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ABSTRACT

Global solutions for the ion cyclotron resonant frequency (ICRF)
vave fields in a straight tokamak with rotational transform and in a
poloidally symmetric mirror are calculated in the cold plasma limit. The
component of the wave electric field parallel to g is assumed zero.
Symmetry in each problem allows Fourier decomposition in one ignorable
coordinate, and the remaining set of two coupled, two-dimensional partial
differential equations 1is solved by finite differencing. Energy
absorption and antenna impedance are calculated using a simple
collisional absorption model. When large gradients in |B| along E are
present in either geometry, ICRF heating at the fundamental ion cyclotron
resonance is observed. For the mirror, such gradients are always
present. But for the tokamak, the rotational transform must be large
enough that E * VB > 0(1). For smaller transforms more typical of real
tokamaks, only heating at the two-ion hybrid resonance is observed. This
suggests that direct resonant absorption at the fundamental ion cyclotron

_)
resonance may be possible in stellarators where B - VB ~ 0(1) naturally.






1. TINTRODUCTION

For many laboratory plasmas in which low-frequency, long-wavelength
ICRF fields are present, the geometrical optics assumptions are not
valid. In these cases, global solutions for the wave fields are needed
to calculate energy absorption profiles and antenna loading. Such
solutions, however, involve inverting the highly singular operator -V x ¢
X E and may lead to numerical difficulties. To make this problem more
tractable it has become standard with some authors [1-5] to assume that
the high conductivity of the plasma along field lines shorts out the
component of the wave electric field parallel to g; that is, g . E = 0 on
the time scale of the wave. For ion cyclotron frequencies this is a good
approximation. Likewise, further simplification occurs when the geometry
allows Fourier decomposition in one or more ignorable coordinates, thus
reducing the dimensionality of the system to only one or two spatial
dimensions. With these assumptions, full-wave solutions in the cold
plasma limit have been carried out by several authors [1-7]. McVey [6]
treats the mirror problem assuming both poloidal and axial symmetry, thus
reducing the problem to cne radial dimension. However, Phillips and Todd
{7] point out the importance of retaining axial inhomogeneity in the
mirror field and also the possible importance of parallel electric
fields. TItoh et al. [1] treat a straight tokamak with axial symmetry and
collisional absorption, but they neglect the poloidal component of the
magnetic field. As the calculations in this paper show, however, the
effect of the poloidal field on E + VB in the tokamak is to allow energy
absorption at the fundamental ion cyclotron resonance. Colestock and

Kashuba [2] also treat the straight tokamak without poloidal field, but



they attempt to model mode conversion to ion Bernstein waves as the
mechanism for wave damping and energy absorption. Work in progress by
Elet et al. [4] and Appert et al. [5] attempts to include both poloidal
magnetic field and the full geometrical effect of toroidal curvature in
the tokamak.

In this paper we extend the full-wave treatments of McVey [6] and
Itoh et al. [1] to include both radial and axial variations in g for the
mirror and to include the poloidal magnetic field By for the tokamak.
Energy absorption profiles and antenna impedance are calculated using the
simple collisional absorption model of Itoh et al. [1]. By including the
effect of the poloidal field, we allow energy absorption at the
fundamental ion cyclotron resonance in tokamak as well as mirror
geometry. Such absorption in a tokamak requires a rotational transform
large enough to produce a significant gradient in |B| along g, i.e.,
g « UB. For the case of zero poloidal field as treated by Itoh et al.,
the gradient in |B| along E is zero and only heating at the two-ion
hybrid resonance is observed. These results support the contention [7-9]
that large gradients in |B| along E in the stellarator may lead to ICRF
heating at the fundamental of the ion cyclotron frequency in that more
complicated geometry.

In Section 2 we review the assumptions of cold plasma theory leading
to the cold plasma dielectric tensor, wave equation, and dispersion
relation. Section 3 explains the decomposition of the dielectric tensor
into components along unit tensors made up of an orthogonal set of unit
vectors describing generalized flux coordinates. In Section 4 the
special case of tokamak geometry, including an arbitrary poloidal
magnetic field, is considered. The wave equations are shown to reduce

exactly to those of Itoh et al. [1] in the limit that Bg approaches zero.



Expressions for the energy deposition rate and antenna impedance
including the poloidal magnetic field are derived in Section 4.2.
Section 5 describes numerical results for the tokamak, including an
explicit example in vwhich energy is absorbed at the fundamental ion
cyclotron resonance. In Section 6, the special case of mirror geometfy
including both radial and axial variations in g is considered, and
Section 7 describes numerical results for a model mirror field. Finally,

Section 8 discusses the implications and possible extensions of these

calculations.

2. COLD PLASMA THEORY
Combining Maxwell’s equations with the Lorentz force equations gives

the equations of cold plasma theory [10],

> >

v xE =i, (1)
- - & >

VxH = Jap - du(eg - E) (2)

@ g

v (5K - E) = ey s (3)
-

v-B=0, (4)

wvhere time-harmonic dependence for the wave fields has been assumed with

. @

the form e~1®t, 1n (1)-(4) K is the cold plasma dielectric tensor. 1In
'%

the coordinate system where the applied magnetic field By is in the z

@
direction, K can be written as [10]

Kl —iKX 0
‘12=¥+-i—-2= iKX KJ. 0 ’ (5)
(A)EO
L. 0 0 K” "
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where I is the identity tensor, ¢ is the cold plasma conductivity tensor,

and
2
[\ g
K =1 Z PJ
1 ) a? - 92 ,
J
2
Q. W
K, =y 3 - P) (6)
X J‘*’wz-g?’
|
2
W s
Ky = 1 -3 B,
i 5 wz

2. - ng/(mien); 9 = qsBa/ms; : :

In (6), abj = an/(mJSO), QJ = qJBO/mJ, and mJ and qJ are the mass and
3

charge respectively for the jth species; n is the plasma density; E =

- > >
D/ep and H = B/ug are the wave electric and magnetic field stength

1 is the permittivity
1 . o >
is the permeability constant. p. .

vectors, respectively, where gy = 8.85 x 10"12 Fem™

constant and Ug = 1.26 x 10'6 Hem™

.->
and Jext

are the external (excluding plasma polarization effects) charge
density and current density, respectively.
The approximate effect of collisions can be included in (1)-(6) by

adding a collisional damping term to the Lorentz force equation [1]:

i g8+ x8) v
11 S p— = (s + Vs X - \’jmjVj ’

_>
where v. is the particle velocity and v; is the collision frequency.

] ]
Assuming vy = e 10U 1oy gives



Thus we see that the effect of collisions can be included in the cold
plasma theory by replacing the mass mj with m; = mj(l + ivj/m) in

(1)-(6). Note that for V3 positive, the particle motion is damped.
2.1 WAVE EQUATION
To write the wave equation for the electric field, take the curl of

_..)
(1) and use (2) to eliminate B. We find

> & . -y
-VxVxE+ K=*E= —lwgd oyt o (7

where ¢ is the speed of light in vacuum, ¢ = ll/bauo ~ 3 x 108 m/s.
Boundary conditions appropriate to the solution of (7) are that the
tangential component of E should vanish at the surface of a perfect
conductor along with the normal component of g. Note that solving (7)
automatically guarantees a solution to (3) because the divergence of (7)

. -
with conservation of change, p = -V + J, gives (3) exactly.

2.2 LOCAL DISPERSION RELATION
>
ik-x

> 3 >
In the local approximation, E(X) = E e so that ¢ » ik and (7)

gives the cold plasma dispersion relation. Assuming without loss of
3 - . , - .
generality that k lies in the x-z plane, k = klx + kyz with B = Bz, a

homogeneous solution to (7) exists when [10]



2 ( 2 Y(,.2 4
w? 2] | | 2] {w 2] Wt 2
[?Ku ‘ki][""pj‘(i“kn [7141‘1‘]‘7;‘%]

\C J\c c
{2 )
2,2 {w 2
- klk” —5 Kl -k =0 . (8)
\C p,

This is the cold plasma dispersion relation. In the low-frequency limit

when w << W50 then (K[ >> IKl[ ~ |K,| and we need only keep the term

proportional to K; in (8). Solving for kl then gives [11]

2 2
2 c c
kj = 7 T A £
YR, -k
5 8T K
C

2 2 2 2
—_— K_J_ -~ k.” b E— Kx] [,,_?. K_L - k” - — Kx]
c“ CB

For an axially symmetric, straight cylindrical tokamak, wave propagation
proceeds at approximately constant k, [11], and kl adjusts to satisfy the
dispersion relation according to (9). Figure 1(a) shows the dependence
of kf on kﬁ from (9) for a single-species plasma and fixed frequency w.
Figure 1(b) shows the dependence of w on k, for fixed kf. In (9),

resonance (kl % ®) occurs when

N

A = ?f Ki - kﬁ = 0 (resonance) . (10)

Likewise, cutoff (ki = 0) occurs when

2

B = gj(xi - K) - kﬁ = 0 (slow-wave cutoff) , (11)
w? 2
C = —(K +K) - ki = 0 (fast-vave cutoff) . (12)

[
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The resonance A = 0 is called the "perpendicular ion cyclotron resonance"
for a single-ion-species plasma and the "two-ion hybrid resonance" for a
two-ion-species plasma. For a single ion species, A = 0 is only possible
for w < Q,;- The cutoff C = 0 is called the fast-wave cutoff and occurs
for all values of w. VWhen kﬁ exceeds the cutoff value g%(Kl * Ky), the
wave is evanescent, that is, kf < 0. ‘

For a tokamak with toroidal and poloidal symmetry, E = exp i(m8 +
k,z - wt), where k, = n/Rp and kg = m/r. Defining 2 = (RT/r)(Be/BZ) and

bz = B,/B, we have

™| W

= bz(kz + m ﬁ%)

ky = R -

3. DIELECTRIC TENSOR REPRESENTATION
Equation (5) for the dielectric tensor ? is written in the
coordinate system with the unperturbed magnetic field gO in the z
direction. For tokamak, mirror, and stellarator geometries this will not

usually be the case. We therefore choose a right-handed, orthogonal

coordinate system with unit vectors

-~ -

8§, = b x W, (13)
- > ~
83 = By/|By) = b,

vhere ¢ is the flux function that defines a flux surface with b - V@ = 0.

®
We may then formally decompose the dielectric tensor K into its



components with the unit tensors 3131, 81,32, -y which are dyadic

products of the unit vectors. Thus (5) becomes

Q -~ ~ ~ - -~ ~ - -~ -~ -~

or

-

® P ~ ~ - a A PN - -~

R = k) (099 4 6 x 0 b x 99) + ik (b x 90 90 - 90 b x w4 K (B5) . 1)
& . - .

The components of K in the directions of 51, 82, and 63 are then

- i d - - "
Voo K= KW - Kb x W,

”~ -~ e ~ ~ ~
bx W+ K=Kbxw+ikWw,

- & -
b'K—"—‘K"b,

& 9
so that K - E becomes

b x V@ . E]V@

~» . -~ N A L bod ¥ oA
+ (R x Vi - B v ik 90 - )b x W+ xyb - BB (15)

Q
L
t
Q
2
<
it
t
5
<
~~
~
§
=
o
it
t
e
£
o
o]
P
7~
e
¥
o
lee]
~~
[y
L=
g
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® >
so that ¢ *+ FE can be written as

. - .~ 2. . -
+ (Olb X V\P + E - oxV\y d E)b X V\JI + (U“b * (17)
4. THE STRAIGHT TOKAMAK WITH POLOIDAL FIELD
We consider a straight tokamak wmagnetic cylindrical
coordinates r, 8, z,
-+ .
By - B3(x)8 + BY(r,0)2 ,
with
B
BO(r,8) = — (18)
1 + —~cos ©
Ry
(" c r2 d r*
1+ 2 o+ 2 r <a
2,2 3347
BI(r) = agBp = < , (19)
a—z(l + E + 9) , r > a
L r 2 3
vhere ¢ = -2.0, d = 1.0, a is the plasma radius, Ry is the major radius,
and 1p is the rotational transform at r = O normalized to 2n. The

rotational transform at radius r is



2 4
. f1+§£.+§r_, r¢a
A= EE 52 p! (1 + = cos 9)< ) ) (20)
g0t OV TR ,
a [1 + Sy g) r>a
2 2 '

- 2
Note that from J = V x H, Bg(r) in (19) corresponds to a current density

in the z direction,

1 B(ng)

Iz (r) = ot 3t B

(21)
okt | o,

For consistency we take the density profile n(r) proportional to (21).
Kovrizhnykh and Moroz [8] suggest that a finite gradient in |B|

along the magnetic field lines at resonance is important for direct ion

cyclotron heating at the fundamental resonance. In cylindrical
coordinates,
2 3B 1 3B 3B
B+ VB =8 2 By = — — e
r3r v Py 3 By Az

For our assumed tokamak magnetic field in (18) and (19), Br = 0 and B2 =

B3(r) + BZ(x,8). Thus,

(22)

where y = r sin 6.
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4.1 VAVE EQUATION FOR THE TOKAMAK
For straight tokamak geometry in cylindrical (r,9,z) coordinates the

flux function ¢ can be chosen to be r. Then the three unit vectors in

(13) are
§ = W =1,
§, = b x W =16 - bgz, (23)

O
w

il

<o

b = bgd + b,z .

For this case (15) gives

K- E= o8, - ik, (b - bk, )]t
[K (b g - beE,) + iKE](b,8 - bo2)

K (beBo + b,E,) (bh + byz) - (24)

[}

+

+

For ICRF frequencies (w ~ Q.1) ve make the assumption that the component
._)

of the wave electric field parallel to By is zero. The reasoning behind

this assumption can be found in the relative magnitudes of the three

components of the dielectric tensor. For w ~ Qi (6) gives

2 2 2
w" - 9ci Qci
2
W .
w pi
K, ~~ — K, ~0{-52] , (25)
x Qci 1 (92 ]
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2 V)
AR 1/ 20 B D -y
i 2. e

Thus K; is larger than K and K, by the ratio my/mg, and, from the

Fe 3
parallel component of the wave equation, (K - E), = K E; ~ O(KlEi) '
. D
Enzb‘E=0———~E‘L. (26)

Physically, the high conductivity of the plasma along field lines shorts
out the parallel electric fields on the time scale of the wave, At ~
2n/R - Making the zero electron mass assumption in (26) with b = beé +

b,z gives

EZ &= —-—b-;- Ee y (27)

and (24) simplifies to

R+ B (RE, - i .[;X; Bg)t + (K Bg + iR,b,E) (6 - ;S 2) . (28)

In cylindrical coordinates, the curl operator is

r a0 3z 3z or r | or ) !

->
and thus the components of V x V x E are
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= —lamgly
oE orE JE 2
LR E R R Y Rc] A . ) R L
3z |r 38|b, oz dr(r ar r 9 c e
(29)

= —lagle

21 (B afhe )] 1af1a [Pe ), e mz(g.g)
rd3 |9z 3rlb, ©f| r®irae (s, o | 2 2
= -imgdy s

vhere ve have used (27) to eliminate E,. Ve now Fourier analyze in the z

direction with

> 3 ik,z

E(r,8,2) =§ Ekz(r,e) € ’ (30)

> 2 ikzz

J(r,8,2) ‘5;; J (r,8) e (31)
z F4

_.)
and (29) becomes (dropping the subscript k, from E for brevity)



2 b ] b { [
w id 2 ore ped <] 1 3 3 1 e
+ — 1IK E)q -~ —]JK -~ e ¢l . rlik E_. + —|-Z E
(:2 [( 8 bz[ )7.] 2 r ar Z2°r bz GH
1 31 3 (e o] . bg
- 3@[; = [_.bz Ee} + ik, Eg } = -l [Je’kz "B, Jz,kz , (32)

where we have combined the © and z components to give the 32 = b x Vﬁr
component, perpendicular to both b and pr = r.
Defining u = rE. and v = rEg and using (28), we can write the

differential equations in (32) are

1 32“*1 o>y + “’21( —k2u~i“’2va+lk2r8}V—-iwrJ
2 32 T 9rdd 2 L z 2 b, Rp 3t 0"r,k, *
(33)
2 K 2 ik v
r;[zgz],r;[%gg]+[%_g_kg]wi%fzu__z. ki
rir ar i, cbz cbz RT a8
+ 1

3 aAv az/w
r —a—}— r ~a-E« + -—a—gz—

4 }r
= ~1wOr \Je'k - ?R:r. Jz,kz] . (34)
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In the limit that A = 0, i.e., no poloidal magnetic field, (33) and (34)

reduce to

2 2 2 2
9°u 1 3°v w 2 . W .
[;7 Kl - kz]u -1 25 va = "1““OrJr,kz ,

1
= Z o+
r2 aez r 9raéo

a[
re—
or

vhich are the equations solved by Itoh et al. in ref. [1].

-

ov 3|1 3u u@ 2 . u@ .
~;] : -a*-["f sé] ' [“2 "o “z]” Ch s e

4.2 LOCAL ENERGY DEPOSITION AND ANTENNA IMPEDANCE IN THE TOKAMAK

The local energy deposition rate ﬁ(r,e) is the time average over a

- > - -
vave period of Re Jplasma * Re E. Assuming E and Jplasma are
proportional to e 10t 4ng performing the time average gives

. 1 % ¥ 1 % -3

W(r,0) = 2 Re(Ihcna * E) = 5 Re(E* + Tppagna) (35)
- 4 . . - s . . . .

Now Jplasma = ¢+ E and from (17) with W = r, b x W = b,0 - bez, and b

= beé + bzé, we have

a3

c R o8, + o (b, - bemy)]: +[ol (0,6 - bets) - E] (5,3 - be3)

+ o) (beEe + b,E,) (bd + b,2)

Noting that
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=t’d
il
tmyd
(=2
i}
=2
&
+
ND‘
=3
N
[
o

> . . Eg
Ey = B+ B X U = byBg - beF, = = (36)
we find |
B - Jolasna = B - 0 E = olE 1%+ oIBy 1% + 0,21 In EEy (37)
wvhere
1B 12 = EJE, + E}E, .

Finally, substituting into (35) and using (16) gives

oy

vhere for E; = 0 and K = =, the third term is zero.
If ve define E_ and E_ to be the left~ and right-hand circularly

polarized waves, respectively,

E_ = E, - iB, , (39)

© > © -+
then the transformation T can be defined such that E/ = T « E, wvhere E’

....’
= (E E_, E"), E = (Er, EX, E"), and

+?



1 i 0 1 1 0

@
% = 1 i O , T"1 = % -1 i 0
0O 0 1. o 0 2

where J’ = (J*, J7, J;) and

Q
!

]

=0 - io, = -iweg(L - 1,

Q
[

o + iUX = —iweO(R -1, (40)

vhere we have defined [10] L = Kl - Kx and R = KL + K. Using (40), (35)

gives

W(xr,0) = 11_' Re(o, ) |E, % + Re(o__)IE_|? + 2 Re(qy) |E %] , (41)

which is equivalent to (38).

From (40) and (25) we note that

0++ L—l_Kj_(1+w/QCi) -1
) R-1”Kl(1«w/szci)~1’

#
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If, in addition, the density is high enough that K.~L >> 1, then

Q .
o - > 1 (for 9,4 2 w) .

Thus, for high densities (Ki >> 1) with Qi 2 W, one expects the
right-hand polarized component E_ to penetrate the plasma significantly
more easily than the left-hand polarized component E_. For low densities
(Kl < 1), one expects both polarizations to penetrate equally well.
Integrating ﬁ(r,e) over r and 6 gives the power absorbed per unit

length for one toroidal eigenmode corresponding to one k,:
Papg(Kygr®@) = I r dr j e W(r,8) . (42)

The total power absorbed by the plasma P, . is found by summing (42) over
all k, and integrating around the toroidal circumference 2mRyp. Then

dividing by |I!2/2 gives the plasma loading resistance R(w),

2P

- tot 2

R(w) = —— = —— 2MRy P (k,,w) (43)
FIETTE §z abs™"zr ™

_>
where I is the antenna current corresponding to Jext in (7). Likewise,

the power circulating in the antenna per unit length Pc(kz,m) is found

1.« 2 1, % * *
from §Jext - E = f(JrEr + JgBg + J,E;), so that

Pl = 5 [ rdr [ de [5fE, + {Je - JZ]EQ] : (44)
4
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The antenna impedance Z(w) is found by summing (44) over kz, integrating

around the toroidal circumference, and dividing by %|I|2:

2p 9

—— = % _ 2mR P_(k_,w) . (45)
12 1)? ng <z

N3
~
£
~r
i

The real part of the antenna impedance Re(Z) is the antenna
resistance and must equal the plasma loading resistance ﬁ(w) for a
lossless system. ﬁ(w) corresponds to the real power absorbed by the
plasma in (42).

The imaginary part of the antenna impedance Im(Z) is the antenna
reactance and corresponds to power recirculated between the antenna and

> >
the plasma because J and E are out of phase.

4.3 ANTENNA CURRENT FOR THE TOKAMAK
Ve assume a Gaussian current distribution [1] in the toroidal (z)

direction with width LT:

¥ Iof(e) 2 2 —(Z - anT)Z )
J(r,e,z) = 8(r - ro) exp(-z /LT) + eXp nwm———i_wh__ + ... 0
/ﬁLT LT

(46)

-+ N
Equation (46) has been normalized so that J dr j dz J(r,e,z) = Iof(S)B

wvhen Ly << nmRp and can be represented by the Fourier sum

(47)

oS 2:2
Ipf(e) [ 1214 ﬂz]
7 R ’
4RT T

Y -
J(r,e,z) = «Eiﬁg— 8(r - ro) 81 2} €Xp
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—’ »
vhere k, = 1/Rp. Thus, sz(r,e) in (31) is

N 8(r - 1g) . 1212

Jk (r,e) = eIof(e) expl- ——-—2— (48)
z 2Ry 4R%

In practice we solve (33) and (34) with I =1 A and 1 = 0, so that

30 - o 0 49

kz(r’ ) = "—-ﬁ‘ﬁr ) (49)

and then include arbitrary Ly and I, when summing the two-dimensional
(2-D) solutions that make wup the Fourier expansion. This allows
calculations for arbitrary antenna lengths (in z) and currents with just
one set of toroidal eigenmodes. The function £(8) gives the poloidal (8)

dependence of the antenna current. Ve take a periodic Gaussian [1]}

2
£(0) = f, ¥, exp [v(_e_:._z__ni_tl?i) ] , (50)

nA
N=-o®

vhere f; is chosen so that the maximum value of £(®) is unity. For p =
0, f(®) is maximum at ® = 0,2n, corresponding to low-field excitation.
For p = 1, f£(8) is maximum at © = n, corresponding to high-field
excitation. At these poloidal locations the normalization in (46) gives
f dr ‘r dz 3(r,9,z) = Ioé. The parameter A controls the poloidal (6)
extent of the current as shown in Fig. 2. Note from the figure that A >
2.0 approximates the m = 0 case, i.e., no poloidal dependence of the

antenna current.
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5. NUMERICAL RESULTS FOR THE TOKAMAK
In this section we display numerical results for the tokamak with
arbitrary vrotational transform. Figure 3(a) shows schematically the
geometry treated. A plasma of radius a, is contained inside a
cylindrical, perfectly conducting metal wall of radius ag  q4- In
general, there may be vacuum present in the region a, <r <agap- The

dashed line represents a current-carrying antenna of radius a The

ant’
current in the antenna can be concentrated on the low-field side (right,
p = 0), on the high-field side (left, p = 1.0), or at an arbitrary
poloidal location and can have an arbitrary poloidal extent (0 < A& £ =).
Figure 3(b) shows the assumed profile (22) for the plasma current Jz(r)

and density n(r) along with the corresponding poloidal magnetic field By

and rotational transform 2 [see (19)-(21)].

5.1 TWO-ION HYBRID RESONANCE

Equations (33) and (34) are solved in this geometry using a finite
difference mesh of 36 poloidal and 29 radial mesh points. For Figs. 4-11
we assume parameters typical of the proposed Tore Supra superconducting
tokamak experiment. This is a large, high-density, high-magnetic-field

experiment with

BO"'4.0T,
Rp = 2.25m ,

awall =0.90 m s

a = 0070 m }
P 8§ = a
1
a ~0.77 m

ant - ap ~ 0.07 m ,

ant
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i

Majority density n 1 x 1014 e Dpt
D} }n H

2 ='ﬁ-——=10%,
Minority density n , =1 x 1013 3 05
H
6
Iplasma = 1.7 x 10" A » 25 ~ 1.0,
f = 55 MHz .

This choice of frequency and density ratio puts the two-ion hybrid
regonance just on the low-field side of the plasma center.

Figure 4 compares electric field contours for the 1 = 4 toroidal
eigenmode and two different antenna geometries, both centered at 8 = 0,
i.e., the low-field side of the plasma. Only the real parts of the field
are shown. The contours on the left [Fig. 4(a)] result from a compact
antenna design with A = 0.1, corresponding to a poloidal half-width at
el of maximum of A0 ~ 18° or As ~ 24 cm, where s is the arc length along
the antenna. Contours on the right [Fig. 4(b)] are for an approximate
half-turn antenna with A = 0.4, corresponding to a half-width A6 ~ 72° or
As ~ 96 cm. Note that for both antenna geometries, the fields tend to
focus toward r = O and the contours of E_ penetrate the plasma more
easily than those of E,. :

In Fig. 5, 81 toroidal eigenmode solutions (1 = -40, ..., +40) as
shown in Fig. 4 have been combined to gi?e the complete three-dimensional
(3-D) result for the compact antenna case in Fig. 4. For the solution
shown, an antenna with mR¢/Lyp = 30 has been assumed and corresponds to a
toroidal half-width of about Ly = 23.5 cm. Results in Fig. 5 are plotted
in a poloidal plane located at the midplane of the antenna in the
toroidal direction. Results may also be plotfed as in Figs. 6 and 7 in
the r,z equatorial plane where € = 0O,n. The toroidal half-width of the

antenna Lq is labeled explicitly here (z = 0,2nR; corresponds to the
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antenna midplane). Note the penetration of the fields, especially E_, on
the low-field (right) side near the antenna location (z = 0,2nRp) in
these figures.

For the case of no rotational transform (2 = 0), k, enters (33),
(34) only quadratically. In this case, E“kz(r,e) = E+kz(r,6), so that

only toroidal modes with k, 2 0 need be calculated explicitly.

Furthermore, the Fourier sum in (30) gives

W)
E(r,©0,2z) ZEk (r,9)cos kzz + EO(r,e) ,
b

t [~18

k,=1

so the solutions are symmetric in z about the antenna midplane (z =
O,ZnRT). However, for 2 # 0, linear terms in kZ arise in (33),(34) and
therefore Ekz(r,e) £ E—kz(r,e). Thus, negative k ’s must be calculated
explicitly. Since sin k,z terms now also contribute to the Fourier sum
in (30), symmetry in z about the antenna midplane is destroyed. Thus, we
plot the complete toroidal range 0 < z < 2nRy in Figs. 6 and 7.

Figures 5-7 assume a uniform background plasma of density n =
1011 em™3 in the region between the wall and plasma (ap <r < oagqy)-
Figures 8-10 show the same case but with an ideal vacuum in the region

surrounding the plasma. Note the presence of an 1 = 2 cavity mode in

this vacuum region. Such modes are typically not observed in experiments
[12]. Furthermore, they are undesirable because when real wall losses
are included, the large electric fields near the wall around the entire
torus lead to excessive absorption of wave energy and reduced efficiency
[12]. On the other hand, when there is a low-density background plasma
between the wall and the main plasma as in Figs. 5-7, the undesirable 1 =
2 vacuum mode is completely suppressed, and large electric fields occur

only in the immediate vicinity of the antenna structure.
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Once the electric fields have been calculated, the energy absorption
can be found from either (38) or (41) and the antenna impedance from
(45). Figure 11 shows the local energy absorption for both the compact
[Figure 11(a)] and half-turn [Fig. 11(b)] antenna gecmetries of Fig. 4.
These are again 3-D results plotted in the toroidal midplane of the
antenna with Ly = 23.5 cm and the same current (300 A in the equatorial
plane) in each case. Note that the energy absorption is localized
betwveen the two-ion hybrid resonance surface (1 = 4) and the fundamental
ion cyclotron resonance surface, which are labeled by the dashed lines in
Fig. 11. The energy deposition profile for the half-turn antenna is
somevhat broader along the resonant surface than that for the compact
geometry. Also, the peak power absorbed for the half-turn geometry is
about 4 times that for the compact geometry with the same current. This
suggests that the power deposited per unit arc length of antenna is
approximately constant, since the ratio of arc lengths for the two cases
is about 4. The contours of power deposition are also shown in Fig. 12,
plotted in the equatorial plane, where most of the absorption occurs near
the two-ion hybrid resonance surface and in the toroidal region nearest
the antenna.

The complex antenna impedance Z is found from (44),(45) and is
plotted in Fig. 13 for both the compact and half-turn antenna geometries.
As the toroidal extent of the antenna Lep becomes less (MRy/ Lep increases),
more toroidal modes are excited and the impedance Z increases. The real
part of Z corresponds to the real power absorbed by the plasma and tends
to saturate more quickly at higher mode numbers than does the imaginary
part of Z, which corresponds to the antenna reactance. This is because
the fast-wave cutoff C = 0 moves toward the plasma center for higher

toroidal mode numbers, and it becomes more difficult for the waves to
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penetrate the outer evanescent region. Thus, there is an upper limit in
the toroidal mode number, above which little or no power is absorbed.
The dependence on L is much the same for both compact and half-turn
antenna geometries. The magnitude of Z, however, for the half-turn case
is 3-4 times that for the compact antenna. Since the ratio of effective
poloidal lengths for the two cases is about 4, we conclude that the
impedance per unit length remains about constant.

Figure 14 shows the sensitivity of these results to the assumed

collision frequency v/w. The total power absorbed P,y (k,,w) is shown

abs
versus v/w for the fourth toroidal eigemmode, 1 = 4. Note that the power
absorbed is practically independent of the collision frequency assumed as
v is varied over almost an order of magnitude. However, the half-width
at half-maximum (HWHM) of the two-ion hybrid resonance region (HWHM/Ar)
varies roughly linearly with v, and the maximum energy deposition rate at
resonance ﬁmax varies inversely with v. Thus, results that depend on
total powver absorbed, such as antenna impedance, are relatively
insensitive to our absorption model. However, results depending on

detailed knowledge of the geometry of the resonant region will depend on

the exact absorption machanism.

5.2 FUNDAMENTAL ION CYCLOTRON RESONANCE IN TOKAMAKS

Next we let the fraction of the minority species (H") approach zero
and consider a pure DE plasma with £ = 27.5 MHz. Figure 15 compares the
A =0, B=20, and C = 0 contours for this case (b) with those for the n =
nH+/nDE = 0.1 case (a) of Figs. 4-11. Note that the fundamental ion
cyclotron resconance for DE in Fig. 15(b) is near the plasma center, and
the hybrid layer (A = 0) or "perpendicular ion cyclotron resonance" is at

the outermost edge of the plasma. Since the density is very low at the
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plasma edge, the A = 0 surface leads to only a very small heating rate in
this region. However, since the fundamental resonance for DE is still
near the plasma center, heating at this resonance layer is of interest.
The energy deposition brofiles for this case are shown in Fig. 16
for 2 = 1, density n = 1013 cm”3, and the half-turn antenna on the
high-field side. Note that except for two spikes in the absorption at
the plasma edge, there is essentially no resonant interaction or
absorption along the fundamental resonance surfaces. The reason for this
is clear from (33),(34). At this density and at w = Q.. the terms

Ccl

proportional to Kl and K, dominate and (33), for example, gives

2
®
—Ku - 1
c2 1

~

X

— v =0 .
bz

ol B

Noting that K, = K| at w = .4, this is

and similarly for (34). Thus the wave at resonance is all E_ and
therefore right-hand polarized. :Since the ions rotate in the left-hand
sense, there is no resonant interaction. ~For the AZ/R% terms in
(33),(34) to be comparable to the:(u@/cz)Kl term requires n < (}/RT)ZCZ X

oll p-3

(mieo/ez), where e is the electron charge, or n 1 em™” at 2 = 2 and

n g 1012 cm3 at 2 = 6. Figure 17 shows the energy deposition for n =
1011 em=3 and A = 1. Now a resonant interaction is clearly evident all

along the fundamental resonant surface except near the equatorial plane

,.)
(y = 0) wvhere, from (23), B - VB approaches zero. Figure 18 compares
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profiles of |E+[2 versus O at r/a_ = 0.5 for the cases of Figs. 16 and

p
17. Note the strong cusps in |E+|2 at the resonance crossings in the
higher-density case (solid line). For n = 1011 cm'3 (dashed line) E_1is
clearly nonzero at resonance, and we therefore expect a resonant
interaction, as shown in Fig. 17. Furthermore, the total power absorbed
in this case is approximately proportional to Ag OF E - VB, as shown in
Fig. 19. Thus, we conclude that for moderate to low densities and high
rotational transform (so that E - VB ~ 0 [1]), fundamental ion cyclotron
resonance is possible in tokamak geometry. While this may not be of any
practical importance in tokamaks, it suggests that in alternate

...)
geometries such as stellarators, where B - VB is naturally of order

unity, direct heating at the fundamental may be possible [8,9].

6. THE POLOIDALLY SYMMETRIC MAGNETIC MIRROR

Next we consider a mirror magnetic field,

> ) 1ag- 1329dy-
Bh = Wx = - 2 2% _——
0 v r r 3z b r dr zo (51)
where y(r,z) is the flux function
r 0 ¢B
W(r,2) =J' B dr = > (52)
0

and ¢y = 2ny is the magnetic flux enclosed by a surface of constant

pressure.
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6.1 WAVE EQUATIONS FOR THE MIRROR

From (51) we have rBj = |9¢], and the three unit vectors in (13) are
§, =bxw=56, (53)

e
With (53) K + E in (15) becomes

& - R
K- E = [K.L {szr - brEz] - inEe] [bzr - brz]

+ lKLEG + in[szr - brEz]] 0+ K"[brEr + bZEZ](brr + bzz] . (54)

.2
Assuming b ¢« E = 0, we have

br
B, = - LB (55)

and (54) simplifies to

o

& 2 . - r - iRy -
K+« E = K_I_Er - lebZEe r - -B—-z- k4 + KlEe + —E; Er 9 - (56)

Now we write (7) in r,9,2z and use (55) to eliminate E,,

1 31 3 1 98, a [9Ey 3 {brEy wz(‘“’ ’]
- e ¥ B - L e | e — — .
r 89[r arr CE- Y 325z ar bz * K Ejyp

C2

= —iwgd, ,
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b oF oE
211 2 r 8 2 |1 3 1 %%r wz[“
— = L |—= —_ SR Rl K <« E 57
az[r e [b Er]+ az] +8r [r arre r 8]+C2 e 7

]
t
b
£
o
[
@

R I L I I e | S LR +3Ee+w2[§‘,g)
T T T v | B T o - et B Pl Ay z

= "i(Allon .

Fourier analyzing in the © direction with

E(r,8,2) = ¥, E (r,2)e'™® (58)
m

J(r,8,2) =3 J (r,2)e'"®,
m

and combining the r and z equations to give the 81 = Vﬁ} component :

H}arE_imEr+8 aEr+3 brEr
- rlr3r © I 3z | 9z ar | by

® 3 b..
2 goues
c? z ]
Ol [ 3 [PeBe)] _infim (Pr ) |, *Pe
b, ar © |9z (D T\t 5, Bt w
\ Z J 4

= ~iaglg o o (39)
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-
where we have dropped the subscript m from E for brevity. Defining
u=rE, and v = rEg and using (56), the final set of two differential

equations for the axisymmetric mirror is

2 2 2
E"E + % g‘%ﬂ + Egigl - E’] LL u - igi 53 vy - im EX
922 raz c? r?) b2 ¢ b, r ar
ar 32u r 9 3dou v ar )
+ ﬁkr§?§E * s Tt 1m52] = —1mu0r[Jr,m - % Jz,m) , (60)
a1 av] a2v [w? @ & 2 [u)] 1 3]
rs— T + — “”Kl v o+ ia Dy - imle s (R L 2o
r{r 3r) 322 o? o2 bZ ar 2 R z |

= -—iWorJe’m y (61)

where we have defined

o B — , (62)

and R is the radius of the metal wall. Ve take the tangential component
of g to vanish at r = R and z = 0,L, where L is the distance between
mirrors. This gives u=v =0at z = 0,L and v = 0 at r = R. From (55),
u=0at r =R also, since E, = 0 there. By definition, u and v vanish

at r = 0.

6.2 MODEL MIRROR MAGNETIC FIELD
To solve (60),(61) we choose the mirror flux function in (52) to be
| £

Yy(r,z) = Bg 5 r‘ - % rI4(kr)cos k(z - g)} , (63)



50

vhere I, is the modified Bessel function of the first kind of order one,
k = 2n/L,, and L 1is the distance betwveen mirrors. With (51) and

[xIl(x)]' = xIO(x), we have

Bg(r,z) = w% v

. L
BISLANFE I —
T Bye 1(kr)51n k[z 2] ,

]

Thus the coefficient € is related to the mirror ratio M by

1
B%(r,z) = g% = Bo[l - eIO(kr)cos k[z -

[

B2(0,0) 4
L
B [0,.2.]

The coefficient a that occurs in (60), (61) is

i
(]

2 i ] , r >0
1 - eIO(kr)cos k[z - wJ

|

~ [ eI (kr)sin k(z N E]

R
W
Sl
IR}
i
AL

~

2 1 - € cos k[z - %

o el Y
7| ik

(65)

Figure 20 shows (a) contours of constant ¥ (field lines) and (b) mod-B

from (63),(64) for M = 1.4 and & = 1/6.
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> -
From (64) we find V- B = 0, V x B = 0, and

i

0 0 0
» 9B 3B 2 3B
B . 9B = bg|B|[ 2+ 2% 2. (X"
’ 9z R or R ar

vhere
0
o8
z . L
el BoekIO(kr)51n k[z - i) s
0
%P2 = ~kBnel,(kr)cos k(z - L)
E ! 3
e ~Bg€ |kIg(kr) - sin k[z - f)

6.3 ANTENNA CURRENT FOR THE POLOIDALLY SYMMETRIC MIRROR

We assume a current distribution

IOS(r - ro)

4 -
J(r,8,z) = — fz(z)f(e)e R (66)
z

wvhere £(®) is given by (50) with p = 0 and fz(z) is taken to be a

Gaussian centered at z = z( with width LZ:

exp(— ——
2
Lg

£,(z) = : (67)

/n zg L/2 - zg
—lerf}] | + erfl o~
2 Lz LZ
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L/2
Equation (67) is normalized so that IO f(z)dz = L,- Thus, from (66),

> -
[ dr J dz J(r,0,z) = Io£(©8)6. Ve Fourier expand (50) with p = O to give
0

® _ 9 f/na 2 2
f(8) = £ Y, exp [— [..e..._ﬂ%ltﬂ] ] ~ 02 Y, exp [~ E__(_g_A_.).. + ime] ’
Ne=-® M=~

(68)

wvhere fO is chosen to make the maximum value of £(8) unity. Thus (38)

gives

- 108(]: - ro) fo\/ﬂ.A _mZ(nA)Z R
Jm(r,z) =-——-—i;—~—# fz(z) 5 exp 4 0. (69)

In practice we solve (60) and (61) with I =1 and m = 0 so from (68),
0

fO/nA/2 1 and

i

-
Jm(r,z) =

}
L2y
N
—~
N
~
[}

(70)

6.4 LOCAL ENERGY DEPOSITION AND ANTENNA IMPEDANCE IN THE MIRROR

From (17) with W= b,r - bz, b x ¥ = &, and b = b.r + bz, ve have

- L4
c

“’ - -~
Jplasma =0 E-= [QL(szr - brEg)J + dee](bzr - brz)

+[qlEe - Gx(szr - brEz)]é + cr”(brEr + szz)(bré + bzéj
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and

Sy - > & R . *

E Jplasma =E +« o E = U_LIE_L‘ + O'HIEHIZ + O'le Im EwEe y (71)
where

i
<
<
e
%
o
=3
i
o
o=}
i
U‘]m
N |

2 *
Substituting (71) into (35) and using (16) gives

iy 1
W(r,Z) = -2—0)80[Im([(l - 1)‘EJ.I2 + 2 Im(Kx)Im E:;Ee + Im K” IE" ,2] .

(72)

Now define E, and E_ to be the left- and right-hand polarized waves,

respectively, for the mirror:

=
]

. = By + iEg (LEP) ,

=J
]

E

_ = E, - iEg (RHP) .

Then using (40), (72) can be written equivalently as in (41).
Integrating W(r,z) over r and z gives the power absorbed for one

poloidal mode, i.e., one m:

Pabs,m(m’w) = j r dr J dz W(r,z) .
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The total power absorbed is found by summing over all m and integrating
around the poloidal circumference 2n. Dividing by |I|2/2 gives the
loading resistance ﬁ(w),

2Piot 2

= 2R Y P, (m,w) .
2 2 ® ebs

R(w) =

7. NUMERICAL RESULTS FOR THE MAGNETIC MIRROR

In this section, we display numerical results for the mirror
magnetic field of (63),(64). Figure 21 shows schematically the geometry
treated. The plasma with density constant along field lines is contained
within a perfectly conducting metal cylinder with metal end plates.
Again, there may be a vacuum or a low-density plasma between the mirror
plasma and the wall. A poloidal current }RF models the antenna and can
have arbitrary axial (z) and poloidal (©) extent. L, is the axial
half-width. Figure 21(b) shows the assumed axial profile for the antenna
current. Equations (60), (61) are solved in this geometry by finite
differencing on a mesh of 36 axial and 30 radial points. For Figs. 22

and 23 we take parameters corresponding to the local mirror in one-half

the field period of the L-2 stellarator [8, 9, 13], i.e.,

L=0.20m,

awall = 17.5 cm ’
By = 1.2 T,
M=1.4 (c=1/6),

5 x 1012 em™3 ,

=]
it

5 % 1012 em™3 R

=]
[

f ~ 18 MHz .
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current.
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The plasma radius in the midplane is assumed to be p ~ 10 em. For this
choice of frequency, the fundamental ion cyclotron resonance surfaces for
H* are at the locations shown in Fig. 20(a).' Figure 22 shows contours of

E, and E_ for the m = -1 poloidal mode with the antenna in the mirror

midplane and located about 2 cm from the plasma surface. Again, E_ tends
to penetrate the plasma more easily than does E,. The deposition
profiles in Fig. 23 show absorption at both fundamental resonance layers
for H*. The value of g . VB/B% at resonance and r/a_,q7 ~ 0.31 is ~13.2.
Although Fig. 23 shows a great deal of energy deposited at the
fundamental, this result cannot be taken too seriously for the L-2
stellarator, because the boundary condition that Etangential =0 at
z = 0,L is not realistic for the stellarator. A more correct result must

await solution of the wave equation for the helically symmetric

stellarator.

8. DISCUSSION

The calculations reported here extend the full-wave treatment of
ICRF wave propagation in tokamak and mirror geometries to include more
realistic magnetic field models than have previously been used [1, 2, 3,
6]. For the tokamak we find that including the effects of large poloidal
magnetic fields leads to asymmetry in the toroidal direction as well as
energy absorption at the fundamental ion cyclotron resonance. This
absorption is approximately proportional to the gradient in |B| along g
and thus to the rotational transfornm. However, for high plasma
densities, the left-hand polarized component E, is shielded out of the
plasma, while E_ penetrates. 1In this case, absorption at the fundamental
occurs only near the plasma surface. For densities low enough or

rotational transforms great enough that a1 > (RT/c)w

i’ the absorption
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extends into the plasma and heating occurs all along the fundamental
resonant surface. For minority heating of tokamaks at the two-ion hybrid
frequency, we find that compact antenna designs may be as effective in

heating as half-turn loops; that is, power deposited per unit length of
antenna in the poloidal direction is approximately constant.
Furthermore, when there is a low-density background plasma between the
wall and the main plasma, undesirable vacuum cavity modes are completely
suppressed and large electric fields near the wall do not occur except
near the antenna. For the mirror magnetic field, both radial and axial
variations in |B| lead to gradients in |B| along g and thus to resonant
absorption at the fundamental. For parameters corresponding to the local
mirror in one-half the field period of the L-2 stellarator, the m = -1
poloidal mode exhibits large values of |E+| near plasma center and thus
strong absorption at the fundamental resonance there.

Both the mirror and tokamak calculations described in this paper may
be considered preliminary evidence of possible direct fundamental
resonant absorption in stellarators. In fact, the stellarator magnetic
field contains elements of both the mirror and tokamak geometries. But
boundary conditions and the exact magnitude of the local mirror ratio and
rotational transform are sufficiently different in the stellarator case
that a complete solution for the stellarator geometry is still required.
For the helically symmetric stellarator field, the helical symmetry
allows Fourier expansion in one ignorable coordinate, and a direct
extension of the work in this paper is possible. Such a calculation is

currently in progress.
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