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ABSTRACT 

Details are given of a three-dimensional stel larator equi I ibrium 

code NEAR. This code uses a set of vacuum f l u x  coordinates a s an 

Eulerian basis for the equi I ibrium calculations. This coordinate 

system provides an economic representation of the compf ex geometry 

associated with stel larators. The equi I i b r i m  equations are solved by 

an energy minimization technique employing a conjugate gradient 

iteration scheme. The results of  extensive numerical convergence 

studies are presented. Also comparisons with existing codes are made 

to benchmark the NEAR code. 
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1. INTRODUCTION 

The s t u d y  of  magnetohydrodynamic (MHD) equ i  I i b r i a  i n  s t e l  l a r a t o r  

. 

. 

c o n f i g u r a t i o n s  i s  g r e a t l y  c o m p l i c a t e d  by t h e  f u l  ly  th ree-d imens iona l  

(34) n a t u r e  of  t h e  dev i ce .  Severa l  a p p r o x i m a t i o n s  may be  i n t r o d u c e d  

t h a t  p e r m i t  a n a l y t i c  or s e m i - a n a l y t i c  e q u i l i b r i u m  s o l u t i o n s .  The 

method of averag ing ,  i n  wh ich  t h e  vacuum h e l i c a l  magne t i c  f i e l d  is 

t r e a t e d  a s  a r a p i d l y  f l u c t u a t i n g  s m a l l  s c a l e  p e r t u r b a t i o n  t o  t h e  

dominant  t o r o i d a l  f i e l d ,  reduces  t h e  s t e l  l a r a t o r  equ i  I i b r i u m  prob lem to  

a two-d imens iona l  (2-0) prob lem [l]. An a l t e r n a t e  a n a l y t i c  approach 

has been t o  make a n  expans ion  abou t  t h e  m a g n e t i c  axis [Z]. 

To s t u d y  s t e l  l a r a t o r  equ i  I i b r i a  w i t h o u t  o r d e r i n g  expansions 

g e n e r a l l y  r e q u i r e s  t h e  use of numer i ca l  methods. Most of t h e  numer ica l  

approaches use a v a r i a t i o n a l  t e c h n i q u e  to s o l v e  for  t h e  e q u i l i b r i a .  

The Chodura -Sch l i t e r  code f3] s o l v e s  t h e  equ i  I i b r i u m  e q u a t i o n s  by 

m i n i m k i n g  t h e  energy o n  a c y l i n d r i c a l  c o o r d i n a t e  E u k r i a n  g r id .  The 

Eauer, B e t a n c o u r t  and Garabedian code[4] so1 ves  t h e  s o - c a l  I ed i n v e r s e  

e q u i l i b r i u m  problem, i n  which the  equi J i b r i u m  prob lem i s  r e f o r m u l a t e d  

i n t o  t h a t  o f  s o l v i n g  f o r  the  f l u x  c o o r d i n a t e s ,  i n s t e a d  o f  s o l v i n g  

d i r e c t l y  for magne t i c  f i e l d s  and p ressu re .  

I n  t h i s  paper, t h e  NEAR code, wh ich  s o l v e s J h e  3-0 e q u i l i b r i u m  

prob lem d i r e c t l y  by an energy r n i n i n i z a t i o n  techn ique,  w i l l  be 

d e s c r i b e d .  The NEAR code f o r m u l a t i o n  i s  similar t o  t h a t  of t h e  

Chodura -Sch l i t e r  code e x c e p t  t h a t  a vacuum f l u x  c o o r d i n a t e  system i s  

employed as t h e  E u l e r i a n  f rame of r e f e r e n c e  fo r  t h e  c a l c u l a t i o n .  An 

Eulerian f o r m u l a t i o n  is chosen because i t  allows t h e  s t u d y  o i  

equi I i b r i a  whose f l u x  s u r f a c e  topology changes w i t h  pressu re .  The 

vacuum f l u x  c o o r d i n a t e s  (p,0,+) a r e  o b t a i n e d  n u m e r i c a l l y  from t h e  

1 
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vacuum magne t i c  f i e l d s  s p e c i f i e d  by a g i v e n  c o i l  c o n f i g u r a t i o n .  The 

m e t r i c  e lemen ts  and Jacobian of t h e  f l u x  c o o r d i n a t e s  a r e  r e p r e s e n t e d  by 

F o u r i e r  s e r i e s  i n  t h e  g e n e r a l i z e d  p o l o i d a l  (9) and t o r o i d a l  (4) a n g l e s  

of t h e  f l u x  c o o r d i n a t e s .  D e t a i l s  of t h e  vacuum f l u x  c o o r d i n a t e s  w i l l  

be g i v e n  in S e c t i o n  2. The dependent v a r i a b l e s  i n  t h e  e q u i l i b r i u m  

compu ta t i on  a r e  also r e p r e s e n t e d  a s  F o u r i e r  s e r i e s  i n  8, +. In t h e  

r a d i a l  d i r e c t i o n  (p), a f i n i t e  d i f f e r e n c e  r e p r e s e n t a t i o n  i s  used. 

Using t h e  vacuum f i u x  c o o r d i n a t e s  i n  t h i s  manner, a s  an E u i e r i a n  bas i s ,  

w i l l  be shown t o  p r o v i d e  a f a r  more e f f i c i e n t  d e s c r i p t i o n  of 

g e o m e t r i c a l  l y  compl i c a t e d  s t e l  l a r a t o r  equ i  I i b r i a  t h a n  t h e  s p a t i a l  

c o o r d i n a t e  f i n i t e  d i f f e r e n c e  r e p r e s e n t a t i o n  used i n  Chodura -Sch l i t e r  

code. T h i s  p e r m i t s  a much f i n e r  s p a t i a !  numer i ca l  r e s o l u t i o n  t o  be 

ach ieved .  The e q u i l i b r i u m  e q u a t i o n s  and t h e i r  s o l u t i o n  by t h e  NEAR 

code a l g o r i t h m  w i l l  be d e s c r i b e d  i n  S e c t i o n  3. To illustrate t h e  

numerica I p r o p e r t i e s  of  NEAR, equi  I i b r i  urn r e s u l t s  w i  I1 be shown i n  

S e c t i o n  4, for the  Advanced T o r o i d a  I F a c i  I i t y  (ATF) c o n f i g u r a t i o n  [5], 

and for  a 1 2 - f i e l d  period he1 i a c  [ 6 ] .  For the  ATF equilibria, 

comparisons w i l l  be made w i t h  o t h e r  computat ions.  F i n a l l y ,  i n  

S e c t i o n  5, c o n c l u s i o n s  w i  I I be g i v e n .  
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2. VACUUM FLUX COORDINATES 

The f l u x  c o o r d i n a t e  sys tem employed is t h a t  d e s c r i b e d  by Boozer 

[7]. For a vacuum, t h e  magne t i c  f i e l d  may be  d e s c r i b e d  i n  

c o n t r a  va r i a n t P om as 

or i n  c o v a r i a n t  form a s  

where Z(p) i s  t h e  r o t a t i o n a l  t rans fo rm,  F, i s  a cons tan t ,  and 

B p 2 / 2  = % i s  t h e  t o r o i d a l  f l u x .  The r o l e  of  a r a a i a l  v a r i a b l e  is 

t a k e n  by p. The p o t e n t i a l  c$ may be rega rded  as a t o r o i d a l  v a r i a b l e  and 

fo r  a p p r o p r i a t e  c h a i c e  o f  t h e  c o n s t a n t  F,, c$ changes by 21r i n  

t r a v e r s i n g  t h e  t o r u s  once t o r o i d a l l y .  F i n a l l y ,  t h e  r o l e  of  a p o l o i d a l  

a n g l e  i s  t a k e n  by 0, which  changes by 2~ i n  g o i n g  once around t h e  t o r u s  

poloidal l y .  

These c o o r d i n a t e s  a r e  genera ted  nurneri ca 1 l y  i n  a manner d e s c r i b e d  

by K u d e t r a v i c  e t  a l . ,  u s i n g  t h e  method and code d e s c r i b e d  i n  

R e f .  [8]. T h i s  code genera tes  t h e  F o u r i e r  s e r i e s  r e p r e s e n t a t i o n  of t h e  

c y l i n d r i c a l  c o o r d i n a t e s  (R,Z,$) i n  t h e  vacuum f l u x  c o o r d i n a t e s  8 and  + 
by f o l l o w i n g  vacuum magne t i c  f i e l d  l i n e s .  The p a r t i c u l a r  c o i l  

c o n f i g u r a t i o n s ,  whose equi I i b r i a  have been s t u d i e d ,  a r e  composed of a 

series of i d e n t i c a l  f i e l d  p e r i o d s  or  modules. Also, w i t h i n  each f i e l d  

p e r i o d  a symmetry e x i s t s ;  a t  equal toroidal a n g l e  d i s t a n c e s  from e i the r  

end of t h e  f i e l d  pe r iod ,  t h e  R C o o r d i n a t e s  of the  coi Is w i  I I be t h e  

same, w h i l e  t h e  2 c o o r d i n a t e s  w i l l  be equal  and o p p o s i t e .  T h i s  
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symmetry means t h a t  fo r  an a p p r o p r i a t e  c h o i c e  of f l u x  c o o r d i n a t e  

o r i g i n ,  t h e  F o u r i e r  r e p r e s e n t a t i o n  of  R c o n t a i n s  o n l y  c o s i n e  t e r m s  and 

t h o s e  of Z and (s - +), o n l y  s i n e  terms.  Thus, for  example 

where n is  r e s t r i c t e d  t o  m u l t i p l e s  of t h e  number o f  f i e l d  p e r i o d s  

( i n c l u d i n g  n = 0). I n  p r a c t i c e ,  of course, o n l y  a f i n i t e  number of 

t e r m s  may be r e t a i n e d  i n  t h e s e  F o u r i e r  s e r i e s  d e s c r i p t i o n s .  F i g u r e  1 

shows how e r r o r  i n  r e p r e s e n t i n g  t h e  vacuum q u a n t i 3 i e s  R, 2, and lB1 
+ 

depends on t h e  number of  t e r m s  i n  t h e  F o u r i e r  s e r i e s .  

is d e f i n e d  as 

Here  t h e  e r r o r  

t h a t  is, t h e  maximum d i f f e r e n c s  between the t r u e  v a l u e  and t h e  value 

from the F o u r i e r  series w i t h  a given number of terms, n o r m a l i z e d  t o  the  

t r u e  value.  The p a r t i c u l a r  case i l l u s t r a t e d  i n  Fig. 1 i s  f o r  t h e  

p l a n a r  a x i s  ATF a e v i c e .  The o r d e r  i n  which t h e  Am,, a r e  i n c l u d e d  i n  

t h e  F o u r i e r  s e r i e s  is  chosen t o  o p t i m i z e  i t s  convergence. A t  7 

harmonics t h e  modes r e t a i n e d  a r e  (m = 0 + 2, n = 0) and (m = -3 -+ 0, 

n = 12), and a t  17 harmonics t h e  modes a r e  (m = 0 + 4, n = 0), 

(m = -5 + 2, n = 12) and (m = -3 + -1, n = 24). It can be seen t h a t  

the  F o u r i e r  r e p r e s e n t a t i o n  p r o v i d e s  an economic and r a p i d l y  convergen t  

d e s c r i p t i o n  of  t h e  vacuum f i e l d s .  T y p i c a l  ly  betxeen 10 and 20 

harmonics a r e  used to d e s c r i b e  t n e  vacuum q u a n t i t i e s  i n  t h e  equi  I i b r i u m  

c a l c u l a t i o n .  He1 i c a l  a x k  c o n f i g u r a t i o n s ,  however, genera l  l y  have a 

. 
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V 

broader  F o u r i e r  s p e c t r a  and may r e q u i r e  more harmon ics  t o  adequa te l y  

r e p r e s e n t  t h e  vacuum f i e l  ds. 

U s i n g  t h e  F o u r i e r  r e p r e s e n t a t i o n s  of R j  Z, and $, t h e  m e t r i c  

el ements may be computed. I n  p r a c t i c e ,  t o  o b t a i n  a 

q u a s i - c y l i n d r i c a l - l i k e  s e t  of  c o o r d i n a t e s  w i t h  t h e  normal a x i s  

behav io r ,  t h e  c o o r d i n a t e s  used a r e  (p, (@) ,+). Thus, fo r  example, t h e  

Jacob ian  is 

2 
3 -+ -b t5,t D, = Vp X V(@) Vc$ =- , 

BOF, 

and 

For s imp l i c i t y ,  t h e  super  and s u b s c r i p t  8 is  used fo r  t h e  (p0) 

component. V a r i o u s  i n t e r r e l a t i o n s h i p s  show t h a t  t h e  o n l y  independent  

m e t r i c  e lemen ts  wh ich  must be computed a r e  gw, gpe, and gee. 

Hav ing  s o l v e d  t h e  e q u i l i b r i u m  prob lem i n  t h e s e  f l u x  coo rd ina tes ,  

it is d e s i r a b l e  t o  be a b l e  t o  view t h e  s o l u t i o c s  i n  r e a l  space. T h i s  

may e a s i l y  be  ach ieved  u s i n g  t h e  R, 2, and S t r a n s f o r m a t i o n s  

[e+, Eq. @)I. I n  p a r t i c u l a r ,  t h e  magne t i c  surfaces a r e  computed by 

f o l l o w i n g  magne t i c  f i e l d  l i n e s  i n  t h e  vacuum f l u x  C o o r d i n a t e s  and 

r e c o r d i n g  t h e  p o i n t s  a t  which t h e y  p u n c t u r e  g i v e n  c o n s t a n t  t o r o i d a l  

angle ($) p lanes .  The c o o r d i n a t e s  o f  these  p u n c t u r e s  a r e  t h e n  

t r a n s f o r m e d  t o  r e a l  space c o o r d i n a t e s  and t h e  magne t i c  s u r f a c e s  a r e  

p l o t t e d .  T h i s  procedure i s  more s c c u r a t e  t h a n  t r a n s f o r m i n g  t o  r e a l  

space and t h e n  fol l o w i n g  magne t i c  f i e ! d  I ines;  p a r t i c u l a r l y  s i n c e  ( a s  
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+ +  
e x p l a i n e d  i n  t h e  n e x t  s e c t i o n )  V B = 0 i s  m a i n t a i n e d  t o  t h e  accuracy 

of t h e  f i n i t e  d i f f e r e n c e  a p p r o x i m a t i o n s  t h r o u g h o u t  t h e  equ i  I i br ium 

c a l c u l a t i o n  i n  t h e  vacuum f l u x  c o o r d i n a t e s .  

3. EQUILIBRIUM EQUATIONS AND NUMERICS 

(a) Equi  I i b r i u m  E q u a t i o n s  

The approach t o  s o l v i n g  t h e  e q u i l i b r i u m  problem i s  t h e  Same a s  

t h a t  of t h e  Chodura -Sch l i t e r  code [3]. A f i c t i t i o u s  f o r c e  F is 

i n t roduced  

+ 

This f o r c e  i s  r e l a t e d  t o  a v e l o c i t y  u s i n g  a c o n j u g a t e  g r a d i e n t  

i t e r a t i o n  scheme 

(7) 

where s u p e r s c r i p t s  deno te  i t e r a t i o n  I eve1 , ang l  ed b r a c k e t s  deno te  a 

volume average, and a is  a c o n s t a n t .  For optimal convergence u i s  

chosen just l e s s  t h a n  u n i t y  [3]. Using t h i s  v e l o c i t y ,  t h e  magnet,ic 

f i e l d  B, is advanced i n  a f l u x  c o n s e r v i n g  manner, 
-P 

. 



?he p r e s s u r e  P, wh ich  is  r e l a t e d  t o  t h e  d e n s i t y  by t h e  a d i a b a t i c  

p r e s s u r e  law, i s  advanced i n  a mass c o n s e r v i n g  manner, 

(9) 
3 aP + + 

a t  -= -v VP - q P v v , 

where q i s  t h e  r a t i o  o f  s p e c i f i c  hea ts .  

the r a t e  of change o f  p o t e n t i a l  energy is  

From Eqs. (6), (8), and (9), 

-=- dW - f (P/(q - 1) + B2/2)d7 = -fq i d 7  . d t  d t  

+ +  
Thus, i f  V F is p o s i t i v e  d e f i n i t e ,  t h e  p o t e n t i a l  energy w i l l  a lways  

decrease and t h e  f i n a l  s teady  s t a t e  w i l l  be an  e q u i l i b r i u m  

[VP = 3 x 31. ?he o b v i o u s  c h o i c 3  for t h e  i t e r a t i o n  scheme is t h e  

f r i c t i o n  model V = F; however, t h e  c o n j u g a t e  g r a d i e n t  method [Eq. (7)] 

gives a f a r  more r a p i d  convergence. 

3 3  

(b) Numer ica l  A l g o r i t h m  and D i f f e r e n c i n g  

I n  t h e  numer ica l  imp lemen ta t i on  o f  the  above e q u a t i o n s  [Eqs. (6) 

t h r o u g h  (9)] t h e  dependent v a r i a b l e s  a r e  Vp, V', Vo, (B*/Dy), (B$/Dv), 

and P. The main  reason f o r  t i m e  advanc ing  (S/D,) i n s t e a d  of B is t h a t  

i n  t h e  f 1 ux c o o r d i n a t e s  V 8 = 0 i s  

+ -* 

+ 3  

Thus (Ep/Dv) may be computed from Eq. (ll), once (E*/D,) and (B$/Dv) 

have been t i m e  advanced. T h i s  p rocedure  m a i n t a i n s  t h e  i m p o r t a n t  
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+ +  
p h y s i c a l  p r o p e r t y  t h a t  V B = 0, t h r o u g h o u t  t h e  c a l c u l a t i o n ,  and i s  

a l s o  more e f f i c i e n t  t h a n  t i m e  advanc ing  (Bp/Dv) d i r e c t l y .  

The numer i ca l  a l g o r i t h m  used i n  t h e  NEAR code is  summarized i n  t h e  

flow d iagram shown i n  Fig. 2. The dependent v a r i a b l e s  a r e  r e p r e s e n t e d  

i n  f i n i t e  d i f f e r e n c e  form i n  t h e  r a d i a l  d i r e c t i o n  (p). The v a r i a b l e s  

Vp and (BP/Dv) a r e  d i s c r e t i z e d  on a u n i f o r m l y  spaced p-mesh, whose 

f i rs t  p o i n t  i s  t h e  c o o r d i n a t e  a x i s  (p = 0) and whose l a s t  p o i n t  i s  a t  

t h e  wall. The r e m a i n i n g  v a r i a b l e s  [V*, V4, (B*/Dy), (d’/Dv), and P] 

a r e  on an i n t e m e d i a t e  mesh whose p o i n t s  I i e  ha l fway  between t h o s e  of 

t h e  Vp, (Bp/D,) mesh. Cen te red  f i n i t e  d i f f e r e n c e s  a r e  used to 

approx ima te  t h e  p d e r i v a t i v e s .  In a n  e a r l  i e r  v e r s i o n  o f  t h e  NEAR code, 

a l  I t h e  dependent v a r i a b l e s  were r e p r e s e n t e d  o n  t h e  same r a d i a l  mesh. 

This, however, l e d  t o  g r i d  s e p a r a t i o c  problems a r i s i n g  f r o m  t h e  

hyperbol i c  n a t u r e  of t h e  e q u a t i o n s  - t h e  h i g h e s t  d e r i v a t i v e s  t h a t  a r e  

p r e s e n t  a r e  f i r s t  o rde r ,  wh ich  o n l y  e f f e c t i v e l y  c o u p l e  eve ry  o t h e r  g r i d  

p o i n t  and thus p e r m i t  s r i d  s e p a r a t i o n .  By u s i n g  t h e  two d i s t i n c t  gr ids 

as p r e v i o u s l y  desc r ibed ,  t h e s e  g r i d  s e p a r a t i o n  prob lems a r e  overcome. 

S i n c e  t h e  m e t r i c  e lements  a r e  r e p r e s e n t e d  a s  F o u r i e r  s e r i e s  i n  9 

and c$ it is n a t u r a l  to also r e p r e s e n t  t h e  dependent v a r i a b l e s  i n  t h i s  

manner. The symmetry a r i s i n g  from t h e  c o i l s  w h i c h  was d i s c u s s e d  i n  

S e c t i o n  2 means t h a t  (BP/D,>, V’, V@ can be r e p r e s e n t e d  by s i n e  s e r i e s  

and (@/D,)), (d’ /D, , ) ,  V q  and P can be r e p r e s e n t e d  by c o s i n e  s e r i e s .  

Thus, fo r  example, 

T h i s  F o u r i e r  r e p r e s e n t a t i o n  r e q u i r e s  t h a t  t h e  c o n v o l u t i o n s  of F o u r i e r  

s e r i e s  be c a l c d a t e d  numer ica l  ly. These c o n v o l u t i o n s  a r e  pe r f c rmed  
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. 

numer i ca l  ly  u s i n g  t h e  s i m p l e  t r i g o n o m e t r i c  f o r m u l a e  fo r  t h e  p r o d u c t s  of 

sines and cos ines .  F a s t  F o u r i e r  t r a n s f o r m s  a r e  c o t  used to compute 

t h e s e  c o n v o l u t i o n s .  The c h o i c e  of t h e  (m,n) spec t rum used i n  t h e  

c a l c u l a t i o n s  w i l l  be d i scussed  i n  t h e  n e x t  s e c t i o n .  S i m p l e  f i r s t  o r d e r  

e x p l i c i t  d i f f e r e n c i n g  i s  used i n  t i m e .  

t h e  e q u a t i o n s  s o l v e d  is g i v e n  i n  t h e  appendix.  

The f i n i t e  d i f f e r e n c e  form of 

(c) Boundary and I n i t i a l  C o n d i t i o n s  

The magne t i c  f i e l d  is  i n i t i a l i z e d  t o  i t s  n u m e r i c a l l y  o b t a i n e d  

vacuum va I ue: 

The v e l o c i t y  i s  i n i t i a l i z e d  t o  zero, and t h e  i n i t i a l  p r e s s u r e  (P ) i s  

assumed t o  be of t h e  for in  
I 

where a and m a r e  c o n s t a n t s  [ for  a l l  t h e  r e s u l t s  p resen ted  i n  t h i s  

paper, m = 21. I n  t h e  code, a n a l y t i c  forms a r e  used fo r  t h e  r a d i a l  

d e r i v a t i v e s  of the i n i t i a l  p r e s s u r e  (P ) o c c u r r i n g  i n  Eqs. (6) and (9). I 
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The boundary conditions are those of  an infinitely conducting wall 

The boundary conditions on the at the last closed vacuum flux surface. 

radial velocity and magnetic field are 

The remaining dependent variables are on the intermediate mesh and 

their values are never required at the wall. At the coordinate axis 

(p = 0) regularity imposes certain constraints on the behavior of the 

dependent variables. In particular, the (rn,n) component of Vp, V*, 

(BP/D,), (B~/D,,) must go to zero at least as fast as Jml - 11 and VO, 

(&/Dy), P must go to zero at least as fast as plml.  The additional 

constra i n t s  that 

and 

. 

must also be satisfied by the m = 1 components at p = 0. For the 

dependent variables (B*/Dv), (S+/O,), Vb, P an addi t ional  mesh point is 

included a t  p = 0. The variables VP, V4, (B*/D,), (B+/D,,)> and P are 

advanced in time at the origin, using one-sided approximations to the 

radial derivatives, and values of the m = 1 components of V8 and 

(Bf’/D,) are determined using Eqs. (16). 
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4. COMPUTATIONAL RESULTS 

I n  this s e c t i o n ,  t h e  numer i ca l  p r o p e r t i e s  of t h e  NEAR code w i l l  be 

i n v e s t i g a t e d  by s t u d y i n g  e q u i l i b r i a  fo r  t h e  p l a n a r  a x i s  ATF and f o r  a 

1 2 - f i e l d  p e r i o d  h e l i a c .  For each new c o n f i g u r a t i o n  s t u d i e d  t h e  

convergence p r o p e r t i e s  must  be  examined. The r e s u l t s  g i v e n  h e r e  fo r  

the h e l i a c  and ATF a r e  f a i r l y  r e p r e s e n t a t i v e  of machines of t h e i r  

c las s .  The ATF dev ice ,  i n  i t s  s t a n d a r d  mode of o p e r a t i o n ,  is  a 12- 

f i e l d  p e r i o d  4 = 2 t o r s a t r o n  w i t h  a r o t a t i o n a l  t r a n s f o r m  (8) v a r y i n g  

between ~0.3 a t  t h e  magne t i c  a x i s  and 4 . 0  a t  t h e  plasma edge. 

There  a r e  s e v e r a  I pa ramete rs  for  whi ch numer i ca I convergence 

s t u d i e s  m u s t  be made. First t h e  s e l e c t i o n  o f  (man) mode p a i r s  t o  be 

i n c l u d e d  i n  t h e  e q u i l i b r i u m  c a l c u l a t l o n s  w i l l  be cons ide red .  As a 

genera l  rule, t h e  impor tance of  a mode i n  t h e  vacuum r e p r e s e n t a t i o n  

gives a gocd g u i d e  to t h e  impor tance  of t h a t  mode i n  t h e  e q u i l i b r i u m  

c a l c u l a t i o n .  T h i s  i s  because a l a r g e  harmonic i n  t h e  m e t r i c  elernen's 

and Jacob ian  l e a d s  t o  good c o u p l i n g s  t o  t h a t  p a r t i c u l a r  harmonic d u r i n g  

t h e  e v o l u t i o n  t o  an  e q u i l i b r i u m .  F i g u r e  3 shows t h e  dominant harmon ics  

of  1912 as f u n c t i o f i  o f  p fo r  t h e  ATF vacuum. The (1,O) harmonic is  

a s s o c i a t e d  w i t h  t h e  t o r o i d i c i t y ,  w h i l e  t h e  (-2,12) harmonic i s  due t o  

t h e  he1 i c a l  c o i  1s. The (-lJ2) and (-3,12) harmonics a r e  the  t o r o i d a l  

s i d e b a n d s  o f  t h e  (-2,12) harmonic.  F i g u r e  4 shows t he  spec t rum of 

e n e r g i e s  # f o r  t h e  p l a n a r  axis ATF a t  = SX, where 
8 

The so l id  c u r v e s  i n  Fig. 4 a r e  t h e  spect rum fo r  a s i m u l a t i o n  i n  wh ich  

40 modes a r e  r e t a i n e d  w i t h  34 r a d i a l  g r i d  p o i n t s .  The broken c u r v e s  i n  



12 

Fig .  4 a r e  t h e  d i f f e r e n c e s  of t h e  E,,, between a 16- and 40-mode 

s i m u l a t i o n .  Good convergence w i t h  number of modes is e v i d e n t  w i t h  16 

modes. The dominant  modes i n  t h e  f i n i t e - p  spect rum can be seen t o  be 

p r e c i s e l y  t h e  dominant  vacuum modes (c . f .  A l o g a r i t h m i c  f a 1  I 

o f f  i n  m and n abou t  t h e  d m i n a n t  Em,n o c c u r s .  This r e l a t i v e l y  r a p i d  

f a l l  o f f  means t h a t  t h e  gross e q u i l i b r i u m  p r o p e r t i e s  such  as 

e q u i l i b r i u m  s h i f t  converge ve ry  r a p i d l y .  F i g u r e  5 shows how t h e  

e q u i l i b r i u m  sh i f t  converges  as t h e  number of modes r e t a i n e d  i n  t h e  

e q u i l i b r i u m  c a l c u l a t i o n  inc reases ,  fo r  t h e  same case a s  Fig. 4. A ve ry  

r a p i d  convergence o f  t h e  e q u i l i b r i u m  sh i f t  i s  e v i d e n t .  The f i r s t  two 

modes r e t a i n e d  i n  Fig. 5 a r e  t h e  (0,O) and (1,O). The l a r g e s t  mode set 

r e p r e s e n t e d  i n  Fig. 5 co r responds  t o  t h e  16-mode s e t ,  whose spec t rum i s  

shown i n  Fig. 4. For a f l u x  c o n s e r v i n g  c a l c u l a t i o n ,  t h e  r o t a t i o n 2 1  

t r a n s f o r m  (d)  p r o f i l e  a s  a f u n c t i o n  of t o r o i d a l  f l u x  s h o u l d  be a 

conserved q u a n t i t y .  F i g u r e  6 S ~ Q W S  how t h e  ~ p r o f i l e  depends o n  t h e  

number o f  modes r e t a i n e d  i n  t h e  c a l c u l a t i o n  a t  80 = 5%. I n  Fig. 7 t h e  

f l u x  s u r f a c e s  a r e  shown fo r  t h e  BO = 5% ATF e q u i l i b r i u m  w i t h  2, 7, and 

16 modes r e t a i n e d  i n  t h e  c a l c u l a t i o n .  A l l  of t h e s e  mode convergence 

r e s u l t s  show v e r y  r a p i d  convergence. A t  h i g h e r  b e t a s  t h e  spec t rum 

broadens somewhat, b u t  20 modes a r e  st i  I I s u f f i c i e n t  t o  g i v e  converged 

r e s u l t s  a t  = 15%. 

Fig. 3). 

For ATF t h e  equ i  I i b r i u rn  shift is t o r o i d a l  ly dominated, which means 

t h a t  t h e  q u i  I i b r i u r n  can be we1 I rep roduced  w i t h  only two modes [ t h e  

(0,O) and ( l , O ) ] .  For o t h e r  dev ices ,  such  a s  h e l i a c s ,  t h e  vacuum mode 

spec t rum is much broader,  and t h e  t o r c i d a l  and h e l i c a l  shifts may be 

comparable. The n e t  r e s u l t  i s  t h a t  h e l i a c s  r e q u i r e  many more harmon ics  

( t y p i c a l l y  X 5 ) ,  fo r  a well converged e q u i l i b r i u m .  F i g u r e  8 shows t h e  

Ern," spec t rum (BO = 15%) fo r  a 1 2 - f i e l d  p e r i o d  h e l i a c  wh ich  has a n  z! 

a 
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. 
p r o f i l e  v a r y i n g  between 4.55 a t  t h e  magne t i c  a x i s  and 5.33 a t  t h e  

plasma edge, and a coil a s p e c t  r a t i o  of  12. Seventy modes and 30 

r a d i a l  g r i d  p o i n t s  were used i n  t h e  c a l c u l a t i o n  a s s o c i a t e d  w i t h  t h i s  

spectrum. The b roader  c h a r a c t e r  o f  this spect rum compared t o  t h e  

p l a n a r  a x i s  ATF spect rum (Fig. 4) i s  e v i d e n t .  F i g u r e  9 shows t h e  

vacuum and e q u i l i b r i u m  f l u x  s u r f a c e s  fo r  this case. Even though 

s e v e r a l  resonan t  and n e a r l y  resonan t  harmonics a r e  p r e s e n t  i n  t h e  

c a l c u l a t i o n ,  no b r e a k i n g  o r  s i g n i f i c a n t  d i s t o r t i o n s  t o  t h e  f l u x  

s u r f a c e s  a r e  e v i d e n t .  

Another  convergence p r o p e r t y  wh ich  must  be s t u d i e d  i s  t h a t  o f  t h e  

r a d i a l  mesh. F i g u r e  10 shows how t h e  p r o f i l e  and magne t i c  w e l l  

p r o f i l e  converge w i t h  i n c r e a s i n g  r a d i a l  mesh a t  5$ c e n t r a l  be ta  f o r  ATF 

(18 modes). The convergence s t u d i e s  shown i n  F ig .  10 show s u r p r i s i n g l y  

good r e s u l t s  w i t h  o n l y  seven r a d i a l  mesh p o i n t s ;  t h e s e  r e s u l t s  are, 

however, c o n s i s t e n t  w i t h  s i m i l a r  convergence s t u d i e s  f o r  t h e  

Chodura -Sch l i t e r  cade [9]. The 25 mesh p o i n t  c a l c u l a t i o n  shown i n  

Fig. 10 r e q u i r e d  abou t  20 m i n u t e s  of CPU t i m e  on a Cray - I  computer. 

For r a p i d  parameter  scans of d e v i c e s  w i t h  t o r o i d a l l y  dominated shifts 

only two modes and abou t  10 mesh p o i n t s  are r e q u i r e d .  Such 

c a l c u l a t i o n s  r e q u i r e  o n l y  a coup le  of  m i n u t e s  of  Cray-I CPU t i m e .  

Convergence s t u d i e s  of t h e  Ern," spec t rum w i t h  r a d i a l  mesh show t h a t  25 

r a d i a l  mesh p o i n t s  a r e  s u f f i c i e n t  t o  r e s o l v e  t h e  dominant  harmonics 

(those shcwn i n  Fig.  3) t o  a n  accuracy  o f  0.1% a t  18 = 5% f o r  t he  p l a n a r  

a x i s  ATF. Also, 25 mesh p o i n t s  y i e l d  an e q u i l i b r i u m  sh i f t  converged to 

0.3% accuracy.  Thus, it can be conc luded t h a t  a t  BO = 556, t h e  p l a n a r  

a x i s  ATF r e q u i r e s  between 20 and 33 r a d i a l  mesh p o i n t s  f o r  converged 

e q u i  i b r i u m  s o l u t i o n s .  A t  h i g h e r  b e t a  s m e w h a t  f i n e r  meshes a r e  

r e q u  r e d  - f o r  example, a t  80 = 15% t h e  e r r o r s  i n  t h e  h , n  become 
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a p p r o x i m a t e l y  a f a c t o r  o f  1.5 worse t h a n  t h e  e q u i v a l e n t  e r r o r s  fo r  t h e  

BO = 5% case. F i g u r e  11 shows how t h e  80 = 5% ATF e q u i l i b r i u m  f l u x  . 
s u r f a c e s  converge for  i n c r e a s i  ngly f i ne meshes. 

The convergence of  t h e  s o l u t i o n s  w i t h  t h e  t ime-s tep  s i z e  used i n  

T y p i c a l l y ,  a t i m e s t e p  2 
3 

t i m e  advanc ing  6 and P has a l s o  been s t u d i e d .  

or 3 t i m e s  s m a l l e r  t h a n  t h a t  p e r m i t t e d  by numer i ca l  s t a b i l i t y  

c o n s i d e r a t i o n s  i s  used. The convergence of the  s o l u t i o n  w i t h  t i m e s t e p  

s i z e  i s  r e g u l a r l y  checked by r e d u c i n g  t h e  t i m e s t e p  and r e p e a t i n g  t h e  

ca I c u l a t i o n .  

The most i m p o r t a n t  convergence i s  t h e  convergence t o w a r d  a 

s o l u t i o n  of  t he  e q u i l i b r i u m  equa t ions .  The e q u i l i b r i u m  i t e r a t i o n  

scheme makes use of  a volume average of t h e  f o r c e  [<i2>] w h i c h  p r o v i d e s  

a s e n s i t i v e  measure of t h e  e q u i l i b r i u m  convergence. F i g u r e  12 shows 

how <F > decreases a s  a f u n c t i o n  o f  i t e r a t i o n  d u r i n g  a 180 = 5%, ATF 

e q u i l i b r i u m  c a l c u l a t i o n .  Also shown i n  Fig. 12 is  t h e  h i s t o r y  of 

e q u i l  i b r i u rn  shift d u r i n g  t h e  c a l c u l a t i o n .  The c o n j u g a t e  g r a d i e n t  

i t e r a t i o n  scheme g i v e s  a r a p i d  l o g a r i t h m i c  r e d u c t i o n  of  <F2> and 

+2 

convergence of t h e  s h i f t .  No a t t e m p t  has been made t o  examine 

a l t e r n a t e  convergence schemes. The f a c t  t h a t  t h e  <?*> s a t u r a t e s  a t  

some f i n a l  v a l u e  is due to t h e  numer ica l  r e s i s t i v i t y  a r i s i n g  from 

r a d i a l  d i f f e r e n c i n g  e r r o r s .  The f i n a l  v a l u e  o f  <?*> s c a l e s  

a p p r o x i m a t e l y  as (A$*, where Ap i s  t h e  r a d i a l  mesh s i z e .  

Ano the r  measure of t h e  equi  I i b r i u m  convergence i s  g i v e n  by the  

To measure how 
3 +  

r e q u i r e m e n t  t h a t  fo r  an exac t  e q u i l i b r i u m  8 VP = 0. 

well t h e  NEAR e q u i l i b r i a  s a t i s f y  this r e l a t i o n  t h e  v a r i a n c e  of t h e  

p r e s s u r e  on a magne t i c  s u r f a c e  i s  c a l c u l a t e d  a s  a d i a g n o s t i c .  Here  the  

v a r i a n c e  is  d e f i n e d  as 
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where t h e  p a t h  of t h e  i n t e g r a l  is along a magne t i c  f i e l d  l i n e  and t h e  

a s y m p t o t i c  v a l u e  of is  o b t a i n e d  by f o l l o w i n g  t h e  f i e l d  l i n e  f o r  many 

turns. F i g u r e  13 shows a s  f u n c t i o n  of r a d i u s  f o r  a = 5%, 16-mode, 

34 r a d i a l  mesh p o i n t  e q u i l i b r i u m .  The e r r o r  (p) i s  a l m o s t  e n t i r e l y  due 

t o  r a d i a l  d i f f e r e n c i n g  e r r o r s  a r i s i n g  d u r i n g  t h e  e q u i l i b r i u m  

c a l c u l a t i o n  and a l s o  d u r i n g  t h e  e v a l u a t i o n  of  p. T h i s  e r r o r  s c a l e s  as 

(Ap)-2 b u t  i s  r e l a t i v e l y  i n s e n s i t i v e  t o  t h e  number of modes r e t a i n e d  i n  

the e q u i l i b r i u m  c a l c u l a t i o n .  A l t h o u g h  t h i s  d i a g n o s t i c  p r o v i d e s  a 

f u r t h e r  v a l i d a t i o n  o f  t h e  code, t h e  gross e q u i l i b r i u m  p r o p e r t i e s ,  such  

a s  shift, m a g n e t i c  we1 I ,  and e p r o f i l e  p r o v i d e  much b e t t e r  measures of 

the necessary r e s o l u t i o n  for  convergence. 

The r e s u l t s  of  c a l c u l a t i o n s  w i t h  t h e  NEAR code have been 

benchmarked aga i nst v a r i o u s  o t h e r  codes. Some of these  compar isons a r e  

g i v e n  i n  Ref .  [lo].  Here t h e  NEAR e q u i l i b r i u m  c a l c u l a t i o n s  for ATF 

w i  I I be ccmpared w i t h  r e s u l t s  from t h e  Chodura-SchlCter code. 

F i g u r e  14 shows a comparison of t h e  equi  I i b r i u m  f l u x  s u r f a c e s  (rS, = 5%) 
between the  two e q u i l i b r i u m  codes. To make t h i s  comparison more 

q u a n t i t a t i v e ,  t h e  equi  I i b r iu rn  shift and magnetic we1 I profi le computed 

w i t h  t h e  Chodura-Schl i i ter  code and NEAR a r e  compared i n  Figs. 1S and 

16, r e s p e c t i v e l y .  The good agreement between the NEAR code and the 

o t h e r  codes p r o v i d e s  a v a l u a b l e  v a l i d a t i o n  o f  +,he NEAR code. F i n a l l y  

i n  F ig .  17, t h e  magne t i c  w e l l  dep th  as a f u n c t i o n  of 00 computed w i t h  

t h e  NEAR code and Chodura-SchlGter code a r e  c m p a r e d .  A t  low b e t a  

(57%) t h e  ccdes a g r e e  w e l l .  A t  h i g h e r  betas,  where t h e  r e s o l u t i o n  of 

t h e  Chodura-Sch I i t e r  code is  I e s s  adequate, t h e  agreement d e t e r i o r a t e s .  
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5. CONCLUSIONS 

D e t a i l s  of a 3-D s t e l l a r a t o r  e q u i l i b r i u m  code (NEAR) have been 

g i v e n .  T h i s  code employs t h e  vacuum f l u x  c o o r d i n a t e s  d e s c r i b e d  by 

Boozer, as an E u t e r i a n  f rame of r e f e r e n c e .  These c o o r d i n a t e s  have been 

shown t o  p r o v i d e  an e f f i c i e n t  r e p r e s e n t a t i o n  of t h e  complex s t e l  l a r a t o r  

geometry.  The NEAR code s o l v e s  t h e  e q u i l i b r i u m  e q u a t i o n s  i n  t h e s e  

c o o r d i n a t e s ,  s u b j e c t  to  t h e  c o n s t r a i n t s  of f l u x  and mass c o n s e r v a t i o n .  

The code r e l a x e s  t h e  e q u a t i o n s  to  an e q u i l i b r i u m  by an energy 

m i n i m i z a t i o n  techn ique .  A F o u r i e r  s e r i e s  r e p r e s e n t a t i o n  i s  used i n  t h e  

p o l o i d a l  (e) and t o r o i d a l  (4) d i r e c t i o n s ,  and a f i n i t e  d i f f e r e n c e  

r e p r e s e n t a t i o n  i s  used i n  t h e  r a d i a l  d i r e c t i o n  (p). A f i r s t  o r d e r  

e x p l i c i t  scheme i s  used t o  time advance the  magne t i c  f i e i d  and 

p ressu re .  

Equi I i b r i  urn convergence studies a r e  presen ted  fo r  t h e  p l a n a r  ax i s  

ATF. The vacuum mode spect rum i s  shown to p r o v i d e  a good g u i d e  of  t h e  

r e l a t i v e  impor tance  of  a g i v e n  mode i n  t h e  e q u i l i b r i u m  c a l c u l a t i o n s .  

Convergence s t u d i e s  i n  t h e  number of  r a d i a l  mesh p o i n t s  show t h a t  

between 20 and 30 p o i n t s  a r e  s u f f i c i e n t .  Also t h e  e q u i l i b r i u m  

p r o p e r t i e s  of a 1 2 - f i e l d  p e r i o d  h e l i a c  have been b r i e f l y  examined. I t  

is  f o u n d  t h a t  h e l i a c s  have b roader  s p e c t r a  and r e q u i r e  more modes fo r  

converged r e s u l t s  t h a n  t h e  p l a n a r  axis ATF. 

The NEAR code h a s  been benchmarked a g a i n s t  e x i s t i n g  stel l a r a t o r  

e q u i l i b r i u m  codes. Ccmparisons of f l u x  s u r f a c e s ,  e q u i l i b r i u m  shi f t  and 

magne t i c  we1 I prof i les w i t h  t h e  Chodura -Sch l i t e r  code show good 

agreement - t h u s  f u r t h e r  v a l  i d a t i n g  t h e  code. 
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Appendix:  F i n i t e  D i f f e r e n c e  Form of t h e  NEAR E q u a t i o n s  

The f o l l o w i n g  n o t a t i o n  w i l l  be used i n  this Appendix - a b r a c k e t  

around a v a r i a b l e  deno tes  t h e  (m8n) F o u r i e r  component of t h a t  v a r i a b l e  

([A] f s u p e r s c r i p t s  denote i t e r a t i o n  l e v e l  and s u b s c r i p t s  

i n d i c a t e  r a d i a l  mesh p o s i t i o n .  
-b 

W i t h  this n o t a t i o n  t h e  components of t h e  c u r r e n t  (J) i n  f i n i t e  

d i f f e r e n c e  form a r e  

n n n 

n n 

and 

n (7 

where Lp i s  t h e  r a d i a l  mesh s t e p  and t h e  s u b s c r i p t  i+1/2 deno tes  a 

p o i n t  of t h e  i n t e r m e d i a t e  mesh ha l fway  between pi and pi+l  [many of t h e  

v a r i a b l e s  a r e  s t o r e d  on this mesh as e x p l a i n e d  i n  S e c t i o n  3(5)]. 

I n  f i n i t e  d i f f e r e n c e  form, t h e  components o f  t h e  e q u i l i b r i u m  

e q u a t i o n  [Eq. (e)] a r e  
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and 

In f i n i t e  difference form t h e  f l u x  c o n s e r v a t i o n  e q u a t i o n  [Eq. (8)] is  

and 

-b 
where A t  is t h e  t l m e s t e p .  From V * €3 = 0 an e q u a t i o n  f o r  (Bp/D,) i s  g i v e n :  
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is  s u f f i c i e n t  t o  i t e r a t i v e l y  d e t e r m i n e  (Bp/Dv). 

e q u a t i o n  [Eq. (9)] becomes, i n  f i n i t e  d i f f e r e n c e  form, 

F i n a l l y ,  t h e  p r e s s u r e  

3 
where V V, i n  f i n i t e  d i f f e r e n c e  form, i s  

Many of t h e  above e q u a t i o n s  imp1 i c i t l y  i n v o l v e  F o u r i e r  c o n v o l u t i o n s .  

For example, t h e  l a s t  t e r m  of  t h e  last e q u a t i o n  r e q u i r e s  t h e  

c o n v o l u t i o n  of @ and l / D v .  

. 
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