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ABSTRACT

A method of establishing ignition conditions and plasma operating regimes over
large regions of parameter space (Rgy/a, b/a, aB(z,/q, etc.) under various physics
assumptions (Xe,» Xi» 9y» Berit Morits €1C.) using a simple global model is presented.
Contour plots of ignition, supplementary power, and plasma heating and operating
windows are generated. These are then used to analyze the potential physics design
space, operating regimes, and plasma performance characteristics of small (Ry ~
1-2 m), high-field (B, ~ 8-13 T) tokamak ignition experiments.

"Research sponsored by the Office of Fusion Energy, U.S. Department of Energy, under Contract
No. DE-AC05-840R 21400 with Martin Marietta Energy Systems, Inc.
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1. INTRODUCTION

There are many ways to model the detailed energy balance processes in burning
plasmas. These include 0-D, 1-D, and 1%-D transport models, all of which rely on
extrapolating the present tokamak data base to the burning plasma state. Steady-
state global analyses have particular value because of the ease of calculating and
presenting results in terms of global parameters. Multidimensional transport codes
are, however, required for detailed assessment of nonlinear and spatially localized
physical processes when the physics governing these processes can be specified in
detail.

In this paper we present a systematic method of establishing ignition conditions
and plasma operating regimes over large regions of parameter space under various
physics assumptions using a simple, global model.!# Specific features included in
the model are: (1) plasma power balance considering various forms of ion (x;) and
electron (x.) thermal diffusivities or global energy confinement times (7z); (2)
consistent plasma profiles and geometry; (3) neoclassical enhancement of resis-
tivity; (4) fast-alpha contribution to total pressure; (5) equilibrium plasma current
model; and (6) various constraints imposed by equilibrium, stability, and confine-
ment (gy, MMurakami» Berits €t¢.). In Sect. 2 the global plasma power balance is
derived and a typical plasma parameter operating space is introduced. The physics
models and constraints used to determine the plasma parameter operating space
are summarized in Sect. 3. Contour analysis of ignition conditions and the plasma
parameter operating regimes is presented in Sect. 4 for model confinement scalings.
Nearly universal contour plots of ignition, auxiliary power, plasma heating and
operating windows, ignition margins, etc., are found to exist for x. (or 75,) ~
neo-Alcator-like and x; ~ neoclassical scalings that are parameterized in terms of
the Murakami density limit> and (aBg/q* ), the “figure-of-merit parameter,” where

g+ is the equivalent cylindrical safety factor ( li/% o gy = ¢x). Similar
€= rfKg—*

parameterization is also found for other confinement scalings.’ These contour plots
are then used to explore the potential physics design space, operating regimes, and
plasma performance characteristics of small (Ry ~ 1-2 m), high-field (By; ~
8-13 T) tokamak ignition experiments that are currently being considered by the
U.S. Tokamak Ignition Studies Design Teams.®® Results are discussed in Sect. 5.
Comparison of results with the 1%-D WHIST transport code’ shows a reasonable
agreement.

In all expressions, unless otherwise stated, mks units are used, with tempera-
tures in kilo electron volts (keV), current in megamperes (MA), and power in
megawatts (MW). When designated, densities are in units of 102 m™3 (n5) and
temperatures are in units of 10 keV (7).



2. GLOBAL POWER BALANCE

The flux-surface-averaged energy balance equations for the electrons and the
ions, when combined, can be written as

R E! 3 1 9 OkT, okT;
1= v — . g = — — A '+' 1 X4
a 12 nkTe + 2 nikT; V(p) 0p (P)lnexe ap X dp
T Prad +pa+pOH +Paux ’ (1)
where
p = radial coordinate that labels a flux surface,
Vip) = 2 7r2R0p2K = plasma volume contained within a flux surface,

Vp) = aV/dp,

A(p) = V'(p) <(Vp)> = (2m)*Rooxl(1 + k?)/2¢%],
xe{x;) = electron (ion) thermal diffusivity,
ne = 2, niZ; = npy t 2n, + Zny = electron density,
ny = nptp + n, + nz = total thermal-ion density,
nptr = np + nt = fuel-ion density,
To(T;) = electron (ion) temperature.

The expressions given for V(p) and A(p) assume concentric elliptic flux surfaces
with elongation « = b/a. Correction for triangularity 6 can be included, approxi-
mately, by replacing (1 + «%) with [1 + «*(1 + 28%)].

In Eq. (1) only the conduction losses (the first term on the right-hand side) are
considered. Convection losses are neglected. The expressions for the various power
densities p (MW /m?) are as follows. The bremsstrahlung radiation is

Prag MW/m3) == (5.3 X 1072 Z 4 T2 = (1.68 X 1072 a2y Z T3 ,(
2

where Zys = 3 nZ2/n, is the effective ion charge, ny = #2/(102° m™?), and
Ty ¢ = T/(10 keV). Cyclotron radiation and impurity-line radiation are ignored.



The alpha power density is

Po (MW/m3) = npnp<ov>prE,

= 0.155[47p(1 = /o) e o To (3)

where E, = 3.52 MeV, fp = np/npt, for = npr/n., and <ov>pr (fusion
reaction-rate parameter), for the temperature ranges of interest, is approximated as

<gv> ;,[_ —22) s (3 s~3 4 keV < T;< 10 keV
v>pr = (LI X107 o m/s) 105 10 keV < T, <20 keV

for a 50:50 D-T plasma (fp = 0.5) with Z = 1, the term in square brackets in
Eq. (3) is unity. For Z4 = 1.5 with n,/n, = 0.05 and Z = 8 (oxygen), fpT ==
0.84.

The ohmic power density is
oy MW/m?) = 10°y) (@m) J? (MA/m?) = E| (V/m) J (MA/m?)
= (5.22 X 107°) yncZegln A JYTHG (4)

where J is the local current density, J = E tl/'?!l’ E) is the electric field that drives
the current, and the parallel resistivity is n = nyync With the Spitzer resistivity

7 = (1.65 X 107 Z dn A/T¥? (@m) (5)

and the neoclassical trapped-particle enhancement factor (at low collisionality,
Ve < 1),

NG = [1 — 1.95(r/R)Y2 + 0.95(r/Rg)| ! | (6)



Here In A == 38.2 — In (né/z/Tc) ~ 15-20 is the Coulomb logarithm. The current
density on axis is

2 By 1+ « )
J(O) = — A/m
( ) Ko q(O)RO 2k
B A2 7
— 3 0 1+« MA/m? | (7)
w q(O)RO 2K

where g(0) = gq is the safety factor on axis, typically gy ~ 1. Sawtooth oscilla-
tions are initiated when the on-axis safety factor drops below one. When the
sawtoothing is suppressed, g(0) ~ 0.5-0.8 is typically attained.

“Ignition” 1s defined as the self-sustaining plasma state in which the fusion
power deposited in the plasma by the alpha particles (p,) is sufficient to balance
the plasma energy losses associated with all loss processes without any applied
external power (p,,x = 0). Ohmic ignition is a special case in that the ohmic heat-
ing power is intrinsic to the configuration and cannot be turned off. Thus, we
define the ignition as p, + poy = the sum of all losses when p,,x = 0. The glo-
bal ignition condition can be obtained by volume averaging the local energy bal-
ance equation, Eq. (1), over given plasma profiles. Typical profiles assumed are
shown in Fig. 1. The density, temperature, current density, and g profiles are
nearly flat inside the sawtooth region (0 < r < rg). Outside the sawtooth region
(r¢ <r <a), profiles can be represeated as parabolic or Gaussian, where a prin-
ciple of profile consistency!! can be applied to determine self-consistent relation-
ships between various power or exponent coefficients. To provide simple analytic
expressions, we choose the profiles in the form

X(p) = Xo(1 — p¥a®)*™* , (8)

where X = an, T, or J and typically «, — 0.5-1.0; ay ~ 1.0-1.5; and

ay = 3ag/2. Thus, the average density, density-averaged temperature, and current
density are

<n> = ny/(1 + a,) , (9a)
<T> = <nT>/<n> = To(l + )1 + a + ay) , (9b)
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Fig. 1.  Typical profiles for density (n), temperature (T), current density (J), safety factor (g),
and electric field (£).

In the remainder of this paper, unless otherwise stated, the average values are
used without the angle brackets <>.

The global power balance equation [obtained by multiplying Eq. (1) with dV =
V'(p)dp and integrating over p with assumed profiles, Eq. (8)] is given by

oW
_—x—Pcon"Prad+Pa+P0H+Paux' (10)

at
Here, the total plasma energy is

n T
1+ =t
n. T,

(11)

w (MJ) = Wc + Wi = 0‘24n620T610 vV .




The power loss due to transport processes is

n ni T;
Xe n, T Xi

€

Pcon (MW) = 0.16"6201’010

12
X 4 + i Lad a,, o V (2
2 2K2 gC a ’ 7 T ¢
The temperature gradients are evaluated at p./a < 1,
D p,., o, tary—I1 (13)
gl , oy, ar| = ap(l + a, +a1) 1*“*—2 .
a
For a given plasma profile (a,, ar), the maxi-

mum value of g(p./a) occurs at p./a = (a, + a;)”%°. For example, for a, ==
0.5 and ay = 1.0, p+/a (at maximum) = 0.82 and g.(max) = 0.96. In Eq. (12)
Xe and x; are taken as average values. For Zeg ~ 1.5, with Z ~ 8 and n,/n, ~
0.05, we have n;/n, ~ 0.9 and npy/n, ~ 0.84.

In terms of the energy confinement times,

P (MW) =

NargT w10 T Mg T
0.16[1 €204 ¢cl10 i204 i10 dv

TE

(14)

eZOTcl() + 710

:omf

av .,

TE{

where Tg., 7gi, and 7g are the electron, ion, and total energy confinement times,
respectively, due to the radial transport. From Egs. (12) and (14),

2x?
1 + &2

3g?
8TEj

X; —

P . , (15)
ng,a,,,a'r J T &1,




where

(16)

P+ R ad! P+
8x — oy aT‘ = {1 — [1 — pg/azla or ]/gcl-—;, a, , aT] .

For typical profiles (a, ~ 0-1.0, ay ~ 1.0-1.5), g, ~ 038-1.1 for p./a ~
0.6-0.8.

The radiation power is
(1 + )2 + a, + ap)'?
(1 + 2a, + 0.5a7)

P.q (MW) = (1.68 X 10 2)nZ THE Z

= CBngZOTel:{%)ZcffV . (17)
For a, ~ 0-0.5 and ay ~ 1.0, Cg ~ (1.6-1.9) X 1072,
The alpha power is

(1 + a, + ap)
A+ o) 20 + 2a, + sap)

P, (MW) 0.155{4fD(1 ~fD)f12>1-]

= ConnTe0V - (18)

For a, = 0.5, ay = 1.0, and Z.5 ~ 1.5 (fpr ~ 0.84, fp = 0.5), C, = 0.22 (for
s ~ 3).

The ohmic power is

Zgima B} (14 2)

T3  q3R: |

Poy (MW) = (1.32 X 107%)

1 + «, (19a)

1+ a, +a

X

32 -
gOH[YNc» ar, rdal vV .

2
nexo Tero V



For typical profiles (a, ~ 0.5, ay ~ 1.0), goyg = 0.5 :;NC where ;NC is the aver-
age (averaged over the temperature profile) neoclassical resistivity enhancement
factor. For A = Ry/a ~ 2.5-3.5, ync = 2.8-2.2. Thus,

Pou (MW) = CouZrvne Tard > (B3/a§RHOI + APV . (19b)
for o, ~ 0.5 and ay ~ 1.0, Coyy = 5.4 X 107 *for In A = 16.

The auxiliary power is assumed to be P,,, = f Paux OV = p,.V. In general,
the auxiliary power deposition profiles and requirements are functions of the
plasma parameters (n, 7T, etc.), especially in the case of neutral beam heating.
Here, we consider radio-frequency-like heating using a Gaussian heating profile.

Substituting Eqgs. (12)-(19) in Eq. (10),

1774 n; T;
F= JI; o _ —0.16n,30T ¢jo|xe + nl — Xi

at

T

< 1

2] 2 1/2 2 5
- (’BnelO Tc{OZeff + Canc20 TelO

B%KZ

a3R§

1 + «?

2 P (20)
2x* .

+
V

Y,
+ ConZestYNe Te10

In terms of the energy confinement times, the first term on the right-hand side of
Eq. (20) can be replaced with

(21)

1 + ("i/ne)(Ti/Te)

8¢ -
Ee TEi

—0.24n €20 T'C 10 ;

For a, = 0.5, ay = 1.0, and Zgg = 1.5 (Z = 8, ny/n, == 0.05), n;/n, = 0.9, g,
= 0.96, g, = 098, Cp = 1.7 X 1072, C, = 0.22, Cop = 5.4 X 107* (In
A/16), and yne == 2.5 (1 + 0.1) for A ~ 2.5-3.25.

Depending on the various forms of the ion (x;) and electron (xe) thermal dif-
fusivities (or the energy confinement times 7, 7g.), a wide range of tokamaks



could satisfy Eq. (20), subject to other physics constraints (e.g., beta limit, density
limit, gy limit, etc.), which are discussed in Sect. 3.

The characteristics of equilibrium are determined by F = 0 (aW/ot = 0). If
dF/aT > 0, the average temperature will increase corresponding to thermal run-
away. Contours of thermal runaway are obtained by setting F = JF/3T = 0. For
F=0(P,+ Pout Pux= Peon + Prad = Plogses)> We have either (1) P, +
Pou 2 Piogses for all T, so that P,, is not required, or (2) P, + Poy 2 Piogses
for T € T € T,, so that P,,, is required to bridge the gap between 7| and T',.
The first case corresponds to an ohmic ignition. In the second case, P,,, = 0 at
T =T, (= Toy, ohmic equilibrium) and T =T, (= Tigy, ignition) and
P,x>0 for Tou<T<Tign  Between these two  temperatures,
P, > Pa(max) is required, where Py (max) = P, (T.); 0oF/T =
0P, /0T = 0at T = T.,.

A typical plasma parameter operating space, in (<n>, <T>) space, is shown
in Fig. 2, where equilibrium (F = 0) contours for P,, = 0 (ohmic equilibrium
and ignition) and 9F/dT = 9P,,, /0T = 0 (thermal runaway) are shown. Also
shown are the density limit (n,,, ~ Bo/R; the Murakami limit) and the beta
limit (B ~ I/aBg, the Troyon limit), as discussed in Sect. 3. In Fig. 2 the “heat-
ing window” is defined as the region where P,,, > 0 [(AT Jyearing = (AT), =
TigN — Toul)- The boundaries of the “operating window” (dotted region) are
determined by confinement [ignition curve—solution to Eq. (20) for P,,, = 0],
the beta limit, and the density limit. Two special cases are: (1)
(AT), = O—ohmic ignition, and (2) (AT),, [or (An),,] = O—beta limit (or
density limit) occurs before ignition. In the latter case, although there is no magne-
tohydrodynamic (MHD) stable access to ignition, there may be a driven
(P« # 0), high-Q (energy gain) operation. If (AT), ~ O—few keV, the
required auxiliary power is small (P, < Poy). If (AT),, > several keV

[(An)ep ~ (0.2-0.5)nyax], the margin for ignition is large. Here, the ignition mar-
gin My is defined as

MI = (Pa + POH)/(Pcon + Prad) . (22)

(M; = 1 corresponds to the ignition condition.)
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THERMAL —"IGNITION" (P,,,=0)
B ¢\
aux <
\\ \ /;3 LIMIT (8, ~ 1/aB,)
- \ \
2 s \ DENSITY LIMIT
L] b (npax~ B/R,)
L
% (AT)heaﬁnq
g \- (An)operoting
- \
g \
OH ~
HEATING
EQUILIBRIUM IGNITED
(P =0) WINDOW  peRATING WINDOW

(T>, AVERAGE TEMPERATURE

Fig. 2. Typical plasma paramecter operating space showing equilibrium (9W /3t = Q) contours
for P, = 0 (OH equilibrium and ignition) and 6P,,/0T = 0 (thermal runaway) and
the limits imposed on density (ng., ~ Bo/Ry, the Murakami limit) and total plasma beta
(B < Buir ~ IfaBy, the Troyon limit). Heating window and operating window (dotted)
are shown.

3. PHYSICS MODELS AND CONSTRAINTS
3.1 Piasma Current

In general, MHD equilibrium calculations are carried out to accurately model
the current (and, in turn, true MHD safety factor ¢gy) dependence on plasma
shape (clongation «, triangularity §, etc.) and aspect ratio. A fit to these model
equilibriums can be characterized as
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5(1230
g+ Ry

1 + &2
2

1+ &2
2

aBO a
9y Ro

(23)

I (MA) = > fle) =

where f(¢) is a form factor that depends on aspect ratio
(¢ = A7! = a/R,), poloidal beta, plasma shape, etc. Typically,!? f(e) ~
C/(1 — &)* with C; ~ 1.22-0.68. In Eq. (23), g, = gaf(e) and g« is the
equivalent cyclindrical safety factor (i.e., g« = Zgno qy)- In Eq. (23), the triangu-

larity correction can be included by replacing (1 + «%) with 1 + «*(1 + 2 6%), a
reasonable approximation for § < 0.4; thus,

50280
= TIR,

2

1+ &*(1 + 252)] ‘ | (24)

3.2 Density Limit

In many tokamaks, the maximum density attainable in stable operation is seen
to scale as B/R, known as the Murakami limit,’

By (25)

Ry < B = Vmu Q*RO ’

where vy, == 1.5 for ohmically heated plasmas, and »,, = 2-3 is found to be

possible in some auxiliary heated plasmas. In calculations presented later, we
define a normalized density as

<n20> <n20>q*R0 _ (26)
m = = sy Vpu = 1.5 .
Ay VmuBO

3.3 Beta Limit

A simple scaling law for the maximum volume-average beta that can be
reached before the onset of ideal MHD instabilities is

. ~ 1 (MA) (27)
Berir = (0.03-0.04) 2t Bo (5

This form of the beta limit, known as the Troyon limit,'> has been observed experi-
mentally and suggested by theoretical studies of macroscopic external kink'? and
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ideal-MHD ballooning instabilities.!* This is a disruptive beta limit. Thus, the total
plasma beta is taken as

6 = ﬁe +- :8i + ﬂfas[-a = (1 + ’Yfa) (Bc + ﬁ]) < ﬂcrit ) (28)
where
n. T, (29)
Be + B; = 0.4n 0T 0|l + — -TL /B
€ [+

and vg, is the ratio of the fast-alpha pressure to the plasma thermal pressure. In

the temperature range of <7> = 6-16 kecV, the average pressure contribution
from fast alphas is ==5-25% of the thermal plasma pressure. This fractional contri-
bution, to lowest order, is independent of density, v, = v5.(T).

A beta limit expressible as I/aBg can also be put into a form [see Egs. (23) and

(24)]

I ef() 1+ +28) 1 1+ X1+ 2
aB, qy 2 g A 2

6cril -

To maximize the total beta, the plasma must be shaped to maximize I/aB; (i.e.,
small 4 and ¢y and large x and ). Although low values of g, are desirable, to
achieve low disruptivity gy is commonly limited to the range gy > 2.6.

Substituting Eq. (26) in Eq. (28) and using Egs. (24) and (27) we get

aBO
Riaid 7.6m[1 + yfa]
T

2 (30)
1+ &2

Thus, in (m = <n>/n,,, <T>) space, # = B4 contours correspond to contours
of constant aBy. For high-field, compact ignition experiments,>® a typical parame-
ter range is aBy ~ 4.5-5.0 (mT). The average maximum toroidal beta contours,
Biot = Berit/(1 + v5o) ~ T10/aBy, are shown in Fig. 3. The contribution from fast
alphas +s, is included in the total pressure. § = B on the curves, 8 > B above
the curves, and 8 < B (stable operation) below the curves.
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Fig. 3.  Contours of maximum attainable toroidal beta, including fast-fusion-alpha pressure con-
tribution, for several values of aBy. 8 = B.qy = 31/aB, on the curves, 8 > 8., above the
curves, and 8 < 8., below the curves. Here 8 = 8, + Bpasio i85 the total beta with 8,
= Bc + Bb

3.4 Confinement Models

Ion confinement. The observed ion confinement is generally consistent with the
predictions of the neoclassical theory. The expression for y;, including finite aspect
ratio correction, is given by the Chang-Hinton formula.!> In low collisionality
(banana regime),
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2
R el 31)
2 S 202 effq 2 (
oy (m%/s) = (2 X 1073)K :
xich (m’/s) = ( K arrip g |1+ 2
where
K> = (0.66 + 1.88¢'/2 — 1.54e)(1 + 1.5¢%) , €= r/R, . (32)

A corresponding expression for 7z; can be obtained from Eq. (15).

Electron confinement. The scaling laws for x. or vg. are empirical (or semi-
empirical) both for ohmic and auxiliary heated plasmas. A large body of such scal-
ings exists; a few of these are summarized here. Because most of the work on
empirical scaling laws has focused on finding scalings for the global confinement
time 7g or the electron energy confinement time 7z., we present the expressions for
7. A corresponding expression for the average thermal diffusivity can easily be
obtained from Eq. (15).

The simplest scaling law that describes both the low-density and high-density
regimes of small and large ohmic tokamaks, referred to as the “neo-Alcator,”!6 is

TnA == 0.07n50aR g (33)
which is used for 7z or 75, (or total 74.4). The thermal diffusivity is then

2
1 + «?

2k2 (34)

1 + «?

. 4.3a
nyoRGq

0.3a°
TNA

XNA =

A deterioration of confinement is observed when strong auxiliary heating is
applied. The data from most experiments indicate an L-mode (poor-confinement)
scaling of the form

Tp & J(1-1.5) [P_(1/3‘2/3) or b + a/P} , (35)

where P is, in general, the total power ( the sum of the ohmic and absorbed beam
power). Under specific conditions, it may be possible to recover some (or all) of the
degradation (H-mode). Typically, x.(L-mode) = (2-4) x.(OH) , and x.(H-mode)
< 0.5y (L-mode).



15

A general trend in scalings with auxiliary heating is that confinement improves
with plasma current. One such simple scaling, referred to as the “Mirnov” or
“GMS” scaling!” is

2x? (36)

1 + &2

12 L 2a
rhv = 0.15alk'2 | or xgm = L

for an L-mode, and 754 = (2-3) rk for an H-mode.

An example for degradatxon of confinement with increasing power is an L-mode
scaling of Kaye and Goldston,'®

rhxg = 0.0561124 p~058 R1.65, 049,028,096 p 7009 405 (37)

where P is in MW, I is in MA, and 4; is the ion atomic mass number. By taking
P = 0.24 nyoT oV /75e and 4; ~ 2.5 for a D-T plasma,

12.95 R%'SS (38)

L —4
TEKG = 365 X 10 .
nQJ6 T138 4393 pQ21 071

In general, Eq. (38) leads to rather pessimistic predictions when extrapolated to
future ignition experiments (and/or reactors).

4. CONTOUR ANALYSIS OF IGNITION CONDITIONS AND PLASMA
OPERATING REGIMES

The global power balance equation [Eq. (20)] described in Sect. 2, subject to
the physics models and constraints given in Sect. 3, could be used to generate con-
tour plots of ignition, auxiliary power requirements, plasma heating and operating
windows, and maximum attainable ignition margins (within the operating window)
in density-temperature space.

For many of the confinement scalings, Eq. (20) can be solved analytically, espe-

cially for scaling laws with 7o ~n*TYL* - - -, where L is a characteris-
tic scale length (L3 ~ aR? for neo-Alcator-like scaling, L? ~ 42 for neoclassical
scaling, etc.) and x, y, z, .. are multiples of %. For arbitrary exponential

powers, approximate solutions (analytically) are possible by considering the
leading-order terms in appropriate temperature and density ranges. Details of these
calculations are given in Ref. 3. Here, we consider two examples:
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1. Global confinement scaling—Neo-Alcator-like

a. Tgross ~ Tneo-Alcator—all losses (rad +: con) included in the scaling
b. T =~ Tneo-Alcator—global energy confinement due to conduction

2. Combined neoclassical ion and neo-Alcator electron scalings:

xi = faxica, fix=1-3
Xe = JexXNA»  fex = 1-2

To normalize the calculations, we set: o, = 0.5, a7 = 1.0, x = 1.6, § ==
0.2, Tiy/T, = 1.0, qy = 2.6, and Zyy == 1.5 with Z = 8 and n,/n, = 0.05.
Using these selections, ny/n, == 0.9, npyp/n, = 0.84, and ¢+ = 2.0 (1 F 0.05)
for A = 3.0 ¥ 0.5. Note that g«(a)/q(0) = 1 + 3 ay/2 = 2.5 (for the assumed

current profile @; = 3/2ar), thus, go = g(0) == 0.8 is possible if sawtoothing does
not occur. Calculations are presented both for g(0) = 1.0 and ¢(0) = 0.8.

4.1 Ignition Contours

4.1.1 Neo-Alcator-like global confinement scaling. Example 1(a): First, we con-
sider a simple case and assume 7y ~ TNA. Defining 74105 = W/Plogses = (We +
W)/ (Prag + Peon) and taking 7gr56s = 7NA(T 0.07n20aR8q* ), the ignition require-
ment [Eq. (20) with F = 0 and P,,, = 0] is

Tho = B i (39)
6.52 < 0.22n2,T3 + 10 3yNc o
aRZq. ¢ a¢R}

In terms of normalized density [Eq. (26)], this can be rewritten as
6.52T 0 < 0.495m*(aB/q:) T3y + (107%/g¢)(aBE /g ) T15*

or

a1Tg — aym?TH — ayT* =0, (40)

where ;NC = 2.5 (1 + 0.1) is used, and a reasonable value for 4 = 3 ¥ 0.5.
Note that it is easier to satisfy Eq. (40) for large values of (aB2/g+). Here we
define (aBg/q*) to be a “figure-of-merit parameter.” [Since 7 ~ naRSq* and Mpax
~ Bg/qxRy, then (n7) . ~ (aBl/gs).] [For T > 10 keV, a,T3, — a,T'} in
Eq. (39) or (40).]



17

Solutions to F = 0 [Eq. (40)] and 9F/T = 0P, /0T = 0
(a; — 3a,m*T?y + 1.5a; T{,”* = 0) are as follows: ohmic equilibrium tem-
perature is

(Tiodou = (az/a)®* = 0.075(aB/q:)*4/qd% . (41)

Pauy = 0P, /0T = 0 at mx, T+, where

(T10)e = (9a3/da;)®* = 0.104(aBZ/g.)**/q3* (42a)
2 alTio)e — a3(Tyo)e (42b)
my =
a)(T o)

which gives
me = 26.12q08 (aB3/q.)°° = 0.16(T 1) /g, . (42¢)

In Fig. 4 steady-state ignition/ohmic equilibrium contours (P, = 0) for vari-
ous values of aB3/g« are plotted in (<n>/ny,, <T>) space for ¢(0) = 1.0 and
0.8. B = Bt contours (Fig. 3) for aBy = 4.5 and 5 are also superimposed. For a
given aB%/q*, P,ux = 0 on the curve, Py, > 0 under the curve, and Py, above
the curve. The plasma operating window (Fig. 2) for a given aBg/q.g is the region
above the ignition curve (corresponding to a given aBZ/g.) and below the 8 = Bery
and m = <n>/ngy, < 1 lines. As can be seen, ohmic ignition with m < 1 is pos-
sible (under the scaling assumption 7g o = 7TNa, Where all losses are included in
the scaling) for devices with (aBZ/gq«) > 37q8”. For example, for ¢(0) = 1, this
corresponds to (aB3/g«) > 37; for g(0) = 08, (aB/q«) > 30.3; and for
g(0) = 0.5, the required value for the figure-of-merit parameter is (aB3/gs) >
20.

Example 1(b): The case presented in the previous example is a very optimistic
one. The bremsstrahlung radiation is the irreducible minimum loss. Here we will
include the radiation losses and assume 75 = 75 (g = W/P_,). The

ignition requirement is then

a\Tyg + agm?TIF — aym?Tiy — asT? =0, (43)
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where a, = 5.7 X 1072 (aB2/q.). Solutions for F = 0 and 9FfT =
0P 4, /8T = O are as follows:
0.4

(T1o)on = (asfay) (44a)
B ¥ /B2 — 44C |04 (44b)

(Tio)e12 = Y ,
5 a(Tyodeyp — ay(T )i f (44c)

m:l’z =

axTi)d, = ag(T )V2s

where A = a;a, >0, B = (9a,ay — ajay)/4 (should be negative for physical
solutions), and C = ajay. T« = Tuy if By — 44C = O (note that at this point
Poy = P, = Pgn = Pq), which corresponds to minimum OH ignition condi-
tion).

Steady-state ignition contours (P, == 0 ) for various values of aB%/q* are
plotted in Fig. 5. Comparison of Figs. 4 and 5 clearly indicates the importance of
the radiation term. For a given aB3/qe, P,y = O on the designated curves. If
B? — 44C <0, P,,, > 0 is required to bridge the gap between ohmic equilib-
rium and ignition branches. For large enough aB%/q.\, B? — 44C can be made
positive. In this case there exists a density window (m«; < m < ms;) where Py, <
0 and ohmic ignition is accessible. These features can be seen from Fig. 5. Re-
stricting density to the Murakami limit (m = 1), ohmic ignition is possible for de-
vices with aBj3/q« > 57 for g(0) = 1 and > 41 for g(0) = 0.8. These types of

requirements for ohmic ignition translate into the requirements of By ~ 12-14 T,
a ~ 0.4-0.6 m for gy ~ 2.6 (g < 2).

4.1.2 Combined neoclassical ion and neo-Alcator electron scalings. Taking

Xe = fiexna and X; = fixxcu, Where xna and xcy are given by Egs. (34) and
(31), respectively, with fo, ~ 1-2 and fix ~ 1-3, the ignition requirement is

biTio + bym® T — bym*Tiy — biTie? =0, (45)

where by = 3.43 fur, by = ag + (3.2 X 1072) filRy/a)> /g /a)K; = a4 + fiy
by, = ay, by = a;. Here we approximated (Ry/a)*(gs/a)K5 = 31.5, which is
reasonable (+10%) for 4 ~ 2.5-3.5, g, ~ 2.6. Equation (45) is similar to



(<0 /npurakami)» NORMALIZED DENSITY

ORNL-DWG 85-3044 Fgp

2.4

2.2

2.0 —

18 —

t ! I ! f
T T BLUMIT (B~ 1/aB) |
—Paux =0 CONTOURS |

{I!ijh

Te *TsLo8aC TNEOALCATOR Te " Torosal” Tyeoa LCATOR!
q{0)=1.0 o q{0)= 0.8 7
Zgg=15 1L Zy4e= 1.5

i

2468104244464802468101214!618
(T)>, AVERAGE TEMPERATURE (keV) (T), AVERAGE TEMPERATURE {keV)

Fig. 5.  Same as Fig. 4 except the confinement modef is TE = Tneo-Alcators Where g = W/P, s
the global energy confinement time. For m < 1, ohmic ignition is possible if (a)
aB/g. > 57 for ¢(0) = 1.0 and (b) aB}/qs > 41 for g(0) = 0.8.

07



21

Eq. (43). Ignition contours are shown in Fig. 6 for fo, = 1 and f;, = 1 and 3.
Results shown are for ¢(0) = 0.8. Comparison of Figs. 5 and 6 clearly indicates
the role of ion conduction. We see that there is an optimal density path to ignition
in (n, T) space where the (AT), window (and P,,,) is minimum. [This optimal
density path resembles the “Cordey pass” for neutral beam heating.!®] The optimal
density along this path is bounded on the high-density side by ion neoclassical
losses and on the low-density side by electron thermal conduction. For a given de-
vice, the ignition and ohmic equilibrium contours obtained from the POPCON
(Plasma Operation CONtours) analysis of the 1%-D WHIST transport code’ are
very much in agreement with the results shown in Fig. 6. Comparisons of the
results of global and 1%%-D transport calculations are given in Refs. 2 and 4. This is
not too surprising because the global model described here includes detailed enough
physics and profile information and because the expressions for x. used in 1-D or
1%-D codes are deduced from the empirical (not theoretical) scaling laws (in most
cases for 7g., not x.) obtained in terms of global plasma parameters.

Returning to Fig. 6 we see that the ohmic ignition is possible if (aBg/q*) > 37
for iy = 1 and > 55 for f;y = 3, both for ¢(0) = 0.8. The optimal density path is
at ms« ~ 0.85 (fix = 1) or ~0.65 (fix = 3). ,

The ignition requirements become more stringent when electron losses are
doubled (f,, = 2). In this case, devices with (aB3/g«) < 20 reach their density
and beta limit before they achieve ignition (i.e., operating window is zero).

Solutions for F = 0 and 9F/0T = 9P, /0T = 0 are in the same form as

Eq. (44). Note that at T+, = Tx, (saddle point or optimal path), we now have
Py = Pog = Peone =™ Prag + Poon» Which occurs at m < 1 (see Fig. 6).

4.2 Heating and Operating Windows

As can be seen from the contour plots generated (Figs. 3-6), devices with large
aB%/q* have favorable heating and operating windows. As aB%/q* increases, the
(AT) heating window decreases, leading to smaller auxiliary power requirements
and larger margins against uncertainties associated with confinement scalings,
heating, etc. Also as aBZ/q.« increases, (An) and (AT) operating windows increase,
allowing larger margins for ignition. Moreover, a large (AT) [and (An)] operating
window allows one to separate the physics of ignition and burning plasma proper-
ties from those associated with the beta (and density) limits. Figure 7 shows the
variation of these heating and operating windows with aB23/g. for two of the con-
finement scalings considered, corresponding to Figs. 5 and 6. Note that the
assumption of g(0) = 1.0 or g(0) = 0.8 has very little or no impact on (AT),, for
aB%/q* < 25 (because the ohmic heating is negligible or small around Tign
corresponding to these cases). However, the size of the heating window is very sen-
sitive to the g(0) assumption, especially for aBj/q« > 25.
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path, ohmic ignition is possible if (a} aB3/g. > 37 and (b} aBi/g. > 55.
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4.3 Ignition Margin

The ignition margin is defined by Eq. (22), M; = (P, + Pou)(Pen t
P.,4), which can easily be evaluated for a given confinement scaling subject to the
density- and beta-limit considerations. Note that M; = M(7Tnr) = M {(BBE7).
Within the plasma operating window, the maximum margin for ignition is obtained
where <n> = np, (m = 1) and 8 = B This is true for any confinement scaling
of the form 7 ~ KnT” with y > —1, where K contains the dependence of 75 on
any parameter other than n and 7. (For neo-Alcator scaling, y = 0; for neoclassi-

cal scaling, y = 0.5, etc.) As an example, we consider x = 1 X xna and x; =
3 X xcg with g(0) = 1.0 and 5 = 2; then



24

aB} 0.495m*T3, + 10721 >? (46)
ge  3.43T; o + m*[3 + (5.7 X 107 2)(aBE/q )T}

Maximum value for My is at m = 1| (<n> = ng,) and T = Ty, Where Ty
corresponds to a temperature where B(ny,) = Beie [that is, see Eq. (30)],

; -1
1+ «3(1 + 28%)

(TIO)crit = aBO 7-6(1 + ’Yfa)

= 0.25(aBg)/(1 + v5,) = 0.23aB; . (47)

For example, if aB%/q. = 20 (a ~ 0.5 m, By~ 9T, g« ~ 2), then aBy ~ 4.5,

corresponding to (Tjg)crit ~ 1.0, giving M; ~ 1.35. If aB}/gs = 30 (a ~ 0.4 m,
By~ 12.3 T, go ~ 2), then eBgy ~ 4.9, (Tyg)erie ~ 1.1, Mj ~ 2.0,

For a given scaling law, Egs. (20) and (22) are used to generate ignition mar-
gin contours in (<n>/ng,,T) space. Results are summarized in Fig. 8 for several
confinement scalings, where maximum attainable ignition margin within the
plasma operating window are plotted against aBl/q«. Based on these results, de-

vices with (aB$/g+) ~ 20 * 5 appear ignitable with a margin M; ~ 1.5 * 0.5.
4.4 Auxiliary Power Requirements

Heating to ignition is discussed in detail in Ref. 20. The steady-state power bal-
ance equation [Eq. (20) with F = oW/ot = 0, P, # 0] is used to produce
auxiliary power contours for devices with given aB%/q* (sece examples in Sect. 5
and discussions in Sect. 4.1). Figure 9 summarizes the results and shows the
minimum auxiliary power required for ignition as determined by the maximum
equilibrium power along the optimal density path (narrowest heating window) for
several confinement models considered. Required auxiliary power for ignition
decreases as aB%/q* increases. These are steady-state power requirements. Addi-
tional power is required for finite startup times, which is proportional to AT ~
Tign — Toy and inversely proportional to Ar heating (startup) time. For example,
if xe = xna» Xi = 1 X xcp> and aBl/ge ~ 20 (with @ ~ 0.5, By ~ 9 T, g= ~
2, and Ry/a ~ 3), along the optimal dewsity path (m» == 0.8) Toy ~ 3.5 keV,
Tign —~ 8.5 keV [(AT), — S5 keV], and the plasma thermal energy content is
about 16 MJ at T' = Tign, m = ma. If this energy is added over a time interval
of 35, > 5 MW of excess power is required, essentially doubling the value [Py,
(equilibrium) == 6 MW] shown in Fig. 9. From Fig. 9 (and Figs. 4-6) we sec that
the possibility of ohmic ignition exists for devices with aBg/q* ~ 40 = 10.
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5. APPLICATIONS TO COMPACT TOKAMAK IGNITION EXPERIMENTS

Currently several candidate design options for a high-field, compact ignition
experiment are being considered by the U.S. Tokamak Ignition Studies Design
Teams.2! These options include Ignitor-A,® PPPL-ISP,” and MIT-LITE.® Because
these are design options and because detailed physics and engineering design stud-
ies are just beginning, we will not present their full parameter sets; rather we will
treat them generically. From the physics point of view and in terms of our figure-
of-merit parameter (aBgt/q* ), the design options can be represented as two classes:
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confinement scalings.

1. Devices with aB}/gs = 20 (PPPL-ISP’ with @ ~ 0.53 m, Ry ~ 1.6 m, By ~
9T, I~ 8MA, g ~ 26,k ~ 1.6, § ~ 0.4, MIT-LITE? with a ~ 0.55 m,
Ro~ 175 m, By~ 85T, I ~7 MA, gy ~ 2.6, x ~ 1.6, § ~ 0.3).

2. Devices with aBZ/g. == 32 (Ignitor-A® with @ ~ 0.39 m, Ry ~ 1 m, By ~
12.6 T, I ~— 10 MA, g, ~ 2.6, x ~ 1.67, 8 ~ 0.25).

For a typical range of aspect ratios (4 ~ 2.5-3.0) and g ~ 2.6, the range of
device parameters corresponding to aB%/q* ~ 20-35 is plotted in Fig. 10. The

corresponding plasma curreat is I ~ 7-10 MA [see Eq. (23)]. For most parame-
ters, the range of interest is aBy = 4.5-5.

Standard parameters (k = 1.6, § == 0.2, Gy == 2.6, Zeggg = 1.5, 4 =3 = 0.5,
etc.) assumed for the contour plots given in Sect. 4 are representative (within
10--15%) of ignition experiments; thus, any results given are directly applicable.
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5.1 Plasma Performance Contours for Devices with gaB&/q* == 20

Steady-state auxiliary power contours [Eq. (20)] and critical beta contours
[Eq. (30)] showing the ignition (and OH equilibrium), relative size of the heating
and operating windows, and optimal density path are plotted in Fig. 11 for (1)

T = TNas (2) xe = xna 28 x; = 1 X xep, and (3) xe = xna  and

x; = 3 X xcpp- In all cases ¢(0) = 0.8 is assumed. Results are summarized in
Table L.

5.2 Plasma Performance Contours for Devices with (alﬁé/q*) = 32

Steady-state auxiliary power contours, similar to Fig. 11, are given in Fig. 12.
Results are summarized in Table I1.

6. CONCLUSION

A simple analytic global model is developed for establishing ignition conditions
and plasma parameter operating regimes over large regions of parameter space
under various physics assumptions. This model has now been benchmarked against
results from the 1%-D WHIST transport code.” Analytic global calculations®
reproduce many global features and trends of the 1%-D transport calculations,
especially those of POPCON, including ignition contours, auxiliary power require-
ments, optimal path to ignition, heating and operating windows, etc. Thus, this
model is a useful complement to full 1%2-D code calculations because it allows a
rapid assessment of a particular device; in addition, the ignition conditions and
plasma parameter space may be formulated in terms of a small number of parame-
ters such as aB%/q*, <n>/hpme and <T> for analysis and/or assessment of classes

of devices with equivalent performance.

The results from global calculations show that there exist regions in parameter
space where a range of small (Ry ~~ 1-2 m), high-field (By — 8-13 T) tokamaks
appear ignitable. The results, however, depend on the transport properties (various
forms of x., xj, and degradation at high power and @), the neoclassical resistivity
cnhancement, the on-axis safety factor ¢(0) (which is associated with the sawtooth
activity), Zes, etc. Based on the confinement scalings considered in this paper, the
specific findings are as follows. (1) Ignition should be possible in devices with
aBt/ge ~20 F5; Py ~ 10 £ 5 MW, provided x, < (1.5 F 0.5)xys and
xi < (3 F 1)xcu. (2) Prospects for ohmic ignition exist for devices with
aBg/q* ~ 40 F 10 under favorable assumptions for x., x;, and ¢{0). Addition of
a small amount of auxiliary heating (P,,x < Pow) could provide flexibility and
increased margin. (3) Once ignited (by some means), devices with large UB(%/Q&
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Table 1. Piasma performance for devices with aB¢/g. = 20

Xe = XNA Xe = XNA
Te=Tna Xi—=1 X xca xi = 3 X xcu

Optimal path? (n) /n, 1.0 ~0.85 ~0.65
P« (equilibrium) (MW) ~8.5 ~5.5 ~9.5
(AT)® heating (keV) ~5.5 ~4.5 ~7-8
(AT)® operating (keV) ~2.5 ~5 ~3-4
Maximum ignition margin ~1.5 ~2 ~1.4

°If optimal path is at m. = (n)/n,, > 1, m. = 1 is assumed.
®Measured at the optimal density path (results in Fig. 7 are measured at (1) = ng,).

Table II. Plasma performance for devices with aB$/g. = 32

Xe = XNA Xe = XNA
Te=7NA Xi=1Xxcu x=3 X xcu

Optimal path® (n)/n,, ~1.0 ~0.8 ~-0.65
P,ux (equilibrium) (MW) ~3.5 ~1.5 ~5
(AT)® heating (keV) ~3 ~2 ~4.5
(AT)? operating (keV) ~5 ~7.5 -7
Maximum ignition margia ~2.3 ~2.8 ~2.2

“If optimal path is at m« = (n)/ng, > 1, m=» = 1 is assumed.
®Measurcd at the optimal density path (results in Fig. 7 are measured at (n) = n.,).
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have favorable performance characteristics (large operating window, small heating
window, large igunition margin, etc.), provided sufficient pulse length is available to
benefit from these advantages.
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