t ) x ( t )  f T g ( x ( t ) )  + I 
d t  

where: 
x ( t ) = ( x l ( t ) ,  x z ( t ) ,  .., x N ( t ) ) € R  T N  , and x i ( t )  i s  t he  mean soma p o t e n t i a l  

o f  t h e  i - t h  neuron; g ( x ( t ) )  = ( g l ( x l ( t ) ) ,  g 2 ( x 2 ( t ) ) . . . m , g ~ ( x ~ ( t ) ) ) T ,  w i t h  

g i ( x i )  a d i f f e r e n t i a b l e  func t ion ,  represents  the  sho r t  term average o f  

t h e  f i r i n g  sate of t he  i - t h  neuron as a func t ion  o f  i t s  p o t e n t i a l ;  and 

I ) T N  f~ i s  t he  constant  ex te rna l  i n p u t  t o  t h e  network. A and 
1=(11, I z 9 . . .  N 
T are NX N constant  mat r ices  w i t h  r e a l  e n t r i e s ,  A i s  d iagonal .  I t s  diago- 

n a l  elements, a i  > 0, represent  t h e  t ime constant  o f  t he  r a t e  o f  change f o r  

t h e  i - t h  neuron's p o t e n t i a l .  

t h e  j - t h  neuron p o t e n t i a l  t r a n s m i t t e d  t o  t he  i - t h  neuron. 

o f  t h i s  e f f i c a c y  i s  supported by exper imental  evidence and i s  r e f l e c t e d  i n  

t h e  not  necessa r i l y  symmetric s t r u c t u r e  o f  the  m a t r i x  T. Symmetry i s  not  

r e q u i r e d  here, s ince  we w i l l  no t  use a Lyapunov f u n c t i o n a l  ; moreover, t he  

importance o f  asymmetry i n  temporal assoc ia t i on  and p a t t e r n  generat ion/  

r e c o g n i t i o n  has become i n c r e a s i n g l y  clearC281. I n  our approach, g i  ( X i )  

i s  not  necessa r i l y  a sigmoid funct ion.  Also, our n o t a t i o n  above d i f f e r s  

f rom those g iven i n  [12] by the  absence o f  a constant s c a l i n g  fac to r  C i s  

t h e  i - t h  neuron capacitance. 

The element T i j  i s  t he  synap t i c  e f f i c a c y  o f  

The asymmetry 
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I1 I. ASYMPTOTIC STABILITY OF ME NETWORKS' EQUILIBRIA 

I n  t h i s  sec t i on  we present  s u f f i c i e n t  cond i t ions ,  i n  t h e  form o f  

l i n e a r  equat ions and piecewise l i n e a r  i n e q u a l i t y  r e l a t i o n s ,  f o r  t he  

asymptot ic  s t a b i l i t y  i n  the  neighborhood o f  each member o f  an a r b i t r a r y  

s e t  o f  s t a t e  vectors ,  which are s p e c i f i c a l l y  designed t o  be e q u i l i b r i a  

p o i n t s  o f  the  network. 

Le t  xef:RN be an a r b i t r a r y ,  f i x e d  vector,  which we want t o  be a s t a b l e  

e q u i l i b r i u m  p o i n t  o f  t he  network. 

network a r c h i t e c t u r e  which guarantees s t a b i  1 i ty. 

The fo l l ow ing  i s  a theorem regard ing  the  

Theorem 1 xeERN i s  an asympto t i ca l l y  s t a b l e  e q u i l i b r i u m  o f  t he  ne t -  

work (1) if ai, Tij, i,j = 1, .. N s a t i s f y :  

Axe - Tg(xe) = I 

-a < 0 , i = l ,  ..., N . 
i 

- a I < o , i = 1, ...) N i 

x . = x  e ( 4 )  i i  

Proof:  S u b s t i t u t e  I given by (2)  i n  (1) w i t h  x=xe then 

- -  dxe - - Axe + Tg(xe) + he - Tg(xe) = 0 
d t  

imp ly ing  t h e  xe i s  an e q u i l i b r i u m  p o i n t  o f  the  network. 

asymptot ic  s t a b i l i t y  about x=xe, we expand t h e  r i g h t  hand s ide  o f  Eq. (1) 

i n  Tay lo r  se r ies  about x=xe, t o  ob ta in :  

To guarantee l o c a l  
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where J (x " )  i s  t h e  NX N Jacobian i na t r i x  o f  g (x )  evaluated a t  x=xe w i t h  

agi ( x i  1 
J . . ( x ) "  ..._.I___ , and O( I x-xe I 2, a re  terms o f  second and h igher  o rder  

ax j 1J  

which are van ish ing ly  small  as x+xe. R e c a l l i n g  t h a t  I i s  f i xed ,  we use 

( 2 )  t o  o b t a i n :  

Def ine  y = x-xe, then c l e a r l y  y = 0 f o r  x=xe ,  and, i n  terms of y, ( 6 )  

y i e l d s  

The o r i g i n  y=O o f  t h e  system ( 7 )  i s  l o c a l l y  a s y m p t o t i c a l l y  s t a b l e  i f  the  

eigenvalues o f  t h e  constant m a t r i x  TJ(xe)-A are a l l  i n  t h e  l e f t  h a l f  p lane 

(LHP)[5]. 

s t a b l e  e q u i l i b r i u m  o f  t h e  network i s  t h a t  the eigenvalues o f  TJ(xe)-A, 

denoted by Xi(TJ(xe)-A), i-1, .. N be loca ted  i n  the LHP. 

Thus a s u f f i c i e n t  c o n d i t i o n  for x=xe t o  be an a s y m p t o t i c a l l y  

Now we use a famous e i  genval ides l o c a l  i mat i o n  theorem by Gersgori n[18], 

t o  o b t a i n  c o n d i t i o n s  on t h e  T i j ' s  and a i ' s  t o  guarantee s t a b i l i t y .  

Gersgor in 's  Theorem. .. . . 

t a i n e d  i n  t he  union o f  t h e  N d i s c s  o f  t h e  complex X-plane. 

The eigenvalues o f  a rea l  N X N m a t r i x  B are con- 
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Le t  B=TJ(x@)-A, s ince  gk i s  a func t ion  o f  xk only,  we ob ta in  

0 , i +j 

Therefore,  

, i *j 

Apply ing Gersgor in 's  Theorem t o  the  m a t r i x  B, a s u f f i c i e n t  c o n d i t i o n  f o r  
N 

j=l 
x ~ ( B )  t o  be i n  the  LHP i s  t h a t  a l l  t h e  d i scs  I X - B i i  1 LC 1 B i j  I i = l ,  ... , N 

be i n  t he  LHP, i.e., B i i < O  and I B i i  I > C  I B i j  I , or 
j #1 

- a i  (0, i = l ,  ..., N 

and 

i = l ,  ..., N ; 

which are i n e q u a l i t i e s  ( 3 )  and ( 4 ) .  
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Theorem 1 i m p l i e s  t h a t  by s e l e c t i n g  t h e  network 's a r c h i t e c t u r e ,  T i j  

and ai t h a t  s a t i s f y  c o n d i t i o n s  ( Z ) ,  (3 )  and ( 4 ) ,  t h e  vector  xe i s  guaranteed 

t o  be a l o c a l l y ,  a s y m p t o t i c a l l y  s t a b l e  e q u i l i b r i u m  o f  t h e  network. 

h i s  r e s u l t  may be extended t o  any f i n i t e ,  a r b i t r a r y  set  o f  g iven 
e l  e2 f i x e d  vectors.  k t  t h e  set  Xe be given as: x , x , .. xeM, s u f f i c i e n t  

condi ions  f o r  Xe t o  be an a s y m p t o t i c a l l y  s t d b l e  e q u i l i b r i a  set  are g iven 

i n  Lemma 1. 

Lemma 1. X" = {xek}  , xe&RN i s  an a s y m p t o t i c a l l y  s t a b l e  e q u l i b r i a  
k = l  I 

s e t  o f  t h e  network (1) i f  a i ,  T i j ,  i, j = 1, 

k = 1, 2, .. M: 

.. N, s a t i s f y  fur  each 

, i = 1, .. N 

- a i  I < o , i -1 .. N 

The p r o o f  t o  Lemma 1 i s  s i m i l a r  t o  t h a t  o f  Theorem 1 and w i l l  thus be 

omit ted.  

Not ice  t h a t  t h e  on ly  assumption made regard ing g i ( x i )  i s  i t s  d i f f e r e n -  

t i a b i l i t y ,  thus Lemma 1 i s  v a l i d  f o r  a l a r g e  c lass  o f  non l inear  cont inuous 

networks. 



11 

Conditions ( l o ) ,  (11) and (12) represent NM linear equations 

and 2NM piecewise linear inequalities in the N2+N unknowns { T i j ,  ai), 

i, j = 1, ..., N. Their solution can be implemented by Fourier Elimina- 

tion methodC291 or by another neural network as proposed in Section V. 
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I V .  CAPACITY 

We s h a l l  d iscuss i n  t h i s  s e c t i o n  t h e  s torage capac i ty  (memory) o f  t he  

neura l  network i n  r e l a t i o n  w i t h  d i f f e r e n t  choices o f  t he  f u n c t i o n  g t h a t  

models the  f i r i n g  r a t e  o f  t h e  system. 

Le t  us choose a c e r t a i n  x = xe t o  be a s t a b l e  e q u i l i b r i u m  o f  t he  sys- 

tem (1). 

{ T i j ,  a i ) ,  t h e r e f o r e  the  man i fo ld  o f  s o l u t i o n s  i s  a t  l e a s t  N 2  d mensional. 

We remark t h a t  t he  i n e q u a l i t i e s  (3 -4)  do not  reduce f u r t h e r  t h e  dimension 

o f  t h i s  man i fo ld  bu t  they a f f e c t  on ly  i t s  s ize.  Le t  us p i c k  a lo lu t ion  

{Ttj,a;} be longing t o  t h i s  manifold.  

s o l v i n g  f o r  x we s h a l l  f i n d ,  o f  course, our o r i g i n a l  choice xe, but ,  i n  

genera l ,  we s h a l l  f i n d  some o the r  s o l u t i o n s  as we l l  - a l l  o f  them compati- 

Then Eq. (2 )  prov ides a t  most N cond i t i ons  f o r  the  N 2  + N unknown 

Plugging i t  back i n  Eqs. (2-4) and 

b l e  w i t h  the  a r c h i t e c t u r e  {T!j,a!}. 

s t a b l e  e q u i l i b r i a  w i l l  now depend on ly  on g. 

by s t a r t i n g  from t h e  very beginning w i t h  M ascr ibed s t a b l e  e q u i l i b r i a  

x e l ,  ... xeM, where M i s  chosen such as t o  ensure the  c o r n p a t i b i l i t y / d e t e r -  

m ina t i on  o f  the  system (2-4). 

which admits xel,.,.xeM as s t a b l e  e q u i l i b r i a .  

(2-4) f o r  x, one f i n d s  tha t ,  i n  general ,  t he re  w i l l  be some o the r  s o l u t i o n s  

as we l l ,  xeM+l, ... xeL, whose number and p o s i t i o n  depend now on ly  on g. 

The number and l o c a t i o n  o f  these ' 

One can proceed analogously 

Then, one f i n d s  a unique s o l u t i o n  { T i j y a j l  

However, when s o l v i n g  Eqs. 

An impor tant  p r a c t i c a l  quest ion i s  "how many ( s t a b l e )  e q u i l i b r i a  does 

a c e r t a i n  system have?" For b ina ry  systems, t h e  upper bound o f  t he  number 

o f  e q u i l i b r i a  i s  N and the  lower bound i s  zero [ l ] .  

g - func t ions ,  we want t o  show t h a t  one can increase these bounds, e s p e c i a l l y  

t h e  upper bound. 

By us ing  cont inuous 
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To g i ve  a f l a v o r  o f  t he  var ious  p o s s i b i l i t i e s ,  l e t  us descr ibe  a 

s i m p l i f i e d  s i t u a t i o n :  

xe i  3 0 . Then Eqs. a g i ( x i )  I 
Suppose T-’ e x i s t s ,  I z 0, T i i  = 0, and 

ax i  
( 3 )  and ( 4 )  are au tomat i ca l l y  s a t i s f i e d  and Eq. (2 )  can be w r i t t e n  i n  t h e  

more convenient form ( T - l A x ) i  = g i ( X i ) ,  i=1,...9N. 

( a )  Suppose g i ( X i ) , i = l ,  ... N are odd, monotonic, convex func t i ons  

approaching a s a t u r a t i o n  l e v e l  (i.e., t h e  response o f  each neuron increases 

w i t h  t h e  e x c i t a t i o n  and, even tua l l y ,  sa tu ra tes ) .  

l i k e )  funct ionC121 i s  a gener ic candidate,  bu t  any o the r  s i m i l a r  form can 

be used (e-g., g (x )  = -1, x < -1, g(x )  = x, I x 1 < 1, g (x )  = 1, x 1). 

Then, f o r  a f i x e d  se t  {TTj,a;}, Eq. (2 )  cannot have any o the r  s o l u t i o n  

except t h e  o r i  y i  n a l  l y  ascr ibed x e l , .  . . ,xeM: 

The sigmoid ( tan- ’  - 

each x f j  i s  un ique ly  de te r -  

mined by the  i n t e r s e c t i o n  o f  t he  hyperplane (T’ 1 Ax e .  J ) i  and g i  ( X i ) .  (See 

Fig.  1). Thus, i n  t h i s  case L=M. How l a r g e  can M be? I n  general, Eq. ( 2 )  

represents N independent l i n e a r  cond i t i ons  on { T i j ,  a j }  

f u l l y  determine t h e  a r c h i t e c t u r e ,  a minimum o f  N t l  ascr ibed s t a b l e  equi- 

l i b r i a  i s  required. 

c o n d i t i o n s  ( 3 ) - ( 4 1 ,  we may run i n t o  an incompat ib le  system even f o r  M=2. 

The t o t a l  number o f  e q u i l i b r i a ,  P, i s  much la rge r .  

f o r  a given a r c h i t e c t u r e  t h e r e  are 3N e q u i l i b r i a  ( p o s i t i v e ,  negative, and 

zero) .  

I n  o rder  t o  

Therefore, M< - Ncl. However, because o f  t he  a d d i t i o n a l  

I f  g i  i s  l i k e  (a ) ,  then 

A simple way t o  inc rease capac i t y  i s  t o  s e l e c t  o the r  f u n c t i o n s  g. For 

i nstance: 

(b )  Suppose g i ( x i )  i s  monotonic, nonconvex. This t ype  o f  f u n c t i o n  

may model a more r e f i n e d  t ype  o f  response a l l o w i n g  f o r  i n te rmed ia te  quasi-  

s a t u r a t i o n ,  be fore  t h e  eventual s a t u r a t i o n  se ts  in .  
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-e . (See Fig. 2). 
xi = xi 

Fig.  1. Case ( a ) :  t h e  f i r i n g  r a t e  i s  a monotonic, convex func t  
t h e  mean soma p o t e n t i a l .  

i o n  o f  

I f  x e l  has been t h e  o r i g i n a l l y  ascr ibed s t a b l e  e q u i l i b r i u m ,  then xeZ, 

xe3,..xel, xe2, ... represent acceptable s o l u t i o n s  as we l l .  The p o i n t s  xel ,  

xe2...are s t a b l e  e q u i l i b r i a  on l y  i f  ( 4 )  i s  s a t i s f i e d  w i t h  t h e  corresponding 

( c )  Suppose g i  ( x i )  i s  nonmonotonic, nonconvex. This f u n c t i o n  can 

model responses which, t empora r i l y ,  reac t  i n h i b i t o r i l y  t o  an inc rease o f  

t h e  input .  

T ( t h e  s ign  o f  t h e  m a t r i x  elements T i j ) ,  i t  may be sometimes convenient t o  

have it inc luded i n  t h e  f u n c t i o n  s i  i t s e l f .  

Although e x c i t a t i o n - i n h i b i t i o n  modeling i s  done by t h e  m a t r i x  

Depending on t h e  ac tua l  form o f  s i ,  we see t h a t  t h e  number o f  equi-  

l i b r i a  increases and i t  may be designed as t o  increase w i t h o u t  bound. Yet, 

t h e r e  i s  a t r ade -o f f  between t h e  inc rease o f  capac i t y  and i t s  usefulness 

i n s o f a r  as access t ime and r e l i a b l e  r e t r i e v a b i l i t y  are concerned. We can 

summarize and genera l i ze  our r e s u l t s  i n  t h e  f o l l o w i n g  way: 
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t 

Fig .  2. Case ( b ) :  t h e  f i r i n g  r a t e  i s  a monotonic, nonconvex func t i on  
o f  the  mean soma p o t e n t i a l .  

Let  g i  ( x i  ) be d i f f e r e n t i a b l e ,  bounded and not  i d e n t i c a l l y  constant,  

and l e t  T be i n v e r t i b l e .  

between N + l  and nki where 

Then the  t o t a l  number o f  e q u i l i b r i a  i s  conta ined 
N 

i =1 

ki = max {number o f  so lu t i ons  o f  the  equat ion g i ( x i )  = a+B} . (13)  
a, Bsxj'Xi 

N 

1 =1 
The number o f  --- s tab le  e q u i l i b r i a  i s  conta ined between 1 andr ]k i  . 
Eq. ( 2 )  t h a t  determines the  e q u i l i b r i a  represents  a system of l i n e a r  equa- 

t i o n s  f o r  t he  N 2 + N  unknown { T i j ,  a j} .  The minimum number o f  equat ions i n  

o rder  t o  determine then i s  N2+N, which implies t h a t  we have t o  s p e c i f y  a t  

l e a s t  N+1 e q u i l i b r i a .  I n  order  t h a t  t he  e q u i l i b r i a  be s t a b l e  we have t o  

take  i n t o  account a lso  (3) and ( 4 )  which impose a d d i t i o n a l  r e s t r i c t i o n s .  

One stab'le e q u i l i b r i u m  can always be accommodated, but i f  we choose xel 

and xe2 odd ly  enough, i t  may t u r n  out t h a t  t he re  i s  no a r c h i t e c t u r e  t h a t  

can accommodate them. 

Indeed, 



1 7  

The upper bound i s  ob ta ined by t h e  f o l l o w i n g  reasoning. Equation (2 )  

can be w r i t t e n  

[ T - l ( A ~ - I ) ] j  = g i ( X i )  i = l ,  ..., N . 
By (13), t h e  number o f  s o l u t i o n s  of t he  i - t h  equat ion (14) cannot exceed 

k i .  The t o t a l  number of combinations i s n k i  , which gives the  number o f  

e q u i l i b r i a .  

N 

i =1 
This i s  an upper bound a l s o  fo r  t h e  s t a b l e  e q u i l i b r i a ,  s ince  

i t  may happen t h a t  (3 )  and (4) are f i n a l l y  s a t i s f i e d .  

Remarks. Whether t h e  upper bound f o r  s t a b l e  e q u i l i b r i a  i s  a c t u a l l y  

reachable f o r  a given g i  i s  y e t  t o  be determined. 

I f  % i s  unbounded o r  i d e n t i c a l l y  constant on some i n t e r v a l s ,  then axi 

t h e  s t a b l e  e q u i l i b r i a  may form lines,, and k i  = . We postpone a more 

c a r e f u l  d i scuss ion  o f  t h i s  case f o r  a l a t e r  p u b l i c a t i o n .  

Example. Let  N = 2, 9 i ( X i )  = tan - ' ( x i )  ; X e = (1, 0) T , I = 0 then 

from E q .  (2 )  we ob ta in :  

-a1 + T11 $ = 0 

T21 - " - 0  - 
4 

f rom ( 3 )  and (4)  we obta in :  
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4 
T 1 1  = Ir f o r  which one s o l u t i o n  i s :  ; Tzl = T12 = 0 ; TZ2 = 2 B ’  - 

a1 = a2 = 1. 

For t h i s  a r c h i t e c t u r e  the re  are on ly  th ree  e q u i l i b r i u m  po in ts ,  s ince 

from (2)  we have: 

4 -1 o = -XI + - tan  ( x l )  IT 

2 -1 o = -x2 + ; t a n  (x2)  

o r  { ( x l , x 2 ) ( x 1  = 0 , -+1 

namely { (X I ,  x 2 ) 1  x 1  = +1; x2=0}, are known t o  be s tab le ,  s ince  t h e  

Jacobi  an 

; x2 = 0). Among these e q u i l i b r i a  on ly  two, 

i, j = 1,2 

-1 + (+---* 4 1  ; 0 
l + x  1 

ax j 0 ; -1 

i s  negat ive d e f i n i t e  there.  

cannot guarantee the  s t a b i l i t y  o f  more than one arbitrary vector.  Indeed, 

i f  the vectors  x e l  = (1,O) and xe2 = ( 0 , l )  are given, then cond i t i ons  ( Z ) ,  

( 3 )  and (4)  when app l i ed  t o  t h i s  example lead t o  a con t rad i c t i on .  

o the r  hand, s ince  i n  t h i s  example k l  = 3, k 2  = 1, we indeed have k l k 2  = 3 a 5  

t h e  networks maximum storage capaci ty .  

Fo l low ing  the  r e s u l t s  o f  Sect ions 3 and 4, one 

On t h e  
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V. NEURAL NETWORKS CAN DESIGN NEURAL NETWORKS 

As mentioned i n  the  i n t r o d u c t i o n ,  two phases e x i s t  i n  t h e  s imp les t  

mode o f  opera t ion  o f  a neural  network , namely, t h e  I ' l ea rn i  ng/adaptat ion/  

des ign"  phase and the  ' 'production'' o r  "use fu l "  phase. In  t h e  f i r s t ,  

which we he rea f te r  r e f e r  t o  as the  design phase, t h e  network a r c h i t e c -  

t u r e ,  T, A,  i s  t o  be spec i f ied .  We assume t h a t  t h e  f i x e d  parameters, 

N, M y  t h e  e q u i l i b r i a  set  Xe and the  func t i ons  g i ( X i )  are determined by a 

h ighe r  h i e r a r c h i c a l  l e v e l ,  which determines the  scope and a p p l i c a t i o n  o f  

t h e  network. 

An impor tan t  s tep i n  the  design phase i s  t h e  s e l e c t i o n  o f  I and A 

which guarantee the  s t a b i l i t y  o f  the  M pa t te rns  i n  the  se t  Xe. I n  Sec- 

t i o n  111, it was found t h a t  t h i s  cou ld  be done by the  s o l u t i o n  a f  a set  

o f  p iecewise l i n e a r  r e l a t i o n s  i n  t h e  va r iab les  { T i j ,  a i  1. However, fo r  

a N-neuron network we have N(N+l) unknown var iab les ,  which f o r  N i n  t he  

range 103-1Q4[16] y i e l d s  a 1Q6-108 dimensional  problem; t h i s  i s  the  

"curse o f  d imens iona l i t y "  o f  t h e  network design problem. 

A second aspect of  the  learn ing /des ign  phase i s  t h a t  i t  may have t o  

be performed i n  r e a l  t ime (o r  near rea l - t ime) ,  s ince  information1 obta ined 

f rom t h e  environment has i t s  own dynamic f low.  

A t h i r d ,  bu t  not  t he  l e a s t  impor tant  f ea tu re  o f  the  design problem, 

i s  i t s  redundancy, i.e., t h e r e  i s  a l a r g e  m u l t i p l i c i t y  o f  networks a r c h i -  

t e c t u r e s  which s a t i s f y  the  impor tant  design fea ture  of s tab le  e q u i l i b r i a .  

More s p e c i f i c a l l y ,  fo r  g iven M a r b i t r a r y  pa t te rns ,  t he  dimension o f  t he  

s o l u t i o n  space (T, A ) ,  o f  a N-neurons network i s  a t  l e a s t  N(N+1)-3NM; f o r  

M i n  t he  order  of N/10[8], we ob ta in  a redundancy f a c t o r  in t h e  order  o f  

N2. 
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Thus, t h ree  fea tures  were i d e n t i f i e d  as c h a r a c t e r i s t i c s  o f  the  network 

design problem, namely, t he  h igh  d imens iona l i t y ,  t he  requirement f o r  r e a l  

t ime  s o l u t i o n  and the  redundancy i n  the  s o l u t i o n  space. Not ice  t h a t  these 

t h r e e  fea tures  are e x a c t l y  the t h ree  i ng red ien ts  which, as descr ibed i n  

Sec t ion  I ,  are needed t o  make a problem a good candidate fo r  a neurocom- 

p u t e r  app l i ca t i on .  

We t h e r e f o r e  propose t o  use neural  networks f o r  t he  design of neural  

networks. Although recent  neura l  networks models a1 low f o r  t h e  on-1 i ne 

m o d i f i c a t i o n  o f  t he  network a r c h i t e c t u r e *  ( v i a  a set  of d i f f e r e n t i a l  equa- 

t i o n s  t o  be s a t i s f i e d  by the  synapt ic  weights)[4,6,7,8,10], no s p e c i f i c  

des ign gu ide l i nes  ( t o  our best knowledge), such as those given i n  Sect ions 

111 and I V ,  are y e t  ava i l ab le .  

A p r e l i m i n a r y  a r c h i t e c t u r e  f o r  t he  combined lea rn ing /p roduc t i on  ne t -  

works system i s  descr ibed i n  Fig.  3. The networks system i s  i n t e r a c t i n g  

w i t h  i t s  environment and h igher  h i e r a r c h i c a l  systems t h a t  may e x i s t  v i a  

t h e  i n p u t  t o  t h e  learn ing /des ign  network and the  output  from t h e  produc t ion  

network. No d i r e c t  feedback from the  l a s t  t o  the  f i r s t  i s  assumed; how- 

ever,  i n d i r e c t l y ,  through i t s  e f f e c t  on t h e  environment and communication 

w i t h  o the r  network systems the  produc t ion  network may s igna l  t o  the  

1 ea rn i  ng/desi  gn network the  need f o r  redesign. 

Due t o  t h e i r  d i f f e r e n t  ro les ,  t he  two networks d i f f e r  i n  t h e i r  

d i  rnensi ons and a r c h i t e c t u r e s  e The produc t ion  network, t o  be useful  , must 

e x h i b i t  the  performance of a we l l  t r a ined ,  mature "exper t " ,  which we 

Despi te  t h e  undoubted c o n t r i b u t i o n  of e v o l u t i o n  ( v i a  genet ic  coding)  t o  
t h e  metas t ruc ture  of  mammal bra ins,  t he  b r a i n  " a r c h i t e c t u r e "  i s  cons tan t l y  
under mod i f i ca t i on [Z l ] ,  i .e., t h e  l e a r n i n g  and "produc t ion"  phases are 
in te rmixed.  

* 



21 

ORNL/DWG-86-18230 

Learning/Design Network 

1 

N e t w z  Sy;tem's 1 /1 I I /1 1 Envi ronment ~ and 
E f f e c t  on Environment Higher Level I n p u t  

1 
I 
I 

Desi r e d  2 -----_-------I__ -J 
A r c h i t e c t u r e  

f o r  t he  
Produc t ion  Network 

I n t e r a c t i o n  Feedback 

Fig. 3. Schematic a r c h i t e c t u r e  o f  a l ea rn ing /p roduc t i on  network. 
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i n t e r p r e t  as c o n s t r a i n t s  f o r  i t s  design, i.e. f a s t  dynamics/fast conver- 

gence (s t rong  s t a b i l i t y ) ,  continuous rep resen ta t i on  (h igh  r e s o l u t i o n )  and 

nonl i near (h igh  capac i t y )  model. The l e a r n i  ng/desi  gn network may be slower 

(as i m p l i e d  by the  performance o f  a "beginning s tudent " )  and o f  low reso lu -  

t i o n  ( i n i t i a l l y  on ly  general concepts a re  learned, s p e c i a l i z a t i o n  i s  pos t -  

poned t o  an exper t  r o l e ) ;  however, i t s  dimension (number o f  neurons) i s  

h i g h  ( t h e  pr imary  school sy l l abus  i s  composed o f  a l a r g e  v a r i e t y  o f  sub- 

j e c t s ) .  

l e a r n i n g l d e s i g n  network model. 

These p r o p e r t i e s  suggest t h a t  a b ina ry  model may s u f f i c e  f o r  t h e  

As t o  the  l e g i t i m a t e  quest ion:  "Who" designs t h e  design network? We 

observe t h e  fo l l ow ing .  The r o l e  o f  t he  design network was presented i n  

Sect ions 111 and IV, as a s o l u t i o n  o f  a se t  o f  p iecewise l i n e a r  i n e q u a l i -  

t i e s  which may be solved v i a  l i n e a r  progratnming ( w i t h  a r b i t r a r y  cos t  func- 

t i o n s )  methods, c o n s t r a i n t s  s a t i s f a c t i o n  a lgor i thms and c a t e g o r i z a t i o n /  

c l a s s i f i c a t i o n  techniques. 

neura l  network f o r  t h e  s o l u t i o n  o f  a l i n e a r  programming problem w i t h  f a s t  

convergence. A1 though t h e i  r inethod was demonstrated an a two v a r i a b l e  

problem, we expect t h e i r  technique t o  be a p p l i c a b l e  t o  a much h ighe r  dimen- 

s i o n a l  problem s ince  we are on ly  l o o k i n g  f o r  a f e a s i b l e  s o l u t i o n  o f  Eqs. 

(10-12) and no t  necessa r i l y  f o r  an opt imal one. I n  Refs. [SI and [31] a 

neura l  network was used t o  so lve  a c o n s t r a i n t  s a t i s f a c t i o n  problem. Refer-  

ences [SI and C261 use neural  networks f o r  c l  ass i  f i c a t  i on /ca tegor i  z a t  i o n  

( f e a t u r e  d iscovery  and perceptual  i n fe rence )  problems. Thus, a few schemes 

a l ready  e x i s t  (and many m r e  w i l l  undoubtedly appear) f o r  t h e  implementa- 

t i o n  o f  t he  learn ing /des ign  network. 

Tank and Hopf ie ldc301 showed how t o  design a 
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V I .  DISCUSSION 

We have analyzed t h e  s t a b i l i t y ,  capac i t y  and design o f  non l inear ,  

cont inuous neural  networks. S u f f i c i e n t  cond i t i ons  f o r  ex is tence and asymp- 

t o t i c  s t a b i l i t y  of t h e  network 's e q u i l i b r i a  have been reduced t o  a se t  of 

p iecewise  l i n e a r  i n e q u a l i t y  r e l a t i o n s  which can be solved by a feedforward 

b i n a r y  network o r  by o the r  methods such as F o u r i e r  E l im ina t i on .  I n  our 

model, t h e  s t a b i l i t y  and capac i t y  o f  t h e  network depend almost e n t i r e l y  on 

t h e  pos tsynap t i c  f i r i n g  r a t e  func t i on .  An N neuron network w i t h  s igmoidal  

f i r i n g  f u n c t i o n  i s  shown t o  have up t o  3N e q u i l i b r i a  p o i n t s  o f  which N+ l  

a r b i t r a r y  p o i n t s  may always be made stable.  This o f f e r s  a h ighe r  capac i t y  

than  t h e  (0.1-0.2)N ob ta ined i n  t h e  b ina ry  H o p f i e l d  network. Mareover, i t  

i s  shown t h a t  by a proper s e l e c t i o n  o f  t h e  pos tsynap t i c  f i r i n g  r a t e  func- 

t i o n  one can s i g n i f i c a n t l y  extend t h e  capac i t y  s to rage o f  t he  network. 

Neural networks, de f i ned  as adapt ive  dynamical systems, can c a r r y  

processing by means o f  t h e i r  s t a t e  response t o  

nput. T h e i r  i n t r i n s i c  p roper t i es ,  i.e., h igh  con- 

n e c t i v i t y ,  absence o f  a system-wide c lock  ( a s y n c h r o n i c i t y ) ,  h igh  degree of 

f a u l t - t o l e r e n c e ,  and " g l o b a l "  speed, emphasize t h e i r  p o t e n t i a l  r o l e  f o r  

advanced robot  i cs appl i c a t  i ons  a 

o u t  use fu l  i n f o r m a t i o n  

i n i t i a l  o r  cont inuous 





25 

REFERENCES 

1. Abu Mustafa, Y. and J .  M. Jacques, " In fo rma t ion  Capacity o f  t h e  

2. A m i t ,  D. J . ,  H. Gutfreund and H. Sompolinsky, " S t o r i n g  I n f i n i t e  

H o p f i e l d  k d e l  3'' IEEE Tran. I n fo rma t ion  Theory If-31(4), 461 (1985). 

Numbers o f  Pat te rns  i n  a Spin Glass Model o f  Neural Networks," 
Physical  Review L e t t e r s  55( 14), 1530 (1985). 

Neural Networks," Phys. Rev. I A 32(2), 1007 (1985)" 
3. A m i t ,  D., H. Gutfreund and H. Sompolinsky, "Spin Glass Models o f  

4. Cohen, M. A. and S. Grossberg, "Absolute S t a b i l i t y  of  Global P a t t e r n  
Formation and P a r a l l e l  Memory Storage by Compet i t ive Neural Networks," 
IEEE Trans. Syst. Man Cyber., SMC-13(5), 815 (1983). 

5. Gibson, J. E. ,  Nonl inear  Automatic Control  , McGraw-Hill (1963). 

6. Grossberg, S. and M. Kuperstein, Neural Dynamics and Adapt ive Sensory- 
Motor Control  , North-Hol l  and, Amsterdam (1986). 

7. Grossberg, S., Studie!  
Learnina. PerceDtion. Deve 
Reidel  Press, Boston (1982). 

8. Hecht-Nielsen, R., "Performance L i m i t s  o f  Op t i ca l  E lec t ro -Op t i ca l  
and E l e c t r o n i c  Neurocomputers," Proc. S P I E  Adv. I n s t .  on Hybr id  
and Op t i ca l  Computing SPIE  634, 1986. 

9. Hinton, G. E. and T. Sejnnowski, "Optimal Perceptual Inference," 
Procs. I E E E  Conf. Computer V i s i o n  and Pa t te rn  Recogni t ion,  pp. 448-453 
( 1983). 

10. Hinton, G. E. and J. A. Anderson, P a r a l l e l  Models o f  an Assoc ia t i ve  
Memory, Lawrence Erlbaum, H i l l s d a l e ,  NJ (1981). 

11. Hopf ie ld ,  J. J., "Neural Networks and Physical  Systems w i t h  Emergent 
C o l l e c t i v e  Computational A b i l i t i e s , "  Proc. Nat. Acad. Sci. USA 79, 
2554 (1982). 

12. Hopf ie ld ,  3. J., "Neurons w i t h  Graded Response Have C o l l e c t i v e  
Computational P roper t i es  L i k e  Those of Two Sta te  Neurons," Proc. 
N a t .  Acad., Sci.  USA 81, 3088 (1984). 

13. Hopf ie ld ,  J. J. and D. W. Tank, "Neural Computations of Decis ions i n  
Op t im iza t i on  Problems," B i o l .  Cyber. 52, 141 (1985). 

14. Kandel, A. and S. C. lee ,  Fuzzy Swi tch ing  and Automata, - pp. 208-231, 
Crane-Russak, New York (1980) 



26 

15. 

16. 

17. 

18. 

19. 

20. 

21, 

22 a 

23 * 

24. 

25 

26. 

27 I 

28. 

29 

30. 

K i  nzel  , ld. , "Learn 
Z. Phys. B 60, 205 
..-.-___1- 

ng and P a t t e r n  Recogni t ion i n  Spin Glass Mode 
(1985) 

Kohonen, T., Sel f Organi mat i  on I._._ and Associ a t i  ve Memory, Spr inger-  
Verlag, New York (11984). 

Lee, S. C. and E. T. Lee, "FUZZY Sets and Neural Networks," Journal  of I.I 

Cybernet ics 4 ( 2 ) ,  83 (1974). 

Marcus, M. and I-1. Minc, "'A -.I.. Survey o f  M a t r i x  Theory and _- M a t r i x  
I n e a u a l i t i e s . "  Allvn and Bacon, Boston r1964). " 

Maxwell, T., C. Gi les,  Y. Lee and H. Chera, "Nonl inear Dynamics of 
A r t i f i c i a l  Neural Systems," i n  Procs. Second Conf. on Neural Networks 
f o r  Computing, koesican I n s t i t u t e  o f  Physics (1986, i n  press).  

McCul louch,W. S. and . P i t t s ,  "A Log ica l  Calcu lus o f  t h e  Ideas 
I m m i  nent i n  Nervous Act i v i  t y  , ' I  B u l l  . Math -.. B i  ophys. 5 ( 1983). 

Palm, G ,  "Neural - Assemblies," Spr inger-Ver lag, New York (1982). 

Peret to ,  P. and J. J .  Niea, "S tochas t ic  Dynamics o f  Neural Networks," 
I- IEEE Trans. Syst, Man Cyber. ...__ S 

Peret to ,  P. and J. J ,  FBiez, "Long Term Memory Storage Capaci ty of 
Mu1 ti connected Neural Networks, B i  o l  . Cybern. -...I- 54 53 ( 1986). 

( l ) ,  73  (1986). 

Personnaz, L., I. Guyon and G ,  Dreyfus, " I n f o r m a t i o n  Storage and 
R e t r i e v a l  - i n  Spin-Glass L i k e  Neural  network^,'^ __ J. Physique-Lett .  --- 46, 
L359 (1985).  

Port ,  O., "Computers t h a t  Come Awful l y  C1 ose t o  Phi n k i  ng , I '  Business 
Week, . pp. 32-35 (June 2,  1986). 

Rumelhart, D. and D. Zipser,  "Feature Discovery by Compet i t ive 
Learning," C o g n i t i v e  Science 9 ,  75 (1985). 

Selverston, A. I., ed,, ______. Model Neural Networks .._.I and Behavior, Plenum 
Press, New York (1985). 

Sompalinsky, H. and I .  Kanter, "Temporal Assoc ia t ion  i n  Asymmetric 
Neural Networks," Phys. Rev. ____.I.____ L e t t ,  7, 2861 (1986).  

Stoer, J. and C. Witzgall, Convexi ty and Opt imiza t ion  i n  I.I. F i n i t e  
Diriiensi ons I , S p r i  nger-Vei-1 ag, NEW York (i%i^o). - . ~ ~  

Tank, 0. W. and J. J. Hopf ie ld ,  "Simple Neural Opt im iza t ion  Networks: 
An A/D Converter-, Signa l  Decis ion C i r c u i t  and a L inear  Programming 
C i  r c u i  t , I '  _I IEEE ____.____ Trans. C i  r c u i  t and Systeriis . . . . .-. ._ CAS-33( 5 ) ,  533 (1986).  



27 

REFERENCES (cont 'd )  

31. Venkatasubramanian, V., " Inexac t  Reasoning i n  Expert  Systems: A 
S tochas t i c  Para1 le7 Network Approach," Procs. Second IEEE Conf. on 
A r t i f i c i a l  I n t e l l i g e n c e ,  pp. 13-15, Miami, F l o r i d a  (December 1985). 

o f  H o p f i e l d  Networks," J. Physique Lett. 46(14), L623 (1985). 
32. Weisbuch, G. and F. Fogelman-Souli6, "Sca l ing  Laws f o r  t h e  A t t r a c t o r s  





29 

ORNL/TM-10329 
CESAR-86/ 49 

CSNP-86/01 

INTERNAL DISTRIBUTION 

1. 
2. 
3. 

4-8. 
9. 

10. 
11-15. 

16. 
17. 
18. 
19, 
20. 
21. 
22. 
23. 
24 , 
25. 
26. 
27. 
28. 
29. 

30- 34. 
35. 
36. 
37. 
38. 
39. 

85. 

86. 

87. 

88. 

89. 

V. A. A lex iades 
R. G. A l s m i l l e r  
S.  M. Babcock 
J. Barhen 
0. L. B a r n e t t  
D. E. B a r t i n e  
D. G. Cacuci 
K. M. C l i n a r d  
G. de Saussure 
W. B. Dress 
J. R. E i n s t e i n  
W. E. Fulkerson 
L. J. Gray 
P. M. Haas 
W. R. Hamel 
M. R. H i l l a r d  
E. B. H a r r i s  
C. C. Jorgensen 
G. E. L i e p i n s  
A. S .  Loebl 
J. L. Luc ius 

40 * 
41. 
42. 
43 * 

44-48. 
49. 
50. 
51. 
52. 
53 
54 e 

55. 
56-60. 

61. 
62. 
63. 
64 . 
65. 
66. 

72. 
67-71. 

F. G. Perey 
R. 6. Perez 
L. M. P e t r i e  
F. G. P i n  
V. Protopopescu 
D. B, R e i s t e r  
R. E. Ricks 
R. T. Santoro 
A. D. Solomon 
N. Toomarian 
L. D. Trowbridge 
R.  C. Ward 
C. R. Weisbin 
R. M. W e s t f a l l  
A. Zucker 
P. W. Dickson, Jr. (Consu l tan t )  
G. H. Golub (Consu l tan t )  
R. M. H a r a l i c k  (Consu l tan t )  
D. S t e i  n e r  (Consul tant  ) 
Centra l  Research L i b r a r y  
"-12 Technical  L i b r a r y  

F. C. Maienschein Document Refference Sect ion  
B. F. Maskewitz 73-77. Labora tory  Records Department 
S. A. Meacham 78. Laboratory  Records ORNL, RC 
F. R. Mynatt 79. ORNL Patent O f f i c e  
E. M. Oblow 80-84. EPMD Reports O f f i c e  
R. W. P e e l l e  

EXTERNAL DJSTRIBUTIObl 

O f f i c e  o f  t h e  A s s i s t a n t  Manager for Energy Research and 
Development, Oak Ridge Operat ions O f f i c e ,  U.S, Department o f  
Energy, Oak Ridge, TN 37831 

0. P. Manley, D i v i s i o n  o f  Engineer ing and Geosciences, O f f i c e  o f  
Bas ic  Energy Sciences, U.S. Department of Energy - Germantown, 
Washington , DC 20545 

R. Greenberg, O f f i c e  o f  M i l i t a ry  A p p l i c a t i o n s ,  U.S. Department o f  
Energy - Germantown, DP-225, Washington, DC 20545 

R. LeCheval i e r ,  San Franc isco Operat ions O f f i c e ,  U.S. Department 
o f  Energy, 1333 Broadway, Oakland, CA 94612 

3. S. Coleman, D i v i s i o n  of Engineer ing,  Mathematical ,  and 
Geosciences, O f f i c e  o f  Basic  Energy Sciences, ER-15, U.S. 
Department o f  Energy - Germantown, Washington DC 20545 



30 

AL DISTRIBUTION (cont ' d )  

90. D. M. Aust in,  O f f i c e  of S c i e n t i f i c  Computing, U.S. Oepartment o f  
Energy , Washi ngton , DC 20545 

A i r  Force Wright Aeronaut ica l  Labora tar ies ,  W r i g h t  Pat te rson AFB, 
Ohio 45433 

91. G,  Waggoner 
92. R. N i e t e r ,  AARTI2 

93. R. Bryan, AART/2 
94. B. Lem 

Rome A i r  Development Center, G r i f f i s s  AFB, NY 13441 

95. L t .  Col. C. E. Anderson 97. L t .  A. Wi l l iams,  COTC 
96. D. L, Harvey, OCTS 

U.S. Army Human Engineer ing Laboratory,  Aberdeen Prov ing Grounds, 
MD 21005-5001 

98. J. Weisz 
99. J. Stephens 

100. C. M. Shoemaker 
101. Maj. F.  H o l l y  

J e t  Propu ls ion  Laboratory,  4800 Oak Grove Dr ive,  Pasadena, CA 91109 

102. A. K. Bejczy 
103, G. Rodriguez 

104. B. Selaram 
195. S. Szermay 

106. Wayne Book Department o f  Meehani c a l  Engineer ing,  Georgia 
I n s t i t u t e  o f  Technology, A t lan ta ,  GA 30332 

107. Ewald Heer, Heer Associates,  Inc. , 5329 Crown Avenue, 
La Canada, CA 91011 

108. John F. Palmer, Chairman, NCUBE Corporat ion,  915 E. La Vieve Lane, 
Tempe, AZ 85284 

109. Harry E. Pople, Dec is ion  Systems Laboratory,  U n i v e r s i t y  o f  
P i t t s b u r g h ,  School o f  Medicine, P i t t sburgh,  PA 15261 

110. Mike Rabins, Dean, Mechanical Engineer ing Department, Wayne S t a t e  
U n i v e r s i t y  , Det r o i  t MI 48202 

111. K a r l  Reid, Dean, Col lege o f  Engineer ing,  A r c h i t e c t u r e  and 
Technology, Oklahoma Sta te  U n i v e r s i t y ,  S t i l l w a t e r ,  OK 74074 

112-116. A. Guez, Department o f  E l e c t r i c a l  and Computer Engineer ing,  
Drexel  U n i v e r s i t y ,  Ph i lade lph ia ,  PA 19104 

117. J. T. Poore, Chairman, Department o f  Computer Science, U n i v e r s i t y  
o f  Tennessee, K n o x v i l l e ,  TN 37916 

118. W. L. Greene, Ckai rrnan, Department o f  E l  ectr i  cal  Engi n e e r i  ng , 
Uni v e r s i  ty of  Tennessee; Knoxvi 11 e, TN 37916 

1 19- 148. Tech n i ca 'I Informat i on Cent e r 




