
3 4 4 5 b  0 3 8 2 7 6 4  2 





ORNL/CSD-84 
D i s t r i b u t i o n  Category UC-32 

THE QUASI-STATIONARY APPROXIMATION FOR THE STEFAN PROBLEM WITH A 
CONVECTIVE BOUNDARY C O N D I T I O N  

A .  D.  Solomon 
D.  G.  Wi lson 
V .  Alex iades  

Date Pub l i shed  - September 1981 

Sponsor: D. A.  Gard iner  
O r i g i n a t o r :  A .  D .  Solomon 

COMPUTER SCIENCES D I V I S I O N  
a t  

Oak Ridge N a t i o n a l  L a b o r a t o r y  
Pos t  O f f i c e  Box Y 

Oak Ridge, Tennessee 37830 

Research sponsored by t h e  

O f f i c e  o f  Energy Research 
Appl i e d  Mathemat i ca l  Sciences Research Program, 

Union Carb ide Corpora t ion ,  Nuclear  D i v i s i o n  
o p e r a t i n g  t h e  

Oak Ridge Gaseous D i f f u s i o n  P l a n t  0 Paducah Gaseous D i f f u s i o n  P l a n t  
Oak Ridge Y-12 P l a n t  Oak Ridge N a t i o n a l  L a b o r a t o r y  

under Con t rac t  No. W-7405-eng-26 
f o r  t h e  

Department o f  Energy 

3 4 4 5 6  0 3 8 2 7 6 4  2 





TABLE OF CONTENTS 

Page 

Lis t  o f  Tables . . . . . . . . . . . . . . . . . . . . . . . .  V 

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . .  vi i 

1. Introduction . . . . . . . . . . . . . . . . . . . . . . .  1 

Problem 1. . . . . . . . . . . . . . . . . . . . . . . . .  1 
Problem 2. . . . . . . . . . . . . . . . . . . . . . . . .  2 
Problem 3. . . . . . . . . . . . . . . . . . . . . . . . .  3 

2.  The Quasi -Stationary Approximat ion . . . . . . . . . . . .  4 

Example 1. . . . . . . . . . . . . . . . . . . . . . . . .  5 

Example 2. . . . . . . . . . . . . . . . . . . . . . . . .  6 

3. Convergence t o  the Quasi-Stationary Approximation For 
Problem I .  . . . . . . . . . . . . . . . . . . . . . . .  11 

. . . . . . . . . . . . . . . . . . . . . . . .  Theorem 1. 11 
Theorem 2. . . . . . . . . . . . . . . . . . . . . . . . .  1 2  

Corollary 1. 1 2  
Corollary 2. . . . . . . . . . . . . . . . . . . . . .  13 

Theorem3. . . . . . . . . . . . . . . . . . . . . . . . .  13 
Theorem 4. 13 
Theorem 5. . . . . . . . . . . . . . . . . . . . . . . . .  1 4  
Theorem 6. . . . . . . . . . . . . . . . . . . . . . . . .  1 4  
Theorem 7. 15 

Lemma 1. 16  
Lemma 2. . . . . . . . . . . . . . . . . . . . . . . .  1 7  
Lemma 3. . . . . . . . . . . . . . . . . . . . . . . .  18 

. . . . . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . . . . . .  

i i  i 



i v  

TABLE OF CONTENTS (Continued) 

4. Additional Reinarks . . . . . . . . . . . . . . . . . . . .  2 1  

Remark 1. On the  Behavior o f  the Solution t o  Problem I 1  

Remark 2. A Criterion f o r  Assessing t h e  Error in  Using 
a s c + O  . . . . . . . . . . . . . . . . . . . . . . .  2 1  

the Quasi-Stationary Approximation . . . . . . . . . .  22 
Example 3. . . . . . . . . . . . . . . . . . . . . . .  24 

Remark 3. An Example Varying TL( t )  . . . . . . . . . . . .  26 

Example 4.  26 . . . . . . . . . . . . . . . . . . . . . .  
References . . . . . . . . . . . . . . . . . . . . . . . . . .  28 



V 

LIST OF TABLES 

Tab1 es Page 

1 P r o p e r t i e s  o f  N-Octadecane Wax [3]  . . . . . . . .  5 

(t). X ( t )  and Y ( t )  f o r  Example 2 . . . . .  8 
XCOtIlP qss 2 

3 Qcomp(t)  and Q q s s ( t )  f o r  Example 2 . . . . . . . .  10 

4 6 i *  f o r  Given S t  . . . . . . . . . . . . . . . . .  25 

5 Comparison o f  Q u a s i - S t a t i o n a r y  and Computed 
P r e d i c t i o n s  f o r  Vary ing . . . . . . . . . . . . .  27 





v i  i 

THE QUASI-STATIONARY APPROXIMATION FOR THE STEFAN PROBLEM WITH A 
CONVECTIVE BOUNDARY CONDITION 

A. D. Solomon 
D. G. Wi lson 
V.  A lex iades  

ABSTRACT 

We show t h a t  t h e  s o l u t i o n  t o  t h e  S t e f a n  problem w i t h  a c o n v e c t i v e  

boundary c o n d i t i o n  tends  t o  t h e  q u a s i - s t a t i o n a r y  approx imat ion  as t h e  

s p e c i f i c  hea t  tends  t o  zero.  A d d i t i o n a l  p r o p e r t i e s  o f  t h e  approx i -  

ma t ion  a re  g iven,  and some examples a re  presented .  
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1. I n t r o d u c t i o n  

Consider t h e  f o l l o w i n g  problem: 

Problem I .  

X ( t )  i s  con t inous  f o r  a11 t 

x ' ( t )  i s  cont inuous on t > 0; 

T(x , t )  Tx(x , t )  are  cont inuous for t > 0, 0 G x b; X ( t ) ;  

F ind  T (x , t ) ,  X ( t )  f o r  t > 0, xc[O,X(t)]  f o r  w h i c h  

(1.1) 

(1.2) 

(1.3) 

0, 

Tt (x , t ) ,  T,,(x,t) are cont inuous for t > 0, 0 < x < X ( t ) ;  (1.4) 

(1.5) 

(1.6) 

-m < l i m  i n f  T(x , t ) ,  l i m  sup T(x , t )  < -; 

cpTt (x , t )  = K Txx (x , t ) ,  f o r  t > 0, xE(O,X(t)); 

T(x, t )  E T,, f o r  t > 0, x 2 X( t ) ;  ( 1 . 7 )  

p H X ' ( t )  = -KTx(X( t ) , t )  f o r  t > 0; (1.8a) 

X(0) = 0; 

-K T,(O,t) = h[T,--T(O,t)], t > 0. 

(1.8b) 

(1.9) 
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I n  the  context o f  melting the s lab x > 0 w i t h  convective heat t r ans fe r  

from a f lu id  a t  x = 0, the symbols used are: 

T ( x , t )  i s  the temperature a t  a point x and time t ;  ( " C ) ;  
X ( t )  i s  the melt f ront  location a t  time t (m);  
c i s  the  material spec i f ic  heat ( K J / k g - " C ) ;  
p is  the material density (Kg/m3);  
K i s  the material thermal conductivity (KJ/m-s-"C) 
h i s  the h e a t  t ransfer  coeff ic ient  from the 

TCr i s  the  material melting temperature ( " C ) ;  

T 

f lu id  t o  the  material wall a t  x = 0 (KJ /m"-s - "C) ,  

i s  the ambient t ransfer  f l u id  temperature ( " C ) .  I.. 

We will  also use 
a = K / ( c P ) ,  the  material thermal d i f f u s i v i t y  (m2/s); 
A? T - -I' ( " C ) .  L c r  

The existence of a solution t o  Problem I has been proved in [ Z ] .  

Recently [8] [ lo] ,  we have s t u d i e d  the relat ionship of t h i s  solution t o  

that  o f  the following "limiting" problem for  h = m .  

Problem 11. Find Y(t), U ( x , t )  sa t i s fy ing  a l l  of the conditions o n  

X ( t ) ,  T ( x , t )  o f  Problem I except f o r  ( 1 . 9 ) .  In i t s  place we require 

U ( O , t )  = T L ,  t > 0 .  (1.10) 

Problem I 1  i s  the c lass ica l  Stefan problem having the exp l i c i t  

solution [l]: 

Y ( t )  = ZXJat, (1. I l a )  
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U(x, t )  = TL - AT e r f ( x / 2 d a ) / e r f X ,  where X i s  t h e  (un ique)  ( l . l l b )  
r o o t  o f  t h e  e q u a t i o n  

12 ( 1 . 1  IC) Xe e r f X  = S t / J * ;  where S t  i s  t h e  "S te fan "  number 

S t  = cAT/H. (1 .12)  

I n  t h e  quest  f o r  approx imate s o l u t i o n s  o f  problems such as t h e  

above, a t h i r d  problem i s  o f  i n t e r e s t .  

t h e  heat  equa t ion  (1 .6 )  w i t h  i t s  s teady  s t a t e  r e l a t i o n  

T h i s  i s  fo rmula ted  by r e p l a c i n g  

KTxx (x , t )  = 0 (1.13)  

and i s  t hus  r e f e r r e d  t o  as t h e  " q u a s i - s t a t i o n a r y "  problem. 

S p e c i f i c a l l y ,  we have 

Problem I I I .  
qss  

phase f r o n t  X ( t )  and tempera ture  T (x , t ) ,  s a t i s f y i n g  a l l  o f  t h e  

c o n d i t i o n s  (1.1) - (1.9) w i t h  t h e  e x c e p t i o n  o f  t h e  h e a t  e q u a t i o n  (1 .6 ) .  

I n  i t s  s tead  we demand t h a t  TqsS(x , t )  s a t i s f y  t h e  s teady  s t a t e  e q u a t i o n  

F i n d  a p a i r  X ( t ) ,  Tqss(x , t ) ,  cor respond ing  t o  t h e  

(1.13) f o r  X E [ O , X ~ ~ ~ ( ~ ) ] .  

We w i l l  r e f e r  t o  X ( t )  and T q s s ( t )  as t h e  " q u a s i - s t a t i o n a r y "  
qss 

approx imat ions  t o  X ( t ) ,  T ( x , t ) .  

app rox ima t ion  i s  o f t e n  used as t h e  s i m p l e s t  " e f f e c t i v e "  approx imate 

s o l u t i o n  f o r  a l a r g e  v a r i e t y  o f  moving boundary problems (see, e.g. 

Indeed t h e  q u a s i - s t a t i o n a r y  
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[SI], and t h e  r e f e r e n c e s  t h e r e i n ) .  

as c -F 0 t h e  s o l u t i o n  t o  Problem I converges t o  t h a t  o f  Problem 111. 

T h i s  i s  based on t h e  assumption t h a t  

I t  i s  our  aim i n  t h e  p resen t  paper t o  p rove  t h i s .  Indeed one m i g h t  

cons ide r  t h i s  r e s u l t  t o  be a smal l  f i r s t  s t e p  towards the  v e r y  needed 

a n a l y s i s  o f  t h e  e r r o r  a r i s i n g  i n  a family o f  a n a l y t i c a l  approx imat ion  

techn iques  used i n  eng inee r ing  heat  t r a n s f e r  and o f  un tes ted  accuracy 

[W 
Our d i s c u s s i o n  beg ins  i n  Sec t i on  2 w i t h  t h e  d e r i v a t i o n  and some 

p r o p e r t i e s  o f  t h e  q u a s i - s t a t i o n a r y  approx imat ion .  In Sec t ion  3 we 

prove t h e  asse r ted  convergence r e s u l t .  We c l o s e  i n  Sec t i on  4 w i t h  some 

a d d i t i o n a l  remarks concern ing  t h e  approx imat ion .  

2 The Quas i  - s t a t i o n a r y  Approximat .- i o n  

I n  m e l t i n g  and s o l i d i f i c a t i o n  processes modeled by Problem I when 

t h e  Stefan number St = c A T / H  i s  smal l  t h e  s p a t i a l  tempera ture  

dependence i s  f o r  a l l  purposes l i n e a r .  Hence we may a t tempt  t o  

approxiniate T ( x , t )  by a l i n e a r  f u n c t i o n  

T ( x , t )  := a ( t ) x  + h ( t ) .  
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S u b s t i t u t i o n  i n t o  (1 .7 ) ,  (1 .8)  and (1.9)  y i e l d s  t h e  quas i -  

s t a t i o n a r y  approx imat ion  

xqss  ( t )  = ( K / h ) { [ l  + 2h2tAT/(KpH)11/2 - I\ 
Tqss(x , t )  = Tcr - hAT(x-X) / (K + h X ( t ) )  

(2 .2a)  

(2,2b) 

I n  a s i m i l a r  way we f i n d  t h e  q u a s i - s t a t i o n a r y  approx imat ion  f o r  

Problem I 1  t o  be 

(2.3a)  

(2.3b) 

Some i d e a  o f  how accu ra te  these  approx imat ions  a re  may be ga ined 

by  comparing Y q s s ( t ) ,  Uqss(x , t )  w i t h  Y ( t )  and U(x , t )  o f  ( l . l l a ,  b )  f o r  

a t y p i c a l  m e l t i n g  problem r e l a t e d  t o  l a t e n t  h e a t  thermal  energy s to rage  

C91. 

Example 1. 

v i a  an imposed s u r f a c e  tempera ture  o f  TL = 100°C a t  x = 0. 

A s l a b  x > 0 of N-Octadecane p a r a f f i n  wax i s  t o  be me l ted  

The 

r e l e v a n t  p r o p e r t i e s  o f  t h e  wax a re  g i v e n  i n  Tab le  1. 

Table 1. P r o p e r t i e s  o f  N-Octadecane Wax [33 ... - 

P = 814 Kg/m3 
K = 1.5 x KJ/m-s-"C 

C = 2.16 KJ/Kg-"C 
H = 243 KJ/Kg 

T,, = 28°C 



A s h o r t  c a l c u l a t i o n  shows us t h a t  S t  = .64 whence t h e  r o o t  X o f  

( 1 . 1 1 ~ )  i s  found t o  be X = .515 t o  t h e  neares t  t h r e e  dec imal  p laces .  

T h i s  i n  t u r n  y i e l d s  t h e  f r o n t  Y ( t )  = 3.0085 x i t .  On t h e  o t h e r  

hand f rom (2.3)  we o b t a i n  Ygss ( t )  = 3.3045 x lo-$ i t ,  which has a 

r e l a t i v e  e r r o r  below 10%. I n  heat  t r a n s f e r  processes such as t h a t  of 

t h i s  example an e r ro r '  o f  t h i s  s i z e  i s  acceptable,  p a r t i c u l a r l y  s i n c e  

t h e  therrrial parameters (K, c ,  p ,  H )  a re  themselves n o t  p r e c i s e l y  known 

Example 2. 

heat  t r a n s f e r  f rom a t r a n s f e r  f l u i d  a t  tempera ture  TL = 100°C. 

The s l a b  o f  Example 1 i s  now t o  be mel ted  v i a  c o n v e c t i v e  

The 

c o n d i t i o n s  are  t o  be such t h a t  h = .02 KJ/m2-s-"C, which i s  a 

reasonab le  va lue  f o r  heat  s to rage  a p p l i c a t i o n s  [4] .  

Us ing a computer program f o r  s i m u l a t i n g  t h e  process o f  Problem I ,  

we have c a l c u l a t e d  t h e  f r o n t  X ( t )  %or a s imu la ted  process o f  30 hours .  

I n  Table 2 and F i g u r e  1 we compare t h e  h o u r l y  va lues  o f  t h e  

c a l c u l a t e d  f r o n t ,  denoted by  XcOmp ( t ) ,  t h e  q u a s i - s t a t i o n a r y  

approx imat ion  X ( t )  o f  (2 .2a) ,  and t h e  f r o n t  Y ( t )  o f  Example 1 q s s  

cor respond ing  t o  h = 0 3 .  We no te  t h a t  X q s s ( t )  exceeds XComp(t) by about 

10%. On t h e  o t h e r  hand Y ( t )  > X c o m p ( t )  i n  agreement w i t h  t h e  r e s u l t s  

o f  [8 ] .  However X ( t )  > Y ( t )  f o r  t beyond 16 hours, a f a c t  t o  which 
q s *  

we w i l l  r e t u r n  i n  Sec t i on  4. As i n  Example 1, t h e  q u a s i - s t a t i o n a r y  

approx imat ion  y i e l d s  an e f f e c t i v e  e s t i m a t i o n  t o o l  f o r  X ( t ) .  S i m i l a r  

agreement i s  observed f o r  t h e  s u r f a c e  tempera ture  a t  x = 0. 
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Tab le  2. X ( t ) ,  X ( t )  and Y ( t )  For Example 2 
comp qss 

t ( W  
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
1 2  
13 
14 
15 
16 
1 7  
18 
19 
20 
2 1  
2 2  
23 
24 
25 
26 
27 
28 
29 
30 

x comp ( t )  (m) 

0 
.0124 
-0194 
.0251 
.0297 
.0339 
.0378 
.0413 
.0445 
.0476 
.0504 
.0531 
.OS58 
.Os84 
.0608 
.0631 
.0654 
.0677 
.0698 
.07 19 
-0740 
.0759 
.0779 
.0797 
.0817 
.OB34 
.0852 
.0870 
.0887 
.0904 
,0920 

x ( t )  (m) qss - 
0 

.0137 

.0215 

.0277 

.0329 

.0374 
,0416 
.0455 
.0491 
.0525 
.Os56 

.0587 

.0616 

.0644 

.0671 

.0697 

.0722 

.0746 

.0770 

.0792 

.0815 

.0837 

.0858 

.0879 

.0899 

.0919 

.0939 

.0958 

.0977 

.0995 

. lo14 

__lll_ y ( t )  (m) 
0 

.0181 

.0255 

.0313 

.0361 

.0404 

.0442 

.0478 

.0511 

.0542 

.0571 

.0599 
-0625 
.0651 
.0675 
.0699 
.0722 
.0744 
.0766 
.0787 
.0807 
.0827 
.0b47 
.0866 
.0884 
.090 3 
.0920 
.0938 
.0955 
.0972 
.0989 
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For many a p p l i c a t i o n s  t h e  q u a n t i t y  o f  g r e a t e s t  i n t e r e s t  f o r  

Problem I i s  t h e  t o t a l  hea t  s t o r e d  i n  t h e  m e l t i n g  m a t e r i a l  as a 

f u n c t i o n  o f  t ime.  

f rom (2.2), (2 .3)  as 

An approx imat ion  t o  t h i s  q u a n t i t y  can be d e r i v e d  

t 
Q q s s ( t )  = -K I T,(O,t')dt' 

0 
(2.4) 

= (KpH/h) { [l + (2h2tAT/(KpH)) ]1 /2]  
= pH X ( t ) .  

qss 

It has been shown i n  [8], t h a t  the t o t a l  energy Q ( t )  f o r  Problem 1, 

t 
Q ( t )  = h [TL - T ( 0 , t ' ) l d t '  

0 

i s  bounded f rom below by QqSS(t). 

Example 2 ( c o n t i n u e d ) .  

c a l c u l a t e  t h e  t o t a l  energy QcomP( t )  i n  t h e  system. 

compare Qcomp(t )  w i t h  Q q s S ( t )  o f  (2 .4 ) .  

Q q S S ( t )  c o n s t i t u t e s  a reasonab le  c l o s e  lower  bound t o  Q comp ( t ) .  

For t h e  30 hour s i m u l a t i o n  o f  Example 2 we may 

I n  Tab le  3 we 

As we see t h e  approx imat ion  
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Tab le  3.  QCon’P(t) And Q q S S ( t )  For Example 2 

t (hr) 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
1 2  
13 
14 
15 
16 
1 7  
18 
19 
20 
2 1  
2 2  
23 
24 
25 
26 
27 
28  
29 
30 

Qcomp ( t  ) (KJ /m2)  
0 

2922 
4687 
6089 
7292 
8360 
9331 

10,227 
11,064 
11,852 
12,598 
13,308 
13,988 
14,641 
15,269 
15,876 
16,463 
17,033 
17,586 
18,124 
18,650 
19,162 
19,662 
20,151 
20,630 
21,099 
21,559 
22,009 
22,452 
22,887 
23,314 

Qqss(t) (KJ/m2) 
0 

2709 
4253 
5469 
5499 
7411 
8237 
8998 
9 708 

10,375 
11,007 
11,608 
12,183 
12,735 
13,266 
13,778 
14,274 
14,755 
15,222 
15,676 
16,118 
16 , 550 
16,971 
17,384 
17 ,787  
18,182 
18,569 
18,949 
19,322 
19,688 
20,049 
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3. C o n v e r g e n c e  To t h e  Q u a s i - S t a t i o n a r y  A p p r o x i m a t i o n  F o r  P r o b l e m  I .  

I n  [ 8 ]  we d e r i v e d  a number  of properties of the s o l u t i o n  t o  

P r o b l e m  I .  Our r e s u l t s  c a n  be summarized as:  

T h e o r e m  1. Let X ( t ) ,  T ( x , t )  b e  a s o l u t i o n  t o  P r o b l e m  I .  Then  

a )  T ( x , t )  X ( t )  are u n i q u e ;  

b )  

c )  

T ( x , t )  i s  i n c r e a s i n g  i n  t f o r  x c [ O , X ( t ) ] ;  

T ( x , t )  a n d  - T x ( x , t )  are d e c r e a s i n g  i n  x for  e a c h  t > 0 ;  

d )  T ( x , t )  -t Tcr as x , t  + 0; 

e )  T ( 0 , t )  -+ T L  as t -+ a; 

0 G -KT, (x , t )  Q hAT f o r  t > 0, 0 4 x d X ( t ) ;  ( 3 .2 )  

f )  If  Q ( t )  i s  t h e  t o t a l  s t o r e d  e n e r g y  i n  t h e  time ( 0 , t )  t h e n  

F o ( t )  6 Q ( t )  F l ( t )  (3.3) 

where 

F o ( t )  = (KpH/h) {[I  f 2th2AT/(KpH)]1’2 - 1) (3.4a) 

F l ( t )  = (KpH/h)(l + S t ) 2  {[l + 2 tAThz / (KpH(1  + S t ) 2 ) ] 1 / 2  - 1)(3.4b) 
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By d)  we may cons ide r  T (x , t )  t o  be d e f i n e d  f o r  t 0, x ~ [ O , X ( t ) l .  

The s o l u t i o n  t o  Problem I depends on t h e  cho ice  o f  t h e  s p e c i f i c  

heat  c .  

and T c ( x , t ) .  

We w i l l  denote t h i s  dependence by w r i t i n g  t h e  s o l u t i o n  as X,(t) 

From (3 .4a) ,  (2 .4 )  we n o t e  t h a t  t h e  t o t a l  heat  s tored,  Q C ( t ) ,  f o r  

c > 0, i s  bounded below by Q q S S ( t )  = F o ( t ) .  

Moreover, S t  -f 0 as c + 0, so F l ( t )  o f  (3 .4b)  tends t o  
qss  F,(t) 5 Q ( t )  and t h u s  f rom (3.3) we have 

Theorem 2. As c + 0, Q C ( t )  -f Q q s s ( t ) .  

C o r o l l a r y  1. 

re1 a t i o n  

For an t > 0, t h e  s u r f a c e  temperature TC(O,t) obeys t h e  

t t 
l i r n  T c ( O , t ' ) d t '  = T q s s ( O , t ' ) d t ' .  ( 3 . 5 )  

c + o O  0 

Proo f .  S ince 

t 
Q q S S ( t )  = h 1 ( T L  - T q s s ( O , t ' ) d t '  

0 

and 

t 
Q C ( t )  = h 1 (TL - T c ( O , t ) ) d t ' ,  

0 

( 3 . 5 )  f o l l o w s  d i r e c t l y  f rom Theorem 1, Indeed, s i n c e  t i s  a r b i t r a r y  i n  

(3 .51,  we conclude t h a t  
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C o r o l l a r y  2. For  any to, t,, w i t h  to < tl, 

t 1 t l  
c l j m o  T c ( O , t ' ) d t '  = I T q s s ( O , t ' ) d t ' .  ( 3 . 6 )  

t 0  t 0  

From Theorem 1 we know t h a t  f o r  any c > 0, TC(O, t )  i s  an i n c r e a s i n g  and 

con t inuous  f u n c t i o n ,  bounded by TL. L e t  t > 0 be any va lue,  and l e t  

( c . 1  he any sequence of s p e c i f i c  h e a t s  converg ing  t o  zero, c + 0, 

Consider  t h e  sequence F o f  s u r f a c e  tempera tures  {T ' (O, t ) )  

J j 

cor respond ing  t o  t h e  { c . ) .  J 

Theorem 3. F c o n t a i n s  a subsequence which converges p o i n t w i s e  t o  an 

i n c r e a s i n g  f u n c t i o n  + ( t )  f o r  t E [ O , t  3 .  * 
Moreover Tcr G $(t) 6 TL. 

P roo f .  The a s s e r t i o n  i s  an immediate consequence o f  a c o r o l l a r y  t o  

H e l l y ' s  p r i n c i p l e  ([6], p .  221).  

Theorem 4 .  The l i m i t  +(t) c o i n c i d e s  w i t h  Tqss(O,t)  f o r  a l l  t ~ [ O , t * ] :  

$(t) = Tqss(O, t ) .  ( 3 . 7 )  

Proo f .  

theorem t e l l s  us t h a t  f o r  any to, t,, 

Since $ ( t )  c[TCr, TL], t h e  Lebesgue dominated convergence 

1 i m  t 1 t l  
c ;  .+ 0 I T j ( 0 , t ' ) d t '  = I + ( t ' ) d t ' .  

J 
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Hence from ( 3 . 6 ) ,  

t 1 
[ T q s s ( O , t ' )  - Q ( t ' ) ) d t '  = 0, 

t 0  
(3 .8)  

and so ( [ 7 ] ,  p. 87)  we must have 

Tqss(O,t) = o ( t )  

* 
a lmost  everywhere on [ O , t  1. 
i s  i n c r e a s i n g  whence Q ( t )  must be con t inuous  and t h e  theorem i s  proved. 

However Tqss(O,t) i s  con t inuous  and $ ( t )  

* 
The a r b i t r a r i n e s s  o f  t h e  c h o i c e  o f  { c . )  and t i m p l i e s  

J 

Theorem 5. For a l l  t ~ [ O , m ) ,  

TC(O,t) -+ Tqss (O, t )  as c + 0. ( 3 - 9 )  

We: now a s s e r t  t h a t  convergence ho lds  f o r  XB[O, X q s s ( t ) ] .  

i n  showing t h i s  i s  t h e  f o l l o w i n g .  

The f i r s t  s t e p  

Theorem 6. For a l l  tE[O,m), 

(3 .10)  

w i t h  convergence u n i f o r m  on any f i n i t e  t i m e  i n t e r v a l .  
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Now, by (3 .1) ,  t h e  i n t e g r a l  

t o  zero as c -f 0, because X, 

P roo f .  The p r o o f  i s  a d i r e c t  a p p l i c a t i o n  o f  t h e  h e a t  ba lance  r e l a t i o n  

d e r i v e d  i n  [8]. Indeed, s u b t r a c t i n g  (2.4) f rom (3.11) we f i n d  

s bounded by  cpAT X c ( t )  and t h u s  i t  tends  

t )  i s  bounded independen t l y  o f  c by 

as shown i n  [ 8 ] .  

f o l l o w s .  

We now a s s e r t  t h a t  TC(x , t )  converges t o  Tqss (x , t )  as c -f 0. 

Then, by Theorem 3, QC(t) +. Qqss(t) and t h e  r e s u l t  

S p e c i f  i c a l  l y ,  

Theorem 7.  

a l l  t > 0 ,  o c x G X q s s ( t ) .  

As c +- 0 t h e  temperature TC(x, t )  converges t o  T q s s ( t )  f o r  
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Po prove t h i s  we make use o f  a s e r i e s  o f  lemmas. The f i r s t  

descr ibes  t h e  i m p l i c a t i o n  o f  a g loba l  heat  balance f o r  our m a t e r i a l .  

* 
Lemma 1. L e t  t > 0 be any f i x e d  va lue.  Then 

t* X c ( t )  
J i m  I I Txx (x , t )dxd t  C = 0 

c * o o  0 
(3 .12 )  

Proof. Since T i ( x , t )  i s  cont inuous on [O,Xc(t)]  for any t > 0, 

X c ( t )  
I T i x ( x , t ) d x  = T i ( X c ( t ) , t )  - T i ( 0 , t ) .  
0 

However TEx(x, t )  > 0 f o r  a l l  x,t w h i l e  T:(Xc(t),t) = -pHXc l ( t ) /K  

and T i ( 0 , t )  = -h(TL - TC(O,t)/K, whence we have 

* 
I n t e g r a t i n g  w i t h  respec t  t o  t over  [O,t ] y i e l d s  

0 6  I I T i x ( x , t ) d x  [ Q C ( t )  - pHX,(t)]/K. 
0 0  

But now as c +. 0 t h e  r i g h t  hand s i d e  tends t o  ( Q q S S ( t )  - pHXqss(t))/K = 0 

and our  a s s e r t i o n  i s  proved. 
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Xc (t 1 
C L e t  F C ( t )  = 1 T x x ( x , t )  dx. Then as we know F C ( t )  ;s 0 w h i l e  b y  

0 

L * 
F c ( t ' ) d x '  +. 0 as c +. 0, f o r  any t t h e  above lemma > 0 .  L e t  { c j )  be 

0 

any sequence o f  s p e c i f i c  hea ts  converg ing  t o  zero:  c + 0. Then j 

* 

* L .  

Hence F J ( t )  converges t o  ze ro  i n  t h e  mean on [ O , t  1. However ( [ 5 ] ,  

j Theorem 38.7) t h i s  i m p l i e s  t h a t  F (t) converges i n  measure t o  zero on 

t h i s  i n t e r v a l .  Hence by a theorem o f  R iesz  ( [ 6 ] ,  p. 98) t h e r e  i s  a 

C .  
subsequence {c j )  of {c  .I f o r  which F J ( t )  converges t o  zero a lmost  

J 
* 

everywhere on [O, t  3 .  We can summarize t h i s  i n  

Lemma 2. There e x i s t s  a subsequence IC .) o f  IC.) f o r  which 
J J 

* j 
C "j c 

0 
F J ( t )  = 1 T x x ( x y t ) d x  +. 0 a.e. on [ O , t  1. (3.13) 

Let t be any t i m e  f o r  which (3.13) ho lds,  and c o n s i d e r  t h e  
C C 

tempera ture  d i s t r i b u t i o n s  T J ( x , t ) .  As proved i n  [8], T j ( x , t )  i s  

m o n o t o n i c a l l y  dec reas ing  i n  x and i s  bounded between Tcr and TL; 

s i m i l a r l y  -Tx ( x , t )  i s  m o n o t o n i c a l l y  decreas ing  i n  x, and j 
C 
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C C 
de f i ne  t h e  f u n c t i o n s  T J ( x , t )  and -TxJ(x , t )  on [O,hAT/(pH)I by  s e t t i n g  

them equal  t o  Tcr and 0 r e s p e c t i v e l y ,  on [X,(t), hAT/pH]. 

d e r i v a t i v e s  Tx ( x , t )  a re  u n i f o r m l y  bounded, we may app ly  t h e  A r z c l a -  

A s c o l i  l e m a  t o  t h e  u n i f o r m l y  bounded and equ icon t inuous  family o f  

f u n c t i o n s  I T  J ( x , t ) l  f o r  x~[O,haT/(pH)] ,  and hence f i n d  a subsequence 

Since t h e  

j 
C 

C .  

"j I 

IC . ' I  o f  { c . )  f o r  which T ( x , t )  + Q ( x t ) ,  u n i f o r m l y  on [0, hAX/(pl-I)]. 

Fur thermore + ( x )  i s  monoton ica l  l y  decreas ing  and 
J J 

+ ( O )  = Tqss(O,t), (3 .14a)  

+ ( X q s s ( t ) )  = Tcr. (3.14b) 

C 
S i m i l a r l y  t he  cor respond ing  d e r i v a t i v e s  T:' ( x , t )  are u n i f o r m l y  

bounded and inc reas ing ,  whence, b y  H e l l y ' s  theorem [6 ]  a subsequence (c .1  

o f  { c . ' }  can be found f o r  which TxJ (x , t )  converges t o  a m o n o t o n i c a l l y  

i n c r e a s i n g  and bounded ( b y  hAT/K) l i m i t  Y ( x )  a lmost  everywhere on 

[IO, hAT/ pH] . 

* 
J * 

C 

J 

Lemma 3.  The l i m i t  Y ( x )  i s  a c o n s t a n t  on L O ,  Xqss ( t ) ] .  

* 
Proof .  For any c xs[O, hhT/(pH)] ,  t > 0 

j ' 

* * * 
C C x c  

T J ( x , t )  = T J ( 0 , t )  + T,J(x ' , t )dx '  
0 
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L e t t i n g  j -+ Q) and u s i n g  t h e  dominated converge theorem i m p l i e s .  

(3 .15)  

S i m i  l a r y ,  i n t e g r a t i n g  by p a r t s  imp1 i e s  

* * * * 
C .  C C .  x c  

T J ( x , t )  = T J ( 0 , t )  + xTx J ( x , t )  - I x ' T x i ( x , t ) d x  (3 .16)  
0 

However 

and by t h e  cho ice  o f  t ( f o r  which (3.13) h o l d s )  we know t h a t  t h e  r i g h t  
* 

hand s i d e  tends t o  zero  as c -+ 0. Hence t a k i n g  t h e  l i m i t  i n  (3 .16 )  as 
j 

* 
C .  * 

c + 0 f o r  t hose  p o i n t s  x f o r  which T x J ( x , t )  -+ Y(x)  we conc lude t h a t  f o r  

a lmost  a l l  x on [O,X ( t ) ] ,  we have 
j 

qss 

Thus f rom (3.15)  we conc lude t h a t  f o r  a lmost  a l l  x i n  (0,X ( t ) )  qs s 

X 
xY(x)  = I Y ( x ' ) d x ' .  

0 
(3.17) 
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which i n  t u r n  i m p l i e s  t h a t  Y(x) i s  con t inuous  and cons tan t  f o r  

xs[O,X ( t ) ] ,  i . e .  
qss 

Y(x)  M on [O,X ( t ) ] .  
qss 

B u t  t hen  f rom (3 .15 ) ,  

= Tqss(O,t) f Mx, 

and s i n c e  @ [ X  ( t ) )  = Tcr, we conclude t h a t  w s  

@(XI = Tqss(x , t ) ,  f o r  x~[0,X,,,(t)]. 

By t h e  a r b i t r a r i n e s s  of the  cho ice  o f  t h e  o r i g i n a l  sequence i c . )  we 
J 

conc lude t h a t  

l i m  T'(x,t) = Tqss (x , t ) ,  c + o  

* 
f o r  almost a l l  t i n  [ O , t  3 .  

Consider  now T c ( x , t )  as a f u n c t i o n  o f  t f o r  f i x e d  x, w i t h  
C - 1  t ir X 

t h e  family {Tc )  converges almost everywhere t o  t h e  cont inuous  

i n c r e a s i n g  f u n c t i o n  Tqss(x, t )  as c -P 0, we conclude t h a t  t h e  convergence 

occurs  f o r  every  t + 0. 

( x ) .  From [8], each TC(x , t )  i s  i n c r e a s i n g  i n  t, and s i n c e  

We have t h u s  proved Theorem 7 i n  i t s  e n t i r e t y .  
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4. A d d i t i o n a l  Remarks 

Remark 1. On t h e  behav io r  o f  t h e  s o l u t i o n  t o  Problem I 1  as c + 0. The 

convergence o f  t h e  s o l u t i o n  t o  t h e  q u a s i - s t a t i o n a r y  s o l u t i o n  as c + 0 

can be e a s i l y  seen f o r  Problem 11. Here t h e  s t ream tempera ture  T L  i s  

- -  

imposed d i r e c t l y  a t  x = 0, and t h e  s o l u t i o n  i s  g i v e n  by (1 .11  a-c ) .  

Indeed, f rom ( 1 . l l a )  

Y ( t )  = 2 x f l m - j .  

But f rom ( l . l l c ) ,  

whence 

Y(t) = 2 { K t A T / [ ~ H f i ] l ~ ’ ~  IA/ [exp(  A2)erfA])1/2. 

However as c +. 0 we have X + 0 and 

Xexp( -X2) /e r fX  -f G/2 

whence 

Y ( t )  + { Z K ~ A T / [ P H ] ) ~ / ~  = Y q s s ( t )  
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S i m i l a r l y ,  f o r  any x, t, t h e  exp ress ion  ( l . l l b )  f o r  t h e  tempera ture  

depends on 

e r  f ( x / 2Se;;iJ ) / e r f  A = e r  f ( x-] / 2J73T l )  /er f x 

= e r f (  (x/2TK6-7]) er f (x [HpJ3 X e x p ( X 2 ) e r f X ] l / 2 ,  

which, as X + 0, tends t o  

x [ P H / [ Z K ~ A T ] ] ~ / ~  = x / Y q s s ( t )  

Hence 

and we have proved t h a t  as c +. 0 t h e  s o l u t i o n  t o  Problem I 1  converges t o  

i t s  quasi  - s t a t i o n a r y  approx imat ion.  

Remark 2. -- A C r i t e r i o n  For  Assess ing t h e  E r r o r  In Using The Quas i -  

- S t a t i o n a r y  Approx imat ion.  We have seen [8]  t h a t  a t  any t i m e  t > 0, Y ( t )  

o f  ( l . l l a )  i s  g r e a t e r  t han  t h e  i n t e r f a c e  l o c a t i o n  X ( t )  f o r  any f i n i t e  h 

Y ( t )  > X ( t ) .  (4 .1 )  
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I t  i s  natural  fo r  us t o  expect t h a t  th i s  condition hold when X ( t )  i s  

replaced by the quasi-stationary f ront  location X ( t ) ;  f o r  i f  t h i s  
qss 

were not so, X 

accurate than Y ( t ) ,  and physically impossible t o  a t t a in .  

The time needed fo r  the quasi-stationary f ront  t o  reach a point x 

( t )  would predict  a f ront  location which i s  less qs5 

i s  tqss = (pH/(KhT)){(x2/2) + ( K x / h ) ) .  

Similarly Y ( t )  gives us t h e  time toD = x 2 / ( 4 d 2 )  t h a t  would be 

needed by the f r o n t  t o  reach x f o r  i n f i n i t e  h .  

t ha t  tm < tqss or ,  a f t e r  some manipulation, 

Clearly ( 4 . 1 )  requires 

(tqss/t") = ( 2 W S t ) [ l  + ZK/(hx)-J > 1. 

Let  us examine i f  this can be expected t o  hold. 

By ( l . l l c ) ,  

St/G = A exp(x2)erfx 

However 

h 
exp(A2)erfA = (2/&) e x p ( h 2  - s2)  ds > 2A/J;; 

0 

(4.2) 

whence 

2A2/St  < 1. 



24 

T h u s  ( 4 . 2 )  will n o t  hold unless the Biot number 

Bi = hx/K 

* 
i s  su f f i c i en t ly  small. Indeed, we must have Bi < B i  with 

Bi* = 2/{[St/(2A2)] - 1). 

* 
I n  Table 4 we see the valiues of Bi over a range of values of S t .  

* If  B i  2 B i  then the quasi-stationary approximation will yield r e su l t s  

t h a t  are 

a )  Physically impossible 

and 

b )  Less accurate t h a n  Xm. 

As an example o f  t h i s  resu l t  consider the following, 

Example 3. - 

o f  a heat t ransfer  f l u id  across the face a t  x = 0. We assume the 

ambient temperature of  the f lu id  i s  TL = 100°C while the heat t ransfer  

A slab o f  N-Octadecane paraffin wax i s  melted via the flow 

coeff ic ient  i s  h = .02 KJ/rn2-s-"C. 

T,, = 28°C. 

I n i t i a l l y  the wax i s  so l id  a t  

From the d a t a  of Table 1 we f ind t h a t  S t  = .64 whence Bi* a 10. 

This implies that i f  x > . 0 7 h  = 10K/h ,  the  quasi-stationary 

approximation will be qua l i ta t ive ly  i n  e r ror  and exceed Y(t). 

indeed occurs has been seen in Table 2 o f  Section 2 for  t h i s  process. 

T h a t  t h i s  
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TABLE 4 
B i *  For Given S t  

S t  
.1 
.2 
. 3  
.4 
.5 
.6 
.7 
.8 
.9 

1.0 
1.2 
1.4 
1.6 
1.8 
2.0 
2.5 
3.0 
3.5 
4.0 
4.5 
5.0 

10.0 

A 

220 
.306 
,370 
.420 
.465 
.502 
.535 
.567 
.595 
.620 
.665 
.705 
.740 
. 7 7 1  
.800 
.862 
.915 
-957 
.995 

1.030 
1.060 
1.257 

2 A21 S t  
.9680 
.9 364 
.9127 
.8820 
,8649 
.8400 
,8178 
.8037 
.7867 
.7688 
.7370 
.7100 
.6845 
.6605 
,6400 
.5944 
.5582 
.5233 
.4950 
.4715 
.4494 
.3160 

B i  * 
60.50 
29.45 
20.91 
14-95 
12.80 
10.50 
8.98 
8.19 
7.38 
6.65 
5.60 
4.90 
4.34 
3.89 
3.56 
2.93 
2.53 
2.20 
1.96 
1.78 
1 .ti3 

.92 
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Remark 3. An Example Wi th  Vary ing  T L ( t ) .  1.t i s  o f  g r e a t  i n t e r e s t  t o  - 
s t u d y  t h e  e f f e c t  o f  v a r i a b i l i t y  o f  TL i n  t i m e  on t h e  s o l u t i o n  o f  

Problem I .  To i l l u s t r a t e  t h e  broad u t i l i t y  o f  t h e  q u a s i - s t a t i o n a r y  

approx imat ion  we w i l l  app ly  i t  t o  such a process.  

Example 4. 

f u n c t i o n  

Consider t h e  process o f  Example 3 w i t h  TL now g i ven  as t h e  

T L ( t )  = 100 - (50/7200)t. 

The ambient f l u i d  tempera ture  i s  i n i t i a l l y  1 O O " C ,  b u t  ove r  a p e r i o d  of  

7200 seconds d e c l i n e s  l i n e a r l y  t o  50°C. 

I f  we app ly  t h e  q u a s i - s t a t i o n a r y  techn ique  t o  t h i s  problem we 

o b t a i n  

xqss ( t )  = ( K / H ) { ( l  + (2h2tAl / [KpH] [1 - (25t/[7200AT]1)"2 - l} 

TqSS(O,t) = Tcr I- hX ( t ) [ T L ( t )  - Tcr ] / (K  + hX qss qss ( t ) )  

where A T  = 100 - 28 = 72°C. 

those ob ta ined  v i a  a computer s i m u l a t i o n  [12] over  a 7200 second t i m e  

i n t e r v a l  i s  summarized i n  Table 5. We n o t e  t h a t  t h e r e  i s  good 

agreement over  t h e  e n t i r e  pe r iod .  

Tqss(O,t)  peaks a t  r o u g h l y  t h e  same t i m e  as t h e  computed s u r f a c e  

tempera ture ,  

A comparison o f  these approx imat ions  w i t h  

Most appea l ing  i s  t h e  f a c t  t h a t  



27 

TABLE 5 

COMPARISON OF QUASI-STATIONARY AND COMPUTED PREDICTIONS FOR VARYING 

t (4  
0 
6 00 

1200 
1800 
2400 
3000 
3600 
4200 
4800 
5400 
6000 
6600 
7 200 

T$) ("C) 

100 
95.83 
91.67 
87.50 
83.33 
79.17 
75 .OO 
70.83 
66.67 
62.50 
58.33 
54.17 

50 

Corn pu t ed 

x ( t )  
0 

.00320 

.00543 

.00725 

.00887 

.01006 

.01121 

.01222 

.01312 

.01387 

.01462 

.01519 

.01570 

T (O,t) 
28.00 
48.49 
54.62 
56.17 
56.88 
57.30 
55.76 
54.87 
52.70 
51.15 
48.83 
46.32 
44.11 

Q u a s i - s t a t i o n a r y  

xqss ( t )  
0 

-00345 
.00591 
,00785 
.00947 
. 0 1084 
.01202 
.01304 
.01393 
.01469 
.01534 
.01590 
.Ol636 

Tqss ( 0 , t )  
28 e 00 
49.37 
56.06 
58.43 
58.88 
58.24 
56.94 
55.19 
53.14 
50.84 
48.37 
45.78 
43 -08 



28 

REFERENCES 

1. H. Carslaw and J. Jaeger, Conduct ion o f  Meat i n  So l i ds ,  2nd 
e d i t i o n ,  Oxford  U n i v e r s i t y  Press, London, 1959. 

2. A. Fasano and M. Pr imecer io ,  General f ree-boundary  problems f o r  t h e  
hea t  equat ion,  11. Journa l  o f  Mathemat ica l  A n a l y s i s  and 
A p p l i c a t i o n s  -- 58 (1977), 202-231. 

3. D. Hale, M. Hoover and J. O ' N e i l l ,  Phase Change M a t e r i a l s  Handbook, 
Lockheed M i s s i l e s  and Space Company, H u n t s v i l l e ,  A1 abama, Repor t  
No. HREC-5183-2, September, 1971. 

4. W. McAdams, Heat Transmission, 3 rd  e d i t i o n ,  
Company, New York, 1954. 

5.  M. Munroe, Measure and I n t e r g r a t i o n ,  2nd Ed 
P u b l i s h i n g  Company, Reading, Massachusetts, 

McGr aw-Hi 

t i o n ,  Add 
1968. 

1 Book 

son-Mesley 

6. I. Natanson, Theory o f  Func t ions  o f  a Real Va r iab le ,  Volume I ,  
F r e d e r i c k  Ungar P u b l i s h i n g  Company, New York, 1961. 

7.  1-1. Royden, Real Ana lys i s ,  M a c m i l l i a n  Company, New York, 1963. 

8. A. Solomon, V.  A lex iades  and D. Wilson, The Ste fan  problem w i t h  a 
convec t i ve  boundary c o n d i t i o n ,  submi t ted  f o r  p u b l i c a t i o n .  

9. A.  Solomon, Mathemat ica l  mode l ing  o f  phase change processes f o r  
1 a t e n t  hea t  thermal  energy s torage,  Union Carb ide Corpora t ion ,  
Nuclear  D i v i s i o n ,  Report  No. CSD-39, 1979. 

10. A.  Solomon, On s u r f a c e  e f f e c t s  i n  heat  t r a n s f e r  c a l c u l a t i o n s ,  
Computers and Chemical Eng ineer ing  - 5 (1981) 

method f o r  s o l v i n g  p a r a b o l i c  f r e e  boundary problems, pp. 187-202 i n  
t h e  Symposium' and Workshop on Moving Boundary Problems, ed. D. G. 
Wi lson, A .  Solomon and P. Boggs, Academic. Press, New York, 1978. 

1-5.  

11, A.  Solomon, The a p p l i c a b i l i t y  and e x t e n d a b i l i t y  o f  M e g e r l i n ' s  

12. A. Solomon and C .  Serb in,  TES-A program f o r  s i m u l a t i n g  phase change 
processes, Union Carb ide Corpora t ion ,  Nuc lear  D i v i s i o n ,  Repor t  No. 
ORNLICSD-51, 1979. 



29 

ORNL/CSD-84 
D i s t r i b u t i o n  Category UC-32 

1. 
2. 
3. 

4. 
5-7. 

8. 
9. 

10. 
11. 
12. 

INTERNAL DISTRIBUTION 

Cen t ra l  Research L i b r a r y  
Paten t  O f f i c e  
Y-12 Techn ica l  L i b r a r y  
Document Reference S e c t i o n  

L a b o r a t o r y  Records Department - 
L a b o r a t o r y  Records Department 
J .  Barhen 
K. 0. Bowman 
H. P. Carter/CSD X-10 L i b r a r y  
D. A. Gard iner  
G. E. G i l e s  

13. K. E .  G ipson l  

14. L. J .  Gray 
15. T. L. Hebble 

17.  V. E .  Kane 
18-22. A .  D. Solomon 

23. R. C .  Ward 
24-28. D. G. Wi lson 

29. A. Zucker 

B i o m e t r i c s  L i b r a r y  

R C  16. G. R. Jasny 

EXTERNAL DISTRIBUTION 

30- Pro fesso r  V a s i l i o s  A lex iades ,  Mathematics Department, U n i v e r s i t y  
34. o f  Tennessee, K n o x v i l l e ,  Tennessee 37916 

35. Gunnar Aronsson, Uppsala U n i v e r s i t y ,  Department o f  Mathematics, 
Thunbergsvagen 3, S-75238 Uppsal a, SWEDEN 

36. D r .  Donald M. Aus t in ,  ER-15, D i v i s i o n  o f  Eng ineer ing ,  
Mathemat ica l  & Geosciences, O f f i c e  o f  Bas ic  Energy Sciences, 
Germantown B u i l d i n g ,  Room 5-311, DOE, Washington, D.C. 20545 

37. D r .  M i r i am Bareket ,  Department o f  Mathematics, Te l  A v i v  
U n i v e r s i t y ,  Te l  Av iv ,  ISRAEL 

38. P ro fesso r  Shlomo Breuer, Department o f  Mathematics, Te l  A v i v  
U n i v e r s i t y ,  Ramat Av iv ,  Te l  Av iv ,  ISRAEL 

39. John C .  Bruch, U n i v e r s i t y  o f  C a l i f o r n i a ,  Department o f  Mechanical 
and Envi ronmenta l  Eng ineer ing ,  Santa Barbara, C a l i f o r n i a  93106 

40. D r .  T. D. B u t l e r ,  T-3, Hydrodynamics, Los Alamos N a t i o n a l  
Labora to ry ,  P. 0. Box 1663, Los Alamos, New Mexico 87545 

41. D r .  B i l l  L. Buzbee, C-3, A p p l i c a t i o n s  Support & Research, Los 
Alamos N a t i o n a l  Labora tory ,  P. 0. Box 1663, Los Alamos, New Mexico 
a7545 



30 

42. 

43"  

44. 

45. 

46. 

47. 

48. 

49. 

50. 

51.  

52. 

L u i s  A. C a f f a r f i l l i ,  Courant I n s t i t u t e ,  New York U n i v e r s i t y ,  251 
Mercer S t r e e t ,  New York, New York 10012 

Pro fesso r  John R. Cannon, Department o f  Mathematics, '[he 
U n i v e r s i t y  o f  Texas, Aus t in ,  Texas 78712 

D r .  L.  Lynn Cle land,  Eng ineer ing  Research D i v i s i o n ,  Lawrence 
l - ivermore N a t i o n a l  Labora tory ,  P. 0. Box 808, Livermore, 
C a l i f o r n i a  94550 

D r .  James S.  Coleman, D i v i s i o n  o f  Eng ineer ing ,  Mathemat ica l  and 
Geo-Sciences, O f f i c e  o f  Bas ic  Energy Sciences, Department o f  
Energy, ER-17, MC 6-256, Germantown, Washington, DC 20545 

Lo tha r  C o l l a t z ,  U n i v e r s i t a t  Hamburg, I n s t i t i i t  Fur Angewandte 
Mathematik,  Hundesstrasse 55, 2000 Hamburg 13, GERMANY 

D r .  James Corones, Ames Labora tory ,  Iowa S t a t e  U n i v e r s i t y ,  Ames, 
Iowa 50011 

Pro fesso r  John Crank, School o f  Mathemat ica l  Studies,  Brune l  
U n i v e r s i t y ,  K ings tone Lane, IJxbridge, UB8 3PH, Middlesex, ENGLAND 

Pro fesso r  A l f r e d 0  Berrnudez De Castro,  Un ive rs idad  de Sant iago, 
Department De Eci iaciones Fnc iona les ,  Facu l tad  de Mathematics, 
Sant iago De Compostel a, S P A I N  

Ral pti Deal, Department o f  Chemistry,  Ka l  amazoo C o l l  ege, Ka l  amazoo, 
Mich igan 49001 

Emmanuele D i  Benedetto,  Mathematics Research Center, 610 Walnut 
S t r e e t ,  Madison, Wisconsin 53706 

D r .  Marv in  D. Er ickson,  Computer Technology, Systems Department, 
P a c i f i c  Nor thwest  Labora tory ,  P. 0. Box 999, Rich1 and, Washington 
99352 

53. P ro fesso r  Anton io  Fasano, I s t i t u t o  Mdtemat ico U. D i n i ,  V. Le 
Morgagni 67/A, 50134 F i  renze, ITALY 

54. Professor  Avner Friedman, Department o f  Mathematics, Nor thwestern 
U n i v e r s i t y ,  Evanston, I l l i n o i s  60201 

55.  D r .  D. Gobin, Centre Na t iona l  De La Recherche S c i e n t i f i q u e ,  Groupe 
de Recherches Thermiques, assoc ie  a, L ' E c o l e  C e n t r a l e  Des A r t s  I I  
Manufactures,  Grande Voie des Vignes, 92290 Chatenay-Mal ab ry  
FRANC E 

56. Pro.fessor Max Go lds te in ,  Courant I n s t i t u t e  o f  Mathemat ica l  
Sciences, New York U n i v e r s i t y ,  251 Mercer S t r e e t ,  New York, New 
York 10012 



31 

57. E r i k  B. Hansen, The Techn ica l  U n i v e r s i t y  o f  Denmark, Lab. o f  
A p p l i e d  Math. Phys ics,  B u i l d i n g  303, DK-2800, Lyngby, DENMARK 

58. D r .  Rober t  E .  Huddleston, A p p l i e d  Mathematics D i v i s i o n ,  8332, 
Sandi a Labor a t o r  i es , L i vermore, Cal i f o r n i  a 94550 

59. P r o f e s s o r  A1 I n s e l b e r g ,  Department o f  Mathematics, Ben Gur ion  
U n i v e r s i t y ,  Beersheva, ISRAEL 

60. P r o f e s s o r  Eugene Isaacson, New York U n i v e r s i t y ,  Courant I n s t i t u t e  
o f  Mathemat ica l  Sciences, 251 Mercer S t r e e t ,  New York, New York 
10012 

61. P r o f e s s o r  Shoshana Kamin, Department o f  Mathematics, Te l  A v i v  
U n i v e r s i t y ,  T e l  Av iv ,  ISRAEL 

62. Hideo Kawarada, The U n i v e r s i t y  o f  Tokyo, Department o f  A p p l i e d  
Phys ics,  F a c u l t y  o f  Engineer ing,  Hunkyo-Ku, Tokyo 113, JAPAN 

63. D r .  Rober t  J. Kee, A p p l i e d  Mathematics D i v i s i o n ,  8331, Sandia 
L a b o r a t o r i e s ,  L ivermore,  C a l i f o r n i a  94550 

64. P r o f e s s o r  P e t e r  D. Lax, D i r e c t o r ,  Courant I n s t i t u t e  o f  Mathematical  
Sciences, New York U n i v e r s i t y ,  251 Mercer S t r e e t ,  New York, New 
York 10012 

65. P r o f e s s o r  Car los  Lozano, U n i v e r s i t y  o f  Delaware, Department o f  
Mathematics, Newark, Del  aware 19711 

66. E n r i c o  Magenes, I s t i t u t o  D i  A n a l i s i  Numerica, Palazzo U n i v e r s i t a ,  
Corso C a r l o  A l b e r t o ,  5, 27100 Pavia,  ITALY 

67. Ms. J u d i t h  A.  Mahaffey, S t a t i s t i c s ,  Systems Department, P a c i f i c  
Nor thwest  Labora to ry ,  P. 0. Box 999, R ich land ,  Washington 99352 

68. Joseph A. McGeough, Department o f  Engineer ing,  U n i v e r s i t y  o f  
Aberdeen, M a r i s c h a l  Col lege,  Aberdeen, AB9 l A S ,  UNITED KINGDOM 

69. D r .  Paul  C.  Messina, A p p l i e d  Mathematics D i v i s i o n ,  Argonne N a t i o n a l  
Labora to ry ,  Argonne, I l l i n o i s  60439 

70. D r .  George M ichae l ,  Computation Department, Lawrence L i ve rmore  
N a t i o n a l  Labora to ry ,  P .  0. Box 808, L ivermore,  C a l i f o r n i a  94550 

71. P r o f e s s o r  W i l l a r d  M i ranke r ,  I B M  Research Center,  P .  0. Box 218, 
Yor-ktown Heights ,  New York 10598 

72.  J a c q u e l i n e  Mossino, Lab. D 'Analyse Numerique CNRS, U n i v e r s i t e  De 
Par is-Sud, Batirnent 425, 91405 Orsay, FRANCE 



32  

73. 

74. 

75. 

76. 

77. 

78. 

79. 

80. 

81. 

82 

83. 

84. 

85. 

85 - 

87 

88. 

Arun S.  Mujumdar, Department o f  Chemical Engineer ing,  M c G i l l  
U n i v e r s i t y ,  3480 U n i v e r s i t y  S t r e e t ,  Mont rea l ,  Quebec H3A 2A7, 
CANADA 

P ro fesso r  Benny Neta, Department o f  Mathematics, Texas Tech 
U n i v e r s i t y ,  Box 4319, Lubbock, Texas 79409 

D r .  B a s i l  N i cho ls ,  T-7, Mathemat ica l  Model ing and Ana lys is ,  Los 
Alamos N a t i o n a l  Labora tory ,  P. 0. Box 1663, Los Alamos, New Mexico 
87545 

Aharon N i r ,  Geoscience Group, I so tope  Departnient, Weizmann 
I n s t i t u t e  o f  Science, Rehovot, ISRAEL 

Pro fessor  L o u i s  Ni renberg,  New York U n i v e r s i t y ,  Courant I n s t i t u t e  
o f  Mathemat ica l  Sciences, 251 Mercer S t r e e t ,  New York, New York 
10012 

Ben Noble, Math. Research Center,  l l n i v e r s i t y  o f  Wisconsin - 
Madison, 610 Walnut S t r e e t ,  Madison, Wisconsin 53786 

R .  S.  Peckover, Culham Labora tory ,  Ukaea Research Group, Abingdon 
O x f o r d s h i r e  OX14 3DB, UNITED KINGDOM 

D r .  Ronald P e i e r l s ,  App l i ed  Mathematics Department, Brookhaven 
N a t i o n a l  Labora tory ,  Upton, New York 11973 

D r .  Car l  Quong, Compi.cter Science and App l i ed  Mathematics 
Department, Lawrence Berke ley  Labora tory ,  Berke ley,  C a l i f o r n i a  
947 20 

D r .  R .  Ribando, Department o f  Mechanical  and Aerospace Eng ineer ing ,  
U n i v e r s i t y  o f  V i r g i n i a ,  C h a r l o t t e s v i l l e ,  V i r g i n i a  22901 

Pro fesso r  Amos Richmond, Deser t  Research I n s t i t u t e ,  U n i v e r s i t y  o f  
t h e  Negev, Sde Boker, ISRAEL 

Jose-Francisco Rodrigues, C.M.A.F., 2. Av. P r o f .  Gama P in to ,  1699 
L i  sboa Codex, PORTIJGAL 

D r .  M i l t o n  E .  Rose, D i r e c t o r ,  ICASE,  M a i l  Stop 132C, NASA Lang ley  
Research Center,  tiampton, V i r g i n i a  23665 

Pro fesso r  Aharon Roy, Department o f  Chemical Engineer ing,  
U n i v e r s i t y  o f  t h e  Negev, Beersheva, ISRAEL 

Pro fesso r  Lev Rub ins te in ,  School o f  App l i ed  Science and Technology, 
The Hebrew U n i v e r s i t y  o f  Jerusalem, Jerusalem, ISRAEL 

Pro fesso r  C h r i s t i a n  Saguez, I N R I A ,  Domaine de Volucean, B .  105, 
78150 Le Chesnay, FRANCE 



33 

89. D r .  Lawrence F .  Shampine, Numer ica l  Mathematics D i v i s i o n ,  5642, 
Sandia Labora to r ies ,  P. 0. Box 5800, Albuquerque, New Mexico 87115 

90. M r .  Zeev Shav i t ,  P. 0. Box 1, K y r i a t h  Haim, ISRAEL 

91. P ro fesso r  Bernard Sherman, Department o f  Mathematics, New Mexico 
Tech, Socorro, New Mexico 87801 

92. R. S iege l ,  Head, A n a l y t i c a l  F l u i d  Mechanics Sec t ion ,  NASA, Lewis 
Research Center, Cleveland,  Ohio 44135 

93. Dan Soculescu, I n s t i t u t  Fur  Angewandte Mathematik, Eng le rs t rasse  2- 
Pos t fach  6380, 7500 K a r l s r u h e  1, GERMANY 

94. P ro fesso r  E. M. Sparrow, Department o f  Mechanical Engineer ing,  
U n i v e r s i t y  o f  Minnesota, 125 Flechanical Engineer ing,  111 Church 
S t r e e t ,  S.E., M inneapo l is ,  Minnesota 55455 

95. P ro fesso r  Jacob Ste inberg ,  Department o f  Mathematics, Technion, 
I s r a e l  I n s t i t u t e  o f  Technology, Ha i fa ,  ISRAEL 

96. P ro fesso r  Raymond Viskanta,  School o f  Mechanical Eng ineer ing ,  
Purdue U n i v e r s i t y ,  Mechanical Eng ineer ing  B u i l d i n g ,  West 
L a f a y e t t e ,  I n d i a n a  47097 

97. D r .  E i t a n  Wacholder, 1 S te fan  Wise S t r e e t ,  H a i f a  35439, I S R A E L  

98. D r .  Ray A. Wal le r ,  S-1, S t a t i s t i c s ,  Los Alamos N a t i o n a l  
Labora tory ,  P. 0 .  Box 1663, Los Alamos, New Mexico 87545 

99. D r .  Z v i  Weinberger, Solmat Systems Ltd. ,  P. 0. Box 3660, 
Jerusalem 91035, ISRAEL 

100. D r .  Gideon Zwas, Department o f  Mathematics, Te l  Av iv  U n i v e r s i t y ,  
Te l  Aviv, ISRAEL 

101. O f f i c e  o f  A s s i s t a n t  Manager f o r  Energy Research and Development, 
Department o f  Energy, Oak Ridge Opera t ions  O f f i c e ,  Oak Ridge, 
Tennessee 37830 

102- Given D i s t r i b u t i o n  as shown i n  TIC-4500 under Mathematics and 
281. Computers Category 


