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ABSTRACT 

Energetic trapped alpha particles interact through their 

precessional drift with high-mode-number ballooning modes in tokamaks. 

Due to the energy dependence of the precessional drift, the 

consequences of this interaction depend on the form of the alpha 

distribution function. Results are compared here for two forms of 

alpha distribution: a Maxwellian and a slowing-down distribution. The 

latter has a significantly greater influence on ballooning stability 

because of the larger fraction of particles in the energy range of the 

drift resonance. Also, due t o  the dependence on the critical velocity 

(a T1/2), the stability boundaries and growth rates now are strong 

functions of the background electron temperature T,. Parameters 

typical of tokamak breakeven experiments such as the Tokamak Fusion 

Test Reactor (TFTR) [Phys. Rev. Lett. - 52, 1492 (1984)l are considered. 

e 
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I. INTRODUCTION 

Recently, there has been significant interest in the effect of hot 

particle on ballooning modes in tokamaks. It has become 

clear that in the low-frequency limit (where the kinetic ballooning 

mode frequency w is much smaller than the hot particle precessional 

drift @dH) a hot component can stabilize ballooning modes,3 while in 

the higher-frequency range (o @dH) the hot component is 

destabilizing. For the case of alpha particles, a detailed analysis of 

these effects5 has indicated that over typical parameter regimes of 

reacting plasmas, the alpha collisional coupling to the background 

plasma is such that w 5 WdH' Including the fact that the alpha 

pressure gradient in the central region is expected t o  be a sizable 

fraction (one-third to one-half) of the plasma pressure gradient has 

yielded substantial deterioration in the ballooning stability 

boundaries for large-aspect-ratio, circular tokamaks. 

This previous analysis, however, was based on a Maxwellian energy 

distribution model to simplify the resulting resonant velocity-space 

integrals and to model quasi-thermalized alphas. The hot species 

temperature was then varied over the energy ranges of the slowing-down 

alpha particles. In this paper, we consider the exact slowing-down 

distribution [i.e., fH * (v3 + v?) - l ]  and compare results obtained 

using it with those obtained from a Maxwellian having the same energy 

and density moments. Both distributions also contain a very peaked 

(about vII/v = 0) distribution in pitch angle in accordance with a 

deeply trapped ordering, as was employed in Ref. 5. 

1 
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11. BASIC EQUATIONS 

The ballooning equations solved here are based on the two coupled 

integro-differential equations developed in Ref. 1 from the gyrokinetic 

formalism. The two hot species distributions we consider are: 

E = inverse aspect ratio , 

Bo = magnetic field at 8 = 0 , 

al = normalizatian factar chosen so that 

and 
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where 

Zini/Ai 2 
[ZI = * E  1 

ions "e 

Ai = atomic mass number , 

Zi = charge (in units of proton charge) , 
ne, Te, Me = background plasma electron density, 

temperature, and mass, 

a2 = normalization factor chosen so that 

. / FH d 3 v = NH(r) . 

The ballooning equation derived in the case of the Haxwellian 

distribution, given in Ref. 5, is 

+ h2) !!? + ( ~ b  - $]b + h2] + [cos 8 + hsin 8 d -4 1 d e  1 d e  

% (cos 8 + hsin B)G(G)H(Q)$(8  = 2mn) - -  - 
n ( 3 )  

[for 2(m - l ) n  5 €I 2(m + l ) n ] ,  
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where 

“ C  = , E, = 3.5 MeV , 8 s -  
‘a 

va 

with all other terms defined as in the case of the Maxwellian. 

The notable differences between Eqs. (3)  and (4) occur primarily 

in the resonant coupling terms. The velocity integral is now over a 

finite range (because of the cutoff at 3.5 MeV) and can no longer be 

expressed in terms of the plasma dispersion function. The H ( O , & )  

integral can, however, be evaluated analytically using a partial 

fractions decomposition; an outline of this procedure is given in 

Appendix A.  The functions ln(1 + S- ) and fo(&)  that appear in Eq. ( 4 )  

are introduced from the normalization factor a2 and the pressure moment 

of fs .a.  [i.e. 

3 

P l H  = l.5N,(r)Eafo(S)G(e)]. 
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111. DISCUSSION OF RESULTS 

In solving E q s .  ( 3 )  and ( 4 )  we have considered parameter ranges 

O~I/OL, has been varied over the range from similar to those o f  Ref. 5.  

0 to 1/2; bi = k. 2 2  pi/2 = 0.04, and q = 2 [ for  Tokamak Fusion Test 

7 Reactor (TFTR) parameters this implies a. mode number of 14, assuming 

r/a = 0.5, Ti = 10 keV, and deuterium as the ion species]. R/K has 

n set at 6, where r is the background plasma scale length. This 

value has been chosen t o  account for alpha heating in the center of the 

plasma, which can lead to a steeper pressure gradient than would be 

given by setting R / r  equal to the simple geometric aspect ratio 

(sensitivity of stability boundaries to R/r is examined in Fig. 4 ) .  

Also, we have fixed bo, the parameter that determines the width of the 

f, distribution in pitch angle, at 10 (see Ref. 5 ) .  Again, the case of 

alphas in a deuterium plasma is considered here, implying that ZH/Zi = 

2 and MH/Mi = 2. The numerical solution procedure and the boundary 

conditions used in solving Eqs. ( 3 )  and ( 4 )  are the same as described 

in Ref. 5 .  The upper end emax of the interval over which the 

ballooning equation is solved has been chosen as 3~ here because this 

provides sufficient convergence. The only remaining parameters are Ti 

and T,, the background ion and electron temperatures. Te has been 

varied over the range from 10 keV to 40 keV, and we have taken Ti = T,. 

T, controls the effective temperature of the alpha slowing-down 

distribution through the critical velocity vc (e-g., for T, = 20 keV, 

v,/v, -- 0.46, where vEy is the birth velocity of the alphas); as Te is 

raisedl v,/v, increases, and the me n energy of  the slowing-down 

distribution increases. However, due t o  the choice of ‘Ti = T,, the 

P 

P 

P 

P 
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location of the resonance between the precessional drift and the real 

frequency of the ballooning mode (which depends on u+i and thus on Ti) 

moves to higher energies with increasing Te. The scaling of these two 

effects is such that increasing the background electron temperature is 

generally destabilizing even though it is increasing the mean energy of 

the hot species distribution. 

An example of this dependence is shown in Fig. 1, where stability 

contours (at which ui/wr = 0.05) similar to those shown in Ref. 5 are 

plotted in the shear vs pressure gradient (s-ac) parameter space. Here 

we choose %/ac = 0 . 3  and vary Te. Increasing T, significantly 

enlarges the unstable region, and for Te = 40 keV, the right portion of 

the stability boundary has moved off the figure to values of uc > 1.8. 
The widening of the unstable region in the lower left-hand side of the 

figure is in the range of shear and pressure gradient sampled by the 

central plasma regions in devices such as TFTR; such effects could thus 

become observable as either the alpha pressure or the background 

electron temperature is increased. 

In Fig. 2, T, is fixed at 20 keV and %/ac is varied from 0 up to 

0.5. This figure shows a trend similar to that in the analogous plot 

in Ref. 5 for the Maxwellian. That is, increasing %/ac lowers the 

critical ac on the left-hand side of the unstable region but shrinks 

the unstable region from the top and right-hand side. However, again 

because the central region of the tokamak (where the alpha population 

is peaked) is generally at low shear and low ac, the lower left-hand 

side of the boundary (where the unstable region is enlarging) is the 

most relevant. 
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Fig. 1. Dependence of stability boundaries for slowing-down 

distribution on plasma electron temperature T, ( ,oLc = o , 3 ,  = 2, 

b i  IL. 0.04, T, = 10, 20, 30, 40 kV). 
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0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 i.8 

% 
Fig. 2. Dependence of stability boundaries for slowing-down 

distribution on %/ac with T, = 20 keV, q = 2, bi = 0.04. 
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For comparison, in Fig. 3 we plot the dependence of the stability 

boundaries on %/ac €or a Maxwellian with density and pressure moments 

equivalent t o  those of the slowing-down distribution of Fig. 2 with 

T, = 20 keV (i.e., TH/Ti = 49.1 from Table l), keeping the other 

parameters the same as in Fig. 2. This indicates that the shrinkage of 

the unstable region at high values of %/ac is greater for the 

slowing-down distribution than for the Maxwellian (i.e., 

for the slowing-down model is about the same as %/ac = 0.6 for the 

Maxwellian). 

Figure 4 examines the sensitivity of stability boundaries to the 

Besides affecting the P’ background pressure gradient parameter R / r  

ballooning beta limit through the proportionality constant relating 

and ‘xc ( i . e . ,  ctc = Rq fiC/rp), R/r also influences the degree of 

coupling between the hot and background species because wp/wdH scales 

Thus, as R/r is lowered, the location of the resonance as R/rp. 

between the real frequency of the ballooning mode and the hot species 

drift frequency moves to lower energies, causing the H(Q,&) integral to 

be smaller and lowering the extent of hot-background coupling. This 

characteristic can be seen in Fig. 4 ,  where cases with Te = 30 keV, q = 

2, %/ac L 0.3, bi = 0.04, and R/r For P 
the R/r = 10 and 8 cases, the right-hand boundary to the most unstable 

root, present has moved o f f  the right-hand side of the figure. 

Next we compare the growth rates and critical betas obtained using 

the slowing-down distribution with those resulting from the Maxwellian. 

To put the comparisons on an equal footing, a basis must be determined 

for choosing TH, the temperature of the Maxwellian, and the relation 

between the somewhat differently defined parameters f o r  the two 

2 
P 

P 

= 10, $ 9  6, and 4 are given. 

P 
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Fig .  3. Dependence of stability boundaries for 
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% 
Fig. 4.  Dependence of stability boundaries for slowing-down 

distribution on R / r  with T, = 30 keV, %/ac = 0 . 3 ,  q = 2, and bi = 

0.04. 
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models [% is defined following Eqs. ( 3 )  and ( 4 ) ] .  We choose to 

compare distributions with equal density and pressure moments, This 

implies that = Q H , ~ , ~ .  and 

Table 1 indicates values of TH/Ti (taking Te = Ti), 6,  and T, that 

satisfy our criterion. 

Table 1. 

10 0.33 83.7 

20 0.46 49.1 

30 0.56 35.6 

40 0.65 28.2 

These parameters are used in the following plots, which compare results 

from the two distributions. 

In Fig. 5 the growth rate vs % is examined at fixed values of s 

and ac ( s  = 0.6, ac = 0.8) for T, = 10, 20, 30, and 40 keV for the 

slowing-down distribution and at the values of TH/Ti given in the table 

for the Maxwellian. The Maxwellian distribution growth rates are 

somewhat higher for the T, = lo-, 20-, and 30-keV cases, and the 

slowing-down distribution growth rates are higher for the Te = 40-keV 

case. 

In Fig. 6 we consider the effect of the two distributions on the 

left-hand stability boundary (of Figs. 1 and 2) at a fixed value of s 
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Fig. 5 ,  Growth rate vs % at s = 0.6, aC = 0.8 for the slowing-down 

(upper plot) and Maxwellian distribution (lower plot) function models 

for T, = 10, 20, 30, 40 keV in the case of the slowing-down model and 

using values of TH/Ti from Table 1 in the case of t h e  Naxwellian 

(TH/Ti = 83.7 - solid line, TH/Ti = 49.1 - short-dashed line, TH/Ti = 

35.6 - long-dashed line, TH/Ti = 28.2 - short- and long-dashed line). 
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Pig. 6. Ratio of critical beta for ballooning instability with 

alphas to that without alphas vs %/ac for  the slowing-down (upper 

plot) and Maxwellian distribution function (lower plot) models at s 

= 0.6 with T, = 10, 20, 30, and 40 keV for the slowing-down model and 

with TH/Ti from Table 1 in the case of the Maxwellian (using same 

legend as Fig. 5). 
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(s  = 0.6) as a function of %/ac. Because ac is proportional to the 

beta of the thermal plasma ( e  = E a /q2), we have expressed the 

vertical a x i s  in terms of the critical plasma beta for the onset of 

ballooning (i.e., ~ ~ / w ~  > 0.05 here), normalized to the critical value 

i f  no hot species were present (BIYIIzQ). These Curves again show 

similar dependences but a somewhat more rapid falloff of the beta limit 

for the slowing-down distribution, especially with T, = 30 and 40 keV. 

An interesting feature of these curves is the slight stabilization 

(@mi t/Bct@ > 1) that is present at the lower values of rxH/cxc ( 5  0.2). 

However, at the more typical values of %/ac (1/3 to 1/2),  the 

background beta limit drops more than fivefold from its value without 

alphas. 

P C  

A further consideration in assessing the effect of alphas on 

tokamak stability is the dependence of the growth rate an the radial 

location within the plasma. To examine this, we have parameterized 

quantities in terms of shear, which typically varies from 6) to 4 in 

going from the magnetic axis to the outside edge of the plasma. A 

self-consistent equilibrium code has been employed to calculate the 

dependence of q and etc on s as one goes from the central region to the 

outside. This information is then used in the stability calculation. 

For the case considered here the equilibrium code was run with R/a = 

3 . 4  and <#3> = 3%. The ratio %/ac was fixed at 0.3 over the whole 

cross section and T, was set at 20 keV. More realistically, one might 

want t o  allow radial variation in these quantities as well, but this 

level of detailed modeling has not been pursued yet. In Fig. 7 we plot 

growth rates as a function of shear (i.e., radial location) for the 

cases with no alphas present and with alphas f o r  the Haxwellian and 
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S 

Fig. 7. Dependence of growth rate on shear along an equilibrium 

trajectory going from center of plasma to outer flux surfaces for 

%/etc = 0.3, Te = 20 keV (TH/Ti = 49.1 in the case of the Maxwellian) 

for  three cases: no alphas present (short-dashed line), a Maxwellian 

distribution of alphas (solid line), and a slowing-down distribution 

of alphas (long-dashed line). 
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slowing-down distribution function models. The slowing-down model 

results in the highest growth rates and destabilizes a larger portion 

of the cross section. Both the Maxwellian and the slowing-down 

distributions result in finite growth rates further into the central 

region of the plasma than is the case in the absence of alphas. 

IV. CONCLUSIONS 

We have found that an alpha slowing-down distribution results in a 

stronger influence on the stability of ballooning modes than the 

Maxwellian model for distributions with equal. density and pressure 

moments. As indicated in the preceding figures, this appears in the 

following areas. First, the unstable region f o r  ballooning is enlarged 

to small values of shear and pressure gradient as both /ac and Te are 

increased; such regimes will characterize the central regions of 

tokamak breakeven devices such as TFTR and could be observable for the 

projected ranges of alpha pressure and plasma temperature. A l s o ,  at 

high values of %/ac (9 .3  to 0.5), the slowing-down model leads to a 

closing-off of the unstable region at high shear and a shrinkage in its 

size with a somewhat lower fraction of alphas than would be required 

with the Maxwellian. In such regimes (high shear and %/ac) the alpha 

component can have a favorable influence on ballaoning stability. 

Next, examining the growth rate and critical beta at a fixed value of 

shear ( s  = 0.6) indicated that the slowing-down distribution resulted 

in higher growth rates and lower beta limits than the Maxwellian f o r  

background temperatures appropriate to the central regions of such 

devices. Finally, following the radial variation of the growth rate 

from the center to the outside of a tokamak equilibrium demonstrated 
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that the slowing-down model growth rates were significantly higher and 

remained finite over a larger fraction of the plasma cross section than 

either the Maxwellian model or the case with no alphas present. 

In addition, a new feature of the slowing-down distribution model 

is the sensitivity to the background plasma electron temperature. 

Based on the previous Maxwellian  result^,^ one might have expected that 
increasing T, (which increases the mean energy of the slowing-down 

distribution) would provide increased decoupling between hot and 

background species and thus increased stability. However, due to the 

increase in the real frequency of the ballooning mode with Te (where we 

chose Ti = Te), the interaction with the trapped-particle precessional 

frequency tracks with the increasing mean alpha energy, resulting in 

increasing destabilization as Te is raised. 
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APPENDIX A: EVALUATION OF THE H(Q,S) INTEGRAL 

The first step in performing the H()1,6) integral is a partial fractions 

decomposition of the integrand: 

Integrating this from 0 to tl (tl = 6 - l )  then yields the following: 

In performing these integrations, we have assumed that 1111 5 tl. 2 Also, 

for claxity we have denoted all of the logarithm functions in Eq. ( A . 2 )  
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that have complex arguments as 9flog” and all of those with real 

arguments as 11 In. (I 

The log terms arise from the third term [proportional to (x 2 - 

Q)-l] of Eq. ( A . 1 ) .  To demonstrate that this form properly treats the 

residue at x = +fi, we consider a contour integral that encloses the 
pole for the first part of the third term in Eq. ( A . l )  (similar 

arguments apply to the second part). Our cantour consists of the path 

. -  

along the real axis from z = 0 to z = tl ,  followed by the 

quarter-circle from z = tl to z = itl (i.e., z = tlei*, o 0 5 n/2) 

and followed by the path along the imaginary axis from z = itl to z = 

0. The integral we consider is 

Because the contour encloses the pole at z = fi,i I -- xi. The 

individual parts of I are then 

+ x i  

wi th  I1 being the integral that enters into Eq. (A.2). Under each term 

we have noted the quadrant in which the argument a€ the log function is 
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2 located, assuming that tl is in the first quadrant and that < tl. 

I2 picks up a term ni because in going from the lower limit to the 

upper limit of this integral, the argument of the log function has gone 

from the fourth to the third quadrant, thus passing in the 

counterclockwise sense over the branch cut for the log function along 

the negative real axis. It is clear then that the sum of the three 

integrals equals ni, with the integral along the quarter-circle (Iz) 

contributing this term. 

This calculation demonstrates that the H()1,6) integral is somewhat 

different in nature from that resulting when a Maxwellian is used 

(involving the plasma dispersion function). Closing the contour in the 

upper half-plane results in a finite contribution from the upper half 

of the contour. This arises from the finite cutoff velocity, which is 

necessary with the slowing-down distribution to obtain a convergent 

integral. 
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