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R. 0. W i l l i a m s  

ABSTRACT 

Expres s ions  have been d e r i v e d  f o r  t h e  e l a s t i c  energy due 
t o  coherency f o r  c u b i c  systems f o r  an i s o t r o p i c  s t r u c t u r e  and 
f o r  (100) o r  (111) h a b i t  p l a n e s  f o r  a lamellar s t r u c t u r e .  For  
t h e  m e t a s t a b l e  e q u i l i b r i a  t h e  u s u a l  t a n g e n t  composi t ions are 
r e p l a c e d  by compos i t ions  t h a t  are t a n g e n t  t o  t h e  e l a s t i c  
energy curve.  For  a l o s s  of coherency t h e r e  i s  a n  energy 
d e c r e a s e  due t o  t h e  e l a s t i c  e f f e c t s  and a f u r t h e r  d e c r e a s e  
a s s o c i a t e d  w i t h  compos i t iona l  changes.  In fo rma t ion  con ta ined  
w i t h i n  t h i s  t r e a t m e n t  pe rmi t s  one t o  c a l c u l a t e  t h e  x-ray 
d i f f r a c t i o n  e f f e c t s  f o r  such s t r u c t u r e s .  

INTRODUCTION 

It h a s  been known f o r  many y e a r s  t h a t  when s o l i d  s o l u t i o n s  p r e c i p i -  

t a t e  a new phase o r  decompose t o  a two-phase mix tu re  i n  a m i s c i b i l c t y  

g a p ,  a tomic coherency can cause  noteworthy e f f e c t s .  Conven t iona l ly ,  t h e  

f i r s t  p r o c e s s  i s  c a l l e d  p r e c i p i t a t i o n  ha rden ing ;  t h e  second, s p i n o d a l  

decomposi t ion.  Tn t h e  f i r s t  p l a c e ,  t h i s  coherency l e a d s  t o  s t r e n g t h e n i n g  

e f f e c t s  and i n  t h e  second place i t  m o d i f i e s  t h e  phase e q u i l i b r i a  because 

t h e  energy of t h e  s y s t e m  is n e c e s s a r i l y  i n c r e a s e d .  Sometimes t h e  new 

phases  are themselves  m e t a s t a b l e ,  but  i n  most cases they  are t h e  

e q u i l i b r i u m  phases  a p a r t  from t h e  m o d i f i c a t i o n  caused by coherency. 

Although many a s p e c t s  of  t h i s  problem have been c o n s i d e r e d ,  t h e r e  

d o e s  n o t ,  t o  o u r  knowledge, e x i s t  any t r e a t m e n t  t h a t  shows how t h e  

m e t a s t a b l e  phase boundar i e s  are t o  be c a l c u l a t e d .  Th i s  pape r  p rov ides  a 

s o l u t i o n  t o  t h i s  problem f o r  c u b i c  phases .  

DECOMPOSITION STRUCTURES 

Although many d i f f e r e n t  s t r u c t u r e s  are known t o  occur  as a r e s u l t  of 

t h e  decomposi t ion of  a s u p e r s a t u r a t e d  s o l i d  s o l u t i o n ,  w e  are p r i m a r i l y  

concerned w i t h  o n l y  two. G e n e r a l l y ,  we are concerned wi th  t h e  p o s s i b l e  

s t r u c t u r e s  t h a t  r e s u l t  when bo th  s t r u c t u r e s  are cub ic .  

1 
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If t h e  d i f f e r e n c e  i n  l a t t i c e  parameter  between t h e  e q u i l i b r i u m  

phases  i s  small (around 1%) and t h e  i n t e r f a c i a l  ene rgy  i s  i s o t r o p i c ,  

t h e  s t r u c t u r e  may c o n s i s t  of a more o r  less random c o l l e c t i o n  of 

s p h e r i c a l  p a r t i c l e s  of t h e  minor phase t h a t  are c o h e r e n t  w i t h  t h e  

ma t r ix .  We have r e p r e s e n t e d  t h i s  s t r u c t u r e  i n  Fig.  1, which i l l u s t r a t e s  

p r e c i s e l y  what w e  mean by coherency - a n  atom-to-atom matching o v e r  

t h e  i n t e r f a c e .  For t h i s  s i t u a t i o n ,  b o t h  phases  must be i s o t r o p i c a l l y  

s t r a i n e d  t o  a common l a t t i ce  pa rame te r ,  t h e  smaller phase i n  t e n s i o n ,  

t h e  o t h e r  i n  compression. A s  t h e  volume f r a c t i o n s  of t h e  two phases  

become s imilar ,  t h e  m i c r o s t r u c t u r e  must be more complex, pe rhaps  an 

i n t e r m i x e d  Swiss cheese  s t r u c t u r e .  But ,  as iron-chromium a l l o y s  show, 

i s o t r o p y  can  be ma in ta ined  t o  a h i g h  degree .  Three o t h e r  sys t ems  t h a t  

e x h i b i t  t h i s  s t r u c t u r e  are Cu-Co, Al-Ag,  and Al-Zn. 

e. 

J 
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Fig .  1. I s o t r o p i c  S t r u c t u r e  C o n s i s t i n g  of a C o l l e c t i o n  of S p h e r i c a l  
P a r t i c l e s  of t h e  Minor Phase. 
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The i d e a l  p l a t e  o r  lamellar s t r u c t u r e  forms on some h a b i t  p l ane  f o r  

t h e  s imple  r e a s o n  that  t h i s  d r a s t i c a l l y  r educes  t h e  coherency energy,  as 

w e  w i l l  show. Th i s  s t r u c t u r e  i s  i l l u s t r a t e d  i n  Fig. 2. Within a l o c a l  

r e g i o n  a l l  t h e  p l a t e s  are p a r a l l e l ,  bu t  i n  ne ighbor ing  r e g i o n s  t h e  o t h e r  

v a r i a n t s  w i l l  be populated.  Although many h a b i t  p l anes  may be p o s s i b l e ,  

w e  are  p r i m a r i l y  i n t e r e s t e d  i n  t h e  one t h a t  minimizes t h e  energy;  t h u s ,  we 

need o n l y  c o n s i d e r  t h e  (100) and (111) h a b i t  p l a n e s  f o r  t h e  c u b i c  system, 

as  t h e s e  w i l l  g i v e  t h e  extreme v a l u e s  f o r  t h i s  morphology. 

I 

A t h i r d  s t r u c t u r e ,  c a l l e d  d i s c o n t i n u o u s  o r  c e l l u l a r  p r e c i p i t a t i o n ,  is 

o f  no d i r e c t  concern h e r e  because i t s  coherency energy i s  e s s e n t i a l l y  

ze ro .  I n  t h i s  s t r u c t u r e ,  phase s e p a r a t i o n  o c c u r s  on a r e l a t i v e l y  c o a r s e  

scale  a t  a mobile h i g h  a n g l e  boundary. The p r o c e s s  i s  v e r y  similar t o  t h e  

p e a r l i t e  r e a c t i o n  i n  t h e  iron-carbon system, be ing  i n  t h a t  case a e u t e c t o i d  

ORNL-DWG 77-12053 

Fig. 2. A Lamellar  S t r u c t u r e  C o n s i s t i n g  of A l t e r n a t i n g  Plates of 
t h e  Two Phases.  The o t h e r  v a r i a n t s  of t h e  h a b i t  p l ane  would be populated 
i n  a d j a c e n t  r e g i o n s .  
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r e a c t i o n .  C e l l u l a r  decomposi t ion may t a k e  p l a c e  i n  t h e  two-phase f i e l d  a t  

t e m p e r a t u r e s  above which m e t a s t a b l e  c o h e r e n t  s t r u c t u r e s  are p o s s i b l e .  

Cases are a l s o  known i n  which c o h e r e n t  s t r u c t u r e s  are e l i m i n a t e d  by t h i s  

r e a c t i o n ,  t h e  d r i v i n g  f o r c e  b e i n g ,  i n  p a r t ,  coherency energy.  

ENERGY CONSIDERATIONS 

A s  a s t a r t i n g  p o i n t  w e  c o n s i d e r  t h e  e l a s t i c  energy d e n s i t y  i n  terms 

of  t h e  s t r a i n s  f o r  t h e  two morphologies .  

Fo r  t h e  i s o t r o p i c  system t h e  t h r e e  s t r a i n s  are e q u a l ,  as are t h e  

stresses, such t h a t  t h e  stress is g i v e n  as 

and t h e  ene rgy  d e n s i t y  i s  g iven  as 

For  t h e  (100) h a b i t  p l a n e  t h e  cube axes are a l s o  t h e  p r i n c i p a l  stress 

axes. The two stresses i n  t h e  h a b i t  p l ane  are  e q u a l ,  b u t  t h e  stress nor- 

mal t o  t h e  h a b i t  p l a n e  i s  zero.  Th i s  l a t e r  c o n d i t i o n  g i v e s  t h e  normal 

s t r a i n  E Z  as  

E X  
c12 

E Z  = -2 - 
c11 

such  t h a t  t h e  h a b i t  p l a n e  stress, ux, is g i v e n  as 

and t h e  ene rgy  d e n s i t y  as 

( 3 )  

(5) 
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For t h e  (111)  h a b i t  p l a n e ,  t h e  normal d i r e c t i o n  i s  a g a i n  a p r i n c i p a l  

stress d i r e c t i o n  (of  z e r o  magnitude) .  Using t h e  set of e l a s t i c  c o n s t a n t s  

co r re spond ing  t o  t h i s  geometry,  t h e  s o l u t i o n  i s  g iven  as 

and 

where H ,  t h e  measure of t h e  e l a s t i c  a n i s o t r o p y ,  is d e f i n e d  as 

H = 2C44 + C12 - C 1 1  . 
The energy d e n s i t y  is g iven  as 

E = ox , 

which can be expres sed  i n  terms of t h e  e l a s t i c  c o n s t a n t s  and similar 

t o  Eq. 5. For H e q u a l  t o  z e r o ,  t h e  e q u a t i o n s  f o r  t h e  (100)  and (111)  

cases become i d e n t i c a l .  

( 9 )  

TWO-PHASE MIXTURES 

Having o b t a i n e d  t h e  r e q u i r e d  energy d e n s i t y  e q u a t i o n s  i n  terms of 

t h e  e l a s t i c  c o n s t a n t s  and t h e  s t r a i n s ,  ou r  n e x t  problem is t h a t  of 

o b t a i n i n g  t h e  s t r a i n s  i n  t h e  two phases  such t h a t  w e  can e v a l u a t e  t h e  

t o t a l  energy.  

Cons ide r ing  f i r s t  t h e  l a m e l l a r  s t r u c t u r e ,  i f  w e  d e f i n e  t h e  parameter  

Z i n  terms of t h e  l a t t i c e  parameters as 
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where s u b s c r i p t s  1 and 2 i d e n t i f y  t h e  two phases ,  i t  f o l l o w s  t h a t  

f o r  t h e  s t r a i n s  i n  t h e  h a b i t  p l ane  where f o r  example,  i f  phase 2 h a s  t h e  

l a r g e r  parameter, Z i s  p o s i t i v e ,  phase 1 i s  extended  ( a  p o s i t i v e  s t r a i n ) ,  

and phase 2 i s  compressed so  as t o  o b t a i n  t h e  common l a t t i c e  parameter  i n  

t h e  h a b i t  p lane .  F u r t h e r ,  t h e  sum of t h e  normal f o r c e s  a c r o s s  a c u t  nor- 

m a l  t o  t h e  h a b i t  p l ane  i s  z e r o ,  t h a t  i s ,  

where v i s  t h e  volume f r a c t i o n  of  t h e  s u b s c r i b e d  phase.  I f  we r e p r e s e n t  

t h e  dependence on t h e  e las t ic  c o n s t a n t s  as w, t h a t  i s ,  

t h e  v a l u e s  of t h e  h a b i t  p l ane  s t r a i n s  f o r  t h e  two phases  are g iven  as 

and 

The energy  d e n s i t y  i s  g iven  as 

which r e s u l t s  i n  

when t h e  s u b s t i t u t i o n  i s  made. 
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For t h e  i s o t r o p i c  case, t h e  above e q u a t i o n s  remain unchanged provided 

t h a t  t h e  v a l u e  of w i s  i n c r e a s e d  by a f a c t o r  of 3 1 2 .  

We show i n  Fig.  3 t h e  c o n s t r u c t i o n  which now g i v e s  t h e  m e t a s t a b l e  

e q u i l i b r i u m .  

composi t ion  of t h e  e q u i l i b r i u m  phases  is g iven  as A and B by t h e  common 

t angen t .  For  t h e  cohe ren t  s ta te  t h e  e q u i l i b r i u m  i s  determined by t h e  com- 

mon t angen t  t o  t h e  e l a s t i c  energy  curve .  S p e c i f i c a l l y ,  t h e  e las t ic  energy  

as g iven  by Eq. 17 i s  j u s t  t h e  h e i g h t  of t h e  shaded area i n  Fig.  3 .  That 

t h i s  i s  t h e  c o r r e c t  c o n s t r u c t i o n  f o r  t h e  cohe ren t  e q u i l i b r i u m  r e s u l t s  from 

t h e  f a c t  t h a t  no o t h e r  p a i r  of composi t ions  can r e s u l t  i n  a lower t o t a l  

f r e e  energy.  

The f r e e  energy  cu rve  co r re sponds  t o  i m m i s c i b i l i t y  and t h e  

Th i s  has  been demonst ra ted  a n a l y t i c a l l y .  

'\ 

.I 

G 

0 

ORNL-DWG 77-l2054R 

/ELASTIC ENERGY 

COMPOS IT I ON x2 1 

Fig .  3 .  C o n s t r u c t i o n  f o r  Determining t h e  Equ i l ib r ium f o r  Coherent 
S t r u c t u r e s .  
t h e  common t angen t .  
t o  t h e  e las t ic  ene rgy  cu rve ,  p o i n t s  X1 and X2.  
shaded r e g i o n  r e p r e s e n t s  t h e  e l a s t i c  energy.  

The t r u e  e q u i l i b r i u m  is  g iven  as p o i n t s  A and B determined by 
The m e t a s t a b l e  e q u i l i b r i u m  is  g iven  by t h e  t a n g e n t s  

The h e i g h t  of t h e  



F i g u r e  3 f u r t h e r  shows t h a t  t h e r e  are two energy changes when 

coherency is  l o s t .  There is  t h e  l o s s  of e l a s t i c  ene rgy  and a f u r t h e r  f r e e  

ene rgy  d e c r e a s e  t h a t  o c c u r s  as t h e  e q u i l i b r i u m  compos i t ions  are ob ta ined .  

A n a l y t i c a l l y ,  t h e  c o n d i t i o n  of e q u i l i b r i u m  is  g i v e n  as 

which a p p l i e s  a t  compos i t ions  X 1  and X2 and where V i s  t h e  a tomic  

volume. The v a l u e  of dE/dX may be o b t a i n e d  from Eq. 17, and when v a l u a t e d  

a t  X 1  g i v e s  

dE w2Z2 

dX X2 - X i  
_ -  - 

and a t  X2, 

dE - w l Z 2  - - _  
dX X2 - X 1  

when w e  u se  

and v2 = 1 - V I .  Thus, t h e  e v a l u a t i o n  of t h e  m e t a s t a b l e  e q u i l i b r i u m  

i s  no t  m a t e r i a l l y  more d i f f i c u l t  t h a n  t h e  g e n e r a l  case where one must u se  

a n  i t e r a t i v e  approach t o  e s t a b l i s h  t h e  common t a n g e n t .  

Fo r  b i n a r y  cases where Vegard's l a w  h o l d s ,  Z may be e x p r e s s e d  i n  terms 

o f  X 1  and X2 such  t h a t  t h e  e v a l u a t i o n  of Eqs. 19 and 20 i s  somewhat 

s i m p l i f i e d .  

The case which we i l l u s t r a t e d  c o r r e s p o n d s  t o  a common free energy 

c u r v e  b u t  no th ing  i n  t h e  t r e a t m e n t  i s  changed i f  t h e  f r e e  ene rgy  c u r v e s  

a r e  d i s t i n c t .  Th i s  o c c u r s ,  f o r  example,  when one of t h e  phases  i s  

o rde red .  

c 
v 
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DISCUSSION 

What t h i s  a n a l y s i s  shows, when a p p l i e d  t o  a system showing a m i s c i b i l -  

i t y  gap,  i s  t h a t  t h e r e  are t h r e e  c o h e r e n t  m i s c i b i l i t y  gaps which d i v i d e  

t h e  e q u i l i b r i u m  gap i n t o  f o u r  r e g i o n s  as i n  Fig. 4. Only d i s c o n t i n u o u s  

p r e c i p i t a t i o n  i s  p o s s i b l e  i n  r e g i o n  I ,  p r e c i p i t a t i o n  on t h e  (100)  and 

(111)  h a b i t  p l a n e s  i s  o n l y  p o s s i b l e  w i t h i n  t h e  r e s p e c t i v e  gaps ,  and t h e  

i s o t r o p i c  s t r u c t u r e  i s  o n l y  p o s s i b l e  w i t h i n  t h e  lowest  gap. Taking t h e  

e l a s t i c  c o n s t a n t s  as composi t ion independen t ,  t h e  r e l a t i v e  p o s i t i o n  of t h e  

(100) and (111) gaps  are determined by t h e  a n i s o t r o p y  f a c t o r ;  f o r  t h e  

i s o t r o p i c  materials t h e y  c o i n c i d e .  Based upon the d a t a  of Simmons and 

Wangl a l l  c u b i c  metals f a v o r  t h e  (100)  h a b i t  p l a n e  excep t  V, C r ,  Nb, and 

Mo, a l l  of which are  bcc and occur  t o g e t h e r  i n  t h e  p e r i o d i c  t a b l e .  

ORNL-DWG 77-12055 

EQUILIBRIUM GAP 

ISOTROPIC \ 

\' 
~ 

COMPOS1 TlON 

Fig.  4. The Three Coherent M i s c i b i l i t y  Gaps. The drawing i s  s c a l e d  
t o  correspond t o  t h e  e las t ic  c o n s t a n t s  of coppe r ,  bu t  t h e  r e s u l t s  are 
r e a s o n a b l y  t y p i c a l .  
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The energy of e i t h e r  t h e  (100) o r  (111)  s t r u c t u r e s  r e l a t i v e  t o  the  

i s o t r o p i c  case is somewhat more compl i ca t ed .  S p e c i f i c a l l y ,  t h i s  r a t i o  is 

between 0.15 and 0.18 f o r  Ag, Au, Cu, Pd, and P t  f o r  E1OO/Ei so .  A 

v a l u e  of 

e x h i b i t s  

terms of 

r a t i o .  

Fo r  

d i f f e r s ,  

0.19 was c a l c u l a t e d  f o r  E 1 l l / E i s o  f o r  niobium. 

n e a r  extremes f o r  bo th  r a t i o s ,  0.54 and 0.45, r e s p e c t i v e l y .  I n  

i s o t r o p i c  e l a s t i c i t y ,  a small  r a t i o  co r re sponds  t o  a low P o i s s o n ' s  

Chromium 

a m i s c i b i l i t y  gap f o r  metals f o r  which t h e  s i g n  of t h e  a n i s o t r o p y  

t h e  (100) and (111) c u r v e s  w i l l  c r o s s  such  t h a t  t h e  p r e d i c t e d  

h a b i t  p l a n e  d i f f e r s  on t h e  two ends  of t h e  diagram. Because i t  c o n t a i n s  a 

d i s p r o p o r t i o n a t e  f r a c t i o n  of t h e  ene rgy ,  t h e  minor phase de t e rmines  t h e  

h a b i t  p l ane .  S p e c i f i c a l l y  f o r  t h e  uranium-niobium system t h a t  e x h i b i t s  a 

m i s c i b i l i t y  gap i n  t h e  bcc phase ,  t h e  uranium-rich a l l o y s  shou ld  e x h i b i t  a 

(111) h a b i t  and t h e  (100)  h a b i t  shou ld  be f avored  f o r  niobium-rich a l l o y s . 2  

The method which w e  have g i v e n  i s  a p p l i c a b l e  t o  h i g h e r  o r d e r  systems 

p rov ided  t h a t  t h e  composi t ion d i f f e r e n c e s  are now recogn ized  as being t i e  

l i n e  l e n g t h s .  S p e c i f i c a l l y ,  one p i c k s  two compos i t ions  d e f i n i n g  a t i e  

l i n e  which p a s s e s  th rough  a f i x e d  p o i n t  i n  t h e  two-phase r e g i o n  which 

minimizes  t h e  f r e e  energy a t  t h a t  p o i n t  when t h e  e l a s t i c  ene rgy  i s  

inc luded .  I f  one h a s  a program which d e t e r m i n e s  t i e  l i n e s  i n  t h i s  manner, 

t h e  i n c l u s i o n  of t h e  e l a s t i c  energy i s  a v e r y  minor compl i ca t ion .  

Phase e q u i l i b r i a  s t u d i e s  f o r  t h e  bcc phase i n  t h e  t e r n a r y  s y s t e m  

U-Zr-Nb have been conducted. Each b i n a r y  c o n t a i n s  a n  a s s y m e t r i c  

m i s c i b i l i t y  gap and t h e  e l a s t i c  ene rgy  i s  of importance i n  each  case, 

p a r t i c u l a r l y  f o r  t h e  zirconium-niobium system. C a l c u l a t i o n s  i n  t h e  t e r -  

n a r y  system which i n c l u d e  t h e  e l a s t i c  ene rgy  have been c a r r i e d  o u t .  It is 

i n t e r e s t i n g  t h a t  i n  t e r n a r y  and h i g h e r  o r d e r  sys t ems ,  thermodynamic s t a b i l -  

i t y  can  be i n v e s t i g a t e d  a long  t i e  l i n e s  of c o n s t a n t  l a t t i c e  pa rame te r  

where ' t he  e l a s t i c  ene rgy  i s  zero.  Such t i e  l i n e s  must a l w a y s  e x i s t .  Such 

c a l c u l a t i o n s  f o r  t h e  U-Zr-Nb system i n d i c a t e d  a l a r g e  c e n t r a l  r e g i o n  i n  t h e  

t e r n a r y  system where decomposi t ion i s  p o s s i b l e .  

Ear l ier ,  Cahn3 had c o n s i d e r e d  t h e  importance of e l a s t i c  a n i s o t r o p y  

on t h e  n a t u r e  of  s p i n o d a l  decomposi t ion.  The e l a s t i c  d e n s i t y  e q u a t i o n s  

t h a t  can  be o b t a i n e d  from h i s  work are e x a c t l y  t h e  same as o u r s  bu t  f o r  a 

h 
i 

(I 
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f a c t o r  of 1/2.  T h i s  f a c t o r  arises from h i s  c o n s i d e r i n g  t h e  a v e r a g e  energy 

d e n s i t y  f o r  a s i n e  composi t ion f l u c t u a t i o n  i n  t e r m s  of t h e  maximum s t r a i n .  

Cahn's t r e a t m e n t  provided t h e  e x p r e s s i o n  which gave t h e  s p i n o d a l  . 

compos i t ions .  

A s  a l r e a d y  i n d i c a t e d ,  t h e r e  are a few systems known t h a t  g i v e  t h e  

i s o t r o p i c  s t r u c t u r e .  Such s y s t e m s  are l i m i t e d  t o  t h o s e  having a small 

d i f f e r e n c e  i n  l a t t i c e  parameter  ( l e s s  t h a n  two p e r c e n t ) .  There are a 

number of sys t ems ,  i n c l u d i n g  Au-Pt, Cu-Ni-Co, and Cu-Ni-Fe, t h a t  appear  t o  

c l o s e l y  approximate the i d e a l  (100) s t r u c t u r e .  There are many systems 

t h a t  form p l a t e s ,  b u t  t h e  tendency f o r  a d j a c e n t  p l a t e s  t o  be p a r a l l e l  i s  

n o t  t o o  g r e a t .  Such s t r u c t u r e s  must have a n  e l a s t i c  energy h i g h e r  t han  

f o r  t h e  i d e a l  p l a t e  s t r u c t u r e ,  bu t  t h e  d i f f e r e n c e  may be modest. In  par- 

t i c u l a r ,  t h e  importance of p a r a l l e l i s m  d e c r e a s e s  as t h e  volume f r a c t i o n  of 

t h e  minor phase d e c r e a s e s .  The s imple  c u b i c  a r r a y s  of cubes which is  com- 

mon ly , seen  i n  n i cke l -base  a l l o y s  which form Ni3A1 must a l s o  have an 

e l a s t i c  ene rgy  g r e a t e r  t han  p r e d i c t e d  f o r  t h e  (100) h a b i t  plane.  Cahn 

c o n s i d e r e d  t h i s  t o  be t h e  s t r u c t u r e  t h a t  h i s  a n a l y s i s  p r e d i c t s  f o r  t h e  

(100) s o f t n e s s  o r  h a b i t  plane.3 

We have no t  i n c l u d e d  t h e  t h e r m o e l a s t i c  e f f e c t  i n  ou r  c a l c u l a t i o n s .  

To a f i r s t  app rox ima t ion  t h i s  e f f e c t  c a n c e l s ,  be ing  of similar magnitude 

b u t  of o p p o s i t e  s i g n  i n  t h e  two phases .  F u r t h e r ,  t h i s  e f f e c t  i s  l i n e a r  

w i t h  stress and becomes r e l a t i v e l y  less impor t an t  a t  h i g h  stresses com- 

pa red  t o  e l a s t i c  ene rgy  which i s  q u a d r a t i c  w i t h  stress.  

I n  o u r  d e r i v a t i o n  we have g i v e n  t h e  e x p r e s s i o n s  r e q u i r e d  t o  c a l c u a t e  

s t r a i n s  normal t o  t he  h a b i t  planes. These are impor t an t  f o r  c a l c u l a t i n g  

t h e  x-ray d i f f r a c t i o n  e f f e c t s  from such  s t r u c t u r e s .  X-ray c a l c u l a t i o n s  

c a n  be done r a t h e r  s imply by c o n s i d e r i n g  a l a r g e  u n i t  c e l l  of t h e  u s u a l  

dimensions i n  t h e  h a b i t  p l ane  bu t  ex tend ing  th rough  one o r  more p e r i o d s  of 

the s t r u c t u r e  normal t o  t h e  h a b i t  plane.  The normal s t r a i n s  are used t o  

p o s i t i o n  t h e  atoms i n  t h i s  s t r u c t u r e  and t h e  ave rage  s c a t t e r i n g  power is  

determined by t h e  composi t ions.  P o s s i b l e  o r d e r i n g  i n  one of t h e  phases  is  

eas i ly  accommodated. 

However, t h e  f i n a l  i n t e n s i t y  r e s u l t s  from a v e r a g i n g  t h e  i n t e n s i t i e s  f o r  

a l l ' v a r i a n t s  of t h e  h a b i t  plane.  

The i n t e n s i t y  i s  c a l c u l a t e d  by s t a n d a r d  methods. 



1 2  

One can  t r a n s l a t e  such  s t r u c t u r e s  i n t o  sets of pa rame te r s  t h a t  

d e s c r i b e  t h e  sho r t - r ange  o r d e r  and t h e  d i s p l a c e m e n t s  and can  c a l c u l a t e  

t h e  i n t e n s i t y  u s i n g  t h e  s t a n d a r d  e x p r e s s i o n  f o r  t h e  d i f f u s e  s c a t t e r i n g  f o r  

a l l o y s .  There i s  n o t h i n g  wrong w i t h  t h i s  approach,  bu t  t h e  above method 

i s  much easier. In  p a r t i c u l a r ,  t h e  f i r s t  method does n o t  s u f f e r  from 

t e r m i n a t i o n  e f f e c t s  which w i l l  s u r e l y  be encoun te red  u s i n g  d i f f u s e  s c a t -  

t e r i n g  c a l c u l a t i o n s .  For t h e  i s o t r o p i c  s t r u c t u r e ,  t h e  l a t e r  method is 

more a t t r a c t i v e  because ,  i d e a l l y ,  t h e  d i s p l a c e m e n t s  are ze ro .  

T ien  and Copley4 have c o n s i d e r e d  t h e  e f f e c t  of stress on changing 

the morphology of t h e  Ni-Ni3A1 s t r u c t u r e  a t  e l e v a t e d  t empera tu res .  The 

anologous p r e d i c t i o n s  f o r  t h e  p l a t e  s t r u c t u r e s  are made i n  terms of the  

pa rame te r  

(VEz)l  + (VE& (23)  

I 

The s i z e  of t h i s  term w i l l  be v e r y  small compared t o  t h e  magnitude of i t s  

components,  b u t  i t  need no t  be zero.  I f ,  f o r  example,  t h i s  parameter  i s  

n e g a t i v e ,  a normal compressive stress would enhance t h e  amount of material  

p o p u l a t i n g  t h i s  p a r t i c u l a r  h a b i t  p l a n e  among i t s  v a r i a n t s .  The e f f e c t  

shou ld  o p e r a t e  d u r i n g  decomposi t ion o r  d u r i n g  subsequent  a n n e a l i n g .  

SUMMARY AND CONCLUSIONS 

1. Equa t ions  f o r  c a l c u l a t i n g  t h e  e l a s t i c  ene rgy  due t o  coherency 

have been d e r i v e d  f o r  c u b i c  phases .  

2. Cases c o n s i d e r e d  are t h e  i s o t r o p i c  s t r u c t u r e ,  and t h e  (100) and 

(111)  h a b i t  p l a n e s  f o r  p l a t e  s t r u c t u r e s .  

3. The p l a t e  s t r u c t u r e s  w i l l  a lways be of  l owes t  ene rgy ,  t h e  par- . 

t i c u l a r  h a b i t  p l a n e  be ing  determined by t h e  a n i s o t r o p y  f a c t o r  i n  agreement 

w i t h  t h e  work of Cahn.3 

4. Because of t h e  compos i t iona l  dependence of t h e  e l a s t i c  c o n s t a n t s ,  

i t  is  p o s s i b l e  t h a t  i n  some sys t ems  t h e  h a b i t  p l a n e  w i l l  change w i t h  

composi t ion.  

5 .  When t h e  l a t t i c e  parameter  d i f f e r e n c e  €s s u f f i c i e n t l y  small, 

t h e  i s o t r o p i c  s t r u c t u r e  can  form. 
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6 .  For t h e  m e t a s t a b l e  e q u i l i b r i a  t h e  common t a n g e n t  c o n s t r u c t i o n  is 

r e p l a c e d  by t h e  anologuous c o n s t r u c t i o n  u s i n g  t h e  e las t ic  energy curve.  

T h i s  c a l c u l a t i o n  i s  n o t  m a t e r i a l l y  more d i f f i c u l t  t han  t h e  s t a n d a r d  ca l cu -  

l a t i o n .  It a l s o  a p p l i e s  t o  s y s t e m s  of h i g h e r  o r d e r .  

7. From t h e  pa rame te r s  used i n  t h i s  f o r m u l a t i o n  i t  i s  p o s s i b l e  t o  

c a r r y  o u t  c a l c u l a t i o n s  of x-ray d i f f r a c t i o n  u s i n g  a u n i t  c e l l  s u f f i c i e n t l y  

l a r g e  t o  r e p r e s e n t  t h e  s t r u c t u r e .  

8. Loss of coherency i s  accompanied by a n  e l a s t i c  energy d e c r e a s e  

p l u s  a f r e e  ene rgy  change r e s u l t i n g  from compos i t iona l  changes.  
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