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ABSTRACT 

This  r e p o r t  i n t roduces  t h e  concepts o f  a p r e v i o u s l y  deve l -  
oped methodology which cou ld  r e a d i l y  be extended t o  the f i e l d  of  
performance assessment f o r  h i  gh-1 eve1 nuc lea r  waste i s 0 1  a t  i o n  
systems. The methodology i nco rpo ra tes  s e n s i t i v i t i e s  p r e v i o u s l y  
ob ta ined  w i t h  t h e  GRESS code i n t o  an u n c e r t a i n t y  ana lys i s ,  f rom 
which propagated u n c e r t a i n t i e s  i n  c a l c u l a t e d  responses may be 
d e r i v e d  from bas ic  da ta  u n c e r t a i n t i e s .  
o f  terms, examples are  prov ided i l l u s t r a t i n g  commonly used con- 
ven t ions  f o r  d e s c r i b i n g  t h e  concepts of covar iance and sensi  - 
t i v i t y .  Examples of s o l u t i o n s  t o  problems p r e v i o u s l y  encountered 
i n  r e l a t e d  f i e l d s  i n v o l v i n g  u n c e r t a i n t y  a n a l y s i s  and use o f  a 
genera l  i z e d  1 i n e a r  leas t -squares  adjustment procedure are  a1 so 
presented.  

F o l l o w i n g  a d e f i n i t i o n  





1. NEED FOR UNCERTAINTY ESTIMATES 

I n  t h e  numer ica l  s o l u t i o n  t o  a complex problem such as t h e  p e r f o r -  

mance assessment of a nuc lea r  waste i s o l a t i o n  system, l a r g e  amounts o f  

da ta  a re  u s u a l l y  i n p u t  i n t o  the  c a l c u l a t i o n a l  scheme. It should be recog- 

n i z e d  t h a t  each datum has an u n c e r t a i n t y  assoc ia ted  w i t h  it, e i t h e r  be- 

cause t h e  p r e c i s i o n  of measurements i s  l i m i t e d ,  o r  because s p e c i f i c  va lues 

f o r  many p h y s i c a l  p r o p e r t i e s  o f  the system must be assumed which may o n l y  

rep resen t  average c o n d i t i o n s .  F u r t h e r  u n c e r t a i n t i e s  a r i s e  because t h e  

methods used i n  t h e  c a l c u l a t i o n s  themselves have d e f i c i e n c i e s  o r  i n v o l v e  

approx imat ions.  Consequently, t h e  c a l c u l a t e d  r e s u l t  has an u n c e r t a i n t y  

t h a t  i s  compounded f rom t h e  i n d i v i d u a l  es t imated  u n c e r t a i n t i e s  t h a t  have 

been propagated th rough t h e  c a l c u l a t i o n  from each u n c e r t a i n t y  source. 

S ince t h e r e  are e s s e n t i a l l y  no measurements a v a i l a b l e  a t  t h e  present  

t i m e  t o  v a l i d a t e  t h e  results o f  com$lex c a l c u l a t e d  s o l u t i o n s  t o  h i g h -  

l e v e l  nuc lea r  waste i s o l a t i o n  problarns because o f  t he  long t ime  i n t e r v a l s  

i nvo l ved ,  i t  i s  o f  paramount impor tance t o  be ab le  t o  es t ima te  w i t h  

reasonable accuracy the  r e s u l t i n g  u w e r t a i n t y  i n  t h e  c a l c u l a t e d  values. 

The f o l l o w i n g  sec t i ons  desc r ibe  a methodology t h a t  leads t o  t h e  r e a l i z a -  

t i o n  o f  t h i s  goal. Moreover, i t  i s  e q u a l l y  impor tan t  t o  be ab le  t o  take  

i n t o  account i n  t h e  a n a l y s i s  o f  t he  system u n c e r t a i n t i e s  any a d d i t i o n a l  

knowledge o r  measurements o f  data which may not be e x p l i c i t l y  used i n  t h e  

c a l c u l a t i o n a l  scheme b u t  are r e l a t e d  t o  some p h y s i c a l  p r o p e r t i e s  o f  t h e  

system. Sec t i on  6 descr ibes  how, as improved knowledge o f  t he  data be- 

comes a v a i l a b l e ,  t h e  u n c e r t a i n t i e s  i n  t h e  c a l c u l a t e d  values can be reduced 

by  means o f  a genera l i zed  l i n e a r  leas t -squares  adjustment procedure which 

combines t h e  improved knowledge of t h e  da ta  w i t h  the  measured or  assumed 

va lues  used i n  t h e  c a l c u l a t i o n .  

1 
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2. CONCEPT AND REPRESENTATIONS OF A SIMPLE COVARIANCE 

The te rm "covar iance"  i s  a more general  d e f i n i t i o n  o f  u n c e r t a i n t y  

t h a n  t h e  terms "var iance"  o r  "s tandard d e v i a t i o n ' '  because i t  cons iders  n o t  

o n l y  a measure o f  t h e  p r e c i s i o n  t o  which a q u a n t i t y  i s  perce ived t o  be 

known b u t  a l s o  how t h i s  p r e c i s i o n  i s  c o r r e l a t e d  w i t h  t h a t  o f  another  

q u a n t i t y .  One speaks o f  t h e  covar iance between two q u a n t i t i e s ,  and t h e r e  

a r e  i n  general  as many d i f f e r e n t  covar iances between a g iven q u a n t i t y  

(whether  i t  be a parameter o r  a response) and o t h e r  q u a n t i t i e s  (be they  

parameters o r  responses) as t h e r e  are  numbers o f  quant i  t i e s  invo lved.  

Covariances are  nor i l la l ly  expressed i n  terms o f  f r a c t i o n a l  (FSD) o r  percent  

(PSD) standard d e v i a t i o n s  and c o r r e l a t i o n  c o e f f i c i e n t s .  For example, i f  

we denote two d i f f e r e n t  q u a n t i t i e s  by t h e  symbols 41  and 471 then 

o o u  cq lq2  1 2 1,2 ' 

where C q l q 2  represents  t h e  covar iance between t h e  q u a n t i t i e s  q1 and 42, 

a1 and u2 are  t h e i r  correspondioy s tandard  d e v i a t i o n s ,  and ~11 2 i s  t h e  

c o r r e l a t i o n  c o e f f i c i e n t .  

I f  the  q u a n t i t i e s  41, 42, ...qi, ... are represented as elements o f  

a column vec to r  q : ( q i ) ,  then t h e  m a t r i x  t h a t  represents  t h e i r  covar iances 

and which c o n s i s t s  o f  elements d e f i n e d  by Eq. (1) inay be descr ibed by t h e  

f o l l o w i n g  n o t a t i o n :  

where t h e  f i r s t  d e v i a t i o n  ii t h e  brackets  represents  a column v a c t o r  and 

the  second one i t s  t ranspose - i.e., a row vector .  The brackets  i n  Eq. ( 2 )  
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a r e  used t o  des ignate  

p r o b a b i l i t y  d i s t r i b u t  

an e x p e c t a t i o n  value, i.e., an average over  a 

on o f  p o s s i b l e  d e v i a t  ons 6 f rom t h e  mean. 

F o l l o w i n g  t h e  usual  r u l e s  of m a t r i x  m u l t i p l i c a t i o n ,  t h e  elernents o f  

Cqq can be r e a d i l y  shown t o  be 

The covar iance m a t r i x  expressed by Eq. (2) i s  symmetric and c o n s i s t s  

o f  "autocovar iances"  s ince  t h e  same q u a n t i t i e s  4 appear i n  bo th  f a c t o r s  

i n  Eq. (2). The cor respond ing  a u t o c o r r e l a t i o n  m a t r i x  i s  represented  as 

a t r i a n g u l a r  m a t r i x  o f  c o r r e l a t i o n  c o e f f i c i e n t s  w i t h  ones a long t h e  

d iagona l ,  t oge the r  w i t h  s tandard  d e v i a t i o n s  f o r  each row. 

i f  t h e r e  are  four  q u a n t i t i e s  t h a t  ,mke up t h e  vec to r  q ,  t h e  a u t o c o r r e l a -  

t i o n  m a t r i x  i s  shown i n  Table 1, where t h e  covar iances can be cons t ruc ted  

from Eq. (3). 

For example, 

Table 1. Representa t ion  o f  an A u t o c o r r e l a t i o n  M a t r i x  

Percent  
Standard 
Devi a t  i o n  4 1  q2 43 94 
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I f  the  covar iances o f  t h e  q u a n t i t i e s  4 w i t h  o t h e r  q u a n t i t i e s  V are  

des i r e d  , then 

and t h e  corresponding r e c t a n g u l a r  c o r r e l a t i o n  m a t r i x  i s  now i n  general  

asymmetr ical  w i t h  no d iagonal  s ince  t h e  q u a n t i t i e s  and G may be dimen- 

s ioned  d i f f e r e n t l y .  The r e s u l t i n g  m a t r i x  now i n v o l v e s  cross-covar iances 

rep resen ts  

c r o s s - c o r r e  

o r  c r o s s - c o r r e l a t i o n s  between t h e  q u a n t i t i e s  ;j and i .  I f  4 once again 

ou r  q u a n t i t i e s  and 7 t h r e e  o t h e r  q u a n t i t i e s ,  then t h e  r e s u l t i n g  

a t i o n  m a t r i x  may be represented as shown i n  Table 2. 

Table 2. Representat ion o f  a Cross -Cor re la t i on  M a t r i x  

a 1,2 

292 
a 

44 
a 

4 9 1  432  
n 

a 
1,3 

2,3 a 

393 
a 

a 
493 

N o t i c e  t h a t  t h e  s tandard d e v i a t i o n s  a re  suppressed. Thus, i f  Table 2 

represented t h e  sum t o t a l  o f  our knowledge of t he  u n c e r t a i n t i e s  betNeen 

4 and i ,  then the cross-covar iances cou ld  not  be determined. Ye should 

recognize,  however, t h a t  t h e  m a t r i x  i n  Table 2 represents  an o f f - d i a g o n a l  
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submat r ix  of a l a r g e r  synmet r ic  complete c o r r e l a t i o n  m a t r i x  i n v o l v i n g  t h e  

q u a n t i t i e s  

t h e  a u t o c o r r e l a t i o n s  betMeen t h e  components o f  4 shown i r l  Table 1 and 

s i m i l a r  a u t o c o r r e l a t i o n s  among t h e  components of V. This i s  i l l u s t r a t e d  

i n  Table 3, where on ly  t h e  lower  t r i a n g l e  i s  given. No t i ce  t h a t  t h e  

t h r e e  components of 3 have c o r r e l a t i o n  c o e f f i c i e n t s  des ignated  w i t h  

s u b s c r i p t s  5, 6, and 7 t o  d i s t i n g u i s h  them from those o f  4. 

and ? which a lso  con ta ins  as d iagonal  submatr ix  components 

Tab le  3. Complete C o r r e l a t i o n  Ma2rrix Between t h e  Q u a n t i t i e s  4' and 

41 92 43 44 n- 
a a 1. o 94  aq4 I a4.1 4.2 4 . 3  

a 
v3  'V3 1 (r7,1 7,2 ? , 3  794 

a 

3 V 2 V 1 V 

1.0 

The c ross-covar iance between q 3  and v i s  2 

(cqv)3,2 = '93 'v2 a6,3 9 

w h i l e  t h a t  between q2 and v i s  
3 

(cqv)2,3 = '92 'v3 9 , 2  3 

and they  are no t  n e c e s s a r i l y  t h e  same. 

( 5 )  
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3. PRINCIPLES IN ESTIMATING PARAMETER COVARIANCES 

By "parameters" a re  meant bas i c  data, o f t e n  d i f f e r e n t i a l  i n  some 

sense, t h a t  are used i n  a c a l c u l a t i o n  o f  an i n t e g r a l  response. For 

a p p l i c a t i o n  t o  nuc lea r  waste i s o l a t i o n  problems, these parameters can be 

b r o a d l y  d i v i d e d  i t o  t h r e e  ca tegor ies  - measured data,  assumed data, and 

b i a s  f a c t o r s  a r i s  ng from use o f  approximat ions i n  t h e  methods employed i n  

t h e  c a l c u l a t i o n s .  The f i r s t  two, i n  f a c t ,  represent  data t o  which GRESS 

s e n s i t i v i t i e s  may be r e a d i l y  c a l c u l a t e d e l  Examples o f  t h e  f i r s t  category 

i n c l u d e  h a l f - l i v e s  o f  r a d i o a c t i v e  i so topes  and t h e  energy d i s t r i b u t i o n  o f  

t h e  p a r t i c l e s  f rom decay o f  var ious nuc l i des ;  examples o f  the second 

i n c l u d e  assumed h y d r a u l i c  and heat t r a n s f e r  p r o p e r t i e s  o f  s o i l s  and concrete,  

p ressu re  d i f f e r e n t i a l s  g i v i n g  r i s e  t u  s l u r r y  t r a n s p o r t ,  and p h y s i c a l  

dimensions. The t h i r d  category i s  rnore d i f f i c u l t  t o  analyze. A b i a s  

f a c t o r  may be de f i ned  t o  be a m u l t i p l i c a t i v e  c o r r e c t i o n  f a c t o r  t h a t  i s  t o  

be a p p l i e d  t o  a c a l c u l a t e d  r e s u l t  t h a t  takes i n t o  account known d e f i c i e n -  

c i e s  i n  t h e  c a l c u l a t i o n a l  method. An example o f  t h i s  category i s  t h e  

p o i n t - d e p l e t i o n  assumption used i n  t h e  ORIGEN2 code2 t o  s imu la te  n u c l e a r  

f u e l  cyc les  and/or spent f u e l  c h a r a c t e r i s t i c s .  Al though values o f  b i a s  

f a c t o r s  are o f t e n  assumed t o  be u n i t y ,  t h e i r  covar iances r e f l e c t  uncer-  

t a i n t i e s  i'l these values and a re  g e n e r a l l y  non -neg l i g ib le .  

There are no rec ipes  f o r  o b t a i n i n g  parameter covar iances. The s tan -  

d a r d  d e v i a t i o n s  are s imply  educated guesses of how w e l l  t h e  va lue of t h e  

q u a n t i t y  i s  pe rce i ved  t o  be known i n  t h e  case o f  measured data or how much 

t h e  value i s  a l lowed t o  vary i n  t h e  case of assumed data. F o r  methods 
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b i a s  f a c t o r s ,  a s tudy sometimes has t o  be made u s i n g  more r i g o r o u s  methods 

of c a l c u l a t i o n  t h a t  can q u a n t i f y  t h e  approx imat ions made i n  employ ing a 

g i ven  assumpti on 

Parameter c o r r e l a t i o n s  depend on t h e  manner i n  which they  were 

measured i n  t h e  case o f  measured data o r  on r e l a t i o n s h i p s  t h a t  may need 

t o  be s a t i s f i e d  between assumed values i n  t h e  case o f  assumed data. I n  

t h e  f i r s t  case, i f  a q u a n t i t y  i s  measured i n d i r e c t l y  as a r a t i o  t o  

another  b e t t e r  known q u a n t i t y ,  then, even though i n  na tu re  these two 

q u a n t i t i e s  a re  comple te ly  independeqt, from t h e  method used i n  t h e i r  

measurement t h e r e  i s  a s t r o n g  c o r r e l a t i o n  between them which must be 

r e f l e c t e d  i n  t h e i r  covariances. S i r n i l a r l y ,  i n  t h e  case o f  assumed data, 

i t  may be necessary t o  s a t i s f y  a bovmdary o r  some o t h e r  c o n d i t i o n  on two 

parameters s imu l taneous ly ,  thus cor:-el a t i n g  them. 

C o r r e l a t i o n  c o e f f i c i e n t s  vary between t h e  l i m i t s  -1 (complete a n t i  - 
c o r r e l a t i o n )  th rough  0 (no c o r r e l a t i o n )  t o  +1 (complete c o r r e l a t i o n ) .  I f  

t h e r e  i s  reason t o  suspect a p o s i t i v e  c o r r e l a t i o n  between two parameters 

b u t  t he  magnitude o f  t he  c o r r e l a t i o n  i s  r e l a t i v e l y  unknown, then 

c o e f f i c i e n t s  o f  0.5 may be assumed. 

f i c i e n t s  o f  -0.5 may be assumed f o r  suspected bu t  d i f f i c u l t  t o  assess 

n e g a t i v e  c o r r e l a t i o n s .  

S i m i l a r l y  a p p r o p r i a t e  nega t i ve  coe f -  
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4. COVARIANCE PROPAGATION WITH SENSITIVITIES 

It i s ,  o f  course, fundamental t o  t h e  e n t i r e  development o f  t h e  un- 

c e r t a i n t y  concept t h a t  one be a b l e  t o  determine t h e  u n c e r t a i n t y  i n  a 

c a l c u l a t e d  response t h a t  a r i s e s  as t h e  r e s u l t  of an u n c e r t a i n t y  i n  some 

parameter t h a t  i s  used i n  i t s  c a l c u l a t i o n .  Th is  idea of covar iance propa- 

g a t i o n  requ i res  knowledge o f  how t h e  response changes as a r e s u l t  o f  a 

change i n  t h e  parameter - i.e., o f  a s e n s i t i v i t y .  

If s e n s i t i v i t y  i s  de f ined as t h e  f r a c t i o n a l  change o f  a response per  

f r a c t i o n a l  change i n  a parameter ( o f t e n  expressed as a d imension less r a t i o  

o f  such u n i t s  as percent  pe r  percent ,  etc.) ,  then t h e  pe r tu rbed  va lue  o f  

t h e  response ? i s  r e l a t e d  t o  t h e  pe r tu rbed  va lue of t h e  parameter 6 as 

I n  Eq. ( 7 )  t h e  r ight -hand s i d e  represents  a l i n e a r  expansion about t h e  

unper tu rbed value. 

I f  t h e  response column vec to r  has dimensions I x 1 and t h e  parameter 

column vec to r  N x 1, where I and N are t h e  number o f  resgonses and para-  

meters r e s p e c t i v e l y ,  then t h e  s e n s i t i v i t y  m a t r i x  S r  as de f ined by E q .  ( 8 )  

has dimensions I x N. 

The covar iance m a t r i x  f o r  ? becomes, us ing  Eqs. ( 7 )  and ( 8 ) ,  

___.....--I___ 

Reca l l  t h a t  (.AB)T E BTAT, where A and B a re  mat r ices .  * 
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where S r  T i s  t h e  t ranspose o f  t h e  s e n s i t i v i t y  m a t r i x  and i s  o f  dimensions 

N x I. As i n  a l l  cases i n v o l v i n g  m a t r i x  m u l t i p l i c a t i o n ,  t h e  dimensions 

o f  each s i d e  o f  E q .  ( 9 )  must agree. 

t h e y  must be t h e  same as those o f  SrCppSry which are  ( I  x N) x (N x N) x 

( N  x I ) .  

The dimensions o f  CFF a re  I x I ,  and 

T 

Recogniz ing t h a t  a m a t r i x  of dimensions I x N may be w r i t t e n  as 

t h e  produc t  o f  two o t h e r  m a t r i c e s  of dimensions I x 1 and 1 x N, then  t h e  

dimensions o f  t he  m a t r i x  ob ta ined  by forni iny SrCppSr T become [ ( I  x 1) x 

( 1  x N)] x [ ( N  x 1) x (1 x N)] x [ ( P I  x 1) x (1 x I ) ] .  Regrouping and 

f u r t h e r  recogn iz ing  t h a t  t h e  r e s u l t  of m u l t i p l y i n g  1 x N and N x 1 m a t r i c e s  

t o g e t h e r  has dimensions o f  1 x 1, i m e . ,  i s  a sca la r ,  one ob ta iqs  dimensions 

o f  ( I  x 1) x (1 x 1) x (1 x 1) x (1 x I )  = ( I  x 1) x (1 x I ) ,  which reduces 

t o  I x I ,  i n  agreement wi th those of t he  l e f t - h a n d  s i d e  of Eq. (9) .  

To suminarize, t h e  covar iances o f  each parameter used i q  a c a l c u l a -  

t i o n  are  propagated t o  those o f  a c a l c u l a t e d  r e s u l t  by t he  use of 

s e n s i t i v i t i e s  : 

I f  s e n s i t i v i t i e s  t o  t h e  parameters are l a rge ,  t hen  t h e  f i r s t - o r d e r  

expansion i n d i c a t e d  by Eq. ( 7 )  becomes inaccu ra te  and h ighe r  o rde r  terms 

shou ld  be considered. F o r  the  present  a p p l i c a t i o n ,  it w i l l  be assumed 

t h a t  f i r s t - o r d e r  theo ry  i s  s u f f i c i e n t l y  accura te  and t h a t  these s e n s i -  

t i v i t i e s ,  whether they  be ob ta ined  f rom GRESS or by a d j o i n t  methods, w i l l  

p r o v i d e  adequate es t imates  o f  t h e  response covar iances I 
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Energy 
Range 
(MeV) 

5. EXAMPLES OF PARAMETER AND RESPONSE COVARIANCES 

Several  examples o f  parameter and response cova r i  ances, a1 though 

comp le te l y  u n r e l a t e d  t o  q u a n t i t i e s  o f  i n t e r e s t  i n  nuc lea r  waste d i sposa l ,  

PSD 
( X I  

w i l l  be g iven i n  o rde r  t o  i l l u s t r a t e  t h e  concepts i n t roduced  i n  t h e  

e a r l i e r  sect ions.  

The f i r s t  example of a parameter covar iance i s  t h a t  o f  t h e  t o t a l  

8.19 t o  11.05 

6.07 t o  8.19 

4.07 t o  6.07 

3.01 t o  4.07 

i n e l a s t i c  i r o n  cross s e c t i o n  d e r i v e d  from da ta  appear ing i n  a recent  

n u c l e a r  da ta  e ~ a l u a t i o n . ~  

i n  Table 4. 

A p o r t i o n  o f  t h e  c o r r e l a t i o n  m a t r i x  i s  shown 

5.83 

5.37 

5.47 

5.58 

Table 4. C o r r e l a t i o n  M a t r i x  o f  t h e  To ta l  I n e l a z t i c  I r o n  Cross Sect ion 
i n  t h e  3- t o  11-MeV Range 

3 

4 

0.13 1.00 1.00 

0.16 1.00 1.00 1.00 
__ 4-7 

* M a t r i x  i s  symmetric; on 

I Group 

I 2 0.18 1.00 

- l.____.__._l.̂ ._. c I__._. ___ ~ ___ 
y t h e  lower  h a l f  i s  shown. 

Several  i n t e r e s t i n g  f e a t u r e s  about t h i s  m a t r i x  are t h a t  t h e r e  i s  an 

assumed p e r f e c t  c o r r e l a t i o n  i n  t h i s  cross s e c t i o n  i n  t h e  energy range 3 

to 8 MeV, t h a t  t h e  cross s e c t i o n s  above 8 MeV are p o o r l y  c o r r e l a t e d  w i t h  

those  below 8 MeV, and t h a t  a l l  t h e  c o r r e l a t i o n s  are p o s i t i v e .  The va lue 

o f  t h e  r e l a t i v e  covar iance o f  t h i s  cross s e c t i o n  between t h e  energy 

l i m i t s  assoc iated w i t h  groups 1 and 4 i s  
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The s e n s i t i v i t i e s  of t h e  group f l u x e s  i n  t h e  same group s t r u c t u r e  as 

de f ined i n  Table 4 t o  t h e  t o t a l  i n e l a s t i c  i r o n  cross s e c t i o n  c a l c u l a t e d  

by t h e  a d j o i n t  method f o r  a d e t e c t o r  l o c a t e d  behind about 28 cm of 

s t a i n l e s s  s t e e l  and 11 cm o f  water  i s  shown i n  Table 5. It i s  t o  be 

observed t h a t  t h e  s e n s i t i v i t i e s  are nega t i ve  ( i -e . ,  an i r lc rease i n  t h e  
-I--- 

c r o s s  s e c t i o n  r e s u l t s  i n  a decrease i n  t h e  f l u x )  and t h a t  t h e r e  are  

zeros irl t h e  upper h a l f  o f  t h e  m a t r i x  (i,e., t h e  group f l u x e s  are  no t  

i nf  1 uenced by t h e  c ross -sec t i on  b e n i v i  or a t  energ ies l y i  ng be l  ow them) + 

-I-- 

Table 5. Group F lux  Sens 
Sec t ion  

__ _I_.- 

Group, 
Energy 
Range 
(MeV 1 

8.19 t o  11.05 

6.07 t o  8-19 

4.07 t o  6.07 

3.01 t o  4.07 

By app ly ing  Eq. (9)  and pe r fo rm ing  t h e  m a t r i x  m u l t i p l i c a t i o n  t o  t h e  

m a t r i c e s  appearing i n  Tables 4 and 5, t h e  r e s u l t i n g  c o r r e l a t i o n  m a t r i x  f o r  

t h e  f l u x e s  i n  t h e  f i r s t  f o u r  groups may e a s l l y  be ob ta ined and i s  shown 

i n  Table 6. No t i ce  t h a t  t h e  p e r f e c t  c o r r e l a t i o n  present  i n  t h e  cross 

s e c t i o n  i n  the  range 3 t o  8 M e V  i s  propagated d i r e c t l y  t o  the response. 

N o t i c e  a l s o  t h a t  t h e  s tandard d e v i a t i o n s  of  t h e  f l u x e s  have been 

increased by f a c t o r s  o f  about t h r e e  over t h e  corresponding values o f  the  
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II ______ 

Energy 

Range (MeV) 
___I__.-.-.-.-- -.-- 

8.19 t o  11.05 

6.07 t o  8.19 15.2 

4.07 t o  6.07 16.2 

3.01 t o  4.07 14.6 
I_ -.-___ 

--__l_l--- ._....l.__l.l.-.l.-.- ~ - ~ I _  

Group 
~_____-_-___II_.__.-----___.I__..__I_I____ ~ 

' Gr: 1 2 3 4 
___-___I-._II __ _. .. .- - __ 

1.00 

0.24 1.00 

0.16 1.00 1.00 

0.18 1.00 1.00 1.00 
- -_---I- _I_ _-_.__.__._._._I_..-_ 

c ross  sec t i ons .  

a l o n g  t h e  diagonal  i n  Table 5. 

Th is  i s  p r i m a r i l y  due t o  t h e  h i g h  s e n s i t i v i t i e s  appear ing 

It i s  o f  i n t e r e s t  t o  observe t h e  changes i n  Table 6 which would 

occur  i f  t h e  c o r r e l a t i o n  m a t r i x  i n  Table 4 were d iagona l  (i.e., i f  a l l  

c o r r e l a t i o n s  between group cross s e c t i o n s  were zero) .  The r e s u l t s  o f  

t h i s  c a l c u l a t i o n  are shown i n  Table 7. 

Table 7. C o r r e l a t i o n  M a t r i x  o f  t h e  Group Fluxes i n  t h e  3- t o  11-MeV 

I r o n  Cross Sect ion 
Range Due t o  Uncor re la ted  U n c e r t a i n t i e s  i n  t h e  To ta l  I n e l a s t i c  

-. .. .. 

Energy 
Range 

8.19 t o  11.05 

6.07 t o  8.19 

4.07 t o  6.07 

3.01 t o  4.07 11.0 
-_____-- I._.__ + 
* M a t r i x  i s  symmetric; on 

Group 
__I ----.----._.-__II_____ 

Group 1 2 3 4 
.I_.--.... __ .l_l.._.l̂__l. 111 

1 .00 

2 0.06 1 .oo 
3 0.03 0.10 1.00 

4 0.03 0.20 0.37 1.00 



It can be seen t h a t  t h e  group 1 f lux  i s  unaffected, bu t  t h a t  the  

remain ing  f l u x  groups have somewhat reduced u n c e r t a i n t i e s  and g r e a t l y  

reduced c o r r e l a t i o n s .  Thus, t h e  e f f e c t  o f  i n t r o d u c i n g  p o s i t i v e  c o r r e l a -  

t i o n s  among t h e  cross sec t i ons  i s  t o  i nc rease  bo th  t h e  var iances and t h e  

c o r r e l a t i o n s  o f  t h e  r e s u l t i n g  c a l c u l a t e d  responses. 

t i o n s  would have a decreas ing  e f f e c t  on the  var iances and a l g e b r a i c d l l y  

decrease t h e  c o r r e l a t i o n s .  

Negat ive c o r r e l a -  

A second example i n v o l v e s  two dos imeter  cross sec t ions ,  t h e  

63Cu(n,a)60Co r e a c t i o n  and t h e  46T i  ( r ~ , p ) ~ % c  reac t i on .  

t i o n  covar iances were taken froin a m o d i f i c a t i o n  o f  t h e  ENOF/B-V nuc lea r  

da ta  f i l e . 4  

i s  shown i? Table 8 and t h a t  f o r  t h e  46Ti r e a c t i o n  i s  shown i n  Table 9. 

These two cross sec t i ons  represent  an example o f  c r o s s - c o r r e l  a ted  parame- 

t e r s .  T h e i r  c r o s s - c o r r e l a t i o n  m a t r i x  i s  shown i n  Table 10. 

These cross-sec-  

The es t imated a u t o - c o v e l a t i o n  m a t r i x  f o r  t h e  63Cu r e a c t i o n  

Energy 
Range 
(MeV) 

Table 8. C o r r e l a t i o n  M a t r i x  of t h e  6 3 C ~ ( n , ~ ) m C o  Cross Sec t ion*  

PSD 
( % I  

-7- -- 

11.05 t o  19.64 

8.19 t o  11.05 

6.97 t o  8.19 

4.07 t o  6.07 

3.01 t o  4.07 

2.59 t o  3.01 

2.12 t o  2.59 
---_- 

5.9 

3.1 

3.1 

3.4 

8.6 

16.1 

8.4 

Group 

1 

2 

3 

4 

5 

6 

7 

y t h e  
-_I 

Group 

1 2 3 4 5  6 7 

1.00 

Or,29 1.00 

O e t Z l  0.79 1.00 

0,,17 0.60 0.56 1.00 

0,06 0.23 0.25 0,28 1.00 

0.03 0.12 0.13 0-14 0.43 1.00 

0-03 0.11 0.11 0-13 0.40 1.00 1.00 
--_I__̂-Ic_- l _ l _ ~  --___ 
o w w  h a l f  i s  shown. 
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Table 9, C o r r e l a t i o n  M a t r i x  of t h e  4 6 T i  ( n , ~ ) ’ + ~ S c  Cross Sect ion*  

Group 

1 

2 

3 

4 

5 

6 

7 

ly t h e  

Energy 
Range 
( MeV ) 

- 
Group 

1 2 3 4 5  6 7 
._1_------ 

1.00 

0.31 1.00 

0.24 0.55 1.00 

0.25 0.55 0.55 1.00 

0.18 0.32 0.37 0.38 1.00 

0.17 0.30 0.34 0.33 0.28 1.00 

0.15 0.26 0.29 0.29 0.23 0.26 1.00 
--_I - 

‘lower h a l f  i s  shown. 

11.05 t o  19.64 

8.19 t o  11.05 

6.07 t o  8.19 

4.07 t o  6.07 

3.01 t o  4.07 

2.59 t o  3.01 

2.12 t o  2.59 

*Ma t r i x  i s  syrnmc 
_I-- 

PSD 
( % I  

8.7 

4.1 

3.8 

3.2 

6.5 

7.4 

8.3 

; r i c ;  or 
__-- 

Table 10. C ross -Cor re la t i on  M a t r i x  Between t h e  63C~(n,a)60Co 
Cross Sect ion and t h e  46Ti  ( n , ~ ) ~ ~ S c  Cross Sect ion 

Energy 
Range 
(MeV) 

11.05 t o  19.64 

8.19 t o  11.05 

6.07 t o  8.19 

4.07 t o  6.07 

3.01 t o  4.07 

2.59 t o  3.01 

2.12 t o  2.59 

4 6 T i  (n,p) 
Group 

1 

2 

3 

4 

5 

6 

7 

63Cu (n ,a) Group 

1 2 3 4 5 6 7 

0.02 0.05 0.05 0.04 0.01 0.01 0.01 

0.03 0.13 0.12 0.08 0.03 0.02 0.01 

0.03 0.10 0.21 0.15 0.04 0.02 0.02 

0.03 0.10 0.15 0.18 0.06 0.03 0.03 

0.01 0.05 0.07 0.07 0.03 0.02 0.01 

0.01 0.05 0.06 0.06 0.02 0.01 0.01 

0.01 0.04 0.06 0.05 0.02 0.01 0.01 
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It my be seen t h a t  n e i t h e r  t h e  a u t o - c o r r e l a t i o n s  nor  t h e  c ross-  

c o r r e l a t i o n s  a re  la rge ,  a l though a l l  t h e  values are p o s i t i v e .  The 

covar iance between t h e  group 3 c r o s s  s e c t i o n  o f  t h e  63Cu(n,a) r e a c t i o n  

and t h e  group 2 c ross  s e c t i o n  of t h e  46Ti (n,p)  r e a c t i o n  i s  seen from 

these  t a b l e s  t o  be 

= (3.1%)(4.1%)(0.12) = 1.53x2 = 1.53 x 10-4 . (‘qV’3 , 2 

The response o f  each dos imeter  d may be w r i t t e n  as 

where Q and (5 a re  t h e  f l u x  and dos imeter  cross s e c t i o n  r e s p e c t i v e l y  
9 d,3 

i n  group 9. 

The s e n s i t i v i t i e s  o f  each response t o  the  parameters $ and 0 a r e  
9 d,!J 

t h e  same f o r  a g iven  dos imeter  and a r e  r e a d i l y  c a l c u l a t e d  t o  be 

Thus, once t h e  f l u x e s  are  known, these s e n s i t i v i t i e s  may be ca l cu -  

l a t e d  from t h e  propagat ion  f u n c t i o n  $gCfd,g/C$g(5dyg, which i s  j u s t  t h e  f r a c -  

t i o n a l  c o n t r i b u t i o n  o f  each group to t h e  c a l c u l a t e d  response. L e t  us 

assume t h e  values i n  Table 11 f o r  purposes of i l l u s t r a t i o n  and c a l c u l a t e  

t h e  s e n s i t i v i t i e s  u s i n g  Eq. ( 1 3 ) ,  a l so  shown in Table 11. 

9 

It i s  -cn-fortunate t h a t  t h e  symbol Q has been used h i s t o r i c a l l y  t o  repre-  
sent  bo th  a s tandard d e v i a t i o n  and a mic roscop ic  cross sec t ion .  It 
shou ld  be c l e a r  from t h e  t e x t  as t o  which q u a n t i t y  i s  meant. 

* 
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-1. - .  

Energy 
Range PSD 
(MeV) (%> 

I-Ic_-.- 

11.05 t o  19.64 20.3 

8.19 l o  11.05 18.9 

6.07 t o  8.19 17.5 

4.07 t o  6.07 18.1 

3.01 t o  4.07 17.9 
__________-I --- 

Table 11. Assumed Values o f  Group Fluxes and Dosimetry Cross Sect ions 
and Der ived S e n s i t i v i t i e s  of Each Response f o r  Second Example 

-_ -______ _ _ - _ - ~  
Group 

c_____._- - - - - _ _ _ . - ~  

Group 1 2 3 4 5 
___-l-_____-__l_l_______ll_l 

1 1.0 

2 0.95 1.0 

3 0,68 0.68 1.0 

4 0.59 0.60 0.95 1.0 

5 0.61 0.62 0.95 0.96 1.0 

Energy Range 

@g 
(MeV) Group 

11.05 t o  19.64 1 1.1( 7)* 4.0( -26) t  2.6( -25) 0.066 0.041 

8.19 t o  11.05 2 7.0(7) 2.5(-26) 2.3(-25) 0.262 0.230 

6.07 t o  8,19 3 1.7(8) 1.2(-26) 1.6(-25) 0.305 0.389 

4.07 t o  6.07 4 3.5(8) 7.0(-27) 6.5(-26) 0.366 0.325 

3.01 t o  4.07 5 1.0(8)  1.0(-28) 1 .0(-26)  0.001 0.014 

2.59 t o  3.01 6 2.6(8) 4.0(-30) 2.5(-28) 0 0.001 

2.12 t o  2.59 7 5 .0 (8 )  5.0(-31) 1.0(-30) 0 0 
__l___l_________-__I.------ ___------- --I.- -__---- 

Read 1.1 x l o 7  neut/cm2-s, e tc .  * 
?Read 4.0 x cm2/ target  nucleus, e tc .  

F i n a l l y ,  l e t  us assume t h e  covar iances o f  t h e  f l u x  t o  be t h e  values 

shown i n  Table 12, t e r m i n a t i n g  a f t e r  group 5 because t h e  s e n s i t i v i t i e s  

a r e  n e g l i g i b l e  f o r  groups 6 and 7. 
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The covar iance o f  each dos imeter  response a r i s e s  as a r e s u l t  o f  t h e  

p ropaga t ion  o f  t h e  parameter covar iances,  which i n  t h i s  example a re  those 

o f  t h e  f l u x  and t h e  r e a c t i o n  c ross  sec t ion .  Hence, by Eq.  ( 9 ) ,  f o r  each 

and s ince  t h e  s e n s i t i v i t i e s  t o  t h e  f l u x  and t h e  c ross  s e c t i o n  are t h e  

s ame , 

S u b s t i t u t i n g  i n  t h e  s e n s i t i v i t i e s  f o r  each dos imeter  g iven  i n  Table 

10 and the covar iance ma t r i ces  of t he  f l u x  and c ross  sec t i ons  g iven i n  

Tables 12, 8 and 9 p e r m i t s  one t o  c a l c u l a t e  t h e  u n c e r t a i n t y  i n  each 

response. Thus, 

,262 

a‘ = (.066 .262 .305 ,366 .001) /447 369 246 220 225 

/ 369 367 233 211 216 

1 246 233 316 307 305 

\ 220 211 307 340 319 

‘ 225 216 305 319 394 

cu / 
I 

i 

i 
\ 

= (282 269 286 288 282) = (16.8%)2 , (16) 

. 00 1 
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and = (.041 .230 .389 .325 .014) 

375 374 234 212 219 

250 234 320 308 307 

224 212 308 338 319 .325 

232 219 307 319 362 

The two standard d e v i a t i o n s  are thus  v i r t u a l l y  t h e  same i n  t h i s  

case and are  dominated by t h e  u n c e r t a i n t i e s  i n  t h e  f l u x .  It i s  a l s o  o f  

i n t e r e s t  t o  o b t a i  11 t h e  c o r r e l  a t  i on between these two responses. Th is  

c o r r e l a t i o n  a r i s e s  as a r e s u l t  o f  two sources. F i r s t ,  t h e  f l u x  i s  a com- 

mon parameter t o  both responses [see E q .  (12)] ,  and hence i t s  covar iance 

propagated w i t h  each o f  t h e  response s e n s i t i v i t i e s  i s  a common s m r c e  o f  

u n c e r t a i n t y  i n  t h e  two responses. Second, t h e  two dos imeter  cross 

s e c t i o n s  are somewhat c o r r e l a t e d  (see Table l o ) ,  so t h a t  t hey  a l s o  c o n t r i  - 
b u t e  t o  the  response c o r r e l a t i o n .  Both o f  these terms appear i n  Eq. 

( 18) , where t h e  remaining terms i n v o l  v i  ng c o r r e l a t i o n s  between the f l u x  

and the cross sec t i ons  are  assumed t o  be ze ro :  
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Per fo rming  t h e  c a l c u l a t i o n s  ]?ads t o  c o n t r i b u t i o n s  from each term i n  

Eq. (18) o f  275X2 and 1.6%2 r e s p e c t i v e l y ,  thus  l e a d i n g  t o  t h e  response 

c o r r e l a t i o n  m a t r i x  shown i n  Table 13. 

Table 13. C o r r e l a t i o n  M a t r i x  of the  Two Dosimeter Responses 

PSI) ( X )  53Cu ( n  ,a) 4 6 T i  ( n , p )  

16.8 6 %u (n ,a) 1.0 

16.9 46T i  (n,p) 0.976 

0.975 

1.0 
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6 .  ADJUSTMENTS OF KESPONSES AND PARAMETERS 

Once s p e c i f i c  es t imates  of parameters and t h e i r  covar iances have 

been made, s e n s i t i v i t i e s  o f  var ious  Ca lcu la ted  responses t o  these parame- 

t e r s  obta ined,  and values o f  t h e  c a l c u l a t e d  responses and t h e i r  prapa- 

gated covar iances found, improvement i n  t h e  knowledge o f  t h e  responses 

may be e f f e c t e d  i n  two ways. F i r s t ,  a t t e n t i o n  may be devoted t o  

o b t a i  n i  ng more accura te  values o f  t h e  more impor tan t  parameters t i  .e., 

t hose  which have apprec iab le  c o n t r i b u t i o n s  t o  t h e  response covar iances 

c a l c u l a t e d  u s i n g  E q .  (9 ) ] .  (No t i ce  t h a t  t h e  r e l a t i v e  i inportance o f  a 

g i ven  parameter is measured by the p roduc t  __ - o f  a response s e n s i t i v i t y  t o  

t h i s  parameter and t h e  parameter u n c e r t a i n t y ,  so t h a t  a h igh  s e n s i t i v i t y  

t o  a g iven parameter does n o t  n e c e s s a r i l y  imp ly  t h a t  t h e  parameter i s  

impor tan t . )  In t h e  case o f  h i g h - l e v e l  waste i s o l a t i o n  ana lys i s ,  more 

accu ra te  values o f  t h e  impor tan t  parameters may be o b t a i  rled by measure- 

ment i n  an ac tua l  waste s to rage f a c i l i t y  o r  mock up t h e r e o f  o f  var ious  o f  

t h e  assumed parameters, o r  i n  a l a b o r a t o r y  f o r  some o f  t h e  more b a s i c  data.  

The second way i n  which t h e  response covar iances may be reduced i s  

by adding %he r e s u l t s  o f  qeasurernents o f  these o r  o the r  r e ? a t e d  responses 

o r  parameters performed i n  a f a c i l i t y  o r  mock up t o  t h e  l i s t  o f  i n f o r -  

mat ion  accumulated above, t oge the r  w i t h  an es t ima te  o f  these covariances. 

A general  i z e d  1 i n e a r  leas t -squares  adjustment procedure may then be 

invoked t o  combine a l l  t h e  i n fo rma t ion ,  r e s u l t i r l g  i n  t h e  most cons is ten t  

s e t  o f  da ta  con ta i  n i  ny t h e  parameters, t h e  c a l c u l a t e d  responses, t h e  

measurements o f  t h e  r e l a t e d  data,  and a1 1 covar iances and s e n s i t i v i t i e s .  

Because o f  t h e  mathemat ica l l y  iinposed c o n d i t i o n  of  maximiz ing t h e  j o i n t  

p r o b a b i l i t y  d i s t r i b u t i o n ,  t h e  ad jus ted  va lues a l l  have reduced covar iances.  
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To i l l u s t r a t e  t h e  k i n d  of r e s u l t s  ob ta ined  from an adjustment proce- 

dure,  we present  the f o l l o w i n g  s imp le  problem. 

o f  a r e c t a n g l e  R and w were measured and found t o  be 5 and 2 u n i t s  w i t h  

s tandard  d e v i a t i o n s  o f  2 and 3 percent ,  r e s p e c t i v e l y .  Then t h e  ca l cu -  

l a t e d  va lue  o f  the  area A i s  10 square u n i t s  w i t h  a s tandard d e v i a t i o n  

t h a t  depends n o t  only on the s tandard  d e v i a t i o n s  o f  t h e  i n d i v i d u a l  s i d e  

Suppose t h e  two s ides  

measurements b u t  a lso  on t h e  c o r r e l a t i o n  between these measurements. I f  

no c o r r e l a t i o n  i s  assumed, then t h e  covar iance m a t r i x  of t he  two paraine- 

t e r s  may be w r i t t e n  as 

If t h e r e  i s  a pe r fec t  c o r r e l a t i o n  between t h e  two parameters, then 

while a p e r f e c t  a n t i c o r r e l a t i o n  may be represented as 

Since t h e  s e n s i t  

parameters R and 

v i t i e s  o f  t h e  c a l c u l a t e d  "response" A t o  each of t h e  

w are 

then  t h e  propagated u n c e r t a i n t i e s  i n  t h e  c a l c u l a t e d  area may be r e a d i l y  

ob ta ined  f o r  each of t he  t h r e e  assumed forms o f  CRw appear ing ir l  Eqs. 

(19-21) t o  be 
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l e a d i n g  t o  s tandard d e v i a t i o n s  o f  3 . 6 % ,  5%, and 1%, r e s p e c t i v e l y .  

So f a r  t h e  above a n a l y s i s  p resents  n o t h i n g  new and i s  j u s t  another  

example i l l u s t r a t i n g  covar iance propagat ion.  L e t  us now i n t r o d u c e  t h e  

f u r t h e r  i n f o r m a t i o n  t h a t  a d i r e c t  measurement o f  t h e  area by means o f  a 

p l a n i m e t e r  y i e l d s  t h e  va lue  10.2 square u n i t s  w i t h  an u n c e r t d i n t y  o f  1%, 

t h e  measurement be ing  unco r re la ted  w i t h  t h e  p rev ious  measurements o f  II 

and w. I n  t h i s  case, a measurement o f  a p e r f e c t l y  r e l a t e d  response 

(i.e., t h e  area i t s e l f )  i s  added t o  t h e  database, Then, combining t h i s  

i n f o r m a t i o n  w i t h  t h e  e a r l i e r  i n f o r m a t i o n  leads  t o  t h e  ad jus ted  da ta  w i t h  

u n c e r t a i n t i e s  shown i n  Table 14.5 

Table 14. Resu l ts  o f  Adjustment Using a Genera l ized L i n e a r  
Least-Squares Comhi n a t i o n  Procedure 

Assumed Ad jus ted  
Parameter Value 

C o r r e l a t i o n ,  o f  A, 
a % W  A ’  

Ad jus ted  Ad jus ted  
Value Value 
o f  5 ,  o f  w ,  

e W -  

0 10.186 

+1 10.192 

-1 10.100 

5.028 2.025 

5.038 2.023 

4.902 2.059 

Standard 
Oevi a t  i on 

o f  A’. 
OA - 

. _._ .. -. __ 

0.964% 

0.9811 

0.707% 

Standard 
D e v i a t i o n  

o f  e’, 
O e .  

___ 

1.69% 

0.39% 

1.41% 

Standard C o r r e l a t i o n  
D e v i a t i o n  Between 

o f  w - ,  e’ and w- .  

aL’w’ 0. 

1.79% -0.59 

0.59% +1 

2.12% -1 

Among t h e  i n t e r e s t i n g  conc lus ions  t h a t  these r e s u l t s  i l l u s t r a t e  a re  

t h e  exactness o f  t h e  1 near  approx imat ion ( i .e.3 R * W ’  and A’ a r e  v i r t u a l l y  

i d e n t i c a l ) ,  t h e  s i g n i f  can t  reduc t i on  i? t h e  u n c e r t a i n t i e s  o f  t h e  

ad jus ted  parameters as w e l l  as t h a t  o f  t h e  response (which are  always 

l e s s  than those o f  t h e  unadjusted va lues)  e f f e c t e d  by t h e  i n c l u s i o n  o f  
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, 

measured response i n f o r m a t i o n  [compare w i t h  p rev  o u s l y  d e r i  vcd values 

u s i n g  Eq. (23)], and t h e  f a c t  t h a t ,  if the  assum d parameter c o r r e l a t i o n s  

a r e  e i t h e r  +1 o r  -1, they  remain so a f t e r  ad justment  as well. 

t h e  ad jus ted  va lue o f  A i s  v i r t u a l l y  t h e  same as t h e  measured va lue  o f  A 

when t h e  u n c e r t a i n t y  i n  t h e  measured va lue  i s  cons ide rab ly  l e s s  than t h a t  

o f  the c a l c u l a t e d  value. For  t h e  case of p e r f e c t  a n t i c o r r e l a t i o n  between 

t h e  parameters, t h e  c a l c u l a t e d  and measured areas have t h e  same uncer-  

t a i n t i e s  (1%) and hence the  a d j u s t e d  value l i es  halfway between these two 

values. 

F i n a l l y ,  

The above example represents  dn extreme i l l u s t r a t i o n  o f  t h e  e f f e c t  

o f  i n t r o d u c i n g  a d d i t i o n a l  measured in fo rma t ion  t o  t h e  data t o  be com- 

b ined,  of course, and, more g e n e r a l l y ,  measured i n f o r m a t i o n  on less 

c o r r e l a t e d  responses and parameters w i  11 be combined, l e a d i n g  t o  somewhat 

less dramat ic  reduc t i ons  i n  t h e  parameter and response u n c e r t a i n t i e s  than 

those j u s t  presented. 



7. CONCLUSIONS 

Covariances should be es t ima ted  f o r  many o f  t he  parameters con- 

s i d e r e d  t o  be o f  importance i n  nuc lea r  waste i s o l a t i o n  i n  o rde r  t o  b e t t e r  

assess t h e  accuracy o f  c a l c u l a t e d  q u a n t i t i e s  dependi ny on these parame- 

t e r s ,  s ince  no conf  i rmatory measurements o f  these quan t i  t i e s  w i  11 be 

a v a i l a b l e .  

t h e  h e l p  o f  s e n s i t i v i t i e s  d e r i v e d  from use o f  GRESS o r  o t h e r  methods, f o r  

i t s  c o n t r i b u t i o n  t o  t h e  u n c e r t a i q t y  o f  a c a l c u l a t e d  response i n v o l v e s  t h e  

p roduc t  o f  t h e  parameter u n c e r t a i  n t y  w i t h  an a p p r o p r i a t e  s e n s i t i v i t y .  

I t  i s  a n t i c i p a t e d  t h a t  a f o l d i n g  code can e a s i l y  be w r i t t e n  which would 

automate t h e  procedure o f  m a t r i x  m u l t i p l i c a t i o n  o f  tiKESS s e n s i t i v i t i e s  

w i t h  parameter covar iances. Thus, once covar iances o f  t he  parameters 

become a v a i l a b l e ,  one cou ld  read i  l y  o b t a i n  covar iances o f  va r ious  respon- 

ses which should h e l p  t o  eva lua te  t h e i r  s t a t e - o f - t h e - a r t  u n c e r t a i n t i e s  

and p o i n t  out  a reas  where improved knowledge o f  t h e  more impor tan t  para- 

meters can l e a d  t o  s i g n i f i c a n t l y  b e t t e r  accurac ies i n  t h e  c a l c u l a t e d  

q u a n t i  t i e s .  Adjustment procedures t h a t  combirle r e s u l t s  of measurements o f  

q u a n t i t i e s  c o r r e l a t e d  w i t h  those used i n  t h e  c a l c u l a t i o n s  w i t h  t h e  o r i g i -  

n a l  database e v e n t u a l l y  can a l s o  be performed t o  reduce t h e  u n c e r t a i q t i e s  

i n  t h e  responses and some of t h e  more i inpor tant  parameters. 

The importance o f  each parameter can be b e t t e r  judged w i t h  
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