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PRODUCTION CONTROL I N  HTGR FUEL ROD FABRICATION 

D. J. Downing and M i l t o n  B a i l e y *  

AB ST RAC T 

The purpose of t h i s  r e p o r t  i s  t w o f o l d :  ( 1 )  To determine 
which techniques a r e  capable o f  d e t e c t i n g  d r i f t  o r  s tep  changes 
e a r l i e s t  i n  a manufactur ing process. 
a r e  t h e  Kalman F i l t e r ,  weighted l e a s t  squares, and Shewhart 
c o n t r o l  c h a r t .  ( 2 )  What method, o r  methods, would work w e l l  i n  
m a i n t a i n i n g  t h e  manufactur ing process a t  an acceptable l e v e l  o f  
qual i ty? 

The techniques o f  i n t e r e s t  

To so lve  p a r t  ( 1 )  above, s i m u l a t i o n  s t u d i e s  were performed 
f o r  var ious  t e s t  cases o f  i n t e r e s t .  These t e s t  cases v a r i e d  t h e  
degree o f  s h i f t  as w e l l  as t h e  process and measurement v a r i a t i o n .  
Step changes were a l s o  i n c l u d e d  i n  t h e  s imu la t ions .  
technique was s u p e r i o r  i n  a l l  o f  these cases, b u t  t h e  Kalman 
F i l t e r  appeared t o  be more r o b u s t  t o  v a r i o u s  process changes. 
The weighted l e a s t  squares d i d  a good j o b  when t h e  weight  was 
near  u n i t y  (0.9977) and f a i l e d  when t h e  we igh t  was smal l  (0.63). 
The Shewhart c o n t r o l  c h a r t  i s  b e t t e r  f o r  d e t e c t i n g  s t e p  changes 
than f o r  t rends.  
expect i n  t h e  process, he migh t  choose any one o f  t h e  above 
methods. 

No s i n g l e  

Thus, depending on t h e  t y p e  o f  change one would 

Several methods were compared t o  t r y  t o  answer p a r t  ( 2 ) .  
Given t h e  t a r g e t  va lue t h a t  one wishes h i s  product  t o  a t t a i n  
and accurate measuring devices,  t h e  d e v i a t i o n  f rom t a r g e t  can 
be computed. The o b j e c t  o f  c o n t r o l  t h e o r y  i s  t o  f o r c e  t h e  d e v i -  
a t i o n  f rom t a r g e t a s n e a r  t o  zero as p o s s i b l e .  
which t h i s  i s  done i s  t o  min imize t h e  mean square e r r o r  o f  f o r e -  
casted f u t u r e  values. 
do, then we can t a k e  compensatory a c t i o n  t o  c o r r e c t  it. Ohvi-  
ous ly ,  t h e  b e t t e r  t h e  f o r e c a s t i n g ,  t h e  b e t t e r  t h e  c o n t r o l  w i l l  
be. Thus, t h e  f i r s t  problem i s  t o  b u i l d  a model t h a t  w i l l  
a c c u r a t e l y  f o r e c a s t  t h e  d e v i a t i o n  f rom t a r g e t .  I n  t h i s  r e p o r t  
t h e  model b u i l d i n g  and f o r e c a s t i n g  was done us ing  t h e  methods 
o f  Box and Jenkins [l]. To i l l u s t r a t e  t h e  process employed by 
Box and Jenkins,  an example o f  op t ima l  c o n t r o l  t h e o r y  a p p l i e d  
t o  a papermaking process i s  given. F o l l o w i n g  t h i s  i s  t h e  
a n a l y s i s  o f  f u e l  r o d  l e n g t h  da ta  f rom t h r e e  f u e l  r o d  p r o d u c t i o n  
campaigns. 
w i l l  be produced when f u e l  r o d  produc t ion  begins.  Thus, i t  was 
o f  i n t e r e s t  t o  see i f  t h e  da ta  l e n t  i t s e l f  t o  t i m e  s e r i e s  a n a l y s i s  
and, i n  p a r t i c u l a r ,  t o  t h e  method o f  Box and Jenkins.  I t  was 
found t h a t  a l l  t h r e e  campaigns c o u l d  be adequately modeled by 
d i f f e r e n c e  equat ion  models which were f i t  t o  t h e  data.  
how c o n t r o l  t h e o r y  would decrease t h e  d e v i a t i o n  f rom t a r g e t  

The c r i t e r i o n  by 

If we can f o r e c a s t  what t h e  process w i l l  

These campaigns a r e  i n d i c a t i v e  o f  t h e  da ta  t h a t  

To show 

*Consul tant,  U n i v e r s i t y  o f  Tennessee, K n o x v i l l e ,  Tennessee 
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of these campaigns, simulations were r u n  using the models 
derived from the real d a t a .  (The program for  generating the 
simulations i s  given in Appendix A . )  The control in the rod 
length problem i s  the height of the carbon shim pinch valve 
set t ing.  Lowering o r  raising the pinch valve will decrease 
o r  increase the rod length. The response t o  t h i s  control i s  
immediate; b u t  since measurement may n o t  be done until l a t e r ,  
two delay values were employed. 
unit and 20 time-units. In  essence, one has t o  forecast 
ahead the length of the delay value. 
problem, a one-step-ahead forecast was made, whi 1 e in another , 
a twenty-step-ahead forecast was made. I t  i s  c lear ly  shown 
that  l i t t l e  control i s  affected when the delay value i s  20. 
In  f ac t ,  t h i s  i s  the most important resul t  of t h i s  part of the 
study. The control will tend t o  decrease as the time increases. 
For s table  process ( i . e . ,  ones which vary abou t  some target 
value and do n o t  d r i f t  away), the control i s  almost nonexistent 
when the delaytime i s  as large as 20 periods. Thus, decreasing 
the time t o  measuring the rod lengths would enhance the control 
capabi l i t ies  considerably. To show more dramatically the 
e f fec t  a control can have, a non-stationary process was simu- 
lated.  
b u t  the controlled process stayed very close t o  the ta rge t .  
This was especially true when the delay time was one. 

The values were one time- 

Thus, in one control 

T h i s  process dr i f ted considerably away from target  

A drawback t o  the Box-Jenkins procedure i s  t h a t  the 
process must be modeled before control can be affected. In  
the three campaigns analyzed, the models were distinct-implying 
t h a t  the control algorithm i s  d i s t inc t  for  each campaign. The 
campaigns were acceptable in that  they produced rods of acceptable 
length-thus, the Box-Jenkins approach may be t o o  sensit ive for  
control in fuel rod production. A method t h a t  does n o t  have th i s  
problem i s  the classical  control theory approach. Both approaches 
are similar in the i r  effect  on the process. The resul ts  using 
the classical  approach are exemplified by simulations obtained 
using CSMP (Continuous System Modeling Program). The programs 
used in the simulations are contained in Appendix A .  

Alternative control methods t o  the Box-Jenkins and class- 
ical control schemes were presented since the processes studied 
are stableovertime. These control methods are n o t  dynamic in 
t h a t  they do not change the input t o  bring the o u t p u t  back t o  
target .  Rather, they are primarily visual and present a chart 
t h a t  shows the process over time. These charts have control 
l imits  t h a t  indicate when the process i s  in control or out-of- 
control. These methods may be adequate for many processes, 
especially i f  the process i s  stable over time and changes 
gradually. The methods (Shewhart control charts and Cumulative 
sum chart)  are compared under various conditions t o  ascertain 
which type of control chart i s  best (best  in terms of early 
warning of the process going o u t  of control) .  
found t h a t  cumulative sum charts (CUSUM) are superior t o  Shewhart 
charts except when large changes in the process occur. 

In  general, i t  i s  
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I .  INTRODUCTION 

Q u a l i t y  c o n t r o l  o f  a process i s  a necessary and v i t a l  p a r t  o f  good 

manufacturing. 

var ious  c h a r a c t e r i s t i c s  which d i r e c t l y  a f f e c t  i t s  usefu lness.  These 

measurements can be compared t o  c o n t r o l  l i m i t s .  I f  t h e  measurements 

f a l l  w i t h i n  t h e  c o n t r o l  l i m i t s ,  t h e  process i s  s a i d  t o  be " i n  c o n t r o l "  

and manufactur ing cont inues.  Once observa t ions  f a l l  o u t s i d e  t h e  c o n t r o l  

l i m i t s ,  t h e  process i s  dec la red  ' lout o f  c o n t r o l "  and manufactur ing ceases 

u n t i l  t h e  problem i s  r e c t i f i e d  and t h e  process i s  back i n  c o n t r o l .  

The q u a l i t y  o f  a product  can be moni tored by measuring 

Good measurement systems and s o p h i s t i c a t e d  e s t i m a t i o n  techniques 

(e.g., l e a s t  squares, Kalman F i l t e r i n g )  can be used i n  p r e d i c t i n g  t h e  

t r u e  l e v e l  o f  t h e  process. 

i n d i c a t e  process changes l i k e  s t e p  changes o r  d r i f t .  

t h e  change (say d r i f t )  and t e s t s  o f  hypothes is  concern ing i t s  t r u e  

va lue can be performed, 

measurement system, then a p p r o p r i a t e  m o d i f i c a € i o n s  can be made t o  t h e  

process. 

accurate measure o f  process l e v e l  ( f o r  example, f u e l  r o d  l e n g t h  and fue l  

r o d  f i s s i l e  assay),  ( 2 )  e a r l y  warning o f  process change, and ( 3 )  i n d i c a t e  

process m o d i f i c a t i o n s  ( i  .e., c o n t r o l ) .  

These e s t i m a t i o n  techniques can be used t o  

Both es t imates  o f  

I f  a change i s  observed and detected by t h e  

Thus, good measurement systems serve t h r e e  purposes : ( 1  ) 

Several techniques e x i s t  t h a t  can be used i n  e s t i m a t i n g  process 

change. 

It should be p o i n t e d  o u t  t h a t  f o r  a s t a t i o n a r y  system, a Kalman F i l t e r  

model can be c o n s t r u c t e d  t o  y i e l d  t h e  same r e s u l t s  as those g iven by l e a s t  

squares. The d i f f e r e n c e  i s  i n  t h e  a l g o r i t h m  t h a t  generates t h e  s o l u t i o n .  

Thus, any l e a s t  squares model can be modeled by Kalman F i l t e r i n g .  

Two well-known techniques a r e  l e a s t  squares and Kalman F i l t e r i n g .  

I n  
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c e r t a i n  cases where the  t y p e  o f  process change i s  known, a model t h a t  

descr ibes  t h a t  t y p e  o f  change can be es t imated  u s i n g  l e a s t  squares o r  

Kalman F i l t e r i n g ,  and t h e  parameters t e s t e d  t o  see if they  a r e  s i g n i f i c a n t .  

For example, one can hypothes ize a l i n e a r  d r i f t  model: 

yt = a + b t  + 

where 

= measured va lue a t  t i m e  t 

= random e r r o r  assoc ia ted  w i t h  t h e  tth measurement 

Yt 

Et 

a = i n t e r c e p t  (process mean i f  b=O) 

b = s lope ( o r  d r i f t  parameter) .  

A t  each t ime,  t, a t e s t  o f  t h e  hypothes is  t h a t  t h e  d r i f t  i s  zero  (Ho:b=O) 

can be made. 

i s  no d r i f t  and t h e  process has n o t  changed. 

I f  we do n o t  r e j e c t  t h e  hypothes is ,  we conclude t h a t  t h e r e  

Some ques t ions  o f  i n t e r e s t  concern ing these techniques are: :  ( 1 )  How 

soon w i l l  t h e  Kalman F i l t e r  o r  l e a s t  squares d e t e c t  a d r i f t  o f  g i v e n  s i z e ?  

( 2 )  How soon w i l l  t h e y  d e t e c t  a s t e p  change? ( 3 )  Under what c i rcumstances 

would one techn ique be p r e f e r r e d  over  t h e  o t h e r ?  

focus o f  t h e  n e x t  sec t ion .  

These ques t ions  a r e  t h e  

Given t h a t  one has a technique t o  e s t i m a t e  t h e  t r u e  l e v e l  o f  t h e  

process, how can t h i s  es t imate  be used t o  c o n t r o l  t h e  process? Q u a l i t y  

c o n t r o l  c h a r t s  have been used s i n c e  t h e  e a r l y  1960s. These c h a r t s  p l o t  

t h e  data and g i v e  v i s u a l  cues as t o  t h e  q u a l i t y  o f  t h e  product .  

jumps, o r  d r i f t  away from t h e  t a r g e t  va lue  a r e  e a s i l y  seen and a p p r o p r i a t e  

remedies t o  b r i n g  t h e  process back i n t o  " c o n t r o l "  can be made. 

Trends, 

I n  many 

cases, key v a r i a b l e s  can be i d e n t i f i e d  which d i r e c t l y  a f f e c t  t h e  q u a l i t y  
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Control 
Variable 

of the product. 

affects the length of fuel rods. If the length of the fuel rod i s  a 

For example, the amount of carbon shim particles direct ly  

Fuel Rod Length 
or 

Transfer Function O f  ~ 2 3 5  Content 

characterist ic of in te res t ,  i t  can be controlled by adjusting the amount of 

shim particles used, or i f  fuel rod f i s s i l e  control i s  of in te res t ,  i t  

can be controlled by adjustment of the f i s s i l e  par t ic le  volumetric dis-  

penser. If the t ransfer  function relating the input variable t o  the 

output variable i s  known,  then a feedback control scheme can be imple- 

mented which uses th i s  information to  keep the process in control. Figure 

1 i s  a schematic diagram of a control scheme for  fuel rod fabrication. 

ORNL-DUG 79-7679 

Optimal 
Control 

Error + 

Kalman + Noise 
F i l t e r  Fi  1 tered 

Estimate of 
U235 Content or 
Fuel Rod Length 

Target 
Value 

\s\ Digi t a l  
Cmputer 

Fig. 1 .  Schematic Diagram of Control Scheme for  Fuel Rod Fabrication. 
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Starting a t  the lower right corner of the diagram, one observes a 

measurement ( in  t h i s  case, a measurement of the U 2 3 5  content) t h a t  

includes a noise contribution. 

t o  yield an unbiased estimate of the true U 2 3 5  content. 

value i s  subtracted from the target value t o  obtain an estimate o f  

deviation from target .  This deviation i s  used together with the control 

variable, t ransfer  function, and  optimal control law t o  produce an 

adjustment t o  the control variable t h a t  will e i ther  increase or decrease 

the U235  content and attempt t o  maintain the deviation from target  as 

close t o  zero as possible. 

control schemes. One scheme i s  t h a t  presented by Box and Jenkins [ l ]  

which uses models t h a t  describe the process and indicate how control i s  

t o  be exerted. Another approach i s  given by the "classical"  system 

design in which the control algorithm i s  t o  be designed by modeling the 

system as a f i r s t -order  l inear  system and minimizing the system er ror  

consistent w i t h  system s t ab i l i t y .  These techniques exert control a f t e r  

each sample point. In  t h i s  sense they may be called continuous control 

schemes. I f  the process i s  stable and varies l i t t l e  over time, continuous 

control may n o t  be necessary. Other quality control schemes such as 

Shewhart control charts o r  cumulative sum charts (CUSUM) can be used under 

these conditions. These control charts serve as early warning systems 

and indicate when control may be necessary. 

charts i s  t he i r  re la t ive  simplicity in comparison t o  the Box-Jenkins 

or classical  design approaches. 

The noisy measurement i s  then f i l t e r ed  

This estimated 

In  t h i s  report we shall investigate feedback 

Another feature of control 
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11. METHODS FOR DETECTING CHANGES IN PROCESS OPERATING LEVEL 

Early detection of changes in the process operating level afford one 

the time t o  make appropriate compensating changes t o  control variables 

and ,  thus, bring the operating level back t o  normal. Several techniques 

are available t h a t  yield estimates of the true operating level. 

fulness of a technique depends on the type of change one expects the 

process t o  make. For example, the Kalman Fi l te r  i s  designed to  detect 

small constant changes in the process level ;  the weighted least  squares 

The use- 

i s  appropriate t o  detect trends in the level of a process; and the Shewhart 

control chart will detect large changes best. No one scheme i s  best in 

a l l  cases. 

l ikely t o  occur will generally guide one t o  a wise choice. 

Knowing how the process operates and the types of changes most 

Simulations were performed u s i n g  Kalman F i l t e r ,  weighted l inear  

least  squares, and the Shewhart control chart in order t o  compare the 

methods and in order t o  then u t i l i ze  the equations such t h a t  operating 

parameters such as speed o f  f i s s i l e  assay, source s ize ,  and number of 

rods assayed could be better estimated for  equipment in a refabrication 

f ac i l i t y .  

simulated general problem of concern i s  shown in Fig. 2 .  The picture 

represents the f i s s i l e  content of fuel rods on the vertical axis and rod 

number along the horizontal axis.  As we go from l e f t  t o  r ight ,  i t  i s  

assumed t h a t  the f i s s i l e  content i s  increasing l inearly with time. The 

solid horizontal l ine extending from the 0.5 gm. mark on the vertical  

axis i s  the "target" value, that  i s ,  the f i s s i l e  content we are trying 

to  produce. The dashed l ines extending from 0.5(1-x) gms. and  0.5(1+x) 

gms. are lower and upper control l imi t s ,  respectively. They are the values 

The simulation cases studied are given below in Table 1 .  The 
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such t h a t ,  i f  t h e  process l e v e l  goes below o r  above them, rods o f  i n f e -  

r i o r  q u a l i t y  a r e  be ing  produced. 

c o n t r o l  and t h e  u ' s  i n d i c a t e  t h e  t r u e  f i s s i l e  conten t .  The s t r a i g h t  

l i n e  drawn th rough t h e  p o i n t s  i s  t h e  l e a s t  squares l i n e  which g i v e s  

t h e  b e s t  e s t i m a t e  o f  t h e  t r u e  f i s s i l e  conten t  i f  t h e  process has a 

l i n e a r  d r i f t .  One q u e s t i o n  o f  i n t e r e s t  i s  which o f  t h e  methods o f  

e s t i m a t i o n  w i l l  d e t e c t  t h i s  t r e n d  e a r l i e s t ?  The answer t o  t h i s  q u e s t i o n  

i s  a f f e c t e d  by t h r e e  f a c t o r s .  

Does one method per fo rm b e t t e r  i f  t h e  s lope i s  smal l  compared t o  another,  

o r  i s  one method u n i f o r m l y  b e t t e r  regard less  o f  t h e  magnitude o f  t h e  

s lope? 

t h e  measuring equipment. 

r o d  l e n g t h .  

v a r y  about t h e  mean d r i f t  l i n e .  

ment n o i s e  caused by t h e  inaccuracy o f  t h e  measuring dev ice.  

The x ' s  i n d i c a t e  a measured f i s s i l e  

The f i r s t  i s  t h e  magnitude o f  t h e  t r e n d .  

The o t h e r  f a c t o r s  deal  w i t h  t h e  v a r i a b i l i t y  o f  t h e  process and 

Process e r r o r  i s  t h a t  assoc ia ted  w i t h  t h e  t r u e  

I n  F ig .  2 i t  i s  t h e  process e r r o r  t h a t  causes t h e  u ' s  t o  

Compounding t h e  problem i s  t h e  measure- 

Table 1. S i m u l a t i o n  Case Studies.  

Process  Pa rame te r s  

P r o c e s s  Measurement 
E r r o r ( % )  E r r o r ( % )  

S i  mu1 a t  i on 
S l o p e / S t e p  

1 
2 
3 
4 

5 
6 
7 
8 
9 

1 0  
11 
12 

S1 ope 
S1 ope 
S lope  
S lope  
S lope  
S1 ope  
S lope  
S1 ope 
S lope  
S t e p  
S t e p  
S t e p  

2 . 5 E 4 5  
5 . O E 4 6  
1 . OE-06 
2 . 5 E 4 5  
5.0E-06 
1 . O E 4 6  
2.5E-05 
5.0E-06 
1 . OE-06 

0.01 
0.01 
0.01 

0 . 5  
0 . 5  
0 . 5  
0 . 5  
0 .5  
0 .5  
1 .o 
1 .o 
1 .o 
0 . 5  
0 . 5  
1 .o 

2.0 
2 . 0  
2 . 0  
5 . 0  
5 . 0  
5 . 0  
0 .1  
0 . 1  
0 .1  
2 . 0  
5 . 0  
0 .1  
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.500( 1 - x )  

.500 

*500(1-x)  

URANIUM 
CONTENT 

PER 
ROD 

y /BEST ESTIMATE 
OF TRUE U CONTLNT 

x x  (U = a R + K) 
u- u, - - -UPPER L I M I T  - - - - - - - - - - - - - - - - - 

p - y - x  + * % > O x  

6 “.b-5 y y 

5 ,w-- TARGET T ~ ”  ’ ___- 

LOWER 
L I M I T  

- - - - . - . . - - - - - - - . - . - - - - .. - - - .. . - - - - 

- 
RODS 

0 

MEASURED URANIUM CONTENT NORMALLY DISTRIBUTED ABOUT TRUE 

URANIUM CONTENT WITH A STANDARD DEVIATION OF 5 A X 

TRUE URANIUM CONTENT NORMALLY DISTRIBUTED ABOUT MEAN 

DRIFT L I N E  WITH A STANDARD DEVIATION OF 5 B % 

F ig .  2. Example o f  Process D r i f t  i n  Produc t ion  o f  Fuel Rods. 

Process and measurement e r r o r  combine t o  make d e t e c t i o n  o f  a change i n  

process l e v e l  slower, e s p e c i a l l y  i f  t h e  change i s  small  i n  comparison t o  

t h e  v a r i a b i l i t y .  

F ig .  2 i s  t h e  s tep  change. 

f rom one l e v e l  t o  another  i ns tan taneous ly .  

be p i cked  up w e l l  by weighted l i n e a r  l e a s t  squares i f  t h e  we igh t  i s  near  

one s ince  t h i s  tends t o  es t ima te  t h e  t r e n d  as an average o f  severa l  p a s t  

The s i t u a t i o n  i n  Table 1 t h a t  i s  n o t  r e f l e c t e d  i n  

A s tep  change occurs when t h e  process jumps 

Th is  t ype  o f  change may n o t  
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observations. 

emphasize the most current ones. 

estimate more in t h i s  case and detection would be sooner. 

A smaller weight would discard past observations and 

T h u s ,  the j u m p  would affect  the 

Answers t o  the question of which method t o  choose i s  further compli- 

cated by our lack of knowledge of  what the process will do. 

that  we will see a l inear  trend, or might the level changes come from a 

ser ies  of random jumps? This concern caused us t o  use the Kalman F i l t e r  

t o  estimate the t rue level of the process and n o t  specifically estimate 

a trend parameter. 

whose power l i e s  in i t s  ab i l i t y  t o  model systems easi ly  and i s  computa- 

t ional ly  e f f i c i en t .  Thus, i t  can be used to  calculate estimates of the 

trend exactly the same as those given by weighted leas t  squares. 

only difference between the two i s  in the algorithm used t o  obtain the 

answer. 

detection, we could have replaced i t  by the Kalman F i l t e r  specif ical ly  

modeled t o  detect l inear  d r i f t .  The equations describing the Kalman 

F i l t e r  algorithm i s  given in Appendix B. 

Are we sure 

The Kalman F i l t e r  i s  a s t a t e  estimation technique 

The 

Thus, although we used l inear  leas t  squares as a method of  

The answers t o  the above questions are contained in Table 2 which 

contains the resul ts  of the simulations. The three columns on the l e f t  

of Table 2 describe the simulation study parameters ( i  .e.  , measurement 

e r ror ,  process e r ror  , and s l  ope/step Val ue) . 
Listed under each of the methods of  detection i s  the average number 

of rods plus o r  minus i t s  standard deviation before the slope/step was 

determined t o  be s ignif icant . .  Entries not l i s t i n g  a s t anda rd  deviation 

are the resul ts  of a single simulation; thus, no estimate could be calcu- 

lated. Only one simulation was performed in those cases where the method 
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O W L - D I G  7 9 - 7 7 0 6  

Table 2. Average Number of Rods Before Slope/Step 
Was S t a t i s t i c a l l y  S i g n i f i c a n t .  

Method o f  Detec t ion  

Kalrnan Least Squares Value Measurement Process Slope/Step 
E r r o r  E r r o r  

a = 0.63 a = 0.9977 F i l t e r  
Cont ro l  

Chart 

2.0 

2.0 
2.0 

5.0 

5.0 
5.0 

0.1 

0.1 

0.1 
2.0 

5.0 
0.1 

0.5 

0.5 

0.5 

0.5 
0.5 

0.5 

1 .o 
1 .o 
1.0 
0.5 

0.5 

1 .o 

Slope 
Slope 
Slope 

Slope 

Slope 
Slope 

S1 ope 

Slope 

Slope 
Step 

Step 
Step 

2.5 E-05 

5.0 E-06 

1.0 E-06 

2.5 E-05 
5.0 E-06 

1.0 E-06 
2.5 E-06 
5.0 E-06 

1.0 E-06 
0.01 

0.01 
0.01 

28972 

161 72 
5029 

>30,000 
14881 
3622 

8498 
6763 

14461 

27 2 2 (N=3/6)a 
2038 (N=1/3)a 

>10,000 (N=0/3) 

aExceeded 10.000 runs w i t h o u t  d e t e c t i n g  change 

157 L 84 

396 2 284 
2872 t 2014 

230 L 195 

391 687 

13032 
85 L 46 

309 t 129 

825 2 622 

36 19 
71 2 47 
28 2 

133 2 64 

294 t 195 
827 668 

203 2 134 

442 L 359 
1406 

80 L 34 

549 2 290 

34 L 9 

233 2 147 

74 t 40 
27 2 9 

136 2 97 (N=5/10) 
167 5 141 (N=31/50) 
619 2 421 (N=10/10) 

273 L 198 (N=5/10) 

352 323 (N=8/10) 

69 2 40 (N=4/10) 

132 2 71 (N=5/10) 
326 2 237 (N=8/10) 

207 2 66 (N=2/10) 

1212 

35 L 20 (N=11/11) 

- 

appeared unable t o  d e t e c t  t h e  process change r a p i d l y .  I n  o t h e r  cases t h e  

number o f  t imes a s i m u l a t i o n  was repeated was 10 unless denoted otherwise.  

The express ion (N=8/10) represents  t h a t  10 s i m u l a t i o n s  were performed, 

b u t  o n l y  8 y i e l d e d  r e s u l t s .  The reason f o r  t h i s  i s  t h a t  i f  d e t e c t i o n  was 

n o t  ob ta ined w i t h i n  30,000 observat ions,  t h e  s i m u l a t i o n  was stopped. Thus, 

i n  some cases t h e  s l o p e l s t e p  change was n o t  de tec ted  w i t h i n  t h i s  l i m i t ,  

i n d i c a t i n g  t h a t  t h e  method e i t h e r  catches t h e  s h i f t  e a r l y  o r  n o t  a t  a l l .  

The mean and s tandard d e v i a t i o n  a r e  based on those s i m u l a t i o n s  t h a t  

stopped b e f o r e  t h e  30,000 observa t ion  l i m i t .  

Conclusions t h a t  can be reached f rom t h e  s i m u l a t i o n s  are :  

1 )  The Kalman F i l t e r  de tec ts  d r i f t  i n  t h e  process b e t t e r  than 

weighted l e a s t  squares o r  t h e  Shewhart c o n t r o l  c h a r t  when 

measurement e r r o r  dominates. 
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The Shewhart c o n t r o l  c h a r t  i s  b e s t  f o r  d e t e c t i n g  d r i f t  when 

measurement e r r o r  i s  l e s s  than process e r r o r .  

The Kalman F i l t e r  and weighted l e a s t  squares ( w i t h  we igh t  

~1 = 0.9977) d e t e c t  s t e p  changes e q u a l l y  we1 1. 

The Shewhart c o n t r o l  c h a r t  i s  b e t t e r  f o r  d e t e c t i n g  s t e p  changes 

than f o r  t rends .  

The a b i l i t y  o f  weighted l e a s t  squares t o  d e t e c t  a t r e n d  i n  t h e  

process decreases d r a s t i c a l l y  as t h e  weight  decreases (and, 

hence , i n c o r p o r a t e s  fewer p a s t  o b s e r v a t i o n s ) .  

The above conc lus ions  i m p l y  t h a t  t h e  Kalman F i l t e r  may be t h e  b e s t  

d e t e c t o r  f o r  most cases. Two a d d i t i o n a l  reasons t o  suggest i t s  use a r e :  

( 1 )  i t s  model ing c a p a b i l i t y  i s  s u p e r i o r  t o  t h e  weighted l e a s t  squares, and 

( 2 )  i t  i s  c o m p u t a t i o n a l l y  e f f i c i e n t .  As can be seen by t h e  above conclu-  

s ions,  no one method i s  b e s t  f o r  a l l  cases. Thus, i t  may be necessary t o  

employ more than one technique. 

I n  a d d i t i o n  t o  t h e  above r e s u l t s ,  t h e  q u e s t i o n  o f  how w e l l  t h e  

d e t e c t i o n  techniques work a f t e r  t h e  process has been runn ing  f o r  a 

cons iderab le  t i m e  must be i n v e s t i g a t e d .  

i s  g iven  i n  Table 3, which descr ibes  t h e  t imes t o  d e t e c t i o n  a f t e r  t h e  

process has been runn ing  f o r  var ious  l e n g t h s  o f  t ime.  Besides t h e  t i m e  

t o  d e t e c t i o n ,  g i v e n  var ious  s t a r t u p  t imes,  i t  was o f  i n t e r e s t  t o  see what 

e f f e c t  var ious  weights  would have on t h e  d e t e c t i o n  c a p a b i l i t i e s  o f  

weighted l e a s t  squares u s i n g  a l i n e a r  model. 

t h e  process r a n  f o r  a l o n g  t ime,  then a smal l  we igh t  migh t  be b e s t  f o r  

d e t e c t i n g  s t e p  changes due t o  t h e  " l a c k  o f  memory" induced by t h e  smal l  

weight ,  i . e . ,  t h e  most p resent  observa t ions  would have t h e  l a r g e s t  e f f e c t .  

A p a r t i a l  answer t o  t h e  q u e s t i o n  

I t was c o n j e c t u r e d  t h a t ,  i f  
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Table 3. Total Number o f  Rods Produced Before Change Was Detected? 

Simulat ion # 10 Rods 

KF WLS (+0.9999) 

1 12 11 

2 12 12 

3 12 51 

4 11 85 

5 18 26 

6 24 24 11 
7 20 

8 21 20 

9 19 25 

10 27 11 

Average 17.6 27.6 

500 Rods 

K F  YLS (0.9999) 

580 534 

552 51 1 

540 52 1 

555 528 

597 539 

554 521 

513 502 

535 536 

536 546 

54 9 550 

551.1 528.8 

DELAY PERIODS 

1000 Rods 

KF WLS(0.9999) 

1088 1024 

1062 1050 

1040 1038 

1092 1017 

1058 1010 

1075 1028 
1033 1025 

1069 1026 

1016 1054 
1001 1019 

1053.4 1029.1 

~ ~~~~~~ 

10,000 Rods 

KF WLS (0.9999) WLS (0.95) WLS (0.90) WLS (0.85) Shewhart CC 

10045 10049 14215 14599 >15000 10014 

10001 10062 >15000 >I5000 ,15000 10003 

10207 10091 10014 10006 11 529 10018 
1022 7 10151 >15000 >15000 10006 10021 

10001 10127 10019 10006 >15000 10003 

101 68 101 09 1001 3 11007 10005 10085 
10124 10083 10009 10899 >15000 10028 

10116 10097 10014 ,15000 13386 10050 

10056 10112 10006 ,15000 >15000 10003 

10003 10165 10015 >15000 >15000 10073 

100’34.8 10104.6 10538.1** 11303.4** 11231.5** 10029.8 

* Simulat ion of a process w i t h  nean 10.0, standard dev ia t i on  o f  1.0, and a s tep decrease o f  1 u n i t  a t  the s p e c i f i e d  delay per iod.  

t Value i n s i d e  the parenthesis i s  the weight used i n  t he  weighted l e a s t  squares. 

** Average i s  based upon the values t h a t  were observed; thus, they are b iased downwards and should no t  be used f o r  comparison. 
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Thus, a r a p i d l y  o c c u r r i n g  change l i k e  a s t e p  change wou d be de tec ted  

f a s t e r  s i n c e  t h e  prev ious  observa t ions  would be ignored 

s p l i t  i n t o  two p a r t s ;  t h e  l e f t  s e c t i o n  comparing t h e  d e t e c t i o n  c a p a b i l i t i e s  

g iven v a r i o u s  r u n  t imes ( o r  de lay  p e r i o d s )  b e f o r e  t h e  jump occurs,  and thle 

r i g h t  s e c t i o n  comparing t h e  e f f e c t  o f  v a r y i n g  t h e  weight  g iven  t h a t  t h e  

process has produced 10,000 rods.  

Table 3 i s  

I n v e s t i g a t i n g  t h e  l e f t  s e c t i o n  o f  Table 3, i f  t h e  number o f  rods 

b e f o r e  t h e  jump occurs i s  impor tan t ,  then we might  expect  t o  f i n d  e i t h e r  

an inc rease o r  decrease i n  t h e  number o f  rods t o  d e t e c t i o n .  S u b t r a c t i n g  

o f f  t h e  de lay  p e r i o d  g ives  t h e  number of  rods b e f o r e  d e t e c t i o n .  

t h e  Kalman F i l t e r  we observe, on t h e  average, 7.6, 51.1 , 53.4, and 94.8 

rods b e f o r e  we d e t e c t  t h e  change when t h e  corresponding d e l a y  per iods  a r e  

10, 500, 1000, and 10,000. S i m i l a r l y ,  u s i n g  weighted l e a s t  squares t o  

es t imate  t h e  l i n e a r  model ( w i t h  we igh t  0.9999), t h e  average number o f  rods 

u n t i l  d e t e c t i o n  was 17.6, 28.8, 29.1, and 104.6 corresponding t o  de lay  

per iods  10, 500, 1000, and 10,000. T h i s  i n d i c a t e s  t h a t  t h e  d e t e c t i o n  t i m e  

increases as t h e  de lay  p e r i o d  increases f o r  e i t h e r  method. 

t h i s  migh t  be expected s i n c e  p a s t  exper ience i n d i c a t e s  no change - t h e  

l o n g e r  t h i s  p e r i o d  l a s t s ,  t h e  more r e l u c t a n t  we a r e  t o  expect  o r  d e t e c t  

a change. It i s  c o n s o l i n g  t o  n o t e  t h a t  t h e  number o f  rods  t o  d e t e c t i o n  

i s  n o t  d i r e c t l y  p r o p o r t i o n a l  t o  t h e  de lay  t ime;  r a t h e r ,  i t  appears t o  be 

p r o p o r t i o n a l  t o  t h e  l o g a r i t h m  o f  t h e  de lay  t ime.  

Thus, f o r  

I n t u i t i v e l y ,  

The r i g h t  h a l f  o f  Table 3, under t h e  de lay  p e r i o d  o f  10,000 rods,  

i n d i c a t e s  t h e  e f f e c t  o f  decreas ing t h e  we igh t  used i n  t h e  weighted l e a s t  

squares a n a l y s i s .  The s i g n i f i c a n c e  o f  t h e  s lope parameter o f  t h e  l i n e a r  

model, es t imated  u s i n g  weighted l e a s t  squares, was t e s t e d  f o r  each new 
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rod a f t e r  the delay period. 

for  the weights 0.95, 0.90, and 0.85 are n o t  comparable since the step 

change was not  detected for  these weights in one o r  more of the simulation 

runs. The number of simulations in which detection did not occur (within 

5,000 rods) increases a s  the weight decreases. This indicates that  

the "lack of memory" induced by the weights e i ther  works well or n o t  a t  

a l l  in detecting a step change. This can be seen most dramatically for  

the weight of 0.95. 

14,215; in two simulations, the s h i f t  was never detected, b u t  in the other 

simulations, the detection was much fas te r  than most of the other schemes. 

This indicates t h a t  there may exis t  some optimal weight which will detect 

a s h i f t  in the process fas te r  t h a n ,  say, the Kalman F i l t e r .  

The average number of rods until detection 

In one simulation, the s h i f t  was detected a t  rod 

In  addition to the weighted leas t  squares and Kalman F i l t e r  detection 

schemes, the simple Shewhart control chart was employed. The process 

was said t o  be o u t  of control i f  two consecutive observations exceeded 

the two-sigma warning l ines .  

superior t o  the others,  detecting the s h i f t  an average of 29.8 rods l a t e r .  

This suggests t h a t  more than one detection technique should be employed in 

detecting a s h i f t  in the process. As pointed o u t  e a r l i e r ,  the Shewhart 

control chart i s  best for detecting step changes, and these simulations 

clearly back up t h a t  statement. Since we have no a p r i o r i  knowledge of 

what type of s h i f t  ( i f  any) will occur in the manufacturing process, i t  

would be wise t o  use two of the detection schemes - one which i s  best for  

detecting d r i f t  and one which i s  best for  detecting step changes. 

Table 3 shows t h a t  t h i s  method i s  clearly 

These methods for  detection indicate how the process i s  running. 

They can be joined with control algorithms t h a t  will enable one to  keep 



t h e  process on t a r g e t .  

how c o n t r o l  o f  a process can be ob ta ined and mainta ined.  

The n e x t  s e c t i o n  dea ls  w i t h  an example t h a t  shows 

111. A FEEDBACK CONTROL EXAMPLE 

An e n l i g h t e n i n g  example i s  g iven  i n  a paper by Tee and Wu [Z] 

concern ing t h e  c o n t r o l  o f  a papermaking process. T h e i r  goal  i s  t o  

c o n t r o l  t h e  paper b a s i s  weight .  

F o u r d r i n i e r  papermaking process. 

F i g u r e  3 presents  a schematic o f  t h e  

OWL-DWG 7 9 - 7 6 8 6  

Input 
Gate Opening 
Reading ( x , )  I S c r e e n  1 \ 

o u t p u t  
Paper Product  

Fig.  3. Schematic of t h e  F o u r d r i n i e r  Papermaking Process. 

The i n p u t  i n t o  t h e  system i s  c o n t r o l l e d  by opening o r  c l o s i n g  t h e  

s tock  ga te  l o c a t e d  i n  t h e  m i x i n g  box. 

opening, t h e  paper b a s i s  we igh t  i s  increased. They assumed t h a t  t h e  

By i n c r e a s i n g  t h e  s t o c k  ga te  

system c o u l d  be descr ibed by: 
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o r  mathemat ica l l y ,  

( 1  1 
- 

Y = (Vo + V1B + V2B2 + ... )(Xt-l - X) + Nt , t 

where , 

Y t  = d e v i a t i o n  f rom t a r g e t  a t  t i m e  t, 

Xt = re fe renced s tock  gate va lue  a t  t i m e  t, 

X = mean s tock  ga te  value, 

B = backward s h i f t  opera tor ,  e.g., BYt = Y 

V j  = jth impulse response weight.  

- 

t 

Nt i s  t h e  process n o i s e  a t  t i m e  t which makes p e r f e c t  c o n t r o l  impossib le .  

By h o l d i n g  t h e  c o n t r o l  v a r i a b l e ,  Xt, cons tan t  a t  i t s  steady s t a t e  va lue  

( t h e  va lue  a t  which t h e  o u t p u t  should be on t a r g e t ) ,  a r e a l i z a t i o n  o f  t h e  

process noise,  

techniques o u t l i n e d  by Box and Jenkins [l]. 

s a t i s f i e d  t h e  f o l l o w i n g  model: 

i s  ob ta inab le .  Th is  n o i s e  may be modeled by t h e  Nt 

Tee and Wu found t h a t  Nt 

where $I i s  an unknown cons tan t ,  and at i s  an unobservable random v a r i a b l e ,  

g e n e r a l l y  taken t o  be w h i t e  n o i s e  ( i . e . ,  n o r m a l l y  d i s t r i b u t e d  w i t h  mean 

zero and var iance aa2) .  

Having i d e n t i f i e d  t h e  fo rm o f  t h e  n o i s e  model, t h e  n e x t  s t e p  was t o  

i d e n t i f y  t h e  t r a n s f e r  f u n c t i o n  r e l a t i n g  t h e  i n p u t  ( s t o c k  ga te  v a l u e )  t o  

t h e  o u t p u t  (paper b a s i s  w e i g h t ) .  T h e i r  a n a l y s i s  revea led  t h e  f o l l o w i n g  

t r a n s f e r  f u n c t i o n  model : 



The o t h e r  weights ,  VI, V2, ... , given i n  Equat ion ( 1 )  a re  zero,  and we 

see t h a t  t h e  d e v i a t i o n  f rom t a r g e t  i s  d i r e c t l y  r e l a t e d  t o  t h e  d e v i a t i o n  

o f  t h e  regu la ted  va lue  f rom i t s  mean. 

and x were u n i t y  f o r  a l l  t ime,  then V o  may be i n t e r p r e t e d  as t h e  g a i n  o f  

t he  system. Combining t h e  no ise  model (Equat ion ( 2 ) )  and t h e  t r a n s f e r  

f u n c t i o n  model (Equat ion ( 3 ) )  , one ob ta ins  t h e  combined dynamic-disturbance 

model : 

I f  t h e  d i f f e r e n c e  between Xt-l  

Using 160 da ta  p o i n t s ,  they  es t imated  t h e  unknown parameters V o  and ,+ 

t o  be io = 1.0991 and i = 0.8511. 

A c o n t r o l  p l a n  was s e t  up which r e q u i r e d  t h a t  t h e  ou tpu t  d e v i a t i o n s  

be kept  t o  a minimum. 

d e v i a t i o n s  a t  zero,  i . e . ,  Y t  = 0 f o r  a l l  t. 

The t h e o r e t i c a l  o b j e c t i v e  i s  t o  keep t h e  ou tpu t  

Since t h e  model i s  

when Y t  = 0, then 

S h i f t i n g  ahead one t ime  per iod ,  we see t h a t  

- 
( 5 )  

1 
X t - X = - -  v o  Nttl 

L e t  axt rep resen t  t h e  adjustment  i n  t h e  c o n t r o l  v a r i a b l e  a t  t ime t, i . e . ,  

t- 1 A X t  = X t  - x 

- 1 - 
= (Xt - X) - (Xt-l - X) = - - v o  ( N t t l  - N t )  * 



19 

A t  t i m e  ( t - 1 )  we need t o  e s t i m a t e  Nt, and a t  t i m e  t, we need t o  e s t i m a t e  

Nt+l. 
c o n t r o l  v a r i a b l e  a t  t ime t. 

as t o  min imize t h e  mean square f o r e c a s t  e r r o r .  

these op t ima l  forecasts  w i l l  a l s o  be opt ima l  i n  t h e  sense o f  mean square 

e r r o r .  I t  can be shown t h a t  t h e  op t ima l  

one-step-ahead f o r e c a s t  o f  Nt i s  

Using these forecasts ,  we can es t imate  axt, our  change i n  t h e  

We choose t h e  f o r e c a s t s  of  Nt and Nt+l SO 

Any l i n e a r  combinat ion of 

Thus, nXt i s  an op t ima l  c o n t r o l .  

S i m i l a r l y ,  a t  t i m e  t, t h e  op t ima l  one-step-ahead f o r e c a s t  o f  Nt+l i s  

Thus, the  change i n  t h e  c o n t r o l  v a r i a b l e  a t  t i m e  t i s  

I f  one s u b s t i t u t e s  t h e  op t ima l  one-step-ahead fo recas t  it-l ( 1  ) i n t o  

Equat ion ( 5 )  and then uses t h i s  t o  es t imate  t h e  e r r o r  i n  t h e  ou tpu t ,  we 

f i n d  

Y t  = vo (- l A  Ntml (1)) + Nt = Nt - $-1(1) (10)  

Thus, the  e r r o r  i n  t h e  o u t p u t  a t  t i m e  t i s  s imply  t h e  f o r e c a s t  e r r o r  a t  

l e a d  t i m e  1 f o r  t h e  Nt process. That i s ,  

h 

Nt - Nt-&1) = at 

and, hence, 

Y t  = at . 
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Using  Equations ( 7 ) ,  (8 ) ,  ( 9 ) ,  and ( l l ) ,  we find that  

S u b s t i t u t i n g  

becomes 

= 0.8511 and io = 1.0991 , the control Equation (12) 

To see how the control equation works, we proceed as  follows. 

AX, and Y o  = 0 ,  t h e n  the control action A X t  can be eas i ly  calculated 

whenever Y t  i s  observed. 

Assume 

Following Tee and Wu [2], i f  we observe 

then we adjust  the stock gate opening upward by 

A X 1  = - 0.77Y1 = 0.308 . 

Continuing, i f  we observe 

Y2 = - 0.1 y 

then we again increase the opening by 

AX, = 0.85AX1 - 0.77(Y2 - Y 1 )  = 0.0308 , 

and so on. T h i s  model building and feedback control scheme i s  summa- 

rized in Fig. 4. Studying F i g .  4 will be important fo r  l a t e r  discussion. 

The schematic c lear ly  shows the d i f fe ren t  parts needed i n  designing a 

feedback control scheme. 
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Fig. 4. Block Diagram o f  the Control Scheme. 
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IV. DATA ANALYSIS 

I n  this section, we discuss the identification of the noise model 

for the fuel rod lengths. Data on three separate campaigns i s  analyzed, 

and an appropriate model t h a t  describes the stochastic process i s  chosen 

for  each campaign. These models are used l a t e r  in the simulation study. 

Since many changes in the fuel rod fabrication process were made between 

campaigns, the models representing these campaigns were expected t o  

change, and no comparison i s  made between them. 

In  each of these campaigns, the pinch valve set t ing was kept a t  a 

constant level ,  thought t o  produce rods of length 1.94 inches. Keeping 

the pinch valve a t  a constant level allows one t o  investigate the noise 

process , N t .  We assume tha t  the noise process N t  will follow an auto-  

regressive-integrated-moving average (ARIMA) model. 

amply described in [l] .  

reported fo r  each campaign without rederiving the work of Box and Jenkins 

In  what follows, l e t  N t  denote the tth observed rod length minus the 

target  value 1 .94 ,  a an unobservable white noise random variable, and B 

the backward shift  operator (equivalent t o  Z - l  in sampled-data control 

theory). Then the ARIMA ( p , d , q )  model i s  written as:  

These models are 

The resu l t s  of our  analyses shall simply be 

t 

(1 - + l B  - +2B2  - ... - +pB P d  ) v  N t  = (1  - 0 ,B  - e,B2 - ... - 0 Bq)at (14)  
9 

where v = (1  - B )  and  N e  = ( N t  - p) i f  d = 0;  otherwise N; = N t .  

example, and ARIMA ( l , l , l )  model could be written as 

For 

(1  - + 1 B ) ( 1  - B ) N t  = (1  - + l B ) a t  . (15 ' )  
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Expanding the above, we have 

[l - (1  + + l ) B  + +1B2]Nt = (1 - e,B)at , 

o r  

The methods of Box and Jenkins in analyzing time ser ies  follows three 

basic steps in an i te ra t ive  fashion. Step 1 ident i f ies  what ARIMA model 

( o r  models) best describes the d a t a .  

model. 

model(s). The third step i s  t o  t e s t  the adequacy of the model. 

model i s  adequate, the analysis may stop, b u t  i f  the model i s  inadequate, 

we go back t o  Step 1 and re i te ra te  the process. 

There may be more t h a n  one tentative 

The second step i s  t o  estimate the parameters of the tentat ive 

If the 

A fourth step could be the use of the ARIMA model t o  forecast and/ 

o r  control the process. 

for  each campaign. 

value (1 .94)  for  a l l  three campaigns. The standard deviations are 

comparable for  a l l  campaigns, and the i r  magnitude indicates the precision 

o f  the process. The coefficients of variation indicate t h a t  the campaigns 

are  nearly identical in the i r  precision. The autocorrelations indicate 

the degree of internal association as well as a means t o  identifying 

the appropriate ARIMA model. 

Table 4 gives the simple descriptive s t a t i s t i c s  

The mean rod lengths are  very close t o  the target 

Several tentative models were explored. In  t h i s  report ,  we shall 

The models below 

Addit onally, 

simply l i s t  the ARIMA models t h a t  best f i t  the d a t a .  

are  the best in the sense of minimum mean square error.  

the assumption t h a t  the errors {at} are independent was tested and found 

t o  be sat isf ied in each case. 
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Table 4. D e s c r i p t i v e  S t a t i s t i c s  f o r  Campaigns Two, Three, and Four. 

ORNL-WG 79-7688 

Table 3. Descr ipt ive S t a t i s t i c s  f o r  Campaigns Two. Three, and Four. 

Campaign Twa Campaign Three Campaign Four 

Sample Size 176 300 187 
Mean 1.958 1.950 1.968 

Standard Deviat ion 0.00774 0.01023 0.01 01 5 

Coeff ic ient  of Var iat ion 0.40% 0.521 0.52% 
Autocorrel a t ions  

l a g  1 0.16 0.38 0.31 
l a g  2 0.21 0.30 0.29 
l a g  3 0.09 0.35 0.24 
l a g  4 0.23 0.34 0.20 
l a g  5 0.12 0.31 0.21 
l a g  6 0.18 0.30 0.18 
l a g  7 0.05 0.33 0.12 
l a g  8 0.19 0.34 0.17 
l a g  9 0.03 0.34 0.06 
l a g  10 0.20 0.34 0.13 

Campaign Two 

The model chosen f o r  campaign two i s  ARIMA(4,0,18) w i t h  severa l  of 

t h e  parameters cons t ra ined  t o  be zero. The model i s :  

and t h e  parameter es t imates  ( w i t h  t h e i r  s tandard e r r o r s  beneath them i n  

parenthes is )  are:  

(1  - 0.193B2 - 0.206B4)(Nt - 0.0777) = (1  - 0.142B17 + 0.212Bl8)at (18)  

(+0.080) (+0.080) . (- +0.076) (20.076) (+o - . 001 ) - - 

W r i t i n g  Equat ion (18) o u t  e x p l i c i t l y ,  we have: 

Nt = 0.011 + 0.193Nt - + 0.206Nt - + at - 0.142at-17 + 0.212at- . (1'3) 
18 
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The standard deviation associated w i t h  the residuals { a t )  i s  Ga = 0.0072. 

A plot  of the campaign two ser ies  and the one-step-ahead predicted values 

u s i n g  Equation (19) i s  given i n  F i g .  5. 

Campaign Three 

The model chosen f o r  campaign three i s  ARIMA(17,0,0) w i t h  several of 

the parameters constrained t o  be zero. The model i s :  

w i t h  parameter estimates, 

(1 - 0.201B - 0.145B3 - 0.1115B4 - 0.137Bll - 0.123Bl7)(Nt - 0.0117) = at 

(- +0.059) (+0.059) - (50.061) (+0.059) - (+0.056) - (+0.002) - . (21) 

Rewriting the above, we have: 

+ 0.137Nt-,, + 0.123Nt - 17 + at . ( 2 2 )  

The estimated standard deviation o f  the  residuals {at)  i s  Ga = 0.0088. 

A plot  o f  th i s  se r ies  and those predicted by the model given by Equation 

(22) is  given i n  F i g .  6. 

Campaign Four 

The model t ha t  best f i t s  the campaign four se r ies  i s  the ARIMA(2,0,0) 

model given by: 



26 p II 0
4

 



27 

I
 



28 

The parameter es t imates  and t h e i r  s tandard e r r o r s  a re :  

( 1  - 0.252B - 0.227B2)(Vt - 0.028) = at , 

(d1 .073)  (k0.074) (+_0.001) 

o r  e q u i v a l e n t l y ,  

N t  = 0.015 + 0.252Nt-1 + 0.227Nt-, + a t  . (25)  

The es t imated s tandard e r r o r  o f  t h e  r e s i d u a l  s e r i e s  i s  Ga = 0.0094. 

p l o t  o f  t h e  campaign four  s e r i e s  and t h e  one-step-ahead p r e d i c t i o n s  

ob ta ined by Equat ion (25)  a r e  g i v e n  i n  F ig .  7. 

A 

The t h r e e  models chosen f o r  t h e  t h r e e  campaigns d i f f e r  s i g n i f i c a n t l y  

T h i s  i s  p robab ly  due t o  changes i n  t h e  process i n s t i t u t e d  i n  t h e i r  form. 

between campaigns. 

techniques presented by Box and Jenkins [l], t h e  process cannot change over  

t i m e  as much as we have wi tnessed i n  these campaigns. 

campaigns a l l o w  us t o  model r e a l i s t i c  s i m u l a t i o n s  and show how feedback 

c o n t r o l  can a i d  i n  keeping t h e  process " i n  c o n t r o l " .  

I n  o r d e r  t o  have an e f f e c t i v e  c o n t r o l  system u s i n g  t h e  

These t h r e e  

I n  o r d e r  t o  complete t h e  c o n t r o l  a l g o r i t h m ,  we need t o  know t h e  

t r a n s f e r  f u n c t i o n  r e l a t i n g  t h e  p i n c h  v a l v e  s e t t i n g  and t h e  r o d  l e n g t h .  

Th is  da ta  i s  n o t  a v a i l a b l e  i n  t h e  campaigns d iscussed above. A d d i t i o n a l  

exper iments need t o  be performed i n  which t h e  c o n t r o l  v a r i a b l e  i s  changed 

f r e q u e n t l y  so t h a t  i t s  e f f e c t  on t h e  o u t p u t  can be determined. 

assume t h e  s imp le  t r a n s f e r  f u n c t i o n  i d e n t i c a l  t o  Tee and Wu's 

We w i l l  
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where 

Yt = d e v i a t i o n  o f  r o d  l e n g t h  f rom t a r g e t  a t  t ime t, 

Xt = p i n c h  v a l v e  s e t t i n g  a t  t i m e  t, 

x 
b = de lay  t ime,  

= mean p i n c h  v a l v e  s e t t i n g ,  

and 

V O  = t h e  impulse response weight .  

The va lue  o f  b i n d i c a t e s  t h e  amount o f  t i m e  t h a t  i s  r e q u i r e d  b e f o r e  a 

change i n  t h e  c o n t r o l  causes a change i n  t h e  ou tpu t .  

s tud ied ,  b was g i v e n  t h e  values 1 and 20. 

t h e  p i n c h  v a l v e  s e t t i n g  i s  immediate, t h e r e  i s  t h e  p o s s i b i l i t y  o f  a l o n g  

de lay  i n  t h e  measuring o f  t h e  r o d  l e n g t h ,  thus  t h e  de lay  v a l u e  b = 20. 

The v a l u e  o f  V o  was taken t o  be u n i t y  f o r  t h e  s i m u l a t i o n s  and x was s e t  

a t  zero  f o r  s i m p l i c i t y .  Thus we were s i m u l a t i n g  t h e  f o l l o w i n g  process: 

I n  t h e  s i m u l a t i o n s  

Al though t h e  e f f e c t  o f  changing 

where Nt i s  descr ibed by one of  t h e  f o l l o w i n g  equat ions (19, 22, o r  25) .  

For example, u s i n g  Equat ion (25) we have: 

Nt = 0.015 + 0.252Ntel + 0.227Nt - + at . 

I n  s i m u l a t i n g  t h i s  process we randomly s e l e c t e d  t h e  va lue  o f  at from a 

normal p o p u l a t i o n  w i t h  mean zero  and var iance equal t o  u n i t y .  Fur ther ,  

t h e  a t ' s  were chosen independent ly  o f  each o t h e r .  

o f  t h e  process, we had t o  g i v e  s t a r t i n g  values t o  Nt-l and Nt 2 .  

t = l  t o  s t a r t  t h e  process, we gave No and N-, t h e  va lue zero.  

f o r  t h i s  i s  t h a t  Nt has mean zero and t h i s  would be o u r  b e s t  guess o f  t h e  

To o b t a i n  a r e a l i z a t i o n  

S e t t i n g  - 
The reason 



values of N o  and N . These in i t i a l  values only affect  the process for 

the f i r s t  few time points. One would n o t  notice any difference between 

a process in i t ia l ized  with N o  = N = 0 o r  one in i t ia l ized  with 

N o  = N 

startup e f fec t ,  we dropped the f i r s t  100 observations from each simulation. 

The simulation runs are gi en in Figs. 8-13. Since the processes are 

s table ,  the control i s  min mal and large differences between the controlled 

processes are n o t  apparent 

i s  the mean square error .  The smaller the mean square error ,  the better 

the process i s  running; t h a t  i s ,  the smaller the deviation of the process 

from i t s  target value. Table 5 below indicates the mean square error  for  

the uncontrolled and controlled processes and the percent decrease in the 

error for the controlled process. As can be seen from Table 5 ,  the 

reduction in MSE i s  always greatest when the delay value i s  1 .  No 

reduction i s  seen for  the controlled process when the delay i s  20,  b u t  

t h i s  i s  an a r t i f a c t  of a short stable ser ies .  

when a delay of 20 periods i s  used and ,  thus, the controlled and 

uncontrolled processes appear the same. 

control i s  ineffective. If the process d r i f t s  from ta rge t ,  the control 

will bring i t  back. No d r i f t  was employed in simulating the campaigns. 

To simulate a process with d r i f t ,  we employed a simple nonstationary 

process given by 

- 1  

-1  

= 10 a f t e r  the in i t i a l  20 or 30 observations. To be sure of no -1 

A measure of the effectiveness of the control 

The control i s  s l igh t  

This does n o t  mean t h a t  the 

(14.6B)(1-f3)Nt  = a t ,  (27 )  

where at i s  normally distributed with mean zero and variance 1 ,  and 

at and a k  are independent for  t # k .  

mean value and  may wander off indefinitely in e i ther  direction. 

This process i s  one which has no 
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Table 5. Comparison o f  Mean Square E r r o r s  f o r  
C o n t r o l l e d  and Uncon t ro l l ed  Processes. 

Percent** Delay Uncon t ro l l ed  C o n t r o l l e d  Process Reduction 
Value Process MSE* MS E I n  MSE 

Campaign 2 1 

Campaign 2 20 

Campaign 3 1 

Campaign 3 20 

Campaign 4 1 

Campaign 4 20 

Nonsta t ionary  1 

Nonsta t ionary  20 

1 .ll 
i.ii 
1.07 

1.07 

1.17 

1.17 

437.93 

437.93 

1.04 

1.13 

0.92 

1.07 

0.92 

1.17 
0.92 

165.78 

6.3 

-1.8 

14.0 

0.0 

2'1.4 

0.0 

99.8 

62.1 
* 

MSE - Mean square e r r o r .  

**Percent Reduct ion = (MSE Uncon t ro l l ed  - MSE Control led)/MSE Uncon t ro l l ed .  

An i n d i c a t i o n  o f  t h e  e f f e c t i v e n e s s  o f  t h e  c o n t r o l  a l g o r i t h m  i n  t h i s  

uns tab le  system i s  g i ven  i n  F igs .  14 and 15. 

g iven  a t  t h e  bot tom o f  Table 5. 

r e d u c t i o n  i n  MSE i s  s u b s t a n t i a l .  I n  F ig .  14 t h e  de lay  t i m e  was b = 1, 

w h i l e  i n  F i g .  15 t h e  de lay  t i m e  was b = 20. 

de lay shows v i v i d l y  t h a t  t h e  c o n t r o l  i s  s lugg ish  w h i l e  a s h o r t  de lay  

a l l ows  f o r  r a p i d  c o n t r o l  o f  t h e  process. 

The r e d u c t i o n  i n  MSE i s  

Note t h a t ,  even w i t h  a de lay  o f  20, t h e  

The s i m u l a t i o n  w i t h  t h e  l o n g  

I n  summary, t h e  f o l l o w i n g  conc lus ions  can be made: 

1 )  The campaigns can be analyzed by the  methods of  Box and Jenkins.  

2 )  To have an e f f e c t i v e  c o n t r o l  system us ing  t h e  methods o f  Rox 

and Jenkins,  t h e  models d e s c r i b i n g  t h e  process cannot chanqe 

over  t ime as much as we have wi tnessed i n  these campaigns. 

The campaigns analyzed are s t a b l e  and r e q u i r e  very  l i t t l e  c o n t r o l .  

Th is  i m p l i e s  t h a t  n o t  every i t e m  needs t o  be measured t o  i n s u r e  

3)  
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good quality since the process does n o t  change radically in a 

short time span. 

The amount of control decreases rapidly as the delay value (the 

amount of time between a change in the input i s  observed in the 

o u t p u t )  increases. 

4) 

V.  CLASSICAL DESIGN 

Some control techniques have the disadvantage t h a t  the t ransfer  

function relating the input variable t o  the output variable must be known. 

Classical techniques are  available, however, that  allow the effects  of 

disturbances and modeling errors t o  be minimized, and i n  this section 

such a design procedure is outlined. 

In designing the control scheme for  the Fuel Rod Fabrication systems, 

we will consider i t  i s  characterized by the block diagram shown in Fig. 16. 

The  classical  control algorithm i s  t o  be designed from the viewpoint o f  a 

first-order process whose function i s  t o  minimize the system error  consis- 

tent  with system s t ab i l i t y .  We f i r s t  consider the system as being contin- 

uous, i . e . ,  the output variable and input variable are related by an 

ordinary l inear  differential  equation. Defining the variables 

y = fuel rod length 

x = process disturbance 

d = desired fuel rod length 

e = system error  = d - y ,  

the differential  equation characterizing a f i rs t -order  system can be 

expressed as 

w+ d t  a y ( t )  = K p x ( t )  
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+ Par t  i cl e 
Dispenser 

where 

a A - process time constant 

P =  K A process gain. 

As the production process changes, b o t h  "a" and "K I' change, and P 
any practical feedback control scheme must be relat ively insensit ive t o  

the values of these parameters. 

To i l l u s t r a t e ,  consider now a proportional controller whose action 

or 
U 2 3 5  Content 

i s  described by the equation 

Control - 
6 Measurement 

where ec A o u t p u t  of the controller.  

System 
Error 

Fig. 16. Determ 

Des i red 
Con tent  

n i s t i c  Block Diagram of the System. 
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Considering the desired fuel rod length as zero, the system differ-  

ential  equation becomes 

dyO + ay( t )  = Kpx( t )  - K y ( t )  . (30) d t  C 

Rearranging terms 

dyO d t  + (a+K,)y(t) = Kpx( t )  . 

For a process disturbance characterized by a l inear  function of  the form 

the process differential  equation has the solution: 

For a process i n  control, the disturbance x ( t )  i s  a "slow" increase 

We can also a d j u s t  

The process d i f fe r -  

on d r i f t  w i t h  time and, hence, Kd i s  a small number. 

the controller gain Kc such t h a t  Kc>>a and Kc+a>>l. 

ential  equation now becomes approximately 

Since we have assumed a zero desired fuel rod length, y ( t )  i s  now the 

system error  which i s  essent ia l ly  zero since !.!E << 1 . (We have t ac i t l y  

assumed t h a t  t h i s  "d r i f t "  will no t  be maintained for a long period even 

w i t h  the uncertainty i n  the system parameters a ,  K p ,  and K d . )  

KC 
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Another control scheme i s  termed "proportional plus integral" o r  

"PI"  control and i s  characterized by the equation 

e ( t )  = K c [ e ( t )  + b S t e ( t ) d t l t  . 
C 0 

The process different ia l  equation becomes 

dm + a y ( t )  = K x t )  - Kc[y(t) + b L t y ( t  dt]  . 
d t  P 

Taking the f i r s t  derivative of 

rearranging terms, we obtain 

t )  + (a+Kc) d t  

each side of the above equation and 

(34)  

(35) 

Again assuming a disturbance o f  the form x ( t )  = K d t ,  the response of the 

process different ia l  equation becomes 

where 

bKc- (+)'I 
e = tan- '[  bKc.- 

and 

a+Kc' 2 

bKc '(TI * 
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To f i n d  t h e  s teady-s ta te  e r r o r  ess, we a l l o w  t i m e  t o  approach i n f i n i t y ,  

o r  mathemat ica l l y  

L i k e  t h e  p r o p o r t i o n a l  c o n t r o l l e r ,  t h i s  s teady-s ta te  e r r o r  does n o t  c o n t a i n  

t h e  system t i m e  cons tan t  ''a''. 

t h a t  t h e  c o n t r o l l e r  g a i n  be much l a r g e r  than t h e  system t i m e  cons tan t ,  t h e  

c o n t r o l l e r  ga in  cannot be increased i n d e f i n i t e l y  w i t h o u t  a p p r o p r i a t e l y  

a d j u s t i n g  t h e  c o n t r o l l e r  parameter "b".  

While t h i s  r e l a t i o n s h i p  does n o t  r e q u i r e  

The c o n t r o l l e r  constants  a re  u s u a l l y  chosen by means of  a Bode p l o t .  

To i l l u s t r a t e ,  we o b t a i n  t h e  open l o o p  t r a n s f e r  f u n c t i o n  ( w i t h o u t  feedback) 

o f  t h e  process and c o n t r o l l e r  i n  Laplace Transform n o t a t i o n s  as 

The Laplace v a r i a b l e  'Is" i s  now rep laced w i t h  t h e  imaginary q u a n t i t y  j W  

t o  o b t a i n  

For each va lue o f  w t h i s  t r a n s f e r  f u n c t i o n  becomes a complex number w i t h  

a magnitude and phase v a r y i n g  w i t h  W. The magnitude o f  t h i s  t r a n s f e r  

f u n c t i o n  becomes 

bK K Mag. - b p c  
- a  w 
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and the phase relationship 

In the Bode plot  these two quant i t ies  a re  plotted on semi-log paper. 

plot  decibels (abbreviated d b )  against log w ra ther  than Mag against w 

where 

We 

decibel _a - d b  _n - 20 log(Mag.) (43 1 

The charac te r i s t ic  t o  note from these Bode plots i s  the respective 

Phase margin i s  defined as 180"- @ where 4 is  evaluated phase marqins. 

a t  the frequency w where Mag = 1 . O  (note tha t  an absolute value of unity 

is  equivalent t o  zero d b ) .  For systems such as the fuel rod length 

control ler ,  a gain margin of 45" will allow an acceptable t ransient  

response while allowing some variation i n  " K p f f  and "a" (a gain margin o f  

zero degrees produces an unstable system). 

W i t h  these preliminary remarks we now recognize tha t  the system i s  

t ru ly  discrete  i n  nature and, t h u s ,  make use o f  the Z transform. The  

backward operator B of Box and Jenkins i s  related t o  t h i s  Z transform 

variable by 

Z-I = B . 

The Fuel Rod Fabrication system of F i g .  1 consisting of a 20-sample delay 

between control variable i n p u t  and %he measurement of fuel rod length can 

be expressed i n  t ransfer  function form as shown in Fig. 17a. 
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= vi Fuel R: L e n g t h  o r  
Control Variable U 2  Measurement 

Input 

a )  Transfer Function I n  The "Z "  Notation 

b )  Transfer Function In The " W "  Notation 

Fig. 17 .  Open Loop Transfer Function of the System. 

We now make the transformation 

z = -  1 + w  
1 - w  

where W i s  a complex parameter 

W = U + j v .  

(45)  

This transformation plots the in t e r io r  o f  the u n i t  c i r c l e  i n  the " Z "  

domain into the left-hand portion o f  the " W "  domain. 

of the W variable i s  zero, 

I f  the real portion 

z , l + j v .  
1 - J V  (47) 
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W i t h  th is  t r ans fo rma t ion ,  we can now u t i l i z e  the Bode p l o t .  

s h i p  between the v a r i a b l e  " v "  and frequency w in  r ad ians  per second then 

becomes 

The r e l a t i o n -  

The open loop block diagram in the " w "  domain i s  shown i n  F i g .  17b. 

The Bode p l o t s  f o r  the open loop system and the compensation ( c o n t r o l  

a lgo r i thm)  a r e  shown i n  F i g .  18. In g e n e r a l ,  proport ional  con t ro l  i s  not 

s u i t a b l e  f o r  a system c o n s i s t i n g  of pure time de lays  a s  i l l u s t r a t e d  

i n  F i g .  19. The c o n s t a n t  magnitude and inc reas ing  phase l a g  l i m i t  the 

al lowable low frequency gain of the system and, hence, the s t e a d y - s t a t e  

e r r o r .  

To ob ta in  the d e s i r e d  phase margin of 45", the c o n t r o l l e r  t r a n s f e r  

funct ion must be 

where 

K = 8  

a = 0.01 

b = 0.001. 

Performing the inverse W t r ans fo rma t ion ,  the compensation a lgo r i thm 

becomes 

79 x i o -6  122 + 22 + 1 
Gc(z)  = [Z2  - 1.9801482 + 0.98019;OZj 
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30" 

60" 

Phase 
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120" 

150" 

180" 

Log v 

Fig.  18. The Bode P l o t .  

The system was s imu la ted  us ing  IBM's Continuous System Model ing 

The s i m u l a t i o n  diagram i s  shown i n  F ig .  20, and t h e  Program (CSMP). 

ac tua l  program i s  i n d i c a t e d  i n  Appendix A. 

Jenkins,  t h e  l i n e a r  f i l t e r  cha rac te r i zes  the  no ise  process as 

I n  t h e  n o t a t i o n  o f  Box and 

[l - 0.237B - 0.086B2 - 0.189B3 - 0.158B4]Nt = at 

where 

at = El . 
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The s t e p  f u n c t i o n  response o f  t h e  system i s  shown i n  F i g .  21. It i s  

seen t h a t  t h e  c l o s e d  l o o p  system i s  s t a b l e .  

e v e n t u a l l y  be d r i v e n  t o  a zero value. 

The process e r r o r  w i l l  

Whi le more s o p h i s t i c a t e d  a l g o r i t h m s  

c o u l d  be d e r i v e d  t o  improve t h e  t r a n s i e n t  response, t h e y  w i l l  a l l  be 

l i m i t e d  by t h e  t y p e  o f  t r a n s f e r  f u n c t i o n  c h a r a c t e r i z i n g  t h i s  system. 

The Box-Jenkins a l g o r i t h m  was a l s o  s imu la ted  as shown i n  F i g .  22. 

I n  t h e i r  n o t a t i o n  
-1 L1 (B) = 1 

L ~ ( B )  = 1 

f = 1 9  oo 

N~ = 1 + Y ~ B ~  at . 
'1 = I 

We have chosen t o  t r u n c a t e  t h e  i n f i n i t e  s e r i e s  t o  40 terms. Thus, t h e  

a1 g o r i  thm becomes 

I n  t h e  s i m u l a t i o n  diagram we u t i l i z e  t h e  s tandard c o n t r o l  t h e o r 1  

r e p r e s e n t a t i o n  

B = Z - l  . ( 5 4 )  

The s tep  f u n c t i o n  response i s  now shown i n  F ig .  23. 

I n  comparing t h e  two des ign approaches, i t  i s  seen t h a t  bo th  designs 

i n s u r e  a s t a b l e  system. 

system w i l l  e v e n t u a l l y  o b t a i n  a zero  process e r r o r  as compared t o  a 

r e d u c t i o n  of 4% f o r  t h e  Box-Jenkins system. However, t h e  Box-Jenkins 

f i l t e r  i s  designed t o  min imize t h e  o u t p u t  mean square e r r o r ;  w.ith 

For  a d e t e r m i n i s t i c  upset, t h e  c l a s s i c a l  des ign 
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t h e  l a r g e  number o f  de lays i n  t h e  system, one would i n t u i t i v e l y  expect  a 

" s l u g g i s h "  c o n t r o l  system. 

The a p p l i c a b i l i t y  o f  t h e  Box-Jenkins approach depends upon t h e  

a b i l i t y  t o  determine a d i s c r e t e  t ime model which n e i t h e r  v a r i e s  o v e r  t i m e  

n o r  w i t h  d i f f e r e n t  campaigns. I f  such a model cannot be found, t h e  

Box-Jenkins approach should n o t  be used. The c l a s s i c a l  des ign approach 

i s  r a t h e r  i n s e n s i t i v e  t o  process model and campaign. 

ga ins can be a d j u s t e d  by t r i a l  and e r r o r  t o  achieve s a t i s f a c t o r y  c o n t r o l .  

The independence o f  t h e  c l a s s i c a l  des ign approach f rom t h e  process model 

and campaigns makes i t  a v i a b l e  candidate f o r  t h e  c o n t r o l  mechanism used. 

The magnitude o f  

V I .  OTHER QUALITY CONTROL METHODS 

The prev ious  methods were dev ised t o  c o n t r o l  t h e  process by automat ic  

Other methods a r e  a v a i l a b l e  t o  d e t e c t  s h i f t s  i n  process charac- feedback. 

t e r i s t i c s .  Two o f  these a r e  t h e  Shewhart c o n t r o l  c h a r t  and t h e  CUSUM 

c o n t r o l  c h a r t .  These methods p r o v i d e  no automat ic  feedback i n t o  t h e  

system, b u t  t h e y  can g i v e  e a r l y  warning so t h a t  adjustments can be made. 

The general  t h e o r y  surrounding c o n t r o l  c h a r t s  i s  based on t h e  assumption 

t h a t  t h e  v a r i a t i o n s  ( o r  depar tures f rom t a r g e t )  o f  q u a l i t y  a r e  random. 

I f  these random v a r i a t i o n s  a r e  observed across t ime,  t h e y  w i l l  show no 

c y c l e s  o r  runs o r  any o t h e r  d e f i n e d  p a t t e r n .  

duced t h i s  chance v a r i a t i o n  a r e  s a i d  t o  be "under c o n t r o l " .  

under c o n t r o l  i n  t h e  sense t h a t ,  i f  chance causes a r e  a lone a t  work, then 

t h e  amount and c h a r a c t e r  o f  t h e  v a r i a t i o n  may be p r e d i c t e d  f o r  l a r g e  

numbers, and i t  i s  n o t  p o s s i b l e  t o  t r a c e  t h e  v a r i a t i o n  o f  a s p e c i f i c  

i n s t a n c e  t o  a p a r t i c u l a r  cause. 

The c o n d i t i o n s  which pro-  

They a r e  

I f  v a r i a t i o n s  i n  t h e  da ta  f o l l o w  some 
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def ined p a t t e r n  (e.g., i n c r e a s i n g  o r  decreas ing w i t h  t i m e ) ,  then i t  i s  

concluded t h a t  one o r  more ass ignab le  causes a re  a t  work. I n  t h i s  case 

t h e  c o n d i t i o n s  producing t h e  v a r i a t i o n  are  s a i d  t o  be "ou t  o f  c o n t r o l " .  

Suppose samples o f  a g iven  s i z e  a re  taken f rom a process a t  r e g u l a r  

i n t e r v a l s  and some s t a t i s t i c ,  x, i s  computed. Th is  migh t  be t h e  sample 

mean, percent  d e f e c t i v e ,  o r  sample range. Being a sample r e s u l t ,  x w i l l  

be s u b j e c t  t o  sampling f l u c t u a t i o n s .  

present ,  t h e  sampling f l u c t u a t i o n s  i n  x w i l l  be d i s t r i b u t e d  i n  a d e f i n i t e  

s t a t i s t i c a l  p a t t e r n  such as t h a t  p i c t u r e d  i n  F ig .  24. Th is  sampling 

d i s t r i b u t i o n  descr ibes  t h e  p r o b a b i l i t y  t h a t  x l i e s  i n  some i n t e r v a l .  

enough samples a re  taken, i t  i s  p o s s i b l e  t o  es t ima te  t h e  mean and c e r t a i n  

extreme p o i n t s  o f  t h i s  d i s t r i b u t i o n .  

d i s t r i b u t i o n  o f  x i s  normal. I n  t h i s  case we can es t imate  t h e  mean o f  x 

f rom t h e  mean of  t h e  samples. 

used t o  es t imate  t h e  s tandard d e v i a t i o n  o f  x. 

we can determine p r o b a b i l i t y  p o i n t s .  

I f  o n l y  random v a r i a t i o n s  a re  

I f  

Of ten  we can assume t h a t  t h e  sampling 

Also, t h e  w i th in -sample  v a r i a t i o n  can be 

Using these two es t imates ,  

For example, t h e  p o i n t s  U and L 

marked on F ig .  24 migh t  i n d i c a t e  t h e  upper ( U )  and lower  ( L )  0.001 proba- 

b i l i t y  p o i n t s .  

upper ( o r  l ower )  p o i n t  i f  o n l y  chance v a r i a t i o n s  a re  a t  work. 

F ig .  24 and r o t a t e  i t  go", extend h o r i z o n t a l  l i n e s  th rough t h e  es t imated 

mean o f  x and through an extreme value on t h e  upper and lower  t a i l  o f  t h e  

d i s t r i b u t i o n  o f  x (see F ig .  25) ,  t h e  r e s u l t  i s  a c o n t r o l  c h a r t  f o r  x. 

I f  sample va lues o f  x a re  p l o t t e d  on t h e  c o n t r o l  c h a r t  and they  

That i s ,  o n l y  one i n  a thousand samples w i l l  exceed t h e  

I f  we take  

remain w i t h i n  t h e  c o n t r o l  l i m i t s  w i t h  no nonrandom runs up o r  down, then 

i t  can be s a i d  t h a t  t he  process i s  i n  $ t a t i s t i c a l  c o n t r o l  a t  t h e  des ig -  

na ted  l e v e l  w i t h  respec t  t o  t h e  g iven measure o f  q u a l i t y .  
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L U x 

Fig. 24.  D i s t r i b u t i o n  o f  Chance Var i a t ions  ( x )  i n  a 
Sample Measure o f  Q u a l i t y ,  

Upper Control L i m i t  

Average 

-- - Lower Control L i m i t  

Time Order o f  Production 
Fig.  25. Control Chart  f o r  x . 
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The c o n t r o l  l i m i t s  shown i n  F ig .  25 a re  0.001 p r o b a b i l i t y  l i m i t s .  

If a sample f a l l s  o u t s i d e  these l i m i t s ,  then a search i s  begun f o r  an 

ass ignable cause. The p r o b a b i l i t y  t h a t  such a search i s  performed when 

chance causes a r e  a t  work i s  t h e  sum o f  t h e  upper and lower  p r o b a b i l i t y  

l i m i t s .  I n  t h e  example t h i s  i s  0.002 o r  2 o u t  o f  a thousand. Thus, i f  

a p o i n t  f a l l s  o u t s i d e  t h e  c o n t r o l  l i m i t s ,  t h e r e  i s  l i t t l e  chance t h a t  i t  

occurred by random f l u c t u a t i o n s .  

Contro l  l i m i t s  can a l s o  be chosen as m u l t i p l e s  o f  t h e  s tandard d e v i -  

a t i o n ,  0. I f  t h e  p r o b a b i l i t y  d i s t r i b u t i o n  i s  normal, then t h e  0.001 

p r o b a b i l i t y  l i m i t s  a r e  p r a c t i c a l l y  e q u i v a l e n t  t o  30 l i m i t s ;  f o r  under a 

normal curve, t h e  p r o b a b i l i t y  t h a t  t h e  d e v i a t i o n  f rom t h e  mean w i l l  exceed 

30 i n  one d i r e c t i o n  i s  0.00135. Genera l ly ,  t h e  30 l i m i t  i s  used w i t h  a 

20 l i m i t  i n c o r p o r a t e d  as a warning l i m i t .  B r i e f l y ,  t h e  f o l l o w i n g  scheme i s  

general l y  employed: 

Event -- 

D e v i a t i o n  f rom t a r g e t  l e s s  than 2a. 

One observa t ion  dev ia tes  f rom t a r -  

Two observat ions,  i n  succession, 

One observa t ion  dev ia tes  f rom t a r g e t  

g e t  by 20, b u t  l e s s  than 30. 

d e v i a t e  f rom t a r g e t  by 20. 

by 30. 

A c t i o n  

None-process  i s  i n  c o n t r o l .  

Watch process c l o s e l y - i n d i c a t i o n  

Stop p r o c e s s - s e a r c h  f o r  an ass ign-  

Stop process-search f o r  an ass ign-  

o f  nonrandom behavior .  

a b l e  cause. 

a b l e  cause. 

A l t e r n a t i v e l y ,  c o n t r o l  l i m i t s  can be s e t  by management. 

by management impose t h e  t y p e  o f  q u a l i t y  t h a t  i s  acceptable and may be 

The l i m i t s  s e t  

wider  o r  narrower  than t h e  s tandard 30 l i m i t s .  Regardless o f  how t h e  

c o n t r o l  1 i m i t s  a re  formed, t h e  above "event -ac t ion"  scenar io  i s  a p p l i c a b l e .  

At tempts t o  r u n  t o g e t h e r  t h e  i n f o r m a t i o n  f rom severa l  successive 

r e s u l t s  have r e s u l t e d  i n  c h a r t s  based on some form o f  weighted mean o f  
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pas t  r e s u l t s .  

i n  some ins tances .  The mean o f  t h e  l a s t  K r e s u l t s  i s  c a l c u l a t e d  and 

p l o t t e d .  

r e s u l t s  i s  redetermined and p l o t t e d .  Lack o f  c o n t r o l  i s  i n d i c a t e d  by 

t h e  r u n n i n g  mean f a l l i n g  o u t s i d e  a s i n g l e  c o n t r o l  l i m i t .  

I n  p a r t i c u l a r ,  t h e  A r i t h m e t i c  Running Mean has been used 

When a new r e s u l t  i s  obta ined,  t h e  mean o f  t h e  most r e c e n t  K 

The Geometric Mean c h a r t  ( a l s o  c a l l e d  an E x p o n e n t i a l l y  Weighted Mean) 

uses weights  which g e t  p r o g r e s s i v e l y  s m a l l e r  as t h e  r e s u l t s  become more 

d i s t a n t  i n  t ime.  

( R < l ) .  I n  t h i s  form, l a c k  o f  c o n t r o l  i s  i n d i c a t e d  by t h e  geometr ic mean 

f a l l i n g  o u t s i d e  a s i n g l e  c o n t r o l  l i m i t .  

The weights  change p r o g r e s s i v e l y  by t h e  f a c t o r  "1-R" 

Another t y p e  o f  c o n t r o l  c h a r t  i s  t h e  CUSUM c o n t r o l  c h a r t .  The name 

CUSUM comes f rom t h e  f a c t  t h a t  what i s  p l o t t e d  i n  t h i s  c o n t r o l  c h a r t  i s  

t h e  cumula t ive  sum. I t s  advantage over  t h e  Shewhart c o n t r o l  c h a r t  i s  t h a t  

i t  w i l l  d e t e c t  sudden and p e r s i s t e n t  change i n  t h e  process average more 

r a p i d l y  than a comparable Shewhart c h a r t .  

e f f e c t i v e  a t  p i c k i n g  up s i n g l e  l a r g e  changes i n  t h e  process, 

The Shewhart c h a r t  i s  more 

The Cumulat ive Sum c h a r t  (CUSUM) p l o t s  a t  t i m e  t ( o r  f o r  t h e  tth 

sample) t h e  s t a t i s t i c  

t 

i=l 
S ( t )  = (Observed Sample Value a t  t i m e  i - T a r g e t  Value) 

t 
= (xi-k) . 
i=l 

Thus, i t  cumulates t h e  d e v i a t i o n s  f rom t a r g e t  

duc ing t h e  d e v i a t i o n s ,  then some o f  them w i l l  

thus  c a n c e l i n g  each o t h e r ,  and S ( t )  w i l l  rema 

( 5 5 )  

I f  chance causes a r e  pro-  

be p o s i t i v e  and some negat ive ,  

n near  zero.  On t h e  o t h e r  
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hand, i f  ass ignable causes a r e  i n  e f f e c t ,  these may cause t rends  u p  ( o r  

down) which w i l l  tend  t o  keep t h e  d e v i a t i o n s  c o n s i s t e n t l y  p o s i t i v e  ( o r  

n e g a t i v e )  and, thus,  i n c r e a s i n g  S ( t )  i n  magnitude. 

c h a r t  looks  l i k e  t h e  Shewhart c o n t r o l  c h a r t ,  b u t  t h e  upper and lower  l i m i t s  

T y p i c a l l y ,  t h e  CUSUY 

a r e  cons t ruc ted  d i f f e r e n t l y .  

For t h e  CUSUM c h a r t ,  t h e  e a s i e s t  form o f  t e s t  i s  one i n  which t h e  

c h a r t  goes i n  one d i r e c t i o n  a t  good q u a l i t y  (say downwards) and i n  t h e  

oppos i te  d i r e c t i o n  a t  bad q u a l i t y .  On t h i s  t y p e  o f  c h a r t ,  t h e  mean va lue 

corresponding t o  zero s lope i s  g e n e r a l l y  c a l l e d  t h e  re fe rence value. A 

r i s e  f rom t h e  lowest  p o i n t  o f  t h e  c h a r t ,  by more than some known amount, h, 

c a l l e d  t h e  d e c i s i o n  i n t e r v a l ,  p rov ides  t h e  c r i t e r i o n  f o r  a change. Alge- 

b r a i c a l l y ,  i f  t h e  re fe rence va lue i s  k and t h e  d e c i s i o n  i n t e r v a l  i s  h, a 

d e c i s i o n  t h a t  a change has taken p lace  i s  made if 

r i s  any i n t e g e r  l e s s  than o r  equal t o  n. 

n 

i =n-r+l 
(xi-k)Lh; where 

I f  we wish t o  d e t e c t  changes i n  e i t h e r  d i r e c t i o n  w i t h  a CUSUM c h a r t ,  

a s imple two-sided t e s t  i s  requ i red ,  and a V-mask i s  employed. 

e q u i v a l e n t  t o  t h e  s imultaneous a p p l i c a t i o n  of two o f  t h e  one-sided t e s t s  

descr ibed above. The V-mask and i t s  parameters a r e  shown i n  F ig .  26. 

The r e l a t i o n s h i p  between t h e  V-mask parameters ( h a l f - a n g l e  = 8 and l e a d  

d is tance = d h o r i z o n t a l  p l o t t i n g  i n t e r v a l s )  and t h e  re fe rence va lue ( k )  

and d e c i s i o n  i n t e r v a l  (h )  used i n  t h e  one-sided t e s t  i s  

T h i s  i s  

k = w t a n e  , 

and 

h = wd t a n  0 , ( 5 7 )  
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where w equals  v e r t i c a l  s c a l e  d i s t a n c e  p e r  h o r i z o n t a l  p l o t t i n g  i n t e r v a l  

( c a l l e d  t h e  s c a l e  f a c t o r ) .  

CUSUM 

F ig .  26. Cumulat ive Sum o f  (x.-k) P l o t t e d  Aga ins t  Number 
o f  Samples UsiAg a V-mask. 

F i g u r e  26 shows a mask w i t h  l imbs i n c l i n e d  a t  an angle e t o  t h e  

h o r i z o n t a l .  

i s  S(n) and a t  C i s  S ( n - r ) .  

The cumula t ive  sum a t  A, which i s  t h e  l a s t  p l o t t e d  p o i n t ,  

The p o i n t  0 i s  t h e  v e r t e x  o f  t h e  V-mask. 

Extend OA and l e t  t h e  perpend icu la r  f rom C meet i t  a t  B. Then, 

CB = S(n)  - S ( n - r )  (58') 

BA = r w  . (59 )  

The pa th  o f  t h e  p l o t t e d  p o i n t s  w i l l  c ross t h e  lower  l i m b  o f  t h e  V when 

t h a t  i s ,  when 

[ S ( n > - S ( n - r ) ] / ~  - > ( r + d )  t a n  e (61 1 
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o r  

n 
( X Y W  t a n  e )  - > od t a n  e . 

i = n - r + l  

T h i s  i s  e q u i v a l e n t  t o  cumulat ing d e v i a t i o n s  o f  xi f rom a re fe rence va lue 

k = w t a n  0 and u s i n g  a d e c i s i o n  i n t e r v a l  h = wd t a n  e .  

T h i s  d e c i s i o n  procedure i m p l i e s  an i n i t i a l  cho ice  o f  an Acceptable 

Q u a l i t y  Level  (A.Q.L.),  whichwould have an average s lope l e s s  than t h a t  

of  the  l i m b  o f  the  V-mask, and o f  a Re jec tab le  Q u a l i t y  Level  (R.Q.L.) ,  which 

would have an average s lope s teeper  than t h e  V-mask. D e f i n i t i o n  o f  these 

two q u a l i t y  l e v e l s  and t h e  l e n g t h  o f  t i m e  a t  each l e v e l  b e f o r e  reach ing  

a d e c i s i o n  w i l l  d e f i n e  a unique optimum d e c i s i o n  scheme. The expected 

l e n g t h  of  t ime u n t i l  d e t e c t i o n  i s  c a l l e d  t h e  Average Run Length (ARL). 

A riomogram from which ARL values can be c a l c u l a t e d  when xi i s  normal ly  

d i s t r i b u t e d  can be found i n  a paper by Kemp [3]. 

I n  summary, t h e  advantages of CUSUM c h a r t s  over  Shewhart c o n t r o l  

c h a r t s  a re :  

1 )  Changes i n  mean l e v e l  can be de tec ted  v i s u a l l y  by a change i n  

slope of  t h e  c h a r t .  

The p o i n t  o f  change can be l o c a t e d  v i s u a l l y .  

Changes o f  between 0.50 and 2.00 are  de tec ted  about t w i c e  as 

q u i c k l y  u s i n g  t h e  CUSUM. 

de tec ted  a t  t h e  same t ime,  b u t  w i t h  s m a l l e r  samples. 

2 )  

3) 

A l t e r n a t i v e l y ,  t h e  change can be 

The advantages o f  t h e  Shewhart c o n t r o l  c h a r t  over  t h e  CUSUM are :  

1 )  

2 )  

The Shewhart c o n t r o l  c h a r t  i s  ext remely s imple t o  s e t  up. 

I f  o n l y  l a r g e  d e v i a t i o n s  i n  t h e  process (>2a) a re  o f  concern, 

then t h e  Shewhart c h a r t  w i l l  d e t e c t  i t  f a s t e r  than t h e  CUSUM. 
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An example w i l l  h e l p  c l a r i f y  t h e  prev ious  methods. I n  a d d i t i o n  t o  t h e  

CUSUM and Shewhart c o n t r o l  c h a r t s ,  we s h a l l  i n c l u d e  t h e  Kalman F i l t e r .  

For t h i s  example we assume t h a t  t h e  var iance o f  t h e  process i s  known and 

equal t o  u n i t y .  The process w i l l  be dec la red  o u t  o f  c o n t r o l  i f  two 

consecut ive p o i n t s  exceed t h e  two-sigma l i m i t s  o r  i f  one p o i n t  exceeds t h e  

three-sigma l i m i t s .  Thus, f o r  t h e  Shewhart c o n t r o l  c h a r t  we examine x ( t ) ,  

t h e  observa t ion  a t  t i m e  t. 

t h e  process s tandard d e v i a t i o n ,  then we d e c l a r e  t h e  process o u t  o f  c o n t r o l  

a t  t i m e  t i f  

I f  p denotes t h e  t a r g e t  va lue and (J denotes 

o r  

S ince we have chosen a=l f o r  convenience, t h e  above i n e q u a l i t i e s  reduce 

t o  

/ x ( t - l ) - p l  > 2 

o r  

Given t h a t  0 i s  known, t h e  CUSUM can be s e t  up i n  a manner s i m i l a r  t o  

t h e  Shewhart c o n t r o l  c h a r t .  

can be c a l c u l a t e d  u s i n g  

Two- and three-sigma l i m i t s  f o r  t h e  CUSUM 
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t 

i =1 
v a r ( s ( t ) )  = Var C x ( i )  

t t - 1  t 

i = l  i = l  j = 2  
= C v a r ( x ( i ) )  + ZZ  C C o v ( x ( i ) , x ( j ) )  . 

Since t h e  measurements a r e  assumed independent, then t h e  covar iance w i l l  

be zero, and t h e  var iance of  S ( t )  i s  

t 

i =1 
v a r ( s ( t ) )  = C v a r ( x ( i ) >  

t 
= u2  

i = l  

I n s t e a d  o f  u s i n g  t h e  CUSUM d i r e c t l y ,  we s h a l l  use t h e  average CUSUM (ACUSUM) 

d e f i n e d  by 

t 

i=l 
A ( t )  = S ( t ) / t  = x ( i ) / t  . 

The var iance o f  A ( t )  i s  

(66) 
V a r ( A ( t ) )  = 1 V a r ( S ( t ) )  = 7 U2 . 

Thus, t h e  var iance of A ( t )  decreases w i t h  t ime-this i s  i n  c o n t r a s t  w i t h  

t h e  Shewhart c o n t r o l  c h a r t  where t h e  var iance remains cons tan t  over  t ime.  

The process i s  s a i d  t o  be o u t  o f  c o n t r o l  a t  t ime t by t h e  ACUSUM c h a r t  i f  
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o r  

As a b a s i s  of comparison, t h e  Kalman F i l t e r  i s  performed s e q u e n t i a l l y  as 

f o l  1 ows : 

1 )  I n i t i a l i z a t i o n :  ~ ( 0 )  = Y ( O ) ,  G(0) = cr2 = 1 

2 )  

3) S t a t e  Update: v ( t )  = u(t-1) + k ( t ) [ x ( t )  - u ( t - 1 ) I  

Gain: k ( t )  = G(t- l) / [G(t-1) + a2] = G(t- l) / [G(t-1) + 1 1  

G ( t )  = z ;G( ty l )z  = F(t- i )  
t-1 + U  G t-1 +1 4 )  E r r o r  var iance f o r  ( t ) :  

Steps 2-4 a r e  repeated a f t e r  r e c e i p t  o f  each observa t ion .  The Kalman 

F i l t e r  dec la res  t h e  process o u t  o f  c o n t r o l  i f  

o r  

The f o l l o w i n g  20 numbers were randomly s e l e c t e d  f rom a normal p o p u l a t i o n  

w i t h  var iance equal t o  1. The f i r s t  10 numbers have a t r u e  mean va lue  

p=10 w h i l e  t h e  l a s t  10 have a t r u e  mean va lue equal t o  9. 

~ = 1 0  i s  cons idered t o  be t h e  t a r g e t  value. 

change a t  t i m e  t = l l  t o  a new mean l e v e l  o f  9. 

process t h a t  we wish t o  d e t e c t .  

The va lue  

The process has a s t e p  

I t i s  t h i s  change i n  t h e  
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t = l  2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 

i ( t ) ; 8 . 9  10.1 8.8 10.2 10.9 10.8 7.9 9.8 8.9 10.4 7 . 9  8.3 10.0 9.3 8.0 11.3 8.6 7.5 8.7 10.8 

Tab 

the 

the 

e 6 shows tha t  the Shewhart control chart  technique does n o t  detect 

change i n  level over the time span while both the Kalman F i l t e r  and 

ACUSUM detect i t  by period 15 .  
o ~ y ~ - D i l G  79-7705  

Table 6.  Comparison o f  Control Chart Methods. 

SHEWHART ACUSUM KALMAN FlLTER 

x( t ) -s  Two Sigma Two Sigma Two Sigma Time 
L i m i t s  L i m i t s  u ( t ) -  L i m i t s  ( 2 m )  

1 -1.1 2 

2 0 .1 2 
3 -1.2 2 

4 0.2 2 

5 0.9 2 

6 0.8 2 

7 -2.1* 2 

a -0.2 2 

9 -1.1 2 
10 0.4 2 

11 -2.1* 2 

12 -1.7 2 

13 0.0 2 
14 -0.7 2 

15 -2.0* 2 

16 1.3 2 
17 -1.4 2 
i a  -2.5' 2 
19 -1.3 2 
20 0.8 2 

-1.10 
-0.50 

-0.73 

-0.50 
-0.22 

-0.05 
-0.34 

-0.33 
-0.41 
-0.33 

-0.49 

-0.59* 

-0.546 

-0.56* 
-0.65*t 

-0.53* 
-0.58' 

-0.64' 

-0.72* 
-0.65* 

2.00 
1.41 

1.15 
1 .OD 
0.89 

0.82 
0.76 

0.71 

0.67 
0.63 

0.60 

0.58 

0.555 
0.53 

0.52 

0.50 
0.49 
0.47 

0.46 

0.45 

-0.55 1.41 
-0.33 1.15 

-0.55 1 .oo 
-0.40 0.89 

-0.18 0.82 

-0.04 0.76 

-0.30 0.71 

-0.29 0.67 

-0.37 0.63 
-0.30 0.60 

-0.45 0.58 

-0.55 0.55 

-0.51 0.54 

-0.520* 0.52 

-0.61*t 0.50 

-0.50* 0.49 

-0.55* 0.47 
-0.65' 0.46 

-0.69* 0.45 
-0.61* 0.44 

-~ ~ 

* Outside o f  contra1 l i m i t s  
t Process s a i d  t o  be o u t  of  control a t  t h i s  t ime 
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SUMMARY 

Several r e s u l t s  were ob ta ined i n  t h i s  r e p o r t .  I n  summarizing t h e  

r e p o r t ,  a d i f f i c u l t y  appears s i n c e  no one method was always b e t t e r  than 

another;  r a t h e r ,  f o r  c e r t a i n  s i t u a t i o n s  one method d i d  b e t t e r ,  b u t  f o r  

another  s i t u a t i o n  a d i f f e r e n t  method was b e s t .  T h i s  i n d i c a t e s  t h a t  perhaps 

more than one method should be employed t o  g i v e  t h e  b e s t  r e s u l t s  p o s s i b l e .  

The f o l l o w i n g  shows t h e  areas t h i s  r e p o r t  d iscussed and t h e  methods 

compared : 

Kalman F i  1 t e r  

Weighted Least  Squares 

Shewhart Cont ro l  Char t  i I. Process Measurement and 
D e t e c t i o n  o f  S h i f t  i n  Level  

11. Process Cont ro l  

Box-Jenkins 

C l a s s i c a l  Design 

Shewhart Cont ro l  Char t  I Cumulat ive Sum Char t  

Under I ,  i t  i s  our  view t h a t  t h e  Kalman F i l t e r  does t h e  b e s t  j o b  o v e r a l l .  

The reasons f o r  t h i s  a re :  

corpora ted  i n t o  t h e  system model improv ing d e t e c t i o n ;  ( 2 )  assumptions 

as t o  whether t h e  process has a l i n e a r  d r i f t  o r  whether i t  changes by 

a s e r i e s  o f  jumps i s  n o t  impor tan t ;  ( 3 )  i t  y i e l d s  a minimum var iance 

unbiased e s t i m a t o r  of t h e  process l e v e l ,  and ( 4 )  i t  can supply  a good 

es t imate  o f  t h e  process l e v e l  t o  use i n  feedback c o n t r o l .  Again, i t  

should be p o i n t e d  o u t  t h a t  if t h e  process i s  known t o  d r i f t  i n  a l i n e a r  

fashion, then weighted l i n e a r  l e a s t  squares may be b e t t e r .  

( 1 )  i n f o r m a t i o n  about t h e  system can be i n -  
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Under I1 , the Box-Jenkins methods appear t o o  sensit ive t o  be applicable 

t o  fuel rod production. The classical design obviates the problems found  

using the Box-Jenkins procedures and i s  the recommended choice i f  dynamic 

( i . e . ,  continuous) control i s  desired. In the case where continuous 

control of the process i s  n o t  necessary ( for  example, a process t h a t  

d r i f t s  very slowly over time), then e i ther  the Shewhart control chart or 

the CUSUM are the methods of choice. 

CUSUM (or ACUSUM) i s  better in most cases. The Shewhart control chart 

i s  effective for  large j u m p s  because the observations are n o t  averaged 

o r  lumped together, b u t  i t  i s  extremely poor for slow d r i f t s .  

simplicity of these procedures certainly makes them a t t rac t ive  and using 

both in tandem would present no problems. 

Again, t h i s  a u t h o r  feels  t h a t  the 

The 

Incorporating b o t h  I and 11 together, the choice would be the Kalman 

F i l t e r  and the classical control theory i f  continuous control i s  desired. 

If continuous control i s  n o t  important, then the Kalman F i l t e r  can be 

used as a control charting device i t s e l f ,  and i t  has been shown to be 

as sensitive o r  more sensit ive t h a n  the CUSUM or Shewhart control charts 

(see [4])  for detecting material losses. 
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CSMP PROGRAM TO GENERATE STEP FUNCTION RESPONSE 
FOR THE BOX-JENKINS DESIGN 

ORNL-DWG 7 9 - 7 7 0 9  

I NIT1 A L 
p I R A f l  A 1=0.237, ~ 2 ~ 0  -086 ,A3=0.189, A4=. 158 ,E= 001 ,SAnTIfl=l. O ,T=l* O 
PARA! C5=1. C,C7=0.0 
B1=0.237 
@2=0.1UZ17 
B3=0.211308 
E4=0.27263 
BS=C. 149@3 
E6=0.12736 
87=0.133 
@8=0.113@7 
B ~ = O . O ~ ~ I U  
E 10=0. C 7548 
Bll=O. C6788 
F12=0.05684 
B13=0. C4719 
ElU=C.O9C82 
815=0.03519 
P16=CI C 2975 
B17=0.02525 
El8=O.C2164 
B19=0. Cl848 
@20=0.01571 
821=0.01339 
F22=0.01144 
~23=0. a0975 
~24=0. cce3i 
B25=0.00709 
@26=0.OC604 
B27=O.C0515 
B28=0.00439 
829=O.C0375 
@30=O.C0319 
831=0.00272 
B32=0.00232 
B33=0.00198 
E34=O.CC169 
835=0. C O l U U  
836=0.00123 
B37=0.00105 
E38=0. COC89 
839=0. COO76 
84C=O.CCC65 
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z1=0.0 
2 2 = 0 . 0  
Z3=0.0 
24=0.0 
ZS=O.O 
26=0.0 
27=0.0 
Z8=0.0 
z9=0.0 
z 1 0 - 0 . 0  
21 1=0.0 
212=0.c 
Z13=0.0 
ZlO=O.C 
Z15=0.C 
2 1 6 = 0 .  C 
Z17=0.C 
218=0.C 
219=0.0 
E3=0.0 
EO=O.O 
E5=0. C 
E6=0.C 
P7=0 .0  
E9=0.0 
PlO=O. 0 
E l l = O .  0 
E12=0 .0  
E13=0.0 
E14=0. C 
E15=0. C 
E16=0.C 
E17=0.  C 
E l @ = O . C  
E19=0.C 
E20=0. C 
E21=0 .0  
E22=0.C 

D Y N A n I C  
E l = S T E P  (0.0) 
T X = I  RPUIS  (0.0 ,S ARTIn) 
EZ=TX* E 1 

XZ=DELAY (100, SARTIR,X 1) 
X3=DELAP ( 1 0 0 ,  SAHTIN,X2) 
X U = D E L A P  (100,SARTIR,X3) 
P I = D E L A Y  (100,SARTIR,P2) 

XI=DELAY (100, SARTIR,EZ) 

P U = E Z - l l * X  1-A 2*X2-A3*X3-A4*XI( 

ORNL-DWG 79-7710 
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OWL-DWG 7 9 - 7 6 9 2  

P R O C P D U R E  E 2  ,U 1 = B O X  (PQ) 
E 2 = P 4  - Y  20  
0 l = - B l * Z  1 -82vZZ-B3*23-B4*24-B5*25-B6~  2 6 - B 7 * Z 7 - B 8 *  Z 8 - B 9 * 2  1 
- B l  O+Z 1 O - B 1 1 * 2  1 1 - E 1 2 * 2  1 2 - B 1 3 * Z  1 3 - B 1 4 + 2 1 4 - B 1 6 * 2 1 6 - B 1 7 * 2 1 7  
- E f  8*2  18-8 19.2 19 + B 2 1 * E  3 + B 2 2 v  EU+ B 2 3 * E 5 +  B 2 4 -  E 6 + B 2 5 *  E 7 + B  26, E 8  
+ E  27* E 9 + E  2 e* E 1 C + B 2 9  E l  1 + B  3 O* E 1 2+ B 3  1 *E  1 3+ 8 3  2" E l  4+ E 33s E 15 
+ E 3 4 * E  1 6 + E 3 5 * E  1 7 + B 3 6 * E  1 8 + B 3 7 *  E l  9 + B 3 8 *  E 2 0 + B 3 9 *  E 2  1 + B 4 0 *  E 2 2  
2 ? 9 = 2 1 8  
Z 1 P = Z  17  
717=216 
2 16=2 1 E 
215=214 
z 14=2 1 2  
2 1 3 = 2 1 2  
2 1 2 = 2 1 1  
2 1 1 = 2 1 0  
Z 1 0 = 2 9  
Z 9 = 2 8  
28=27 
27=26 
Z 6=2 5 
ZS=ZU 
2 4 = 2 3  
Z 3 = 2 2  
22=z 1 
2 1 = 0 1  
E 2 2 = E 2  1 
E 2 1 = E 2 C  
E 2  O = €  1 0  
E 1 9 = E l P  
E 1 8 = E  1 7  
E 1 7 = E 1 6  
E 1 6 = E  1 5  
E 1 5 = F  1 4  
E 1 4 = E  13 
E 1 3 = E 1 2  
€ 1 2 = E 1 1  
F 1  ?=E1 0 
E 1 0 = E 9  
P 9 = E R  
E 8 = E 7  
E 7 = E 6  
E 6 = E 5  
E S = E U  
E 4 = E 3  
E 3 = E  2 
YZO=DELAY ( 2 0 . 2 0 . 0 , U l )  
ENDFRO 

... ... ... ... 

P R T P L T  U 1 , E 2  
T I M E R  P I N T I  PI= 1 0  OO., OOTDEL= 10.0, D E L T =  1.0 
L A E E L  EEl.  B A I L E Y  F O R  
END 
ST@P 

E N C J O B  
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CSMP PROGRAM TO GENERATE STEP FUNCTION RESPONSE 
FOR THE CLASSICAL DESIGN 

OWL-D\JG 7 9 - 7 6  Y 5 

INITIAL 
PARAU A1=0.237, A2=0.086,  A3=0.189, A U = .  1 5 8 , B = .  0 0 1 ,  SAMTIU=l . O,T=l. 0 
PARAU C5=1. C,C7=0.0 

P 2 = 0 . 0  
Y20=0.0 
P1=0.0  

D Y N A U I C  
E1=1.0  

T X=T UPOL S (0.0, S A MTI N) 
EZ=TX* E 1 
X l = D E L A Y  (100, SAMTIPI,P4) 
X2=DELAY ( 1 0 9 ,  SA H T I U  , X  1) 
X3=CELAY ( 1 0 0 ,  SAUTIU,X2) 
XU=DEL A Y  (1 0 0 ,  SA NTIH ,X 3) 
P U= E2 + A I* X 1 +A 2* X2 + A  3* X 3  + A U *  X U  

PRCCEDURE YZO,E2,P3, U l = D O U N Y  (P4)  
E2=PU-Y20 

P 3=E 2 +  1 . 9  E O  19 @ P 2-. 9 8  0 1 9  802' P1 

Y 20=CELAY ( 2 0 ,  ZO., 01) 
01=E2 

F1=P2 
P2=P3 

E NCPRO 
PRTPLT Ef,PU 
TIUER FIN'IIU=500.  ,00TDEL=10. ,DELT=1.0 
LAEEL CE. BAILEY FOR 
END 
STOP 

E N D J O B  

CSMP PROGRAM TO GENERATE STEP FUNCTION RESPONSE 
FOR THE PROPORTIONAL CONTROL 

I N I T I A L  
P l R l n  ~i=o.231,~2=0.086.~3=0.i89,~u=~i5~.~=.ooi,s~n~~n=i.o,~=i~o 
P A R l R  C5=1. C,Cl=O.O 
E1=0.237 
82=0.14217 
83=0.24308 
84=0.27263 
e5=~.149e3 
R6=0.12736 

810=0. C 1 5 U  8 

812=0.05684 
E13=O.Cu719 
BlU=0.04082 
E15=0. C 35 19 
816=0. C2975 
e17=o.c2525 
818=0.02164 
E19=0.01eue 
A20=0. C1511 
E21=0.01339 
B22=0.c11uU 

e2u=o. cot731 
E2 5 = 0 .  C 07 09 
826=0.00604 

eii=o.c6i~e 

E ~ ~ = O . C O S ~ E  

ORNL-DWC .I 9-77 01 

~~ ..... 
E27=O.C0515 
82E=O.C0439 
@29=O.C0?75 
830=0.00319 
E31=0. C027i 
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ORNL-DWG 7 9 - 7 6 9 1  
S32=0.00232 

E 3 U = 0 .  C016 9 
B35=0. C C  144  
P36=0.00123 
E37=O.C0105 
B38=0.00C89 
E39=O.CC076 
BU@=O.C0065 
21=0.0  
z2=0.  c 
23=@.C 
zu=o. 0 
Z5=0. C 
Z6=0.0 
Z7=0.C 
Z8=0.0  
Z9=0.0 
71@=0.0  
z 1 1 = o . c  
z12=0.0  
213=0 .  C 
21u=o.o  
z 1 5 = c . c  
Z16=@.0 
Z17=0. C 
Z18=0.0 
Z19=0.0  
E 3 = 0 . 0  
E 4 = O .  c 
Ps=O. I! 
E6=@.  0 
E7=0.0 
E9=0.0 
F10=0.0 
Ell=0. C 
E12=0.C 
E13=O.C 
E l U = O . C  
E15=0. C 
E16=0.C 
E17=O.C 
E18=0.0 
E19=0. C 
E20=0.0 
E21=0. C 
E22=0.0 

~3 3=0. c c 19 a 

D Y N A M I C  
P l = l . O  
TX=IMPULS(O.O,SAMTIN) 
E Z = m X * E 1  
X l = D E L A Y  (1  0 0 ,  S A  N T I N ,  PU) 
X2=DELAY (100,SAN?Ifl,Xl) 
X 3=DEL A Y  (1  0 0 ,  C A  MTI M ,X2) 
X U = D E L A Y  ( 10 0, SA M T I N  , X  3 )  
P l = D E L A Y  ( 1 0 0 ,  S A  MTIM,PZI 
P 4 = E Z + A  1+X1 t A P  X 2 t A P  X3+A4*X4 

FROCEDIlRE E Z , U l = P O X  (P4)  
E2=Pu- Y20 
D I=-B 1'2 1- E2*Z 2-93"Z 3-84' Z4-.B5* 25-B6*26-B7*27-B8* Z8-B9'Z 1 
-B1OtZ l O - @ l l * Z  ll-B12*Z12-B13*Z13-B14*214-B l@Z16-B17*Z17 ... 
+ E2 7- E 9 + E  2 86 E 1 0 + B29* E 1 1 + B  3 (P E 1 2+ B 3 1 *E 1 3 i  8 3  2* E l  4 +  B33* E 1 5  

... 
- B 1 8*'Z 18 -B 19* Z 19 + B 2 1' E 3+ B 2 2' E4+ B 23* E 5 t E 24- E6 iB2 5 "E7+B26*E8 ... ... 
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ORNL -DWG 7 9 - 7 7 11 

+E34* E 1 C +  B 35*E 17+B36*E 18+837*E19+ 038' E20+ B39*E2 1 + B40* E22+ 620, E2 
2 1 9 = 2 1 &  
2 18=Z 1 7  
217=216 
2 1 6 = 2 1 5  
215=21U 
Z 14=2 1 3  
2 1 3 = 7 1 2  
2 1 2 = 2 1 1  
211=210 
ZlO=Z9 
2 9 = 2 8  
28=Z7 
27=26 
2 6 = 2 5  
z 5 = z u  
24=Z 3 
23=22 
22=2 1 
z 1 = 0 1  
E22=E21 
E21=E20 
E20=E19 
E19=E1& 
E18=E17 
E17=E16 
E16=E15 
E 1 5 = E l U  
E 14=E 1 3  
E13=p12 
E12=E11 
E11=E10 
E10=E9 
E9=E8 
E 8 = ? 2 7  
E7=E6 
E6=E5 
E5=E4 
EU=??'3 
E3=E2 
Y20=DELAY(20,20.0,01) 
E N D P R C  

PRTPLT E2,P4,E1 

T I M E R  PIN'IIil=100.,OUTDEL=l.O,DELT=l.O 
L A E E L  fF. E A I L E P  F C R  
E N C  
S T O P  

E N f J O B  
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ORNL-DWG 7 9 - 7 7 0 2  

C M A I N  PSOGRAM - F I L E  D I F T S T - F O F  
C 
C WRITTEN 'IO SOLVE D I F F E R E N C E  PQUATIONS A N D  S IMULATE 
C CON'IROL SYSTEM FOR C R .  D . J .  DOWNING BY D.B.NEEDHAR, 
C S E P T E M B E R , l S 7 f 3 .  
C 
C LANGUAGE - FORTRAN I V  
C 
C HOST PROCESSOR - CECSYSTEM-10 
C 
C OTHER R O U T I N E S  NEEDED : 
C 
C A R I M A  - SOLVES A R I M A  MODEL 
C FCST - FORCASTS AHEAD FOR P O I N T S  FROM 
C P R E V I O U S  A R I f l A  flODEL 
C R A N D C  - GENERATES N liANDOM NUMBERS 
C WITH NORMAL ( 0 , l )  D I S T R I B U T I O Y  
C R A N D O M -  I N I T I A L I Z E S  RANDOR NUMBER 
C SEQUENCE 
C 
C TO EXECUTE : 
C PX DIFTST,ARIMA,FCST,RANDD,RANDOM 
C 

R E A L t U  NT,NHA?,NTSQ,NTMSE 
DCUELP P R E C I S I C N  FNAMF 
COMMON N T ( 1 0 0 0 )  , P H I ( 2 0 )  , T H E T A ( 2 0 )  , N H A T ( 1 0 0 @ )  , R A N D ( 1 0 2 0 )  
D I M E I S I O N  W A  ( 1 0 2 0 )  , S T A R T ( 1 0 0 )  
P I M F N S I O N  X ( 1 0 0 0 ) , 0 M G ( 1 0 )  , G A M ( 1 0 )  , E ( 1 0 0 0 )  
fA7A 5 7 A E T / 1 0 0 * 0 . 0 /  
DATA N C / ' N ' /  

C 
C VALUE OF RCCT I N I T I A L I Z E S  R A N D 0 8  NURBER GENERATOR. 
C VALUE R U S T  BE I N  OCTAL - 1 . E .  NO D I G I T S  GREATER THAN 7. 
C 

C 
C GET ALL Y E C E S S I R Y  PARANETERS FROM USER. 
C 

15C F C R f l P T ( '  BACKSHIFT V A L U l  ? ' )  

DATA R O O I / " 3  5 4  1 2 3 6 2 7 7 3 /  

TYDE 150 

ACCEFT *,TB 
1 5 5  

I C C E F ' ?  * , N P H I  
I F ( N F H I . E Q . O ) G O  T O  1 6 4  
TYPE 1 6 0  

ACCEFT *, ( F H I ( 1 )  , I = l , N P H I )  

1 5 5  FORMAT( '  NUMEPR O F  P H I  VALUES ? ' )  

1 6 0  FORMAT(' I N P U T  THE P H I  VALUES, SEFARATED B Y  C O R M A S  ') 

1 6 4  TYDE 1 6 5  
1 6 5  FORNA?( '  NUMBER OF THETA VALUES ? ' )  

ACCEF'I *,NTHETA 
I F  (N'IAETA-EQ - 0 )  GO TO 1711 
TYPE 1 7 0  

1 7 c  FORMAT( '  I N P U T  THE THETA VALUES, SEPARATED BY CORMAS ' )  

1 7 4  TYPE 175  
1 7 5  F O F M A T ( '  I N P U T  NUMBER O F  P O I N T S < =  1 0 0 0  TO SIPlULATE I )  

ACCEFT * , ( T H E T A  ( I )  , I = l , N T H P T A )  

ACCEFT * , N P T S  
T Y P E  180 

ACCEF'I *, AMFAN, W N V  
1 a c  FOF1PA'I ( '  I N P U T  MPAN A N D  VARIANCE, SEPARATED B Y  COflMAS') 

C 
C GENEPATE N P T S + N P H I  RANDOM NORflAL NUMBERS. 
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ORNL-DWG 7 9 - 7 7 00 

c 

C 
C COPY RANDOM NURBERS I N T O  WORKING A R E A  A N D  
C GENERATE A R I M A  S E R I E S .  
C 

3 W A ( T ) = R A N D ( I )  

CALL R A N D D  ( ? O O T , N P T S t N ? H I  ,RAND) 

DO 3 I = l , N P T S + N P H I  

CALL A R I N A  ( P H I , T H E T A ,  AMEAN, 1 .0 ,  START,  W N V ,  N P H I ,  NTHETA, 
NPTS,NT,WA) 

C 
C CALL FOPCAS' I IYG ROUTINE TO PORCAST B P O I N T S  AHEAD. 
C 

C 
C REAL O n E G ?  A N I  G A M N A  VALUES 
C 

3 0 0  FORMA? (I HOW U A N Y  OMEGA VALUES, I N C L U D I N G  OMEGA (0) ?I) 

CALL FCSI(IB,NPTS,NPHI,NTHETA) 

TYPE 300 

ACCEFT ,NOMG 
TYPE 305  

z O U - c . 0  
NOMG=NCUG-l 
I F ( N C M G . E Q . O ) G O  TO 308 
I F  (NCNG. E Q . - 1 )  GO TO 309 
ACCZPT * , Z O M ,  (OFlG(1)  , I = l , N O U G )  
GO T C  3 0 9  

3 0 5  FORMAT('  I Y P U T  T H 3  OMEGA VALUES, SEPARATED BT COMHAS') 

308 ACCEFT * , Z C M  
3 0 9  T Y P E  310 
31C FORMAT( '  HOW M A N Y  G A M I I A  VALUES ? ' )  

ACCEF'I * , N G A N  
I F  (NGAM. EQ.0)  GO TO 388 
T Y P E  315 

ACCFP'I *, (GAM(1) , I = l , N G A f l )  
3 1 5  PORUAT (I I N P U T  THE GAMMA VALUES, SEPARATED BY CCflMASl)  

C 
C LOAI: WORKING AREA WITH NEGATIVE OF FORCASTED A R R A Y .  
C 
788 DO 34C I = l , N P T S  
3uc W A  ( I ) = - N H A T ( I )  
C 
C C ? L L  ARTMA ROUTINE TO GENERATE CONTROL A R R A Y .  
c 

C 
C GENEFATE ERROR A R R A Y  FROM C I F F E R E N C E  O F  OBSERVED AND 
C FORCASTEL: VALUES. 

DO 9 7 5  I=l,NPTS 
8 7 5  E ( I )  = N ' I  ( I )  -NHAT (I) 
C 
C CALCULkTE RSE FCR N ( T )  A N D  E ( T )  
C 

CALL A R I I I A  (OMG, GAM ,O .O , ZOU,START, 1 .0 ,  NOMG, NGAfl , N P T S ,  X ,  WA) 

NTSQ=O. 0 
ETSQ=O. 0 
D O  880 I = l , N F T S  
NTSQ=NTSQ + NT ( I ) * N T  (I) 
E"SC=E'ISG + E ( I )  *E ( I )  

AP=NF'TS 
NTfl?E=NTSQ/AP 
EMSE=E'TSQ/AP 

8 e o  CCN'TINUE 

C 
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C DRINT ALL PARANETERS A N D  RESULTS 
C 

5 

1 0  

1 2  

1 3  

1 4  

1 5  

5 e 0  
c 

5 7 C  
8 0 0  

575 

C 
* 

W?ITE ( 3 6 , 5 )  (PHT ( I )  , I = l , N P H I )  
PORMAT( '  PHI VALUES ', 1 0 ( 1 X , F 8 . 4  ) )  
W R I T E ( 3 6 , l O )  (THETA ( I )  , I = l , N T H E T A )  
FORMAT(' THETA VALUES ', 1 0 ( 1 X , F 8 . 4  ) )  
W R I T E ( 3 6 , 1 2 )  ZOM 
FORMA? ( '  OMEGA ( 0 )  ' , F a .  U )  
W S I T E  ( 3 6 , 1 3 )  (OAG(1)  , I = l , N O M G )  
F O R H A ? ( '  OMEGA VALUES ' , 1 0 ( 1 X , P 8 . 4 ) )  
WRITE (36 , lU)  (GAM ( I )  , I = l , N G A M )  
FORRAT( '  G A N M A  VALUES ' , l O ( l X , P 8 . 4 ) )  
W R I T E ( 3 6 , l S )  I B  
PORMAT(5X,'B ' , 1 2 , / )  
W R I T E  ( 3 6 , S f O )  
FORMAT ( 6 X ,  ' N  ( T )  ' , E X ,  ' A  (T)  ' ,7X, 
8 X . * E ( ? )  ' , 6 X , ' T I H E ' , / / )  
DO 8CO I = l , N ? T S  
W R I T E  ( 3 6 , 5 7 9 )  NT ( I )  , R A N D  ( I )  ,NHAT ( I ) ,  X ( I )  , E ( 1 )  ,I 
FORMAT(5 ( U X , F 8 . 4 )  , U X , I U )  
CONTINUE 
WRITE (36,575) NTHSE,EMSE 

N ( T )  HAT' , 6X8 ' X ( T )  ' , 

FORMAT(/ , '  M E A N  SQUARE ERRORS : ' , / 8 1 0 X , ' N ( T )  : ' r  
?15.5 , / ,  l o x ,  'E (T) : I, E 1 5 . 5 )  

C OOPIJ'I NT E ET T C  €LOT P L I F  
c 

TYPE 2 0 0  

ACCEET 2 0 5 , I  ANS 

I F  ( I A N S .  EQ .NO) 5TOP 
T Y F F  2 1 0  

ACCEFT 2 1 5 , F N A M E  

2 0 0  FORMAT(' DO YOU WANT A PLOT F I L Y  OF N(T) E E ( T )  ? ( Y , N ) ' )  

2 0 5  FORMAT ( A I )  

2 1 0  FORMAT('  F I L E  NAHE? ' )  

2 1 5  FORMAT ( A 1 0 )  
OPEN (ON I T = 4  C , ACCE S S= SE QO UT , P I L E = F  N A ME) 

DO 2 1 6  I = l , N E T S  

W R I T E ( 4 0 , 2 1 8 )  (WA ( I )  . I = l , N P T S )  
W R I T E ( U 0 , 2 1 8 )  ( A A ( 1 )  , I = l , N P T S )  

W R I T E ( 4 0 , 2 2 5 )  ( N T ( 1 )  , I = l , N P T S )  
WRITE ( 4 0 , 2 2 5 )  ( E  (I) ,I= 1, NPTS)  

2 1 6  W A  (I) =I  

2111 FORM AT ( 1  0 (1X , F 6 . 1 )  ) 

2 2 5  FORM AT ( 5  ( 1 X , F 1 3.5) ) 
CALL E X I T  
END 

c s U B R O U T I N E  AR IMA ( A R P S ,  PMAS, PMAC ,zon, START,  W N V ,  IP, IQ ,  LU , w ,  W A )  
C 
C 
C FUNCTION 
C 
C USAGE 
C 
C PARAMETERS 
C 
C 
C 
C 
C 
C 
C 
C 

- GENERATE A T I M E  S E R I E S  FOR A GIVEN A R I N A  

- CALL A R I M A  [ARPS,PNAS.PMAC,ZOM,START,WNV, 
STOCHASTIC MODEL. 

IP,IQ, LY , u  , W A )  
ARPS - I N P U T  VECTOR OF LENGTH I P  CONTAINING THE 

AUTOREGRESSIVE PARANETERS OF THE MODEL. 
PflAS - I N P U T  VECTOR OF LENGTH I Q ,  C O N T A I N I N G  

THE flOVING AVERAGE PARAMETERS OF THE NODEL. 
PMAC - I N P U T  OVERALL MOVING AVERAGE PARANETER. 
START - I N P U T  VECTOR OF LENGTH I P  CONTAINING STARTING 

VALUES WITH YHICH TO GENERATE THE TIME 
S E R I E S .  

W N V  - I N P U T  WHITE N O I S E  VARIANCE. 
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C 

C 

C 

C 

C 

C 
C 
C 
C 
C 
C 

C 
c 

I P  - I N P U T  NUNBER OF AUTOREGRESSIVE PARAMETERS 

IQ - I N P U T  NUNBER O F  MOVING AVERAGE PARANETERS I N  

LW - I N P U T  LENGTH O F  THE T I M E  S E R I E S  TO B E  

W - OUTPUT VECTOR O F  LENGTH LW CONTAINING THE 

W A  - SERVES AS A WORKSPACE. LENGTH 

I N  THE MODEL. 

THE NODEL. 

GENERA TED. 

GENERATED T I N E  S E R I E S .  

EQUAL TO L W + M A X ( I P , I Q ) .  - FORTRAN ---- .............................. ------_ - -_--_-------____ 
SUBROUTINE A R I N A  (ARPS,PNAS,PMAC,ZON, START,WNV,IP , IQ ,  LW,W,WA) 

DIMENSION 

LZ=L W +  IQ 
CWNV=SCST (WNV) 

ARPS ( I P )  , PNAS ( I Q )  , START ( I P )  , W (LW) , WA ( 1 )  
GENERATE WHITE N O I S E  S E R I E S  

co 5 I = l , L Z  
W A ( I ) = W A ( I )  SSWNV 

5 CONTINUE 
DO 15 I = l , L W  

I I Q = I t I Q  
W ( I )  =FNAC+W A ( I I Q )  
IF ( 1 Q . E Q . O )  GO TO 15 

D O  10 J= l , IQ 
COMPUTE NOVING AVERAGE CONTRIBUTIONS 

W (I) = W  (I) -PNAS (J)*WA ( I I Q - J )  
10 CCN'IINUE 
15 CONTINUE 

I F  (1P.EQ.O)  G O  TO 35 
DO 20  I = 1 , I P  

W A  ( I)  =START (I) 
20 CONTINUE 

CONPDTE AUTOREGRESSIVE CONTRIBUTIONS 
D O  2 5  I = l , L W  

IIP=I t f P  
W A  ( I I F )  = W  ( I )  
DO 2: J = l , I P  

U A  (IIP)=WA ( I IP )+ZOU+LRPS ( J ) * Y A  ( IIP-J)  
25 CONTINUE 

E@ 30 ' I = l , L U  
W ( I ) = U A  ( I + I P )  

30 CONTINUE 
G O  TO 39 

3 5  co 4 0  I = l , L W  
W (I)=W ( I )*ZOM 

40 CONTINUE 
38 RETUBN 

EN I) 
SUBRCUTINE FCST 

USED TO F C F C P S T  AHEAC B P C I N T S  GIVEN P H I  A N D  
THETA PARAUETERS A N D  NUMBER OF P O I N T S  REQUIRED. 
R L S C  REQUIRED I S  A R R A Y  OF ORIGINAL DATA T O  FORCAST FRON. 

SUBRCU'IINE F C S T ( I B , N F T S ,  NPH1,NTHETA) 
REAL'U NT,NHAT,NTENP 
CCNMON N T ( 1 0 0 0 )  , P H I ( Z O )  , T H E T A ( 2 0 )  , N H A T ( 1 0 0 0 )  , R A N D ( 1 0 2 0 )  
D I N E I S I O N  N T E N P ( 1 0 0 0 )  

L ZPRO OUTFUT A R R A Y  F O R  F I R S T  B P O I N T S .  
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C 

1 0 0  
C 
c COPY 
C 

5 00  
C 

no i c o  I = ~ , I E  
NHAT ( I )  =O.O 

F I P S T  E-1  P O I N T S  I N T O  WORKING BUFFER 

DO 5 C C  I I = l , N P H I - 1  
NTEMF ( I I ) = N T  ( 1 1 )  

C OUTER L O C F  505 CONTROLS NUMBER OF H I S T O R I C A L  DATA P O I N T S  
C @ S E E  TO FORECAST FROM 
C 

C 
C ADD NEXT N(T)  TO ' IElPORARY BUFFER 
C 

W'IEMP ( I )  =NT (I) 
C 
C LOOP 510 CALCULATES ALL TElPORARY T E R l S  NECESSARY T O  FORECAST 
C I B  P O I N T S  AHEAD 

DO 5C5 I = l , N P T S - I B  

C 
DC 510 J = l , I B .  

IJ=I+J 
I S T =  IJ - 1 
S U I  1=0.0 
I F  (NPHI .  EQ. 0 )  GO TO 522 

C 
C LOOF 520 RAKES PHI*N(T)  OR PHI*N(T)  HAT CALCULATIONS 
C FOR EACH TEMPORARY T E R l  
C 

CO 5 2 0  K=l ,NPHI  
I P ( I S T . L E . O ) G O  TO 520  
SUMl=SWll+PHI (K) *NTEMP ( I S T )  

520 I S T =  I S T -  1 
C 
C I F  I O R E  THAN NTHETA+l TEMPORARY T E R l S  HAVE BEEN CRLCOLATED, 
C THE THETA*RANC TERMS NO LONGER HAVE A N Y  E F F E C T  AND ARE NOT 
C CALCULA'IEC 
C 
5 2 2  IF (NTHETA.  EQ.0) G O  TO 550 

C 
C LOOF 530 CALCULATES THE SUl O F  THE THETA*RAND TERMS 
C 

IF (J .GT.  NTHETA+l )GO TO 550 

sun2=0.0 
I T S T z I J -  1 
EO 530 L=l ,NTHETA 

I F ( I T S T . G T . I ) G O  TO 530 
I F ( I T S T . L E . O ) G O  TO 530 
SUM 2= SUM 2+THETA ( L )  R A N D  ( I  TST)  

5 3c I T c T = I T S T - l  
C 
C COMPOTE N ( T ) H A T  FOR T H I S  ' IElPORARY S T E P  
C 

N T E M P ( I J ) = S O l l - S U f l 2  
GO T C  510 

5 5 c  NTEMF ( I J ) = S @ l l  
C 
C E S T I U A T E  AT F O I N T  TIME + IE HAS BFEN CALCULATED; STORE AND 
C 
51C CCNTINUE 
505  NHAT ( I J )  =NTEMP ( I J )  

RETURN 
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1 0 0  

10 

2 0  
2 5  

30 

(10 

1 0 0  

E N  C 

SUBROUTINE R A N D D  

CALCLILATES DP TO 1 0 0 0  R A N D O R  NORMAL NURBERS, NORRALLY DISTRIBUTED 
WITH REAN 0 A N D  VARIANCE 1. THE SEQUENCE GENERATED DEPENDS 

VFC'IOR R A N D  I S  RETURNED CALCULATED THROUGH NPTS 
NURPER CF FCINTS. 

ON T H E  V A L U E  O F  9 ~ 0 0 ~ 9  WHICH SHOULD B E  SUPPLIED IN OCTAL. 

SUBRCU'II NE R A N D D  (ROCT, NPTS , RAND) 
DIRENSION R A N D  (1000)  
CALL RANCIN(RO0T) 
DO 1 C O  I = l , N P T S  
PINE ( I )  = R A N X  (DURRY) 
RBTUFN 
EN C 
PONC'IION R A N X  (CURRY) 
R = FL'IRN(R) 
I P ( R  .GT. 0 . 8 6 3 8 )  GO TO 10  
R A N X  = 2.*(PLTRN(X) + FLTRN(Y) + PLTRN(2) - 1 . 5 )  
RETUFN 
I F (  R.GT. 0.97115) GO TO 20 
F A N X  = 1.5*(PLTRN(X) + PLTRN(Y) - 1 .0 )  
RE'IUFN 
I?(R .GT. 0 . 9 9 7 3 0 2 0 3 9 )  G O  TO 1 0 0  
X = 6 .  *FLTRN(X) - 3.0 
Y = C.35e*PLTRN(X) 
XSQ = X*X 
G X  = 17 .4931  196*EXP(-XSQ*0.5) 
A X  = AES(X) 
I F ( A X  .GT. 1 .0 )  GO TO 30 
I F  (Y . G I .  (GX- 17.44392299+4.73570326*XSQ+2.  1 5 7 8 7  544*AX) ) GOT025 
R A N X  = X 
RETURN 
AX3 = 2.36785163*(3-AX)**2 
IP(AX .GT. 1 .5)  GO TO UO 
I P ( Y  .GT. ( G X - A X 3 - 2 . 1 5 7 8 7 5 9 4 + ( 1 . 5 - A X ) ) )  GO TO 2 5  
R A N X  = X 
RETURN 
I F ( Y  .GT. (GI-AX3)) GO TO25 
PANX = X 
PE'IOFN 
X = EQRT (9-ALOG(PLTRN ( X I ) )  
IF (FI ' IEN(X)  .G'I .  3 /X)  GO TO 1 0 0  
I P ( P I T R N ( X )  .GT. 0 . 5 )  X = - X  
PANX = X 
RETURN 
E N D  
TITLE E A N D O R  
TO==O 
T l = = l  
L = = 1 6  
P = = 1 1  
ENTRY R A N D I N  

R A N D I N :  SET2 TO, 
R O V E  T o , a o ( L )  
R O V E R  1 0 , A R G  
POFJ F, 
ENTRY FLTRN 

R O V E  T0,ARG 
ROL 10,ARGC 

PL'IRN: 

R O V E R  1 1 , A R G  
LSH 11,11 
ISH 11,-11 

WOVE I0,T.l 
POPJ F ,  

ARGC: FXP I C 2 0 5 1 7 5 7 8 1 2 5  
A R G :  EXP 3U327724U615 

PSC 1 1 , 2 0 0  

E N D  
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One 

KALMAN FILTER 

s motivated t o  seek the "best" estimate of the eve1 of the 

manufacturing process. 

mation a t  some period, t ,  i s  1 )  the history of measurements, 

{Y(i) :  i=O,l, ..., t l ,  and 2 )  measurement errors on the measure of in te res t .  

In the typical manufacturing process, t h i s  i s  the maximum amount of data 

t h a t  i s  available. 

as much information as possible abou t  the true level of the process. 

One could attempt t o  estimate the mean level o f  the process by 

In  a manufacturing process the available infor- 

From th i s  data, one must devise a technique t o  extract  

forming a l inear  function of the available measurements: 

By specifying the coefficients ci(t) in (B. l ) ,  one has the optimal 

estimate. 

expression for  the variance of the error  o f  the s t a t e  estimate and choose 

the a . ( t )  t o  minimize th i s  error  variance. 

a l l  available information about the process t o  produce an optimal estimate 

of the variable o f  interest .  If the additional constraint that  the e s t i -  

One way o f  choosing the coefficients in (B.l)  i s  t o  form an 

This approach would u t i l i ze  
-1 

mate be unbiased i s  imposed, the minimum variance 

to  a l eas t  squares estimate. 

Note tha t ,  t o  implement the estimation techn 

e s t  

9 ue 

t o  calculate the optimal coefficients.  One must main 

mate i s  equivalent 

in (B . l ) ,  one has 

ain the en t i re  

history of measurements andmeasurement variances. Thus, t o  implement 

the optimal policy, one must perform some formidable calculations and 

maintain a rather large data f i l e .  



90 

F o r t u n a t e l y ,  t h e r e  i s  an a l t e r n a t e  way o f  implement ing t h e  p o l i c y  

d e f i n e d  by (B.1). T h i s  i s  by means o f  t h e  Kalman F i l t e r .  The Kalman 

F i l t e r  approach has severa l  advantages over  t h e  p o l i c y  d e f i n e d  by (B.1): 

1 )  

2 )  

The i t e r a t i v e  equat ions a r e  somewhat e a s i e r  t o  implement. 

The i t e r a t i v e  procedure produces an e r r o r  covar iance m a t r i x  

as a by-product .  

The e n t i r e  h i s t o r y  need n o t  be maintained. Rather, one m a i n t a i n s  

t h e  most r e c e n t  s t a t e  e s t i m a t e  and t h e  assoc ia ted  e r r o r  c o v a r i -  

ance m a t r i x  which c o n t a i n  a l l  r e l e v a n t  i n f o r m a t i o n  about t h e  

process h i s t o r y .  

3 )  

There a r e  f o u r  key elements i n  t h e  Kalman F i l t e r :  

1 )  A system s t a t e  v e c t o r :  

i n c l u d e s  as a minimum t h e  mean o f  t h e  process. 

A system model: 

t h e  s t a t e  v e c t o r  a t  t i m e  t, __ X ( t )  

2 )  a l i n e a r i z e d  s e t  o f  equat ions o f  t h e  form: 

- X ( t + l )  = A ( t ) X ( t )  + - U ( t )  + C ( t )  . (8.2) 

There i s  one equat ion  f o r  each s t a t e  v a r i a b l e .  One equat ion  

i s  a mass balance equat ion  which descr ibes  how t h e  process 

evolves i n  t ime.  - U ( t )  i s  a known " c o n t r o l  vec tor " .  The 

v e c t o r  - C ( t )  i s  a zero mean random v e c t o r  which i s  used t o  

account f o r  i m p e r f e c t  knowledge o f  - U ( t )  and/or model ing e r r o r s .  

To account f o r  process measurement e r r o r s ,  t h e  f o l l o w i n g  

equat ion  i s  used: 

where - V ( t )  i s  a zero  mean random v e c t o r ,  and - H ( t )  = [l]. 
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3 )  Measurements: process l e v e l  (e.g. , U 2 3 5  c o n t e n t ) .  

4)  Variances : process and measurement. 

The Kalman F i l t e r  produces s t a t e  es t imates  which min imize a sum o f  

terms, each te rm be ing  t h e  e r r o r  var iance o f  a component o f  t h e  s t a t e  

vec tor .  

I n  summary, t h e  Kalman F i l t e r  i s  a p p l i c a b l e  t o  a l i n e a r  system o f  

t h e  form o f  Equat ions (B.2) and (B.3) w i t h  known t r a n s i t i o n  m a t r i x  - A ( t ) .  

The measurement covar iance m a t r i x  o f  - Y ( t )  , - R ( t ) ,  as we1 1 as t h e  process 

covar iance m a t r i x  f o r  - X ( t ) ,  - Q ( t ) ,  must be known. 

- C ( t )  and L ( t )  i n  t h e  model have zero cross c o r r e l a t i o n .  

The random vec tors  

The l i s t i n g  below c o n s t i t u t e s  t h e  i t e r a t i v e  procedure known as t h e  

Kalman F i l t e r :  

1 )  Choose - i ( O ) ,  an unbiased es t imate  o f  - X(O), and - G(O), a p o s i t i v e  

d e f i n i t e  symmetric e r r o r  covar iance m a t r i x .  Set t=l. 

2 )  S t a t e  P r e d i c t i o n :  

- X ( t )  = l ( t - l ) & t - l )  + - U ( t - 1 )  - (B.4) 

3) C a l c u l a t e  e r r o r  covar iance m a t r i x  f o r  s t a t e  e s t i m a t e  i n  l a s t  

s tep:  

- P ( t )  = A ( t - l ) G - ( t - l ) A ( t - l ) T  - + Q ( t - 1 )  . (B.5)  

4 )  C a l c u l a t e  ga in :  

5 )  Update s t a t e  es t imate :  
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6)  Calculate error  covariance matrix for  the s t a t e  estimate i n  the 

l a s t  step: 

Figure B.l shows the flow chart for  implementing the Kalman Fi l te r .  

Using E (  ) t o  denote the expectation operator and e(t) to denote 

the e r ror ,  X ( t )  - - i( t) ,  the choice of K ( t )  i s  such t h a t  E[e(t) ~ ( t ) ] ,  

the trace of - G ( t ) ,  i s  minimized. 

covariance matrices. 

{ Y ( j ) :  j=1,2, . . . , t -1}:  

T 

Matrices - P ( t )  and &(t) are error  

- P ( t )  i s  the e r ror  covariance matrix of e(t) given 

- P ( t )  = E{g(t)g(t)T/l(l),. . . Y ( t - 1 ) )  - . ( B . 9 )  

The matrix g(t) i s  the error  covariance matr ix  given { Y ( j ) :  j = l  ,2,.. . ,t}: 

Thus , E( t )  i s  the error-covari ance matrix before receipt of the observation 

a t  time t ,  while g(t) is  the error-covariance matrix a f t e r  receipt of the 

observation a t  time t. 

The approach taken i n  deriving the Kalman F i l t e r  i s  t h a t  of minimizing 

the trace of &(t). 

number of approaches i ncl udi n g :  

The same resu l t s ,  however, can be obtained from a 

1 ) 

2 )  

3 )  Maximum Likelihood estimation. 

Minimizing Bayesian Decision Theory 

Minimizing the length of the error vector squared 

The l a t t e r  two methods require the assumption o f  normality for  the 

measurement and process errors .  The approaches which minimize the trace 
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P(t)  = A(t  - 1)Gi t  - l I ( A ( t  - 1 ) ) ' t  Q( t  - 1 )  

CALCULATE GAIN VECTOR I 

I 
4 

OBSERVE Y i t ) ,  U l t )  e + 
UPDATE ESTIMATE OF STATE 

?( t )  = l A ( t  - 1)  i ( t  - 1)  + U ( t  - 1) l  
t K ( t )  ( Y ( t !  - H ( t )  I A i t  - 1 )  X ( t  - 1)  + U i t  - 111) 

6 

1 
UPDATE ERROR COVARIANCE M A T R I X  

G ( t )  = Pit) - K( t )  Hit1 P(t) 

F ig .  B . l .  Flow Char t  of  t h e  Kalman F i l t e r .  
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of g(t) o r  which minimize the length of the error  vector (which i s ,  in 

fac t ,  the same as the trace of - G ( t ) )  do n o t  require the assumption of 

normality. 

holds, the Kalman F i l t e r  1 )  minimizes the trace of &(t) ,  2 )  i s  the 

maximum 1 i kel i hood estimate, and 3) i s  the optimum Bayesian estimate. 

I t  has also been shown that  under the assumption of normality, no other 

estimate (neither l inear  nor nonlinear) i s  superior t o  the Kalman F i l t e r .  

If the assumption of normality does not hold, the optimal l inear  estimate 

i s  the Kalman F i l t e r ,  b u t  there may be a nonlinear estimate which i s  

superior. 

I t  should be noted that  when the assumption of normality 

Kalman F i l t e r  Applied t o  Estimating Mean Process Level 
in Fuel Rod Fabrication 

As an example of the use of the Kalman F i l t e r ,  consider the problem 

of improving the assay measurements by f i l t e r ing .  The system model i s :  

( B . l l )  

where p ( t )  = system s t a t e  variable = mean U 2 3 5  content a t  s t a r t  of period t .  

Equation (B. l l )  i s  a mass balance equation which must hold in the absence 

of process changes in level.  I t  simply s ta tes  t h a t  the process level 

does n o t  change with time. The measurement equation i s :  

where V ( t )  = measurement 

In t h i s  case, the Kalman 

1 ) In i t ia l iza t ion  

set t ing the in 

U t )  = u ( t >  + 

er ror  for  U2 3 5 

F i  1 t e r  reduces 

j ( 0 )  = Y(0).  

t i a l  s t a t e  e s t  

(B.12)  

content. 

t o  : 

G(0) = R(0) .  T h a t  i s ,  we are 

mate equal t o  the i n i t i a l  
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measurement of t h e  U 2 3 5  conten t .  

i s  t h e  measurement e r r o r .  

The e r r o r  covar iance m a t r i x  

2 )  Gain: 

K ( t )  = G(t- l) / [G(t-1) + R ( t ) ]  (B.13) 

where R ( t )  equals process e r r o r  p l u s  measurement e r r o r  a t  t i m e  t. 

S t a t e  Update: 

u ( t )  = u(t-1) + K ( t ) [ Y ( t )  - 

E r r o r  Covariance M a t r i x  f o r  p ( t ) :  

G ( t )  = m. 
G t-1 + R t 

(B.14) (t-1 )I 

(B.15) 

Equations ( B . 1 3 - 5 . 1 5 )  c o n s t i t u t e  t h e  Kalman F i l t e r  f o r  producing t h e  

es t imate  o f  U 2 3 5  conten t .  

var iance est imates;  i . e .  , t h e  e r r o r  var iance,  G ( t ) ,  i s  minimized. 

The f i l t e r  a c t s  so as t o  produce minimum 
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