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ABSTRACT 

Y E H ,  G .  T., and 0. S. WARD. 1981. FEMWASTE: A f i n i t e -  
element model of waste transport  t h r o u g h  saturated- 
unsaturated porous media. ORML-5601. Oak Ridge 
National Laboratory, Oak Ridge, Tennessee. 148 p p .  

A two-dimensional t ransient  model for the t ranspor t  o f  dissolved 

consti tuents t h r o u g h  porous media or iginal ly  developed a t  

National Laboratory ( O R N L )  has been expanded and modified 

mechanisms include: convection, hydrodynamic dispersion, 

sorpti  on, and f i rst-order decay. Implementation of quadr  

Oak Ridge 

Trans port 

chemical 

1 a teral  

iso-parametric f in  I .,a elements, bi l inear  spat ia l  interpolation, 

asymnetric weighting functions,  several time-marching techniques, a n d  

Gaussian slimination are employed i n  the numerical formulation. A 

comparative example i s  included t o  demonstrate the difference between 

the new and original models. Results from 12 a l te rna t ive  numerical 

schemes o f  the new model are compared. The waste transport  model is  

compatible w i t h  the water flow model developed a t  O R N L  For predicting 

convective Darcy veloci t ies  in porous media which may be pa r t i a l ly  

s a t  ur ated . 
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I .  IN TROD UCTI ON 

The transport of a dissolved consti tuent by g round  water t h r o u g h  

sorbing porous media is controlled by c a r r i e r  f l u i d  advection, 

hydrodynamic dispersion, molecular diffusion, chemical reactions, and 

sorption on the  media and decay. Mathematical equations t o  describe 

these phenomena have been formulated for  various physical and chemical 

properties by many investigators.  Reeves and Duguid (1975) and Duguid 

and Reeves (1976) have provided f u l l  background information concerning 

transport  equation development and Galerkin finite-element techniques. 

Emphasis here wi l l  be placed upon modification and expansion t o  the i r  

or i g i nal work. 

Hotivation for  this- work was three-fold. F i r s t ,  we believed t h a t  

modification to the original material transport code (Duguid and Reeves 

1976) was necessary for the def ini t ion of solute sorption processes by 

incorporating a riisture-dependent retardation factor .  Second, the 

computation o f  waste f l u x  requires the application of the 

finite-element method in such a way t h a t  mass balance over the whole 

region can be preserved. 

element are computed were needed t o  achieve t h i s  objective. Third,  in 

attempts t o  increase model appl i c a b i  1 i t y  and improve overall accuracy, 

several numerical solution schemes were incorporated. Employing 

asymnetric weighting func, ?oris in the spa t ia l  discret izat ion (Euyakorn 

and Nilkuku 1979, Heinrich e t  a l .  1977), the new program overcomes the 

problem o f  numerical osc i l la t ion  associated with advectively dominated 

flow. This  i s  an essential  aspect i n  the application of the model t o  

Changes in the way properties for  a given 
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field situations i n  which the sca le  length o f  dispersivities i s  small 

relative to the spa t i a l  discretization (Ergatoudis et a l .  1968, 

F i n 1 ay so n 19 7 2, Z i en k i ew i c z 19 7 7 ) . 
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I1 MATHEMATICAL STATEMENTS 

Except f o r  m o d i f i c a t i o n s  and expansions (Sec t i ons  2, 4, 6 ,  11, 12, 

13, and p a r t  o f  Sec t ion  5 ) ,  t h e  o r i g i n a l  work (Duguid and Reeves 1976) 

i s  f o l l o w e d  ve ry  c l o s e l y  i n  t h e  f o l l o w i n g  statements o f  t h e  problem. 

However, i n  the  d e r i v a t i o n  of f i n i t e - e l e m e n t  approximation, m a t r i x  

component r e p r e s e n t a t i o n  i s  used r a t h e r  than t h e  m a t r i x  i n  i t s  

e n t i r e t y .  Th i s  component r e p r e s e n t a t i o n  i s  b e l i e v e d  t o  be more r e a d i l y  

understood. 

1. Governing Equations and I n i t i a l  and Boundary Cond i t i ons  

The governing equat ions t o  d e s c r i b e  t h e  d i s t r i b u t i o n  o f  a 

p o l l u t a n t  c o n s t i t u e n t  i n  a two-dimensional  subsurface porous systmn i s  

ob ta ined from the l a w  of mass ba lance.  Th is  can be written i n  the f o r m  

(Duguid dnd Reeves 1976): 

where 8 i s  t h e  mois tu re  conten t ;  c i s  t h e  c o n c e n t r a t i o n  Q? d i s s o l v e d  

c o n s t i t u e n t  i n  the water; p i s  t h e  b u l k  d e n s i t y  o f  t h e  s o l i d ;  s i s  the 

concen t ra t i on  o f  t h e  c o n s t i t u t e n t  t h a t  i s  adsorbed on t h e  s o l i d ;  a' i s  

the m o d i f i e d  c o e f f i c i e n t  of c o m p r e s s i b i l i t y  o f  t he  medium; h i s  

pressure head o f  t h e  water; D x , ,  Dx,, Dzx, and DZz are t h e  

d i s p e r s i o n  c o e f f i c i e n t  t e n s o r  Components; V, and V z  are t h e  Darc ian  

v e l o c i t y  components i n  t h e  x -  and z - d i r e c t i o n s ,  r e s p e c t i v e l y ;  h i s  t he  
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decay constant; M i s  the a r t i f i c i a l  source; x and z are the horizontal 

and vertical  coordinates, respectively; t is the time; and L is  an 

opera tor. 

Equation (1) expresses the mass balance in an i n i t i a l l y  small b u l k  

volume. The f i r s t  term represents the rate  o f  change o f  t o t a l  mass 

(including dissolved and adsorbed) i n  the element volume. The second 

term i s  t h e  mass change due t o  t h e  change of  the bulk volume under 

pressure. 

i n t o  the volume by advection and dispersion, respectively. The ifth 

The t h i r d  and f o u r t h  terms represent the mass fluxes o u t  and 

term i s  the mass change due t o  decay while the fas t  term i s  the 

a r t i f i c i a l  input or withdrawal. 

E q .  (1) can be obtained from the hydrodynamics of subsurface flow 

system (Reeves and Duguid 197’5, Yeh and Ward 1980). 

coefficient tensor may be related t o  flow f i e l d  and media  properties as 

(Bear 1972)  : 

Variables, 9 ,  h,  V x ,  and V - ,  in 
L 

The dispersion 

2 
e Dxx = a?yV -+ (aL .I q ) V x  / V  t Dm T , 

e aXz = e D z x  = (aL - aT)V,v,/v ¶ 

and 
2 

0 D,, = aTV 4 (aL  .” aT)Vz / V  -+ a, ?’ , 

where V = J 2  V x  + V z  ; aT and aL are the transverse and 

longitudinal d i spers iv i t ies ,  respectively; T i s  the tor tuosi ty;  and 

Dm i s  the molecular diffusion coeff ic ient .  

a property of  the consti tuent and p and c1 ’ are the properties of the 

porous media under consideration. The independent variables include: 

The decay constant, A ,  i s  

x ,  z, and t. Thus, there are two dependent unknowns, c and s, i n  
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Eq. (1) t o  be determined. 

completely define the system. 

consti tuent by the so l id  i s  to occur a t  a rap id  rate { i . e . ,  a f a s t  

exchange reaction) such t h a t  the dissolved materia? is i n  equilibrium 

w i t h  the material adsorbed by the solid.  

l inear  equation: 

An additional equat ion i s  required t o  

I t  is assumed t h a t  the  adsorption of the 

This is expressed by the 

S = KdC , 

where Kd i s  the dis t r ibut ion coeff ic ient .  

E q .  ( I ) ,  one obtains: 

S u b s t i t u t i n g  Eq. ( 3 )  i n t o  

where 

is the retardation factor,  which i s  a measure o f  the delay of the 

breakthrough o f  the dissolved consti tuent.  

The i n i t i a l  condition of Eq. ( 4 )  i s  assumed t o  be known as: 

c = co(x,z) a t  t = 0 and ( x , z )  i n  R , (6 1 

where co is a given funct ion o f  spa t ia l  coordinates, x and z ;  R i s  a 

region bounded by the  curve, B(x,z) = 0, a5 shown in F ig .  1. T h i s  co 

may a l s o  be obtained by simulating the steady version o f  Eq. (4)  wa'th 
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a =  8 ,  u 8, u f3311B, 1. X -- 

F i g .  1. S p a t i a l  boundaries o f  f l o w  region,  R .  
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steady boundary conditions and ground-water f l o w  f i e ld .  

boundary conditions may ’ - 2  specified depending on the physical 

constraint .  The f i rs t  one i s  the Dirichlet  boundaries on which the 

concentration prescribed: 

Three types of 

c = c l ( x , z , t )  on 81 , 

where B1 i s  a p o r t i o n  of 8, and c1 is a given function o f  time and 

( .  z)  on B1. 

normal gradient of the concentration i s  preswibed- 

The second one i s  the  Neumann boundaries on which the 

where nx  and nZ are the directional cosines of the outward u n i t  

vector normal to the R 2  p o r t i o n  o f  the curve 8; q , ( x , z , t )  -is the  

given function of  time, t ,  and (x,z)  on 5?. 

Eq. (8) i s  zero when i t  i s  applied t o  impervious boundaries on which 

b o t h  q 2 ( x , z , t t )  and the normal velocity,  ( V x n x  + Vznz) ,  are 

equal t o  zero. If i t  i s  applied t o  the f low- th rough  boundaries w i t h  

outflows from the region, i t  becomes a concentration-dependent boundary 

condition and q 2 ( x , z 3 t )  i s  normally se t  t o  zero. 

to  the flow-through boundaries w i t h  inflows i n t o  the region, i t  

L 

The right-hand s i d e  o f  

hlhen i t  i s  applied 

degenerates into a t h i r d  type (Cauchy) boundary condition: 
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where q3 is a given function o f  time and points (x,z) on B3 portion 

o f  6. 

B I  consi t i tute  t he  whole barndary B ( x , z )  = 8 as shown i n  F i g .  1. 

The boundaries, B1, B2, B3, -,-Id the imp vious boundary 

2. Distribution Coefficient and Retardation Factor 

The transport  mechanisms included i n  th is  report are chemical 

sorption, f i rs t -order  decay, advection (convection), and hydrodynamic 

dispersion. 

accomplished through chemical sorption and the f i r s t -o rde r  decay. The 

advection is only to move the waste t o  where i t  should be, 

Hydrodynamic dispersion spreads the waste over a wide region w i t h  

respect t o  i t s  mean position of  advection. 

The m i t i g a t i o n  of the dissolved waste i n  the  water i s  

These two last  mechanisms 

do not contribute anything d i r e c t l y  toward reducing the to ta l  amount o f  

waste dissolved i n  the water b u t  they do a f f ec t  the concentration 

d i s t r ibu t ion .  Thus ,  proper formulation of the chemical sorption by 

so i l  matrix i s  v i t a l  t a  the study of the  mitigation and transport  of 

dissolved waste. As stated i n  the l a s t  section, this  process is 

assumed t o  be characterized by the  d is t r ibu t ion  coeff ic ient ,  Kd, and 

retardation fac tor ,  R d .  Hence, the problem i s  t o  appropriately 

formulate Kd and Rd as a function o f  f l o w  dynamics. Duguid and 

Reeves assumed t h a t  K d  is d i r ec t ly  proportional t o  the moisture 

content, B(Reeves and Duguid 1975).  

transport  i n  the unsaturated zone a f t e r  extended simulation periods. 

I n  t he  absence o f  competing ions, K d  i s  a function o f  the soil and 

the consti tuent.  The absence of water does not necessarily imply the 

d i s t r i b u t i o n  coeff ic ient  is  small. 

This assumption y ie lds  un rea l i s t i c  

The dependence of K d  on t he  
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moisture content is very complicated b u t  a l s o  not unique and varies 

w i t h  the type of so i l s  and const i tuent  i n v o l v e d  (Kokotov and Popova 

1962, and Prokhorov and Chaai 1963). Several investigators have simply 

assumed tha t  K d  i s  independent of moisture content (Van Genuchten e t  

a l .  1977, Van Genuchten and Pinder 1978). A moisture-independent Kd 

yields a more r e a l i s t i c  concentration d is t r ibu t ion  i n  the unsaturated 

zone for soils we have studied. Therefore, this assumption is adopted 

here. Figure 2 shows the differences i n  formulating Kd and Rd 

between the original model (Duguid  and Reeves 1976) and the present 

work . 
Perhaps i t  is worthwhile t o  deviate here t o  discuss the e f f ec t  of 

the moisture content on the waste transport .  

i s  extremely unsaturated, i t  may be imagined t h a t  n o t  a l l  the so i l  

grains are e f fec t ive ly  par t ic ipat ing the absorption o f  a consti tuent.  

When the moisture content 

Recall i n  the  derivation o f  Eq.  ( l ) ,  ps  represents the to t a l  amount of 

constituent absorbed i n  the soi l  matrix per u n i t  b u l k  volume. T h u s  f o r  

extreme unsaturation, ps should be replaced by pes where pe is 

defined as the "effective" or "absorbable" bulk density and may depend 

on the moisture content. Physically, p represents the density o f  

the e f fec t ive  soil  matrix t h a t  par t ic ipa tes  i n  absorption. This 

definit ion of the effect ive density i s  very similar t o  the def ini t ion 

o f  ef fec t ive  or drainable po ros i ty  used i n  the ground-water movement 

study. The e f fec t ive  porosity physically represents t h a t  po r t ion  of 

the pore space usable i n  transporting water f l o w  (Eagleson 1970). 

e 

From 
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I 

MOISTURE CONTENT, g 

ORIGINAL 

8-9, 
MOISTURE CONTENT, 8 

F i g .  2. Comparison o f  ( a )  the d is t r ibu t ion  coeff ic ient ,  

formulated in the  original model 
Kd, and ( b )  re tardat ion fac tor ,  

and the 
present model ( ). 



th i s  discussion, i t  is  

moisture-dependent pe 

co nd i t i  ons : 

11 

obvious % h a t  one should use a 

n Eq. (1) t o  replace p under genera 

P = P e  

ORNL- 560 1 

However, i t  i s  noted t h a t  j n  Eq. ( l ) ,  the bulk density in a l l  terms 

comes together w i t h  the absorbed concentration, 5. T h u s ,  t o  assume a 

mo i s t  u re - dep e ndent d i s t r  i bu t i on c oe f f i c i en t i s ma thema t i c a 1 1 y 

indistinguishable from assuming a rnoisture-dependent effect ive b u l k  

density, although Physical implications are d i f fe ren t .  A moisture 

dependent e f fec t ive  bulk de17sit.y i s  much eas ie r  t o  conceptualize. I n  

f ac t ,  one would imagine t h a t  pe/p as function of 0 would be equal t o  

1 long before the so i l  i s  completely saturated as shown i n  Fig, 3. 

There will ex i s t  a c r i t i c a l  moisture content,3 c ,  below which n o t  a l l  

the soil  grains are effect ive i n  absorbing. 

warrants fur ther  research. This report w i l l  deal with the case o f  

8 > 8, only, since t h i s  i s  equivalent t o  the assumption t h a t  Kd i s  

independent o f  moisture content and yields  plausible concentration 

This c r i t i c a l  f j c  

d is t r ibut ion in the unsaturated zone for our  case study. 

3. Finite-Element Approximations - 

Equations ( 4 )  t h r o u g h  (10) will  be integrated i n  the spa t ia l  

dimensions by the weighted-residual method i n  conjunction w i t h  f i n i t e  

elements. Because the formulation and use of  the finite-element 

veigghted-residual method has been well addressed (Huebner 1975), the 

theoretical  basis  o f  the method w i l l  n o t  be repeated here. Only the 

numerical procedures are sumnarized i n  the f o l l o w i n g .  The region o f  
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L-DWG ?9-I 

I 
I 

I 
I 
I 
I 
I 
I 
I 

Fig .  3. Sketch of possible dependence o f  effictive b u l k  density on the 
rno  i sture con tent.  
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in teres t  i s  subdivided into an assemblage of smaller sub-domains called 

elements. 

method, and employing quadri la teral  bi l inear  elements f o r  spat ia l  

discret izat ion,  approximate formulation of the concentration 

dis t r ibut ion,  c, will be obtained. Thus, l e t  the variable, c, be 

approximated i n  an element, e, by: 

Following the procedure o f  finite-element weighted-residual 

A 4  
% 

C = C z C j ( t )  N j  , 
j = l  

where N. and c .  are the base functions ( interpolat ing functions) o f  

element, e, and the magnitude of c ,  respectively, a t  nodal p o i n t ,  j. Upon 
J J 

s u b s t i t u t i n g  Eq. (11) into Eq. ( 5 )  and applying the weighted-residual 

equation, 

one obtains the fo l lowing  element K - p i x  equation for  element e: 

where M i  is the weighting function of nodal p o i n t  i; dR i s  an 

d i f fe ren t ia l  area w i t h i n  element e; Re i s  the region o f  element e; 

and 

d C  i j  = -& 
The element mass mat r ix ,  [Mi j ] ,  is given by the fo l lowing  equation: 

Mij = J OWiRdNj dR (15 1 
Re 
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The element s t i f f  matrix, pij], i s  defined by 

The element column matrices, I D i  1 arid 1 Qi 1, are given by t h e  

following equations, 

and 

= 4 wi /(-a - a c  - ODxz a z  ac + Vxc)nx Jr 

Qi xx a x  
e 

i n  which Be is t h e  boundary of the element e, and n ana n z  are  

directional cosines. Equation (18) applies t o  only  those elements 
X 

having one or more s ides  on e i t h e r  B:, or 

elements, Q . ' s  are se t  equal t o  0 because they would cancel each 

other  when the global matrix is obtained by assembling the element 

For a l l  i n t e r io r  - 

1 

matrix. T h e  incorporation of Qi will be addressed l a t e r .  

- 4. Mass Lumping - O p t i o n  

Referring t o  the element mass matrix, kij], one may note t h a t  

t h i s  i s  a u n i t  matrix i f  the f ini te-difference formulation i s  adopted 
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in the spat ia l  discret izat ion.  

be reduced t o  the f ini te-difference equivalent by lumping (Clough 

Hence by proper sca l ing ,  the matrix can 

1971). In many cases, the lumped-mass matrix would resu l t  in bet ter  

solution, in par t icular ,  if  i t  i s  used in conjunction with the central-  

or backward-difference time marching (Gureghian e t  a l . ,  submitted). 

Under such circumstances, i t  i s  preferred t o  the  consistent mass matrix 

(mass matrix without- lumping). Therefore, an option i s  provided in 
r - 7  

th i s  report for  the lumping o f  mass matrix, pijj. More expl ic i t ly ,  

[Mi j] wi 11 be lumped according t o  

W j  RdNj dR 

and 

where R i s  the ragion o f  element e, and no sumnation i s  taken over i 

in Eq. (19) .  
e 

5. Time-Marching Methods 

Two most important advantages i n  f inite-element approximation over 

the f ini te-difference approximation are the i n t r i n s i c  s b i  1 i t i e s  t o  

h a n d l e  the complex boundaries and the  normal derivatives therein. In 

the time dimension, none o f  these advantages i s  evjdent. T h u s ,  

f ini te-difference methods are normalKy used i n  approximating the time 

derivative and i n  marching the solution. Two tirne-marching methods 
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were adopted in the material t ransport  model (Duguid and Reeves 1976).  

The f i r s t  one i s  the central  or  Crank-Nicolson formulation: 

where [Mij], [Sij], I D i / ,  and \ Q i \  are evaluated a t  time, 

t + W 2 .  The second method i s  the backward-difference formulation, 

t -I. at ,  A th i rd  optional t ime  marching i s  also provided in t h i s  

report. In t h i s  method, the values of unknowns  are assumed t o  vary 

l inear ly  with time i n  the time in te rva l ,  A t ,  

mid-difference method anb the  recurrence formulae are: 

I t  i s  thus called the 

and 

where [Mij], pij], { D i  1, and ( Q i  are a l l  evaluated a t  time, 

t + W 2 .  T h i s  option has been shown superior t o  the central  or 

backward-difference formulation, i f  t he  mass matrix i s  not lumped 

(Gureghian e t  a l .  1979) .  The element matrix equations, E q .  ( Z l ) ,  ( 2 2 ) ,  

and (23),  may be written as:  
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where kij] i s  the element coeff ic ient  ma t r ix ,  / c j /  i s  the unknown 
( 1  

vector t o  be found,  and i s  the element load vector. Take, for  

example, Eq. (Zl), and / R j /  represent the following: 

and 

respectively. 

6. Base and Upstream Weightinr Functions 

For a quadrilateral  element with four corner nodes, a b i l inear  

polynomial base function f o r  the i - t h  node may be written i n  terms of 

local normalized coordinates as: 

N i  - - ;j: 1 (1 c tit) a (1 + riiq) i=1,2,3,4 , 

where Ei and qi  are th’e local coordinates of the  corner nodes, 

which are numbered 1 t o  4 progressing around the element i n  a 

counterclockwise direction as shown i n  Fig.  4. 

Mhen the advection terms i n  Eq .  ( 5 )  are  as  important as the 

dispersion terms, i t  i s  sometimes advantageous t o  use a weighting 

f u n c t i o n  d i f fe ren t  from the base function. For example, upstream 

weighting functions have been shown t o  be adequate (Huyakorn and Pinder 

1977).  In th i s  report two options are provided: one i s  the Galerkin 
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O R N L -  D W G  74- 3R99R 

7 

F i g .  4. A typical f inite-element i n  global and local coordinates. 
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d 

3 

4 
b 
2 

F i g .  5 .  L o c a t i o n  and direction of upwind we igh t ing  f u n c t i o n s  along t h e  
edge o f  a transformed element. 
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Fig .  6. Optimal values Qf the upwind  weighting parameter for different  
values of Peclet number. 
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was derived for  steady transport. For t h e  transient transport, 

dimensional analysis wou ld  yield the dependence o f  ci on u A t / L  as well 

as u L / D  (Zienkiewicz and Parekh 1970).  

two dimensionless parameters, uaT/L and uL/D, has t o  be a fur ther  top ic  

The relationship between a and 

of research. 

7. Numerical Integration 

In the local coordinate system the element i s  square regardless o f  

the shape o f  the quadrilateral  i n  the global coordinates. The global 

coordinates a t  any point within the element, e,  are  given i n  terms of 

1 oca1 coord i nates by the re 1 a t i  onsh i p  : 

4 

j =1 
=E  X j N j  

and 

a 

j=1 
Z Z j N j  , 

j ’  where x .  and z are the g l o b a l  coordinates o f  the nodes, and N J j 
vhich depends on the local coordinates 5 and TI i s  the shape function. 

The shape function, , o f  the coordinate transformation i s  taken the 

same as the base functions; hence, th i s  element formulation i s  termed 

isoparametric. The Jacobian f o r  the transformation from global t o  the 

local coordinates is expressed as: 

Nj 

PI = 
ax 

- an 
- 
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Substitution o f  E q .  (29) i n t o  the determinant of this expression yields:  

The integrals  o f  Eq. (151, (16) ,  and ( 1 7 )  over the area of the e-th 

f i n i t e  element may now be written i n  local coordinates u s i n g  the 

determinant o f  the Jacobian t o  transform the elemental area: 

and 

1 1  

-1 -1 
D i  = J J - WiM Jd<dq . (34  1 

Integration of these equations i s  easily performed using 2 x 2 Gaussian 

integration. A l inear algebraic equation, Eq. (24 ) ;  resu l t s  since 

i s  a f u n c t i o n  of time only and the matrices, [ M i j ]  and [Sij], {cj 1 
( D i }  are evaluated from the o u t p u t  of ground-water and the vector 

hydrodynamic s . 
In order t o  evaluate S i j  , expressions f o r  the spa t ia l  [ I  

derivative of the interpolation function and w e i g h t i n g  f u n c t i o n  are 

necessary. The chain ru le  

.... . 
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may be inverted t o  y ie ld  

u s i n g  the d e f i n i t  

lrlhen the  top 

Ni , the f o l l  owing 

S i m i  1 ar ly ,  

1 
J 
- 

ion o f  [3] i n  ~ g .  (30). 

row o f  Eq. (36)  i s  applied 

i s  obtained: 

a i‘ 
base 

1 ,  
f unc t i on  , 

Final ly ,  applying the  bottom row o f  Eq. ( 3 6 )  t o  Ni and Wi, one 

obtains the  following expressions: 
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and 

Equations (37)  t h r o u g h  (40) are i n  a form su i tab le  for numerical 

integration. 

can be obtained by the par t ia l  d i f fe ren t ia t ion  of Eqs. (25) and ( 2 7 ) ,  

respectively. 

The derivatives of Wi and N i  w i t h  respect t o  5 and rl 

8. Assembly o f  Element Matrix 

Equation ( 2 4 )  i s  evaluated for each element, and the d i rec t  s t i f f  

method i s  adopted to  2ssemble them t o  form a system o f  algebraic 

equations as: 

where [ITij] i s  the global coef f ic ien t  matrix and j Y i I  is the g l o b a l  

load vector. The detailed discussion of the assembly o f  < ‘ % e  element 

matrix into a global matrix has been presented (Desai and Abel 1972, 

Duguid and Reeves 1976). 

9. Appl i cat i on of Boundary Condi t i ons 

Surfaces on which third-type boundary conditions, Eq. (91, are 

imposed, of course, yield concentration-independent ent r ies  i n  the 

element column matrix Qi . 
direct application o f  s u b s t i t u t i n g  Eq. ( 9 )  into Eq. (17) t o  yield 

element normal f l uxes .  This  is then followed by assembling overall 

These en t r i e s  are evaluated by the i f  
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boundary elements hav ing one o r  more s i d e s  on t h e  bounddr ies 6 

t o  y i e l d  a g l o b a l  column m a t r i x  1 B i / .  The r e s u l t s  are then 

subt rac ted  f rom t h e  1 Xi /  t o  form l Y i \ .  
o f  B 3 

Surfaces on which the  Neumann boundary c o n d i t i o n s  are imposed are  

e i t h e r  t h e  f low- th rough boundaries w i t h  o u t f l o w s  from t h e  r e g i o n  o r  the  

imperv ious boundaries. For  t h e  l a t t e r  case, the e n t r i e s  { R~ } are 

ze ro  and no boundary c o n d i t i o n s  have t o  be app l ied .  

case, t h e  corresponding e n t r i e s  i n  

the unknown concen t ra t i on .  Such lerms must t h e r e f o r e  be i nco rpo ra ted  

i n t o  t h e  pij] m a t r i x  i n  Eq. ( 4 1 ) .  S u b s t i t u t i n g  Eq. ( 8 )  w i t h  

For the former 

are then  l i n e a r  f u n c t i o n s  o f  
P i  1 

= 0 i n t o  Eq. (17 ) ,  one ob ta ins :  42 

where 

For t h e b ac k wa r d  - d i f f e re n c e and i n  i d - d i f f e r e n c e t i me -marc h i n g 
r 1  

a l g o r  

added 

a l g o r  

added 

thm, l s i j J  a f t e r  assembly over  a l l  boundary elements o f  B2 i s  
r - i  

t o  t h e  m a t r i x  [T j]. For t h e  c e n t r a l - d i f f e r e n c e  t ime-marching 

thm, one-hal f  of a f t e r  assembly over  boundary elements i s  

t o  t h e  m a t r i x  [ T i j ]  w h i l e  t h e  o t h e r  h a l f  i s  m u l t i p l i e d  by  

/ c j /  o f  t h e  p rev ious  t ime  and then subs t rac ted  f rom 

A t  nodes where D i r i c h l e t  boundary c o n d i t i o n s  a re  appl ied,  an 

i d e n t i t y  equat ion  i s  generated f o r  each node and i nc luded  i n  t h e  

ma t r i ces  o f  Eq. (41 ) .  

boundary c o n d i t i o n  can be found elsewhere (Wang and Connor 1375) .  

The d e t a i l e d  method o f  app ly ing  t h i s  type  o f  
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10. Solution of the Assembled Equations 

The Gaussian elimination a l g o r i t h m  i s  used to  solve the matrix 

equation, Eq. (41) .  

11. Mass Balance Computation 

The mass balance over the  whole region o f  i n t e re s t  i s  obtained by 

integrating Eq. (1): 

where Fn i s  the  t o t a l  f l u x  (advective and dispersive fluxes) through 

the g l o b a l  boundary, B(x,z)  = 0. In f a c t ,  Fn  denotes: 

r i g h t -  and left-hand sides o f  E q .  (44)  independently. I 

f o r  c i s  f r ee  o f  er ror ,  one would expect the equality of 

integrals .  In the  present r e p o r t ,  the integral  o f  the r 

i s  broken i n t o  several components: 

Having obtained the concentration f i e l d ,  c, one could integrate the 

= f FndB , 

the solut on 

two 

ght-hand side 
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F I  = ,/ Fnd5 , 
BI 

where F FN, Fo, and FI  wpresent the flux through t h e  

prescribed Dirichlet  boundary, B1, the Neumann-degenerated Cauchy 

boundary w i t h  prescribed t o t a l  flux, B3, the Neumann boundary w i t h  

f l o w  going o u t ,  B2, and the impervious boundary, BI, respectively. 

On the other hand, the left-hand side of E q e  ( 4 4 )  i s  divided into four 

terms, 

D '  

where Fw, FA, FL, and Fs denote the r a t e  change i n  the  region 

due to  the dissolved concentration i n  the water, the absorbed 

concentration by the s o l i d ,  the decay, and the concentration change by 

the compression of the soil  matrix, respectively. 

For an exact solution, the net i n f l u x  across the whole boundary, 

B ( x , z )  = 0, defined by 



29 ORNL- 560 1 

should be equal t o  the t o t a l  volumetric increase, F v ,  defined by 

= F, + F A  f FL t Fs F V  (55)  

I n  addition, FJ. should theore t ica l ly  be equal t o  zero. 

any practical  simulation, Fnet will n o t  be equal t o  Fv, and FI  

w i l l  be non-zero. Nevertheless, the mass balance computation should 

provide the means t o  check the numerical scheme and the  consistency i n  

the computer code. 

However, i n  

12. Computation of Total Waste F l u x  

The waste f lux a t  any point i n  the region i s  due t o  two 

mechanisms, advection and dispersion. After the concentration f i e l d  i s  

obtained and knowing the Darcy's velocity f i e l d ,  the f l u x  components i n  

the x -  and z-direction, respectively,  Fx and Fz may be obtained by 

and 
ac F = - ( E D Z x  I_ 

2 J X 

Duguid  and Reeves (1976) numerical 

;1N : 

y eva uate Eqs, (56)  and (57)  by 

and 

This  formulation would r e s u l t  i n  the discontinuity o f  waste f l u x  a t  

nodal points and element boundaries. In  the new model, i t  i s  proposed 
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that an alternative approach be made by applying t h e  finite-element 

technique to Eqs. (56) and (57). Thus, one obtair ls  for an element E: 

and 

where 

and 

In Eqs. (60) and (61) ,  Fxj and F z j  are the values of F X and FZ, 

respectively, at the nodal point j. 

continuous flux field , 
This approach yields the 

4 
Fx = c Fxi Ni 

i =I 

4 

i =1 
F z  = E FZi N i  , 

for all elements in the region of interest. It i s  an approach 

consistent with the finite-element spirit. 

13. Alternati ve Numeri cal Schemes 

Depending on the type o f  weighting functions (Galerkin or upstream 

weighting), the methods o f  time marching (Crank-Nicolson, or 
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backward-difference, or mid-difference), and the treatment of masa 

matrix ( lumping  or  no-lumping), there are 1 2  optional finlte-element 

numerical schemes i n  the present work as shown i n  Table 1. Schemes 1 

and 2 were reported by Duguid and Reeves (1976) .  

are the expanded ones investigated by several authors. 

Schemes 3 through 1 2  
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111. COMPUTER PROGRAM MODIFICATION AND EXPANSION 

The overall program organization is shown i n  Figs. 7 and 8. 

Except f o r  the names of subroutines, the o r i g i n a l  computer code ( D u g u i d  

and Reeves 1976) has been almost completely overhauled. 

i s  necessary t o  accomplish: (1) the theoretical  modification i n  

formulating moisture-dependent retardation fac tor ,  R d ,  ( 2 )  the 

application of finite-element method t o  compute the dispersive part o f  

the t o t a l  material f l u x  (advective and dispers ive) ,  ( 3 )  the provision 

The overhaul 

o f  12 a l ternat ive numerical schemes, (4 )  the reduction o f  sto 

compressing a l l  arrays containing boundary variables,  and ( 5 )  

adoption o f  variable arrays i n  a l l  subroutines. 

A short  main program i s  written t o  dimensionalize and in 

a l l  arrays and t o  specify the maximum dimension i n  any o f  the 

'age by 

the 

t i a l i ze  

arrays . 
The program i s  then passed t o  subroutine GMZDXZ, which was the main 

program in the computer code developed e a r l i e r  ( D u g u i d  and Reeves 1376). 

Considerable additions and  changes have been made t o  the 

subroutine DATAIN. The purpose i s  t o  compress the arrays t h a t  specify 

Dirichlet  boundary, surface source term (or Neumann boundary), and the 

mixed boundary conditions. 

t o  determine the  information of boundary elements and nodes. Instead, 

h a v j n g  been determined i n  the water f low code (Yeh and  Ward 1980), they 

are read i n  v i a  disk u n i t  1. 

DATAIN i s  no longer t o  ca l l  subroutine SURF 

Two new subroutines, AFABTA and SHAPE, are made. AFABTA i s  t o  

computes the weighting parameters, a l ,  l a 2 ,  R1 and B 2 .  

evaluates the base a n d  weighting functions a t  the Gaussian integration 

p o i n t .  

SHAPE 



OR N 1 - 56 0 1 

ORNL- D W G  79 - 13256 

F i g .  7 .  Subrout ine cha r t  o f  waste t ranspor t  program. 
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TIME LOOP 
* 

I 
I 
1 
i 

PREPARE MOISTURE VARIABLES 

E 

SOLVE 
I 

Fig. 8. S u b r o u t i n e  char t  f o r  the time-iteration loop. 
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The subroutines FLUX and Q4D have been rewritten. FLUX in the new 

model is used t o  sum over the element matrix (Si j]. Subroutine FLUX 

subsequently ca l l s  the subroutine SOLVE t o  yield the solution for  F 

and F 

FLUX t o  evaluate t h e  element matrix bxi] and [Rii]. 'The t o t a l  f l u x  f i e ld  i s  returned t o  cal l ing 

x j  
by the Gaussian elimination inethod. Q4D i s  called upon by 

and the load vectors [ I  z j  

S I i j  

subroutine GMZDXZ t h r o u g h  the argunients af FLUX. This flux i s  then 

passed t o  the subroutine SFLOW t o  compute various surface f l u x e s  via 

various types o f  boi! iar ies .  Thus SFLOW no longer has t o  c a l l  Q4S, 

which i s  eliminated in t h e  present model. 

The theoretical modification o f  the  model i s  performed i n  the 

subroutines, ASEMBL arlu Q4. Associated w i t h  the theoretical  revision, 

the materials dissolved in the watei- and adsorbed by the soil matrix 

have t o  be reevaluated. ~ h i s  i s  accomplished t h r o u g h  subroutines, 

S F L W  and Q4R. 

_- 

O n  the a l ternat ive numerical schemes, the lumping option i s  
- determined i n  the subrautine, Q4. ihe upstream weighting option i s  

provided i n  subroutine SHAPE. To evaluate the base and weighting 

functions, t'ABTA m u s t  be called a t  the beginning of each tirile step. 

Finally,  the time-marching al ternat ives  are accmp7ished i n  the  

s ubrac t i  nes ASEMBL and GMZDXZ. 

Subroutines PRINTT and STORE are modified f o r  better display of 

printout and selectively storir?g the o u t p u t  on logical unit  2.  

standard subroutine, S O L V E ,  remains in tac t .  

The 
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IV. RESULTS 

The sample problem of transport  from a seepage pond reported by 

Duguid and Reeves (1976) i s  used t o  compare the simulation by the 

original computer codes (Reeves and Duguid 1975, Ouguid and Reeves 

1976) w i t h  t h a t  by the new waste transport code coupled w i t h  the 

revised water-flow code (Yeh and Ward 1980). 

assumed t o  be s i tuated near a stream as shown in Fig .  9.  

composed of a highly permeable sand w i t h  so i l  properties shown in 

Fig. 16. 

downward from bo t tom of the pond, provides the only  d r i v i n g  force for  

moving the contaminant toward the  stream. 

The seepage pond i s  

The system i s  

A f l u x  o f  4.0 X l o m 4  cm3 cm" sec"', directed ver t ica l ly  

Prior t o  the simulation of waste transport, hydrodynamic variables 

are required and computed by f l o w  models to  yield pressure 

d i s t r i b u t i o n .  

the derivatives of potential  (Reeves and Duguid 1975) or by applying 

the finite-element technique t o  Darcy's law (Yeh and Ward 1980 >. 
f l o w  variables are Darcy's velocity,  pressure head, t o t a l  head, and 

moisture content, which provide the essential  i n p u t  t o  the waste 

transport ,  and are shown i n  Figs. 11 and 12. Figure 11 displays the 

resu l t s  by the origin- water movement model (Reeves and Duguid 1975) 

while F i g .  12 describes the r e s u l t s  

(Yeh and Ward 1980). 

unique as  simulated by the original model (F ig .  11). 

is eliminated by the revised model (F ig .  12)('6eh and Ward 1980 ). 

Flow patterns a re  then derived e i the r  by simply taking 

These 

sing the revised water flow model 

I t  i s  interest ing t o  note t h a t  flow f i e l d  i s  n o t  

T h i s  deficiency 
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F i 5 .  10. Hydraulic conductivity and soil-moisture 
characteristics for a hypothetical sandy s o i l .  
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F igu res  1 3 a  and 13b show t h e  contaminant c o n c e n t r a t i o n  

d i s t r i b u t i o n s ,  which were ob ta ined by app ly ing  t h e  o r i g i n a l  and t h e  new 

models, r e s p e c t i v e l y .  

was used. L o n g i t u d i n a l  and t ransve rse  d i s p e r s i v i t i e s  were taken f rom 

P i n d e r ' s  (1973) s tudy o f  chromium t r a n s p o r t  i n  Long I s land ,  New York: 

aL = 21.3 m ana aT = 4.27 m. 

waste t r a v e l s  as f a s t  i n  the  unsa tu ra ted  zone as i n  t h e  sa tu ra ted  

zone. Th is  o v e r p r e d i c t i o n  o f  concen t ra t  on d i s t r i b u t i o n  f rom the 

o r i g i n a l  model i n  the  unsatura ted  zone r s u l t e d  from the  u n r e a l i s t i c  

f o r m u l a t i o n  o f  a moisture-dependent d i s t r i b u t i o n  c o e f f i c i e n t ,  Kd, and 

a noncontinuous f l ow  f i e l d .  

r e s u l t  was ob ta ined by  us ing  t h e  assumption i nc luded  i n  p resen t  model. 

3 The d i s t r i b u t i o n  c o e f f i c i e n t ,  Kd = 100 cm /g 

It i s  seen f rom F i g .  13a t h a t  t h e  

F i g u r e  13b i n d i c a t e s  t h a t  a more p l a u s i b l e  

As an academic i n t e r e s t ,  F igs .  l l l a  and 14b d e p i c t  two o t h e r  

F i g u r e  I d a  was obtair;ed b y  t h e  o l d  c o n c e n t r a t i o n  d i s t r i b u t i o n s .  

m a t e r i a l  t r a n s p o r t  model u s i n g  t h e  f low f i e l d  ob ta ined by  the r e v i s e d  

water  f l o w  program. 

model u s i n g  the  f l ow  f i e l d  ob ta ined by t h e  o l d  water movement program. 

Comparing F ig .  14a w i t h  F ig .  13a o r  F i g .  14b w i t h  F ig .  13b, i t  i s  seen 

t h a t  t he  noncontinous v e l o c i t y  f i e l d  c o n t r i b u t e s  p a r t i a l l y  t o  t h e  

o v e r p r e d i c t i o n  o f  concen t ra t i on  i n  t h e  unsatura ted  zone, b u t  t h e  

assumption concern ing the  d i s t r i b u t i o n  c o e f f i c i e n t  is the most 

impor tan t  . 

F igu re  14b was ob ta ined b y  t h e  new waste t r a n s p o r t  

Tab le  2 shows t h e  comparison o f  mass ba lance as p r e d i c t e d  b y  t h e  

o r i g i n a l  and new models, r e s p e c t i v e l y ,  a t  t h e  end o f  t h e  19.34-year 

s i m u l a t i o n  t ime. The t o t a l  n e t  mass th rough a l l  boundar ies i s  o n l y  
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Fig. 13. Normalized concentration distribution for a dissolved 
constituent with a distribution coefficient o f  100 ml/g 
computed w i t h  (a) original models ( b )  new models. 
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F i g .  14. Concentration dis t r ibut ion far. a dissolved const i tuent  w i t h  a 
d i s t r ibu t ion  coeff ic ient  o f  100 m l / g  computed with 
( a )  original material t ransport  model with f l o w  variables 
from revised water flow model, ( b )  new waste transport  model 
with flow variables from original  water movement model. 
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about 82.34% of the mass accumulated i n  the inedia by numerical scheme 1 

o f  the original model. In other words, 17.663 of the mass has n o t  been 

accounted for  ( i . e . ,  has been lo s t  t h r o u g h  the boundaries.) 

other hand, numerical scheme 1 o f  the n w  model shows a 1.08% mass gain 

( -  1.08% o f  mass l o s s ) .  For numerical scheme 2,  the original and  new 

models render a 17.02% o f  vass loss and 2.16% of iriass gain, 

respectively. Regardless o f  the mass gain or ma55 loss, the error  i r l  

mass balance by the new model is much smaller t h a n  t h a t  by the o l d  

model. Figures 15 and 16 i l l u s t r a t e  the comparison of vass balance 

r a t e  history as simulated by the original and new (present )  models w i t h  

numerical schemes 1 and 2 ,  respectively. !A posit ive value means mass 

loss while a negative value indicatr  

mass-balance-rate e r ro r  by the original model i s  l a r g e  and ,  a f t e r  

i n i t i a l  decrease, increasing w i t h  time. On the  other h a n d ,  t h p  

mass-balance-rate error  as simiilated by the new model i s  r e l a t ive ly  

small and decreasing with time. 

On the 

- ,ass gain.  hey show tha t  the 

Table 2 also shows the percentage o f  mass-balance error  by a l l  

a1 tcrnative nul- - i ca l  schemes. Because an analytical solution f o r  the 

concentration dis t r ibut ion fo r  this type o f  problem i s  not available, 

the comparison o f  concentration dis t r ibut ion as  simulated by 

al ternat ive schemes w i t h  t h a t  by analytical  solution is not possible. 

Therefore, the percentage o f  mass-balance e r ro r  i s  used as a c r i t e r ion  

t o  ascertain the  superior i ty  o f  one method over the other. 

p o i n t  o f  view, i t  i s  seen that numerical schemes 3 and 16 give the b e s t  

r e su l t s  f o r  the example problem. A t  any r a t e ,  a l l  1 2  scheriies of the 

new model are considered acceptabl2. 

From this 
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F i  9. 15  Compari son o f  mass-bal aflce-rate error h i  s to ry  as  
simulated by numerical scheme 1 o f  the original and  
new models , respecti vely . 
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F ig .  16. Comparison o f  mass-balance-rate error h i s to ry  as 
simulated by numerical scheme 1 o f  the original and 
new models, respectively. 



49 ORNL- 5691 

Figs. (17a) through (17d) show the p l o t s  o f  the concentration 

distribution as simulated by numerical scheme 1 at time equal to 1.01, 

7 . 6 7 ,  14.3, and 19.3 years, respectively. They demonstrate how the 

pollutant is spreading away from the source with time. 

through 28 show the concentration distribution by all other alternative 

numerical schemes. They show that the variation is no more than 10% 

among them at long simulation times . We consider those results are 

cornpar ab 1 e. 

Figs. 18 

To recapitulate, the modified model has accomplished the 

following: (1) overprediction o f  movement rate o f  Contaminant in the 

unsaturated zone i s  eliminated, (2) the error o f  mass balance is 

significantly reduced, (3) a continuous waste flux field, including the 

nodal points and element boundaries, is produced, and (4) 10 additional 

alternative numerical schemes, a l l  o f  which are (. rational and render 

comparable results, are provided. 
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N L  D W G  79-156 

( a )  TIME = 1.04 yr 

( b )  TIME = 7.67 y r  

(c) TIME = 14.35 yr 

F i g .  17 .  Concentration dis t r ibut ion as sirriulated by numerical 
scheme 1 of the new model a t  t i m e  equal t o  ( a )  1.01, 
( b )  7.67, ( c )  14.35, and ( d )  19.34 years ,  respectively. 
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(a) TIME = 4.Oi yr 

r. ... r If?) TIME = 7.67 yr  

F ig .  18. Concentration d i s t r i b u t i o n  as simulated by numerical 
scheme 2 of t h e  new model at time equal to ( a )  1.01, 
(b) 7 .67 ,  ( c )  14.35, and (d) 19.34 years, respectively. 
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QANL OWG 79-  15078 

( a )  TIME = 4.04 yr 

(6) PlME = 7.67 yr 

F i g .  19. Concentrat ion distribution as simulated by numerical 
scheme 3 of the new model a-t t i m e  equal t o  ( a )  1.01, 
(b)  7.67, ( c )  14.35, and ( 6 )  19.34 years, respectively. 
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(6) TIME = 7.67 yr 

Fig.  20. Concentration d is t r ibu t ion  as simulated by numerical 
scheme 4 - the new model a t  time equal t o  ( a )  1.01, 
( f b )  7.61, ( c )  14.35, and ( d )  19.34 years, 
respectively. 
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I ( c )  TIME = 14.35 yr 

F i g .  2i. Concentration d is t r ibu t ion  as simulated by numerical 
scheme 5 of the new model a t  time equal to ( a )  1.01, 
( b )  7.67,  ( c )  14.35, and ( d )  19.34 years, respectively. 
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(a) TIME = 4.04 y r  

""1 TIME = 7.67 yr 

Fig.  22. Concentration distribution as simulated by numerical 
scheme 6 o f  t h e  new model at time equal to (a) 1.01, 
(b) 7.67, (c) 14.35, and (d) 19.34 years, respectively. 



OR NL- 560 1 56 

'9 = 7.67 y r  

F i g .  23. Concentration d is t r ibu t ion  as  simulated by numerical 
scheme 7 o f  the  new model a t  time equal t o  ( a )  1-01, 
( b )  7.67, ( c )  14.35, and ( d )  19.34 years, respectively. 
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(0) TIME = t.04 yr 

( b )  TIME = 7.67 yr  

( c )  TIME ~ 1 4 . 3 5 ~  

(d) TIME = 49.34 y (d) TIME = 49.34 y 

Fig. 24. Concentration distribution as simulated by numerical 
scheme 8 of the new model at time equal to (a) 1.01, 
(b) 7.67, ( c )  14.35, and (d) 19.34 years, respectively. 
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ORNL DWG 99-15085  

( a )  TIME = !.O! y r  

Fig. 25. Concent ra t ion  d i s t r i b u t i o n  as simulated by numerical 
scheme 9 o f  itie new model a t  time equal t o  ( a )  1.01, 
( b )  7.57, ( c )  14.35, and ( d )  19.34 years,  respectively. 
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((7) TIME = 1.01 y r  

(b8) TIME = 7.67 yr  

Fig. 26 Concentration distribution as simulated by numerical 
scheme 10 o f  the new model at t i m e  equal to ( a )  1.01, 
( b )  7.67, (c) 14.35, and ( d )  19.34 years, respectively. 
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(d) TIME = 49,34 yr  

Fig. 27. Concentration distribution as simulated by numerical 
scheme 11 of the new model at time equal to ( a )  1.01, 
( b )  7.67, ( c )  14.35, and ( d )  19.34 years, respectively. 
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( u )  TIME = 4.04 yr  

(6) TIME = 7.67 yr 

F ig .  28. Concentration distribution as simulated by numerical 
scheme 12 o f  the new model at t ime equal t o  ( a )  1.01, 
( b )  7.67, (c) 14.35, and ( d )  19.34 years, respectively. 
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V .  NOTATIONS 

C 

d: 

[Ei j] 
h 

J 

[Jl 
Kd 

I- 

M 

Longitudinal d i spers iv i ty  ( L )  

Transverse dispers ivi ty  ( L )  

Domain boundary with Dir ichlet  conditions 

Domain boundary with Neumann conditions 

Domain boundary w i t h  Cauchy conditions 

Concentration of the dissolved const i tuent  (M/L3) 

Time der ivat ive of the concentration (M/1_3T) 

Molecular - i'fusion coeff ic ient  ( L Z / T )  

Element load vector from source term 

Element matrix resul t ing Cauchy-type boundary conditions 

f lu id  pressure head ( L )  

Determinant o f  

Jacobian matrix 

Satiirated d is t r ibu t ion  coeff ic ient  

Unsaturated d is t r ibu t ion  coef f ic ien t  = K f j s  

An operator 

Ar t i f i c i a l  source or  sink 

Element mass matrix 

Base functions 

An element column vector defined hy Eq. 18 

Retardation factor  

Region of element e 

An element column vector defined by E q .  21c 

Element s t i f fnes s  matrix 
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S 

t 

[ T i  j] 
V 

V X J Z  

V 

Wi 

.B j 

e 
A t  

x 
17 

P 

T 

6 

Sol id-phase concentration of adsorbed consti tuent (M/M) 

Time ( T )  

Global coef f ic ien t  inatrix 

Volume o f  the  system (L3) 

Darcy velocity components i n  x and z directions ( L / T )  

Magn i tude of Darcy vel oc i t y  ( L / T )  

Weighting function 

Lateral coordinate ( L )  

Global coordinates of the  nodes o f  the r-th element 

Assembled load vector containing boundary f l u x e s  and 
time-integration components 

Vertical coordinate ( I )  

Global coordinates of t h e  nodes o f  the  r-th element 

Upwind weighting parameter, i = 1 or 2 

Modified coeff ic ient  of compressibility of the medium 

Upwind w e i g h t i n g  parameter, i = 1 or 2 

Time increment ( T )  

Moisture content (L3Il-3) 

Radioactive decay constant ( 1 / T )  

Local coordinate 

Bulk density of the medium (M/L3) 

Tortuosity 

Loc a1 coord i na t e  
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APPENDIX A 
DATA INPUT GUIDE 

Data Set 1 - Problem Ident i f icat ion.  FORMAT(I5,9A8) 

One card i s  required per job. 

Card Var i ab 1 e Column Format Definition 

1 NPROB 1-5 I5 Prob 1 ern number 

TITLE 6-77 9A8 Array f o r  the t i t l e  o f  the 
problem 
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Data Set 2 - Integer Control Parameters. 

One card is needed per job 

FORMAT(1615) 

Card Variable Co 1 timn Format De f i n i t i on 
.- 

1 NN 2 

NEL 

NMAT 

NC M 

NTI 

N BC 

N ST 

KVI 

K STK 

K SS 

4 ::1 P PM 

1-5  

6-10 

11-15 

16-20 

21-25 

26 - 30 

31 - 35 

35-40 

41-45 

46- 50 

51-55 

56 -60 

I5 

I5 

I 5  

5 

I5  

I5  

I5 

I S  

I 5  

I5  

I5  

I5  

Number of nodal points 

Number s f  elements 

Number of materials 

Number o f  elements w i t h  
corrected material 
properties 

Number o f  time increments 

Number of Dir ichlet  nodes 

Number o f  surface .term 
elemcnt-sides w i t h  Cauchy 
(mixed) boundary condition 

Number of r a in fa l l  -seepage 
e 9 emen t - s  i des. 
Nwmann or Cauchy boundary 
conditions can be applied 
depending on i f  the Flow i s  
out  from or in to  the region. 

E i t her 

Flow f i e l d  input control,  
1 = steady-state flow, 
2 = t ransient-s ta te  flow 
f i e l d  

Auxilary storage control; 
0 = no storage, 1 = stored 
on unit  2 

Steady s t a t e  control ; 
0 = steady s t a t e  solution, 
1 = transient s t a t e  
so 1 u t i  on 

Number o f  materi a1 
properties per rnateri a1 
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Data  Set 2 (continued) 

Format Def i n i t  i on Card Vari ab1 e Co 1 umn 

IWET 61-65 I5 Weighting function control; 
6 = Galerkin, 1 = upstream 
weighting 

I L LIMP 66-70 I 5  Matrix lumping control,  

IM ID 71-75 I5 Mid-difference contr 

0 = no lumping, 1 = lumping 

O = n o t  mid-different,,, 
1 = yes 

Data Set 3 - Basic Real Parameters. FORMAT(8F10.0) 

One card per prob1t.m i s  required. 

Card Variable Co 1 umn Format D e f i  n i t  i o n  

1 D ELT 1-10 F10 .O I n i t i a l  time s tep  size,  ( T )  

C HNG 11-20 F10.0 Multiplies f o r  increasing 
time s tep s i z e  

D ELMAX 21-30 F10.0 Maximum t i m e  s t e p  s i z e  

TMAX 1-40 F1O.O Value o f  maximum simulation 

allowed, (T) 

time, ( T )  

W 41-50 F10.0 Time der ivat ive weighting; 
0.5 = f o r  Crank-Micolson, 
1.0 = f o r  backward 
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Data Se t  4 - Printer O u t p u t  Control .  FORMAP(80Il) 

The number o f  cards depends on the number of time 
increments, N T I .  Total number o f  cards = ( N T I  + 1) /80 1- 1 

I -. 

Card Variable Co 1 umn Format Definition 

1 K PRO 1 I 1  Printer control f o r  
steady-state and i n i t i a l  
conditions; 0 = pr in t  
nothing, 1 '=. p r i n t  f l o w  
ra te ,  2 = a lso  
concentration, 3 = a l s o  
inateri a 1 f 1 ux, 

K P R ( 1 )  2 I 1  

KPR(2)  3 I 1  Similar t o  KPRQ b u t  as a 
function of time index ITM 

KPR i ITM) 11 

Data Set 4A - Auxiliary storage control. FORMAT(8011) 

Total number of cards required i s  same as Data Set 4 

Card Var i able Co 1 urnn For rn a t Definition 
.- -.._- _.. _VI.._.- 

___I.. 

1 KDSKO 1 I1 ,4ux i 1 i ary storage coni.. i) 1 
f o r  steady-state and 
i n i t i a l  conditions, 0 = no 
a u x i  1 i ary storage, 
1 = storage on U n i t  1 

KOSK (1) 2 I 2  

S imi la r  t o  KDSKO as a 
function o f  tirne index ITM 

K D S K i N T I  ) 
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Data Set 5 - Material Properties. FORMAT(8F10.0) 

A total o f  NMAT groups o f  cards are required, one group 
for each material. 
depends on NMPPM 

The number of  cards in each group 

Card Variable Co 1 umn Format Definition 

Group J P R O P ( J , l )  

PROP (J ,2) 

PROP( J , 3 )  

PROP(J,4) 

PROP (J ,5) 

PROP (J ,6) 

PROP( J ,7 )  

1-10 F10.0 Distribution coefficient 

11-20 FIO.O Bulk density for  material 

for material J, (L3/M) 

J, (W-3) 

21 - 30 F10.0 Long itud i nal d i spers iv i ty 
for material J,  (L) 

31-40 F10.0 Transverse dispersivity for 
material J ,  (L)  

41-50 F10.0 Decay constant in material 
J ,  (T-1) 

51-60 FEO.0 Porosity for material J 

61-70 F10 .o Modified coefficient o f  
compressibi 1 ity o f  media J ,  
(L-1) 

PROP { J , NMPPM) 
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Data Set 6 - Geometrical Data 
This data s e t  is read in via Logical Unit 1. It includes 
the nodal-point and element definitions and boundary-side 
information. No card i s  required. One should refer to 
the sequence number DATA 335 to DATA 360 o f  the subroiutine 
DATAIN in APPENDIX C 

REWIND 1 
R WD ( 1 ) ( TI TL EM ( I ) , I = 1,9 ) , N PRO BM , NN P , N EL a N BN , N BEL NTI M 
READ (1) ( X (NP ) , N P = l  , NNP ) , (Z (NP ) ,NP=l, N N P  1, ( ( I E  [ M, IQ) , M = l  , NEL 1, 
IQ= 
M=l ,NBEL ) , 
(NPB(NP),NP=l,  N B N )  

1,4), (DLB(M),M=l ,NBEL) , (DCOSXB(M) ,M=l ,NBEL) , (DCOSZB (M)  , 
N BE ( M )  ,M=l ,NBEL ) , ( ( I SB( M, I ? )  ,M=l ,NBEL ) , IQ=1,4 ) , 

Data S e t  7 - Material Correction. FORMAT(1515) 

This data se t  i s  required only if NCM 0. Normally, one 
card is required per material change. However, .in those 
cases vherc number of the affected elements ranged from a 
lower limit o f  MI to an upper limit o f  MK w i t h  an 
increment of MINC, automatic correction may be used. 
Fields MK and MINC are left blank i f  the automatic 
generation facility is not used. 

Card Vari ab 1 e Column Format Definition 

M I  1-5 I S  Material correction element 
numb e r 

MTY? 6-10 I5 Type cf material correction 
element MI 

lyB( 11-15 I5 Upper limit of automatic 
correction 

MINC 16-20 I5 Element Increment of 
automatic correction 
(tN = 0, MINC = 0 for no 
automatically generated 
correct i on) 
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Data Set 8 I n i t i a  Co nd i t  i on s . FORMAT ( 15,s X , F 10.0) 

In  the most general case there i s  one card per node, i.e. , 
a tota  of NNP cards are needed. Frequently, however, 
groups o f  neighboring nodal points NJ have identical 
values R(NJ). If a gap i s  recognized i n  the i n p u t  sequence 
o f  nodal numbers, the i n i t i a l  concentration are assumed t o  
be identical  t o  the concentration a t  the lower bound o f  
the gap. 

Card Variable Column Format De f i n i t  i on 

NJ NJ 1-5 I5 Node number 

RP(NJ)  11-20 F10 .O I n i t i a l  concentration fo r  
Node NJ 

Data Set 9 - Dirichlet Bound;. Conditions. FORMAT(2I5,FlO.O) 

This data se t  i s  required only i f  NBC > 0. If automatic 
generation i s  not used (NPINC = 0 ) ,  NBC cards are 
required. If NPINC > 0, automatic generation proceeds i n  
the same manner as Data Set 8 

Card Variable Column Format Definition 

NPN NPN 1-5 15 Dirichlet  Node number 

NPINC 6- 10 15 Automatic generation 
increment to NPN 

Dirichlet  concentration a t  
node NPN 

BB 11-20 F1O.O 
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Data Set 10 - Cauchy Boundary Condition. FORMAT(315,5Xe2F10.0) 

This data s e t  i s  required only if NST > 0. If KINC = 0, 
automatic generation will not be performed and NST cards 
are required. Each NST card represents an 
element-boundary side,  I f  K I N C  > 0, then automatic 
generation w i  11 be made, 

Card Vari ab 1 e Co 1 umn Format Definition 

MPP NI 1-5 I5  Cauchy f l u x  node number at 
one end o f  an 
element-boundary side 

NJ 6-10 IS Cauchy Flux node number at 
other end o f  an 
elernent-boundary side 

K INC 11-15 I5  Automatic generation 
increment for NI and NJ 

El[ 21 - 30 F10 .0 Dat product o f  flux at NI 
with outwardly directed 
unit vector normal to 
element-boundary side (NI, 
NJ) 

EJ 31-40 F10.O Similar t o  E 1  
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Data Set 11 - Neumann Boundary Condition. FORMAT(1615) 

This  data set i s  required only if NRSEL > 0. 
set  actual ly  contains the rainfall-seepage 
element-boundary sides. 
the region, the side i s  a Neumann boundary w i t h  
concentration dependent condition and is applied as such 
If the f low is  directed i n t o  the  region, the side i s  a 
Cauchy boundary w i t h  t o t a l  f lux equal t o  zero and t h u s  
the application of boundary condition is  not necessary. 
This i s  why this data se t  i s  termed Neumann boundary 
condition data. Typically, one card i s  required for each 
element-boundary side. However, i f  KING > 0, automatic 
generation may be made. 

The data 

If t he  flow is  directed o u t  from 

Card irar i ab1 e Co 1 umn Format Definition 

MPP MSE (MP ) 1-5 15 Element number of the 
element-boundary side MP 

IS (  MP ,1) 6- 10 I5  F i r s t  node number o f  the 
e 1 emen t -b ou n d ary s i d e, MP 

IS(MP , 2 )  11-15 I5 Second node number o f  the 
element-boundary side MP 

K INC 16-20 I5 Automatic generation 
increment f o r  NRSE and IS  
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Data Set 12 - Initial Flow Variable. 

This data set j s  read in via Logical Unit 1. The 
variables include the time, TIMEM, pressure head, H, 
moisture-content, PH, and Darcy's velocity components, VX 
and VZ. One is referred to the sequence number 6MZD 390 
and GMZD 395 i n  the subroutine GMZDXZ of APPENDIX C. 

READ( 1) TIMEM, (H(NP), NP=l,NNP), (HT(NP), NP=l,NNP), ( (TH (M, IQ) 
M=l, NEL),IQ=l , a ) ,  (VX(NP),NP=l,NNP), (VZ(NP),NP=l,NNP) 

Data Set 13 - Transient Flow Variables 
- ibis data s e t  is required only if KVI = 2. It i s  read 
via Logical Unit i. T h e  variables included i n  th i s  d a t a  
is the same as Data Set 12. It is also read in the same 
manner. One is referred tu the  sequence number GiZD 660 
and GM2D 665 in the subroutine GM2DXZ o f  the APPENDIX C. 
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SAMPLE INPUT OF THE SEEPAGE POND PROBLEM 
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LISTING OF FCRTRN I V  SOURCE PROGRAM 
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APPENDIX C (cont inued)  

DO 210 NPxlrNNP 
21 0 
22 0 C O N T I N U E  

230 P R I N T  104001 IBAND. MAXBW 
240 P R I N T  105001 I S T O P  
250 R E T U R N  

R P t  NP )=R ( NP 1 

GO Ta io 

C 
10 000 
10 100 F O R M A T  ( /BHlPROBLEM I I5 9 3 H . m  r 9 A 8 / )  
10 200 
10300 FQRMAT(////3SHlERRDR I N  V E L O C I  W INPUT A T  ELEMENT * IS///  1 
10400 FCtRMAT!  / / / /12H BANDWIDTI-1 = ~ 1 4 * 2 5 H  FXCEEOS M R X .  A L L O W A B L E  P4///) 
10500 F O R M A T I I P ! O ~ 4 X ~ ' I S T Q ~  f ' -1-5)  

10700 F U R M A T f l H  r f S * 4 E 1 2 . 4 r S X *  f5.4EX2.4) 

F O R M A T  ( 151 9 A 8 )  

F O R M A T  ( @Flow 0 1 

10600 FDRMAY t 1Ht I 'TABLE O F  W E I G H T I N G  F A C T O R S  CIF EVERY ELEMENTS'//) 

EN 0 

GM2D 1005 
GMZD 10 1 0 
G M 2 0 1 0 1 5  
CM 2D IO2 0 
GM2D 102 5 
CMPD 103 0 
CM2D 1035 
GM2D I04 0 
GM2D 1045 
CMZD I050 
GM2D 1055 
GM2D 106 0 
GM2D 1065 
GM2D 1 07 0 
C M 2 5 1 0 7 E  
CM 20 1 0 8 0 
GMZD 10 8 5 
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APPENDIX C 

698 
70 0 

710 

(continued) 

C O N T I N U E  

GO TO t 7 0  
NRSN=NPP 
P R I N T  10000 
DO 720 MP=IrNRSEt 

CONTINUE 

M=NR SE t M P ) 
PRINT 11600vM.I 720  

C 
C DETERMINE D I R E C T I O N  COSINES D C O S X t M P )  AND DCOSZ(MP) FOR T H E  
C O P E N  BOUNDARY SIDES 
C 

DO 810 M P f = l r N R S € L  
MI=NRSE(MPf) 
00 e00  MPJ=I,NBEL 

WJ=NBE(MPJ) 
XF ( M J o N E a M I ?  G O  T O  8 0 0  
XF ( I S B t  MPJI 1 t .Ea. IS (MPI 9 I b .AND. I SB( MPJ r2) OEQI KS(MPIs2) GO 
rn ?BO 

810 COHTrNUE 
820 IF(ISTOPoEQ.0) GO TQ 830 

P R I N T  1 3 C O O -  I S T O P  
830 RETURN 

C 
10000 F O R M A T ( 3 S H O I N P U T  TABLE 1 D .  BASXC PARAMETEUS // 5 x 0  

> 40H NUMBER O F  NODAL POINTS. 0 0 * 0 e o v  I S 1  5 x 1  > 40H NUMBER O F  ELEMENTS. 0 e e e e e e . * I S /  5 x 9  > 40H NUMBER OF D I F F E R E N T  MATERIALS D o o r 1 5 1  5 x 1  > 40H NUMBER OF C O R R E C T I O N  M A T E R I A L S .  . e 1 5 1  5 x 1  
> 40H NUMBER OF T I M E  I N C R E M E N T S  0 a 0 e 0 * r 1 5 /  5x1 > 40H NUMBER O F  BOUNOARY C O N D I T I O N S  0 I. o D S X W  S X ,  
> 40H NUMBER OF SURFACE TERMS s e 0 J 0 a . *15 /  5 x 1  > 40H NUMBER OF SEEPAGE S U R F A C E  TERMS 0 w m . s f 5 /  s X *  > 40H V E L O C I T Y  INPUT CONlROC. e 0 e r I 5 /  5 x 1  > 40H A U X I L f A f ? Y  STORAGE CONTROL 8 a . * I s /  5 x 1  
> 40H S T E A D Y - S f l T E  CONTROL. a .I 0 o v 1 5 Y  5 x 9  > 46H YSWE INCREWEHT. D 8 e a e 0 o e r a F L O r 6 f  ?5X* > 40H M U L T I P L I E R  FOR I N C R E A S I N G  OELTI * * + F 1 0 0 6 /  5 x 1  

D A T A  1755 
D A T A 1 7 6 5  D A T A  1760 

D A T A  1770 
D A T A  1779 
D A T A  l780 
O A T A  1785 
DAYA 1790 
DAYA 1795 
D A T A  180 d 
D A T A  1805 
D A T A  181 0 
D A T A 1 8 1 5  
D A Y A  1620 
D A T A  1825 
DAYA 1830 
D A t  A 1 63 5 
D A T A 1 8 4 0  
D A T A  t 845 
D A T A  185 0 
DATA 1859 
DAY A 1 86 0 
D A T A  1865 
D A T A  1870 
QAT A 1 07 5 
DAY A 1680 
D A T A  188s 
D A T A  1890 
D A T A  1895 
OATA 1900 
DATA 1905 
D A T A  is i 0 
D A T A  1915 
D A T A  k920 
D A T A  1925 
D A T A  1930 
D A T A  1933 
D A T A  1940 
D A T A  I945 
D A T A  1950 
D A T A  1955 
DATA 1960 
DATA 1965 
D A T A  1970 
D A T A  197 5 
D A Y A  1980 
DATA 1985 
D A T A  199 0 
OATA 1995 
D A T A  20 0 0 
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APPENDIX C (cont inued) 

SUBROUTINE A F A B T A ( X 9 Z  *TE*WETA8. V X I V X P * V Z * V Z P *  P R O P ,  M A X N P I M A X E L I  > M A X M A T * M X M P P M *  NELr W )  
C 

c ON 
C 

C 

C 

100 

C 

C 

C 

f F U N C T I O N  O F  THE SUBROUTINE-TO C A L C U L A Y E  THE W E I G H T I N G  FACTORS 
F O U R  S I D E S  O F  EACH O F  THE E L E M E N T S  

D I M E N S I O N  X ( M A X N P ) r Z ( M A X N P )  *IE(MAXEC*S) r W E T A B ( M A X E L . 4 )  
DIMENS I O N  V X (  M A X N P )  V X P (  W A X N P )  r V Z (  M A X N P )  * V Z P I  M A X N P )  
orMENsxctN PRDPIMAXMAT.WXMPPM) 
O I M E N S I O N  A P H A t 4 1  * B E f A ( Q ) r M D ! Y ( 4 )  

w 1 = w  
w2=1 .o-w 
f F [ K S S . E O . O )  GO T O  I O C  
Y l = 1  .O 
w2=0 .O 
CUNT I N U f  
DO 500  U=1 r NEL 
MTYP= 1 E ( MI 5 
A C = P R O P ( M T Y P I ~ )  
A T = P R O P ( M f Y P  r 4 )  
AM-PROP (MTYD 8 1 
T A U = P R U P  ( M T Y P  9 1 
DD*TAUt AM 

A F A B  005 
A F A E  010 
A F A B  015 
A F A E  020 
A F A B  0 2 5  
A F A B  030 
A F A B  035 
A F A B  040 
A F A B  045 
A F A B  050 
A F A B  055 
A F A B  060 
A F A B  065 
A F A B  0 7 0  
A F A B  075 
A F A B  0 8 0  
A F A B  085 
A F A B  090 
A F A B  095 
A F A B  100 

A F A E  A P A B  105 110 
A F A E  115 
A F A B  120 
A F A B  125 
A F A E  I30 
AFAB 1 3 5  
A F A B  1 4 0  
AFAB 145 
A F A E  1SO 
A F A B  155 
A F A B  160 
AFAB 165 
A F A B  170 
4 F A B  175 
A f A 6  180 
A F A B  185 
A F A B  190 
A F A B  195 
A F A B  200 
R F A E  205 
A F A B  21  0 

S F A B  220 
,?FAB 225 
- F A %  230 

FAB 240 
F A 0  245 
F A 0  250 

X F A B  215 

* F A B  235 

t-. 
0 w 

1 
ul 
01 

Q, 
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APPENDIX C (continued) 

S U B R O U T I N E  Q40( O B I R C l r  XO. ZQ. V X Q + V Z Q * C R Q  .OD* A L I  AT. SNFE.CSFE. IND) 
C 
C F U N C T I O N  OF S U B R O U T I N E - T O  E V A L U A T E  T H E  M A T R I X  QUADRATUGE OVER THE 
C AREA O F  ONE ELEMENT. THESE I N T E G R A L S  A R I S E  THROUGH THE 
C A P P L  I C A T I @ N  OF THE G A L E R K P N  X N T E G R A T I O N  SCHEME 
C 

I M P L I C I T  R E A L * 6  ( A - H r O - 2 )  

O I M E N S I O N  Q B ( 4 3 4 ) 3 R Q C 4 ) r  X Q ( 4 ) . 2 Q ( 4 )  . C R Q ( 4 ) r V X Q ( 4 )  s V Z C ( 4 )  
O I M E N S l O N  S ( 4 ) * 1 ( 4 ) * W ( 4 )  . O N X ( 4 1 r O N Z ( 4 )  . D W X ( 4 )  .DWZ(4)  
DIMENSION P J b 8 ( 2 , 2 ? r D N S S ( 4 ) r D N T T ( 4 )  rDWSS(4)  r D W T T ( 4 )  

DATA P / O e 5 7 7 ~ 5 0 2 6 9 1 8 9 6 2 6  /s S 1 - I ~ O O + O O I  t c O D + O O *  l r O D + O Q . -  

R E A L * 8  M(4) 

C 

> l . O D + O O  /s T f - 1 ~ 0 0 + 0 0 ~ - 1 0 0 0 + 0 0 ~  i r Q 0 + 0 0 *  1.00+00 / 
C 
C I N I T I A L I Z E  M A T R I C E S  QB(1QiJQf AND QQ(1Q) 
C 

DO 1 0 0  I Q = 1 r 4  
R Q (  ICJ)=be 0 
DO 100 J Q = l r 4  

1 BO Q B I T Q I J Q ) = O * O  
C 
C S U M M A T I O N  O F  THE I N T E G R A N D  OVER THE G A U S S I A N  P U L N T S  
C 

C 
C D E T E R M I N E  L O C A L  COORDINATE ( S S I T T )  OF 
C G A U S S - I N T E G R A f 1 O N  P O I N T  KG 

DO 400 K G = l r 4  

c 
L 

C 
C C A L C U L A T F  THE V A L U E S  OF B A S I S  FUNCTSONSI N ( 1 Q ) r  AND W E I G h T I N G  
C W ( 1 Q )  AND T H E I R  D E R I V A T l V E S  WITH R E S P E C T I V E  T O  X A N 0  Z .  RESPECTIVELY 
C A T  T H E  G A U S S I A N  P O I N T  KG 
C 

CALL 
DO 110 I = l r 2  

i 10 PJABfX.J)=O.O 
80 1 2 0  I = 1 . 4  

SHAPE (N.W .D~SS.DNfT .DWSS.BWTTr  S S  r T T )  

00 1 1 0  Jz1.2 

PJAB( 1 rn 1 ) = P J A B  ( 1 1 ) +ZQ ( 1 1 *DNTT [ I 1 
P J A B t  l r 2 ) = P J A E (  1,2)-ZQ(I)*DNSS(I) 
P J A B (  2.1 )=PJAB( 2r 1 ) - X Q t I  1 * D N T T (  I B 

120 P J A 8 ( 2 . 2 ) = P 3 R 6 ( 2 . 2 ) + X Q ~ I ) * D N ~ S ( I )  
€IJAC=PJAB(2*2)*PJABf l  r l  ) -PJA8(1 .2 )SOJAB(2 .1  1 
DJAC I= 1 .O/DJAC 
DO 130 IZ1.2 

DO 130 J = l * 2  
130 P J A B (  I . J ) = P J A B ( I  . J ) * D J A C I  

0.10 Q40 010  0 0 5  

04D 015 
Q4D 020 
Q 4 D  025 
Q4D 030 
Q4D 035 
Q 4 D  040 

_ _ -  QG 010  
04D 015 
Q4D 020 
Q 4 D  025 
Q4D 030 
Q4D 035 
Q 4 D  040 
Q4D 6 4 5  
a45 0 5 0  
Q 4 D  OS5 
Q 4 D  060  
Q 4 0  0 6 5  
Q 4 D  Of0 
Q 4 D  075 
Q 4 D  080 
Q 4 D  085 
040 090 
040 095 
C14D 1 0 0  
Q 4 D  105  
0 4 0  1 1 0  
Q 4 D  1 1 5  

040 1 2 5  
Q 4 D  130 
040  135 
040 140  
04D 1 4 5  
Q4D 150 
040 155 
Q 4 D  160 
Q4D 165 
043 L72 Q 4 D  17, 
Q 4 D  180 
Q 4 D  185 
Q4D 1 9 0  
04D 195 
Q 4 D  200 
Q 4 D  205 
Q 4 D  210 
Q4D 215 

o m  120 

~- ~ 

Q4D 2 2 0  
Q40 22s 
Q4D 230 
Q4D 235 
Q 4 D  240 
Q 4 D  245 
Q 4 D  250 

0 
XI z 
r 
1 
Ln cn 
0 
t- 



OR NL - 560 1 
108 

.
.

 
n
 

z
 

w
 
a
 
a
 

<
 

a O 

Z
Z

 
** 
1

0
 

a
a
 

U
U
 

c
v

 

8
0
 

P
X

N
 

*>
>

 
p

"
+

4
 

II 1
L
Y

 
O

X
N

 0
 

In 
rc

 

c
1
 

0
 

3
 

0
 

m 0 
v
) 
d
 

W 
w c

 

[w
 

b
b
 

a
 

I- 

o
n

 
b
( 

n
n

 
z
 

u 
Y

Y
X

 
0
 

x
 

X
N

>
 

I- 
>

 
>

>
* 

Q
 

0
 

v
u

u
u

 
V

 
U

W
V

V
 

V
 



109 
OR NL - 56 0 1 

h
 

U
 

(u
 

2
 

E
 

*
c
 

u
 
c
 
0
 

V
 

0
 

z
 

w
 
a
 

C
L
 

4
: 

0
 

r Q
 
P
 

2
 

U
 

m
 

L
 

2 k- w 3 
3
 

U
 

L
1
 

0
 

R
I 

t
 

\
 
c
 

0
 

r
l 

13 
I 

L
j, 

c
 - 

I
 

s w I 
w J
 

W
 

I: 
v 4

 
W

 

LK 
0
 

u. 0
 

7
 

CY b! 
a
 

Z
 
U
 

U
 

7
 

a
 

a
 
a
 

ul 
W

 
U

 

b- U 
I
 

W
 

I- > 
a r 0 
V

 

n
 

* 
U
 

v
 

a
 

c
 

* 
n
 

Y
 

W
 
a
 

v
u

v
u

u
v

v
 

u
 

v
u

 
v

u
 

u 
U

Y
Y

 
v

u
v

 0
 

0
 



ORNL-5601 
110 

h
 

V
 

a, 
3
 

r
 

+
-, 
c
 
0
 

u
 

.? 

v
 

u
 

x
 

c
3
 
z
 

w
 

Q
 
a
 

U
 

4
 

N
 
3
 

* 
* 

€9 E 

a
 

N
 

> 

t * A
 

7
m

 
*

a
 

a
*

 Q
 

c3 

0
 

d
 

~ 
v

u
v

u
v

u
 

U
 



111 
ORNL -5601 

v
 

u
 

x
 

H
 

C
I 
z
 

w
 

Q
 
a
 

U
 

m
o

 
Q

IO
 



OR NL - 56 01 
112 

I
.
 

z
 

4
 

m
 

U
 

bx 
-I 

rd
 

a
 

. 
v
 

a, 
4
 

0
 

0
 

i
 

a
 

v
) 

c
 

u 
a
 

a. 
Y

 

0
 

3: 
d
 c 

2 
w

 e
 

a
 

P
 

3
 

J
 
I
 

0
0
 

4
4

. 
0
0
 

0
0
 

.. arl- 

e. 
0
0
 

4
3

 
O
B
 

0
0
 

.
I
 

-
8
1
1
 

a
a
 

I 
c
 

W
 

5 5 d 
Q

 

0
 
1
 

P
 

0
 

I
 

k" 
L

 

v
) 
v
)
 

t
 

P- 
a
 . a. v

) 
v
) 

B
 

B
 

t
 

P- 2
 c
 

e, 

> 
w 

b
 

W
 

k
 

63 
T
 
a
 

. e 
a
 

N
 

>
 

0
 

X
 
3
 

0
5

3
 

N
U

 
.I- 
0

.
 

X
X

 
P

4
 

c .- 

m
-

 
o

a
 

.J
 

4
*
 

8
.
 

-0E
 

0
0
 

a
a
 . 

61 
8

 
w t

W
 

4
z

 
2
9
 

D
 
z 
a
 

J
 

W
 

'
O

 
c
 

a
 

N
d

 
N

 
d
 
I
 

b
 

a
 c 

Ir
l 

8
0

 
0

.
 

*r \
 

w Q
 

ac in 

8- w k \ 

i- 4
 

3
9

E
 

t
-

w
 

z 
0
 

H
 
I
 

0
 

W
 

U
 

a, 
I
 

K
 

v
 

v 
u
 

L
J
U

U
 

v
 

u
 

w
u

u
u

 
b

d
vvu

v 
w

u
u

u
 

v
u

u
u

u
w

 
u
 

n
 

z
 

W
 

b
 

a
 

4
 



APPENDIX C (cont inued)  

C 
C 
t 

C 

C 
C 
C 

C 

C 

C 
C 
C 
C 

DO 1 1  
DO 

11 

DO 16 r = i s 4  
P J A B [ l r A f = P J A B ( l r l ~  4 Z Q ( I j * D M T ( X )  
P JAB t 1 9 2 )=PJAB( 1 9 2 1 Z Q  I I 1 *DNS S (  X 1 
P JAB( 2 r  1 )=PJAB I 2.1 ) XQ ( I 1 *DNTT( X 1 
P J A 8 ( 2 * 2 ) = P J 4 8 1 2 r 2 )  + X Q ( I ) * D N S S ( I )  

-. - 
16 CONTINUE 

COMPUTE THE DETERMINANT OF T H E  JACOBIAN 

OJAC=PJAB( 2 r 2 ) * P J A B (  1 s 1 )  
O J A C S = l r 0 0 0 / D J A C  

- P J A B ( 1 * 2 )  *PJAB< 2.1 i 

A R E A r A R E A  + DJAC 

DO 17 r = i r 2  

DO 1 e  s = 1 , 4  

00 17 J=1.2 
17 PJABC 1 9  J)=mJAB(X 9 Jl * D J A C I  

DNXfI ) t P J A B (  1 , t  )*DtJSS( 1 )  + P J A B l L  . 2 ) * D N T T (  I k 
DNZ( I 1 =PJ A 6  1 2 9 1 ) *ONSS< f 1 + 
DUX[ I 1 r P J A B I  1 ,l)+DWSS(X) 4 PJAB(: 1 , 2 ) * D V T T (  S I  

18 OCZ(l)=PJAB12.I)*DWSS(X) + P J A ~ ~ Z S ~ I * O W T T ( I )  

P JAB t 2 r2 +DNTT I 

I N T E R P O L A T E  W I T H  THE B4SIS- INTERPOLATIUN F U N C T I O N S  N <  I Q 1  TO O B T A I N  
THE A D V E C T I V E  V E C O C l T Y  AT EACH GAUSS I N T E G R A T I O N  P O I N Y  

20  
C 

D H K = O e  
T H K = O  
DTHK-0 e 
V X K = O e  

00 2 0  i Q = t  

T P K = f H K  
DTHK=DT 
V X K=V XK 
VZK=VZU 

vzK=ar 
OHK-OHK 

9 4  
4N 
+N 

'HK 
+N 

, +N 

Q 4  2 5 5  
Q 4  260 
04 2 6 5  
Q 4  270 
0 4  275 
0 4  2 8 0  
Q 4  285 
Q4 290 
0 4  295 
04 30Q 
P 4  305 
Q4 310 
Q 4  315 
9 4  320 
P4 325 
Q 4  330 
04 335 
04 340 
Q4 349 
0 4  356 
a4 365 
Q4 360 
0 4  365 
04 370 
04 375 
0 4  380 

Q4 390 
04 395 
Q4 400 
Q 4  405 
Q4 4 x 0  

04 420 
0 4  425 
Q4 430  
Q4 4 3 5  
Q4 4 4 0  
0 4  445 
Q4 450 
04  455 
Q4 4 6 0  
Q4 465  
a4 4 7 0  
0 4  475 
cJ4 400 

Q4 490  
0 4  495 
0 4  5 0 0  

~4 38s 

a4 41s 

0 4  485  

P w 
w 

0 
x, z 
r 
1 
ul 
OI 
0 + 
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APPENDIX C (continued) 

S U B R O U T I N E  S H A P E $  N r  W *DNSS*DNTT *DWSS*DWTT* SSeTT 1 

FUNCTION OF THE SUBROUTINE-TO COMPUTE THE VALUES QF BASIS F U N C T I O N S  
AND WEIGHTING F U N C T I O N S  I N  L O C A L  COORDINATES 

I M P L  IC I T  R E A L * 8  
REAL*B N ( 4 )  

S O 0  DO 2 0 0  f = l o 4  
Y I  1 l = N f  11 
D V S S ( ' i j i D N S S (  I t 

200 OwTTl X I=DNTTI  1 1  
RETURN 
END 

S H A P  005 
SHAP 010 
SHAP 015 
SHAP 020 
S H A P  025 
S H A P  030 
S H A P  035 
S H A P  0 4 0  
S H A P  0 4 5  
SHAP 050 
S H A P  095 
SHAP 060 
S H A P  065 
S H A P  070 
S H A P  075  
SHAP 0 8 0  
St ihP  085 

SHAP 0 9 s  
SHAP 100 
SHAP 105 
SHAP 110 
S H A P  115 

S H A P  S H A P  120 125 
SHAP 130 
SWP 135 
SHAP 140 
S H A P  145 
SHAP 150 
S H A P  1 5 6  
SHAP 160 
SHAP 165 
SHAP 170 
SHAP 175 
S H A P  180 
S H A P  185 
SHAP 190 
SHAP 19s 
S N A P  200 
SHAP 205 
SHAP 210 
SHAP 215 
S H A P  220 
SHAP 225 
S H A P  230 
S H A P  235 
S U P  240 
St4AP 245 
SHAP 2fb 
S H A P  255 

SHAP ago 

0 
P z r- 
1 
m m 
0 
I--' 
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APPENDIX C (cont inued) 

30 D O  4 0  IB=lrlHALFB 
N J=NI + S t3 
IF tNJ.GT.NNP) GO TO 50 
JB=IHBP--I8 
R (NJ)=R ( N  J)-BB( N P P  ) * C (  NJ. JB) 4 0  

c 
C ZERO COLUWN NPN[NPP) OF M A T R I X  C S N P s L B )  
C 

50 DO 60 I8=lrIHALFB 
NJ=NI-IB 

JB= I HBP+ I B 

N J=NI * I  B 

J e=r tfep- re 

IF ( N J e L T - I )  GO T O  7 0  

60 C(NJ*  J B ) = O . O  
70 DO E O  IB=lrIHALFB 

IF (NJ.GTeNNP) GO T O  90 

8 0  C (NJsd8  )=O.O 
90 CONTINUE 

C 

c 
C ENTER SEEPAGE TERMS IN M A T R I X  C<NP*IB) 
c 

190 IFINR5EL.LE.O) GO T O  140 

w 1=w 
w2= 1 .-W 
IF (KSS.NE.0) GO TO 110 
u1=1 
w2=0. 

I10 DO 130 MP=lsNRSEL 
W=NRSE( MP I 
APH A 1=WETA8 ( M 9 1 
APHA2tWET AB ( M 3 
BETAl=WEfAB(M.Z 
B ET A 2=WE TAB f M .4 
NI=ISCMP. I )  
N J = I S f W P * 2 )  
K Q (  1)=IS(MP.39 

120 
C 

C 

0 C  2 5 5  
BC 260 
EC 265 
BC 270 
BC 275 
BC 2 8 0  
BC 285 
BC 290 
BC 295  
BC 300 
BC 305 
BC 310 
6C 315  
8C 320 
BC 325 
BC 330 
BC 335 
8C 3 4 0  
ec 3 4 5  
BC 350 
BC 355 
6C 360 
BC 365 
BC 370 
0c 37s 

BC 385 
BC 380 

~~~ 

BC 390 
BC 395 
BC 400 
6C 405 
BC 410 
BC 415 
BC 420 

BC 430 
BC 435 
8C 4 4 0  
BC 445 
BC 450 
BC 455 
BC 460 
6 C  465 
Bt 4 7 0  
EC 475 
B f  460  
BC 4 8 5  
BC 490  
BC 495 
BC 5 0 0  

ec 425 
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APPENDIX C (continued) 

' I t  
c 

e 
t 
6: 
C 

t 

c 

C 
t 
C 
C 
c 

c 
t 
C 
c 

INTERPOLATE WITH FUNCTIONS N < H C i ) r  D 6 X t S Q ) r  DNZBIOI T O  OBTAX 
VALUES OF OARCY VELOCITIES V X Q P  A M 0  V Z Q P  

V X K = O .  
VLK=0. 
00 20 P Q = P r 4  

VX#=VXK+WXCiI I Q 3  *N( I U )  
20 VZK=VZK+VZQ( IOO*N( 9 0 8  

I 

Q4SP 255 
Q4SP 260 
Q4SP 265 
Q4SP 270 
Q4SP 275 
Q4SP 230 
Q4SP 285 
Q4SP 290 
Q4SP 295 
Q4SP 300 
Q4SP 305 
Q4SP 310 
Q4SP 315 
5 4 9  320 
Q4SP 325  
Q4SP 330 
Q4SP 3315 
Q4SP 3 4 0  
QBSP 345 

Q4SP 355 
QBSP 360 
QBSP 365 
Q4SP 370 
Q4SP 375 
04SP 380 
Q4SP 385 
Q4SP 390 
Q4SP 395 
Q4SP 400 
Q4SP 405 
174SP 4 1  0 
QISP 4 1 5  
Q4SP 420 
Q4SP 425 
Q4SP 4319 
Q4SP 435 
Q4SP 440 
Q4SP 445 
Q4SP 450 
Q4SP e55 
Q4SP 4 6 8  
Q4SP 465 
Q4SP 470 
Q4SP 475 
Q4SP 480 
Q4SP 485 
Q4SP 4 9 0  
Q4SP 495 
Q4SP s o 0  

a 4 s ~  350 

1 
m 
QI 
0 

w 
N 
0 
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APPENDIX C (cont inued) 

K@=IEJ+I#ALFB 
t @ = I H B P -  I @  
EO 30 MR=JB*KB 

NB=LB+MB 
30  C ( NL v MB 1 =C t NL s M B + A  *C ( N f NB) 
4 0  CONY INUE 

RETURN 

MOD I F Y  L O A D  VECTOR I?( NP 1 

50 NU=NNP+l 
I B A N D = 2 *  fHAhFe+ 1 
DO 7 0  NI=2*1HBP 

IB= I FBP-N I + 1 
NJ= I 
S I f M = O  -0 - _ -  
DO 6 0  JB=IB*IHALFB 

SUM=SUM+C(NIIJB)*R(NJ) 
60 N J=N J + 1 
7 0  P f N I  )=R(NI ) + S U M  

IB= 1 
Nt=IHEP+l 
D O  90 NS=NLrNNP 

NJ=NI - IHBP+ 1 
SUM=O.O 
DO e0 JB=IBIIHALFB 

SUM=SUM+C(NI  s J B ) * R t N J )  
80 
90 

N J=N J + 1 
R / N  I )=R( N I  ) +SUM 

BRCK S O L V E  

R(NNP) = R  ( N N P  t /c (NNP XHBP 1 
DO 1 1 0  I B = 2 * I H B P  

N I z N U - I B  
NJ=NI  
MB= KHAC.FB+IE 
SUM=O.O 
DO 100 JB=NL.MB 

MB= SBAND 

N J = N I  

00 130 Ie=Nb.Nh'P 
N I=NU-tB 

SUM=O*O 
DO 120 JB=NL*HB 

N J=NJ+ t 

S o t V  2 5 5  
SDLV 2 6 0  
SOLV 265 
SOLV 270 socv 2 1 5  
S O t V  280  
SOLV 285 
SOLV 2 9 0  
SOLV 295 
SOLV 300 
SULV 3 0 5  
SCKV 310, SOCV 31" 
S O t V  320 
SOLV 325 
s o l v  330 
SOLV 335 
SOLV 340 
SOLV 345 
SOLV 350 
SOLV 355 
s a v  360 
soiv 365 
s o l v  370 
SOLV 375  
SOLV 380 
S O l V  385 
SOLV 390 
sotv 39s 
SOLV 400  
SOLV 405 
SOLV 4 1 0  
SOLV 415 
SOLV 420 
SOLV 425 
SOLV 430 smv 43s 
S a V  440  s m v  445  
SOLV 4 5 0  
s o l v  455 
SOLY 460 
sQL.V 46s 

SOLV SOLV 4 7 0  O f 5  
SOLV 4 8 0  
solv 485 
SOLV 490 
SOLV 49s 
SOCV 500 

F 
N w 

0 
7 3  z r 
1 m 
OI 
0 
I--L 
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APPENDIX C (continued) 
0 
A 
z r 

120 
C 
C 

S F L O  755 
S R O  760 
SFLO 765 

S R O  SFLO 7 7 0  775 
SFLO 780  
SFLO 7 8 5  
SFLO 790 
SFLO 795 
S F L O  8 0 0  
SFLO 805 
smo 810 
SFLO 8 1 5  
SFLO 820 
SFLO 825 
SFLQ 830 
SFLO 835 
S R O  8 4 0  
SFLO 845 
SFLO 850 
SFLO 8 5 5  
SFLO 860 
S R O  865 
S R O  870 
S R O  875 
S F L O  880 
SFLO 8 8 5  
S F L O  890 
S R O  895 
SFLO 900 
SFLO 965 
SFLO 910 
SFLO 915 
S R O  920 
S R O  9 2 5  
SFLO 930 
S F L O  935 
S R D  940 
SFLO 945 
SFLO 950 
SFLO 9 5 5  
SFtO 960 
S R O  965  
S R O  970 
SFLO 975 
SFLO 980 
SFLO 985 

1 
cn 
0, 
0 
)--L 
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"PENDIX C ( con t inued)  0 m z 
r 

PRXN 255 
PRIN 260 
PRXN 265 
PRLN 270 
PRIN 275 
PRKN 280 
PRIN 285 
PRXN 290 
PRLN 295 
PRXN 300 
PRKN 305 
PRIN 310 
PRXN 315 
PRIN 320 
PRIN 325 
PRIN 330 
PRXN 335 
PRXN 340 
PRXN 345 
PRIN 350 
PRXN 355 
PRIN 360 
PRIN 365 
PRIN 370 
P R X N  395 

1 
ul 
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APPENDIX C (continued) 

SVBROU T I NE STORE ( X 9 Z 9 I E * R 9 F X r F Z e T 1 T LE t NPRUB 4 NNP 9 NE& 9 NT I 9 > MAXNP.MAXELvTIME) 
C 
c - 
C FUNCTION O F  SUBROLTINE--TO STORE PERTINENT QUAPFTITlE.5 O N  AUXILIARY 

C USED MUST BE SPECIFIED B Y  A P P R O P R I A T E  JOB-CONTROL C A R D S .  
c D E V I C E  FOR FUTURE USE. E.G. F O R  PLOTTING. YUAT DEVICE rs TO BE 

C 
C 

C 

STOR 0 0 5  
STnR 010 
STOR o i i  
STOR 020 
STOR 025 
STOR 030 
STOR 0 3 5  
STUR 040 
STOR 045 
STOR 0 5 0  
S70R 0 5 5  
STOR 060 
STDR 0 6 5  
STOR 0 7 0  
STOR 0 1 5  
STOR 080 
s-roa 0 8 5  
STOR 090 
STOR 095 
STOR 100 
STOR t o 5  
STOR I 1 0  
STOR I15 
STOR 120 
STOR 125 
STOR 130 

w 
w 
c9 
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