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ABSTRACT

A variational principle is developed for computing accurate values
of local plasma transport coefficients in nonsymmetric toroidal
confinement configurations. Numerical solutions of the linearized
drift Fokker-Planck equation are used to obtain the thermodynamic
fluxes as functions of collision frequency and the radial electric
field. Effects resulting from the variation of the longitudinal
adiabatic invariant J along an orbit (due to particle transitions from
helically trapped to toroidally trapped orbits) are treated. The
velocity-space distribution resulting from trapped, circulating, and
transition particle orbits is well represented by a Legendre polynomial
expansion in the pitch angle coordinate. The computational effort is
significantly reduced from that required with Monte Carlo methods
through use of an efficient treatment of the disparity between the time
scales of collisionless and collisional particle dynamics. Numerical

computations for a stellarator configuration are presented.






I. INTRODUCTION

The numerical computation of transport coefficients for
three-dimensional (3-D) plasma cenfigurations is motivated by the need
to aveld the numerous asymptotic approximations required for any
tractable analytic theory. These approximations are generally of two
kinds: (1) model magnetic fields and  (2) multiple-time-scale
expansions. Model field approximations include a large-aspect-ratio
expansion for the magnetic field strength B = lgl, the assumption of a
small rotational transform 1 par field period N (which permits
bounce-averaging trapped orbits without encountering angle periodicity
problems), and the neglect of finite €,/€, and pressure effects on B
and the consequent modification of particle orbits. Here €, (et) is
the helical (poloidal) modulation of B. Multiple-~time-scale expansions
are used to obtain asymptotic expansions of the kinetic equation in-
various collision frequency regimes characterized by different values
of collisionality vy = v gs/wy, where v ¢¢ is the effective collision
frequency and o, is the bounce frequency of a particular class of
trapped particles. Obtaining continuous distribution functions for
distinct classes of trapped and circulating particles (which often
exhibit different values of wv,) is difficult, and the neglect of
different terms in the analytic theory can lead to flux discrepancies
that are not easily resolved.!™?

Using numerical methods, the effects of finite plasma pressure and
toroidal aspect ratio on transport can be assessed without resorting to
magnetic field models. This is particularly significant for coil and
reactor optimization studies. As an example, transport in Heliac

configurations with 1/N ~ 0.5, for which no simple analytic form for
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the second adiabatic invariant J exists, can only be treated
numerically.

The relaxation of the multiple-time-scale approximations enables
computation of the transport associated with all classes of trapped and
circulating particles over a vide range of v,. In particular, the
transport arising from transition particles, for which the longitudinal
invariant J is not a conserved quantity, may be accurately assessed.
The resulting distribution function f(:,:) is a continuous function of
velocity-space coordinates for all values of v,. This is in contrast
to the boundary layers that develop when, in a Fokker-Planck code,
bounce-averaged approximate orbits are wused for helically trapped

"1 particle

particles.? The inclusion of "collisionless-detrapping
dynamics thus yields natural boundary conditions between regions of
phase space with different orbit topologies; a transport flux results
that is a continuous and unique function of the collision frequency.
Matching the particle distributions across trapped and circulating
portions of phase space can be accomplished by using a form of the
drift kinetic equation that includes transition particles, which are
characterized by dJ/dt # 0. For these particles, retention of only the
bounce-averaged portion of their orbits does not adequately describe
their motion. The inclusion of transition particle physics signifi-
cantly complicates the phase space, and hence the solution, for the
particle distribution function f£. However, this complexity is offset
by the additional physics present in the nonlocal solution for f£. For
example, when g « Vf = 0 (the derivative is taken with the energy and

magnetic moment held constant), the parallel viscous stress rigorously

vanishes.® Thus, the bootstrap current (which 1is of particular



importance ir stellarators without Ohmic currents), as well as
contributions to the radial transport in the plateau® and
Pfirsch-Schluter’ regimes arising from the helical modulation of the
magnetic field, can be evaluated only from the nonlocal distribution
function.

The disparity between the time scales of the rapid bounce motion
of trapped particles, collisional scattering, and the much slower
magnetic drifts causes the main numerical problems in computing the
nonlocal distribution function. For example, in Monte Carlo numerical
simulations,®’® single particle orbits must be integrated for at least
several collision times, during which many bounces in the helical
magnetic wells will occur. Since the numerically stable time step is
set by this rapid bounce motion, many thousands of iterations may be
needed to determine the diffusive step size in the long mean-free-path
regimes. Recent Monte Carlo calculations using only the
bounce-averaged orbit dynamics are therefore much more efficient than

corresponding full orbit simulations.!?

However, the relatively crude
statistics of Monte Carlo results that can be obtained in reasonable
amounts of computer time make detailed comparisons with analytic
theories difficult. In addition, the presence of loss-cone orbits may
further obscure the comparison.

The numerical solution of the drift kinetic equation also reflects
this time-scale disparity through the eigenvalue structure of the
linearized drift ¥Fokker-Planck propagator. 1In the low-collision-
frequency regime of interest, v, << 1, the eigenvalues X of this
propagator are nearly imaginary, X/wb ~ -V + 1, corresponding to

underdamped bounce motion. For a stable time step Ot ~ wBl, a



steady-state solution will be reached only after (watv*)“l > 1
iterations of the kinetic eguation.

It is therefore apparent that following the true  temporal
evolution of particle orbits, either with Monte Carlo methods or with
kinetic equations,’! is an extremely inefficient way to obtain the
steady-gtate distribution  function, and Thence the transport
coefficients, in the low-collision-frequency regime. Two alternative
solution methods are discussed in this paper. One numerical scheme
accelerates convergence to the stationary state by rotating the
eigenvalues of the drift propagator in the complex plane to produce
strong damping. This method sacrifices information about the true
temporal behavior of the distribution for speed. Another solution
method inverts the block-tridiagonal steady-state equations. In the
low-collision-frequency regime, this method is generally faster than
the accelerated temporal integration scheme but requires more storage.

This paper is organized as follows. A conservative form for the
linearized drift kinetic equation is derived in Sec. II for a straight
magnetic field line flux coordinate representation. A variational
principle for the transport coefficients, valid for arbitrary collision
frequencies and not requiring piecevise J conservation, is obtained in
Sec. III. In Sec. IV, the Fourier-Legendre expansion for the spatial
and pitch angle dependence of the distribution function is introduced,
and the resulting representation for the kinetic equation is obtained.
Efficient numerical methods for solving the drift equation in the
low-collision-frequency regime are discussed in Sec. V. 1In Sec. VI,
computations for a stellarator configuration are presented, and it is

shown that transport can be strongly affected by resonances and



transition particle orbits in systems with finite values of /N,

compared to systems with well-defined local helical wells (N -+ ).

IXI. BASIC EQUATIGNS AND TRANSPORT ORDERINGS
> 9
The evolution of the particle distribution function f(x, v, t) in
the presence of multiple small-angle collisions is governed by the

- -+ >
Fokker-Planck equation. The velocity v = wn + vi(cos ¢ e +

> 3> 3 »> 9
sin ¢ ez), where (n = B/B, eq, e2) form a local orthogonal coordinate
system aligned with the magnetic field. Expanding in powers of B!
yields the following reduced (or drift kinetic) equation'? for the part

of f independent of the gyrophase angle ¢:

f of 2 of ,
T Vgt o3t et 3= C(f,f) . (1)
ax v
- 9
Here, v, = (vy + un + v is the guiding center velocity, vwhere
g il D
. > -
vy =n -+ vandu= yi/(ZQ)n - Vxn is the first-order correction (in

B1) to the parallel speed; vy = (v - v{)/? is the perpendicular

speed; ? = eB/m is the gyrofrequency; and

..’
> F_ x > v :
Vp = gmg + [V X n - E:~ V x ;]:] = (2)

..)
is the guiding center drift across the magnetic field, vhere F_ = eE -

(mvi/Z)V 1n B.



The spherical velocity-space coordinates (vyo, ), vhere
v = V cos o and o is the pitch angle, are convenient for numerical
computations,?3 since their range of definition is independent of the

>
real-space position x. (This is in contrast to the analytically

favored adiabatic invariants u and €, vwhich couple real space and
velocity space in a manner difficult to treat numerically.) In
addition, the linearized collision term has a simple representation in
these coordinates. Then, the spherical velocity-space representation

of the guiding center acceleration term in Eq. (1) is:

- of . 3f . of
Bg " 3= %got v 5 (3)
v
vhere

. sin a 7 2 1 .
o o= - — n Fg + 3 sin o cos « Am , (4a)
. e >
V=~—E'V 9 (4b)

my g

2 SO >, Y
~3(n - V xn) . 29 x n .

Aa = - n g - Fg + vg 9 1ln B

v: 2 n- VYxn
e B ¥ ——— . 4
+Q (B (4c)

For the quasi-static magnetic field configurations of interest in

.’
transport applications (3B/3t = O on the collisional time scale),

Eq. (1) has the following conservative form:!4



af 2 1 9 . 1 3 .
. V . f B p——— —— — 2 =
= (Vgf) + o o (sin e & £) + =% (V¥ £) = C(£,f) . (5)

The conservative form of Eq. (1) given by Eq. (5) 1is useful in
establishing variational properties of the drift kinetic equation.

For transport calculations, Eq. (1) may be expanded about a local

Maxwellian fM as follows:

> > >
1 (p . .
£ - fM[l . ;J [EBZ B . <E< 2)’”] B dl'] v £ (6a)
B
£, = n exp(-K) , (6b)
M ("'1/2VT)3

where vq = (2'1‘/m)1/2 is the local thermal velocity, K = mv?/(2T) is the
normalized kinetic energy, and f; is the perturbation due to small
local departures from thermodynamic equilibrium. In Eq. (6), the
density n = n(p) and the temperature T = T(p) are constant on the
magnetic  flux surface labeled by p = const. Here, spatial {flux
coordinates (p, ©, ) are defined through the magnetic mapping
equation315 (R, ¢, 2) » (p, B, Q). They are obtained by solving the

> 9 - -2
MHD force equilibrium equation J % B = Vp, with upJ = Vv x B and

-)
B=-X VpxV +¥ VpxVe . (7N

The poloidal and toroidal magnetic fluxes in Eq. (7) are 2nX(p) and

2ny(p), respectively, with the prime denoting 3/3p. The rotational



transform is 1= X' /¢, and the flux-surface-average operator

[indicated by the angle brackets in Eq. (6)] is defined as

jJ/g A de dzg

A> = (8)
|| ve deac

Here, Vg = (Vp + 90 x 9C)™! is the real-space Jacobian.

—)
Inserting Eq. (6a) into Eq. (1) and using the form for B given by

Eq. (7) yields the following steady-state linear equation for fy:

> . afl . afl
VL . vfl + aL —W + VL -5~v— - C(fl) = D ] (9)
where

= -+ 2

V[, = V cos an + Ep Ve x m ' (10a)
1,2 1 1 B >

o =-3 v sin aB -V 57 F Up * Vxn sin ¢« cos o« , (10b)

) E v 2>

vy, = 7§;(3 + cos 2aan + UYxn , (10c)
_)

D = |-vp - Vp(Al + KAZJ ~ Bv cos o A3]fM , (104d)

A1=_____~m.£, (10e)

Tl
Ay = = (10f)
> >
—e <E - B>
Ay = ”TE 4 (10g)
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-+ >
The equilibrium relation J+ Vp =0 =V xB - Vp has been used to
- <

eliminate Vo - n x V1n B = Vp - ¥ xn from Eq. (10). Terms of order
1/B have been neglected in :L and &L, but the electric field drift due
to EO = VpEp, where Ep = —d@o/dp, has been retained to account for the
precession of deeply trapped particles with cos « = 0. (The neglect of
the remaining order 1/B terms in 30 * Vf; precludes the study of
resonant superbanana’® orbits in the present formulation.) The
inclusion of the terms ~ E, in &L and v, ensures that Eq. (5), with
;g = 3L’ a=o0, and V=YV, is satisfied. Thus, Eq. (9) is
conservative.

The precession of helically trapped particles due to the radial
electric field Ep can be treated approximately by neglecting the terms
proportional to E Vp : ¥ x ; in & and V.. Since Vp + ¥V x ; =
g x Vo + VB!, this approximation discards terms of order SB(Ep), the
product of the modulation of B {denoted 8B) and the radial electric

field. The primary advantage afforded by this approximation is the

elimination of the v derivative from Eq. (9). To retain the

..>
conservative property of Eq. (9), Eq. (10a) is written vy, =
> o > -
vV oS an + vg, where vp = E, Up x B/<B?> is incompressible:

> -
Ve vg = 0. The resulting difference in vy, is of order SB(Ep).

In magnetic flux coordinates, the parallel gradient operator is

_)
B'V=——--—+-—--—-v (11)
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and the radial component of the drift velocity becomes

vp * Ve = %; g [1 + % Pz(cos QJ]S(Z) , (12a)

>0 1 la (Bg] a [Be
S(X)~;;[§§ L‘;’}“'g‘(“:[g{ s (12b)

vhere Py is the Legendre polynominal of order 2. In Eq. (12b), BS and
>

...)
BC are the covariant components of B, which, by virtue of J « ¥p = 0,

satisfy
3B, 9B
o Br
T TR (12¢)

In the axisymmetric limit, BC = RBy = F(p).

TIT. VARTATIONAL PRINCIPLE

A variational principle for the thermodynamic fluxes is now
derived from the linearized equation, Eq. (9), with QL = 0. Various
limiting variational forms have been previously obtained, corresponding
to both very low collisionality!® [for which a bounce-averaged version

7 Since

of Eq. (9) vas used] and the higher-collisionality 1/v regime.?l
the present investigation attempts to include transition particle
dynamics (for which previous expansions are  inappropriate), a

variational principle is required that is wvalid for 2all

collisionalities.
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It is convenient to recast Eq. (9) as follows:

V(g;) - C(gy) = D, (13)

vhere gy = £1/fy is the perturbed distribution with the Maxwellian
factored out, Q(gl) = fMV(gl)’ and é(gl) = C(fMgl)' The relation
V(fygy) = fMV(gl) vas used for the linearized Vlasov operator
Vs :L e ¥ 4 &La/aa. This followvs from V(fy) = 0 and the fact that V

involves only first-order derivatives. Now define the inner product

(f,h} = 2n J d(cos o) j KEh> V2 dv . (14)

When energy scattering is ignored, the v? dv integral in Eq. (14) is
optional. Noting that the linearized Vlasov equation can be written in
conservative form [see Eq. (5)], it follows from integration by parts

that V is an antisymmetric operator with respect to the inner product:

{(£,V(h)} = —{h,V(E)} . (15a)

Similarly, C is a symmetric operator:

{£,C(h)} = (h,C(£)} . (15b)

Thus, the total linearized operator in Eq. (9) has no definite symmetry
structure with respect to the inner product. To obtain a variational
principle for such an equation, it is necessary to introduce the

adjoint equation:

-¥(hy) - C(hy) = D* . (16)
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When D* is chosen to satisfy D*(E",a) = D(-E),n - o) = D(E;,o), the
solution hl of Eq. (16) is related to g1 in Eq. (13), for fixed Aq and

Ay, as follows:

hl(Evauy“) = gl(pr,—E”,n - a) . a7

Equation (17) expresses the fact that the adjoint equation has reversed
orbits, Ep - —Ep, and E, & -Ey, vy 2> -v, compared with Eq. (13).
To obtain equations with definite symmetry properties, the sum and

. . . + .
difference distributions, F~, are introduced:

gy t by (18)

=

]

Adding and subtracting Egqs. (13) and (16) with D* = D yields

V(F7) - C(F")

]
2

(19a)

V(F*) ~ C(F7)

H
<

(19b)

Equation (19) is now suitable for deriving a variational form.
Multiplying Eq. (19a) by F* and Eq. (19b) by F~ and taking the inner

product of the difference yields

.

Sg = 2(F*,V(F)} - (F*,C(F)) + (F7,C(F)} - {F*,D) . (20a)

By construction, S, vanishes when P satisfy Eq. (19). Then, the

entropy production rate S = Sg - (F*,D} is

S = 2{F*,V(F7))} - (F*,C(F')} + (F7,C(F)} - 2(F",D} . (20b)
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Using the symmetry properties of v and C given by Eq. (15), it
follows that é is a variational quantity with respect to F* and attains
its stationary value, é* = -{F*,D}, when o satisfy Eq. (19).
Multiplying Eq. (13) by hy and Eq. (16) by g1 and subtracting yields
{g1,D} = {hy,D}, or {F7,D} = 0. Thus,

. 3
S* = ‘{g]_’D} = Z IjAj ’ (21)
j=1
where Ij are the thermodynamic fluxes conjugate to the forces Aj:
N 3
I, =<T - V> = -} Ly A, (22a)
n=1
Q- v 3
* Vp
Iy & <> = - L Loghy (22b)
n=1
2> 3
Iy =ndu+ B> = - 21 Lypd, - (22¢)
nN=

- - - >
Here, I = [ vp f1 d*v is the particle flux, Q =T [ vpK f1d3v is the

heat flux, and nz . g =B [ v £ &v.

The coefficients Lij defined in Eq. (22) are elements of the
Onsager transport matrix. The relations §S/8FF = 0 together with
Eq. (21) make up a variational principle for computing accurate values
for these transport maxtrix elements in all collision £frequency
regimes. (The constancy of the longitudinal adiabatic invariant J is
not vrequired for the wvalidity of this result.) The derivation of
Egs. (20) and (21) can be generalized to prove that the transport
matrix is symmetric and positive definite, namely, Lij = Lji and

Sy £ 0, with S; = O only if A; = 0 for i = 1-3.



Since ¢ is a negative operator, its inverse is well defined except
for functions comprising the collisional invariants (which are in the
null space of C). It is computationally efficient to consider the

-

augmented negative definite operator, C, = C + g€, where € » 07 has
negative eigenvalues in the null space of é. The operator ée is
rigorously invertible, and the transport coefficients can be computed
as the limit of a sequence corresponding to decreasing values of €.

(In practice, € has only a weak effect on the transport coefficients.)

Thus,
Fo o= égl\}(w) , (23a)

and substituting this into the expression for S yields the following

quadratic form for F*:
S(F*) = Lin_ [{F*,\}égx}(r‘)} - {F*,&(F*)} - z{p*,n}] : (23b)

Since the operator VCEIV -~ C is positive definite, the extremal value
of S obtained by varying with respect to F' corresponds to a minimum.
Equation (23b) 1is therefore an energy principle for determining the

thermodynamic fluxes.

IV. FOURIER-LEGENDRE EXPANSION OF THE DISTRIBUTION FUNCTION

The variational distributions P defined in Eg. (18) may be

expanded in a Fourier-Legendre series as follows:!3

3 +
F* o= YAy {Z p.(cos &) 3 ) Fi;nl(v) egn(e,c)} . (24)
i=1 1 1 m,n y=C,s
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Here, 0 <1 <L (L is the maximum order in a truncated Legendre series
approximation for Fi) and  py(x) = (1 + 1/2)1/2P1(x) are the
orthonormalized Legendre polynomials (with unity weight factor). The
e;n(e,C) are orthonormalized trigonometric functions for 0 < m < M and
~-N<n <N (for m=0, 0<n< N): e;n = V2 cos(m® - nl) for m or n
nonzero, efy = 1, and €5 = V2 sin(m@ - ni).

Henceforth, energy scattering will be neglected in the collision

+

Y
term in Eq. (19). Then, the velocity dependence of F may be

explicitly factored as follows:

vB tv .
ty < fipnl - i=1
Fimnl = (25)
vB, Y .
<% fopn1 » 1 =2
*y ty
and Famnl = f3mn1' Inserting this into Eq. (20b) or (23b) and varying

ty
imnl Yields the

with respect to the expansion coefficients f
Vg py (cos a)e;n(B,C) moments of Eq. (19). Restricting the present
analysis to reflectionally symmetric magnetic fields that satisfy

+8 +8
B(8,L) = B(-9,-0), it follows that in Eq. (24), only Fimnl = Fomnl®

~C -c +C -5
Flmnl = F2mn1’ F3mn1’ and F3mnl are nonzero. The resulting variational
equations for the expansion coefficients in Eq. (24) are (the =

superscripts are subsequently suppressed, and summation over repeated

primed subscripts is assumed):

AS s - lo- s -t B c s
imnl 11’ mn mn,m’n’ 117 m'n’ mn,m'n’ ) im'n’'l’
- S £S - v lg® c (e ) ¢ -0,
mn,m’'n’ im'n’l mn,m'n’ 1N imn'l imnl

(26a)
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S = Q"’ [ - + B S C
imnl 11/ mn mn,m’ n’ 11/ m'n’ mn,m'n’j im‘n’l’
+ ES £€ - v lgS c (fs ) DS _=0.
mn,m'n’ im‘n’l mo,m' n’ 1\ im'n'l imnl
(26b)
Here, D¢ = D¢ =0 =D0% _,
Imnl 2mnl 3mnl
Q¢ = '8 - q 8 : (27a)
11/ 11-1,Y) 1’ 1+1,1f
qi - 0.50(1 + 1)|412 - 1|7*/2 | (27b)
Bop = MX' - 0¥, (27¢)
1 .
Y - ¥ Y
an’m, . = <<emn(e’c) B en' n' (8,0 , (27d)
Y i Y Y
M i enn(0,0)(mBy + nBglep, , (8,8)>> (27e)
- Y
g;n,m,n, = eY (8,LWg e¥, ,(8,0)> (27£)
DS - - L es (8,0)/g s(Z)))E/Z 10 + L8 ) = DS (27g)
1mnl 3 mn ! 10 /10 12 2mnl !
9 1/2
Cc _ Cc <
DS - - <Kegy(8,07s B>>(3) 51 (27h)

and <<A>> = (2n)72 [[ A d® dl. In Eq. (26), the collision term is
€y (£7) = [ d(cos a)p)(cos a)C(E) .

Several special choices of flux coordinates lead to simplification
of the matrix elements in Eq. (27). For Hamada coordinates,
/g = const, and thus g% = /g 8pms Sppy @nd gt = gt - 8,08n0) For

Boozer coordinates, v¥g ~ B™? and mBC + nBg is independent of © and C.
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Then, ES = EC = v’l[Ep(mBC + nBG)/<Bz>]5mm'8nn" In general, the

relation

B B
Vg =X 2y G (28)
B2 BZ

is used to eliminate /g from the matrix elements in Eq. (27).

In practice, Eq. (26) is solved for several different values of

-

ﬁ = E /v and ; = WK)/v to obtain fY (E, 5). The transport
P imnl
coefficients Lij defined in Eq. (22) may be conveniently expressed in

terms of the following normalized Fourier amplitudes of f and D:

VB
%.KB/‘*(fY DY ], ig2

[Ey oY ) - Cimnl’  imnl -0 :
imnl’ imnl (29)
xl"*(ﬂ , DY ] i=3.
3mnl 3mnl
Then,
2 _
Lis = = J; Kt/2¢7K g;8;0;3(K) d& (30a)

vhere g = g3 = 1, g9 = K, and the velocity-dependent diffusion

coefficient is

lnv

R - E

- K -

D) =3 — L T O i l[;‘ik”z,l’glw“]. (30b)
V  y=c,s m,n,1 3M0L Jmn T T

Here, vV s </g>>. Note that for i < 2 (i = 3), only the sine (cosine)

components, vy = s (y = c¢), contribute to the sum in Eq. (30b).
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V. NUMERICAL METHOD

An approximate analysis of the eigenvalue structure of Eq. (19)
can be made by considering scalar models for the operators é(Fi) ~
tumFi and é(Ft) Y Here, v = vggg- If dFF/dt is retained in
Eq. (19), the resulting temporal eigenvalues are -v ium. Thus, in
the low-collision-~frequency (high-temperature) regimes of interest, the
explicit numerical integration of the underdamped system in Eq. (19)
converges only very slovwly toward a steady-state solution.!?

The convergence rate of the explicit temporal integration scheme
can be substantially improved by using the energy principle for F™,
Eq. (23b), as the basis for a conjugate gradient minimization method.?®
This method, which generalizes steepest descent techniques, finds the
quadratic minimum of é(F*) by successively minimizing é along search
directions that are given as appropriate combinations of the local
gradients g(F') = MF* - D , vhere M = Gég‘& - C. Theoretically, the
conjugate gradient method should yield the stationary state of é,
corresponding to g(F') = 0, in at most n iterations, where n is the
number of Fourier-Legendre components of F*. In practice, roundoff
errors and large condition numbers for the iteration matrix M tend to
increase this number substantially (~5n to 10n), particularly in the
low-collision-frequency regimes where v << uy,.

Nevertheless, the conjugate gradient scheme is much more efficient
at all collision frequencies than explicit temporal integration. One
reason for this improved efficiency is that the eigenvalues My of the

iteration matrix M are purely real and damped, XM = —(w%/v + V). This
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is equivalent to a multiplication of the original system, Eq. (19), by
its adjoint operator, with a consequent rotation of the eigenvalue
spectrum in the complex plane.

The conjugate gradient method can be accelerated through the
application of preconditioning. If an estimate for the inverse of the
iteration matrix M (denoted §~1) were available, the resulting
approximation for the identity, ﬁ“lm, could be used in the conjugate
gradient iteration. (An incomplete Cholesky decomposition'® of M is
one way to obtain ﬁ”l.)

The main attribute of the conjugate gradient method is the
relatively small storage requirement compared with direct matrix
inversion techniques. However, the tridiagonal structure of Egq. (26),
A;mnl = 0, with respect to the Legendre index 1 may be exploited to
efficiently invert (with minimal storage) the variational Euler
equations  for Fr. A block-tridiagonal solver?? seems to be
considerably faster in the low-collision-frequency regimes than the
unpreconditioned conjugate gradient method, with a computation time
that is nearly independent of v/w,.

The block-tridiagonal structure of Eq. (26) is apparent since the
operators Qfl,, wvhich arise from the streaming and mirror force terms,
couple the l-block to the 1 £ 1 blocks. Note that the diagonal of the
1-block row of Egq. (26) involves the collision operator, Cy - Quite
generally, the effective collision frequency increases with 1. Thus,
for small values of v, it is more stable numerically to invert Eq. (26)

beginning with the largest value of 1 and proceeding backwards to the

1 =0 block. This strategy provides better pivots and aveids the
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singularity associated with particle and energy conservation in the
1 = 0 block. The numerical computations discussed in Sec. VI were
performed using the block-tridiagonal solution method and a pitch angle

scattering form for the collision operator:

¢ (f1] oo dx¥Id ¢ 1)

. g . (31)

VI. NUMERICAL RESULTS

In this section, results for the transport coefficients and
distribution function are presented for the 1 =2 stellarator
configuration analyzed in Ref. 4 using a bounce-averaged Fokker-Planck
code. In mks units, the parameters for this device are Bl .
0.2[1 + e.cos & + gycos(18 - NOY], €, = 0.1, ¢, = 0.075, By = 50,
Bg = 0, ¢ =5.0, X¥ =9.0, 1 =2, and N = 5. The temperature is
T = 50 keV. Note that 11 = 1.8 and therefore 11/N ~ 0.72 is close to
unity. This choice of parameters produces a theoretically predicted
resonant enhancement of the transport coefficients in the plateau®’2!
and Pfirsch-Schluter’ regimes. These effects are confirmed
numerically, indicating that some of the important features of finite
1/N can be studied with this model stellarator field. The results of
Ref. 4, which were obtained by discarding helical resonances through
bounce averaging, may be duplicated with the present cede by taking the

limit N >> 1.
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The B contours for this configuration are shown in Fig. 1 for one
toroidal field period. Figure 23 shows the variation of B for one
complete toroidal circuit (N field periods) along the particular
magnetic field line € - 1{ = 0 when N = 5; Fig. 2b shows the same
variation, but for N = 50. For N = 3, there is no apparent distinction
between the helical and the toroidal wells. In contrast, multiple
distinct helical wells with short connection lengths appear for N = 50.
For N = 50, the bounce-averaging procedure in Ref. 4 should be quite

accurate.

ORNL-DWG 85-3682 FED

/N
Fig. 1. Contours of B (magnetic field strength) in one field

period for the stellarator configuration B = 5{1 - 0.1 cos ©
- 0.075 cos(26 - NZ)]. The solid curves correspond to B > 5 and the

dashed curves to B < 5.
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Fig. 2. Variation of B along the field line © - 1{ = 0 for one

complete toroidal circuit; (a) N

5 and (b) N = 50.
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Figure 3 is a plot of the diffusion coefficient Dy (K=1) vs w,/Qp,
vhere Y, = v(K:l)/(Zeh) is the effective collision frequency for a
helically trapped particle and @ = d§y/dy = 10 s™' is the electric
drift frequency. No dependence on the sign of @ has been observed.
[This can be shown to be generally valid whenever B(8,) = B(-6,-Q) is
reflectionally symmetric and vhen the electric drift dominates the VB

drift.??) Numerical results for the two cases, N = 5 (for which helical

> 'ORNL-DWG 85-3680 FED
10 T | - I U B )
— o BOUNCE-AVERAGED CODE
N=5
— -=—-N =50 | -
~ 10! —— =0 #
[74]
~
[s¥]
E
Cé:

Fig. 3. Diffusion coefficient Dyy (in m?/s). The solid curve is
the result for N = 5, the dashed curve is for N = 50, the points are
the bounce-averaged results,? and the chain-dashed curve represents the

equivalent tokamak.
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resonances are significant) and N = 50, are shown. Each point was
computed using 7500 components for F* and ¥, which comprised L = 80
pitch angle harmonics, M = 12 poloidal harmonics, and N = 8 toroidal
harmenics. This required about 50 s of cpu time on the CRAY-2. (Fewer
harmonics than this were sufficient to obtain converged results for the
transport coefficients at the higher collision frequencies.) For
comparison, the N » ® (bounce-averaged) results® are presented (open
points). In addition, an €, = O tokamak equivalent (with 1 = 1.8) is
shown as a benchmark. There is close agreement between the N = 50
results and the bounce-averaged values of D11 for vh/QE < 1. For
Y,/ > 1 and N = 5, the observed resonant enhancement of diffusion

over the tokamak value is in good agreement with theoretical

predictions:
( ) ,
TN €
1+ —_£§(~E) = 3.9 (plateau) ,
D11 M0 ‘et
SEok =Y (32)
11 am? (*hy? .
1+ () () = 4.7 (irsch-schliter) .
107 &t
\
Here, T = |m - n/1|™! is the normalized resonant transit time. For

N = 50, the helical resonance is reduced in the plateau regime and
nearly vanishes in the collisional regime. [This agrees with the
analytic formulas in Eq. (32).] The discrepancy between the results for
N = 50 and the bounce-averaged code in the banana-plateau transition
region, v/ 9 = 10, may be related to the £finite difference
represéntation used in Ref. 4 for the region of pitch angle space

outside the helical well.
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The contours of the toroidally averaged distribution function,
I £ df, are depicted in Figs. 4 and 5 for N=5 and N = 50,
respectively, in the helically trapped ("superbanana") regime vh/QE ~
0.01. Solid contours represent an excess of particles (f; > 0) and
dashed ones a depletion (fl < 0). The dominant features of these
figures for N = 50, including the steep gradients in the vicinity of
the boundary between trapped and circulating particles (|cos «f =
(Zeh)l/z = 0.39) and the hill and valley structures centered at © = *n
and © = 0, respectively, are in qualitative agreement with the
bounce-averaged results.® Note that the contours for both vy > 0 and
vy €0 are continuous, vhich is in contrast to the near discontinuity
for counter-streaming velocities obtained in Ref. 4 at the helical
trapping boundary. Contours for the more collisional regime v, /9, = 10
(banana-plateau transition) are shown in Figs. 6 and 7. For this case,
the gradients are much weaker at the helical trapping transition, and
the hill-valley structure has shifted by 40 = *n/2, in agreement with
Ref. 4.

The dependence of the diffusion coefficient Dyq on the electric
drift is shown in Fig. 8. The solid curve represents the universél
scaling DQE = h(vh/QE) valid in the limit N » e, It was obtained for
N = 50 and values of eaEp/T in the range 0.5 to 4.0. For N = 5, there
are significant deviations from the universal curve. (Note that the
case with eaEp/T = 2 is closest to the universal scaling and is also
the case for which Fig. 3 was obtained.) For values of vh/QE <€ 0.1 fay

from the 1/v transition, Dy obeys an approximate pover law:

Vh p
D ~ [ . (33)
[QE]
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Fig. 4. The contours of [ £, d¢ for v, /9, = 0.01 and N = 5. (a)
vy > 0, (b) vy 0. Solid curves represent an excess of particles

(fl > 0) and dashed ones a depletion (f1 < 0).
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Fig. 6. The contours of [ f1 dC for v,/Q = 10 and N = 5. (a) v,

>0, (b) vy < 0.
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Fig. 8. Value of D119/ %0 Vs v,/ 9 where Qro =

QE(eaEp/T = 2). The so0lid curve is for N = 50.

For N =50, p =0.93 is close to the scaling predicted from

collisionless detrapping processes!?’?3

alone (p = 1). In contrast, for
N = 5, the value p = 0.82 1lies between the values predicted f£rom
collisionless detrapping and collisional boundary layer effects?

(p = 0.75). These results suggest that the transport in configurations

without well-defined 1local helical wells may be a complex combination
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of both collisional scattering and collisionless trapping processes.
The electric drift scaling for N =5 indicates the importance of
transition particles in such systems.

The VWare-pinch coefficient Dy5 is plotted in Fig. 9 where it is
normalized to the equivalent tokamak value. For N = 5, Dy3 never

exceeds the tokamak value, thus indicating the relatively small

ORNL-DWG 85-3699  FED
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Fig. 9. The Ware-pinch coefficient Di;q normalized to the

equivalent tokamak value. The solid curve is for N = 5, and the dashed

curve is for N = 50.
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bootstrap current (= Dq; = 013) in this device. The sign change in Dyq
is associated with the change in the relative importance of helical vs

toroidal effects in determining the bootstrap current.?!

VII. CONCLUSIONS

The derivation of a variational principle for computing local
transport coefficients for 3-D plasma confinement configurations has
been presented. A numerical method has been developed for solving the
Fuler equations that determine the particle distribution function in
Fourier-Legendre space. Application to a stellarator model with a
finite value of 1/N has shown the importance of helical resonances and
transition particle effects for radial transport and bootstrap current.
Studies of Heliac configurations, for which bounce-averaging methods

are inapplicable, are currently in progress.??
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