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ABSTRACT

Although various discrete ordinates quadrature sets are in general
use, there exists a need for a standard collection supported by documen-
tation of their origin and derivation. This report attempts to provide
this documentation for most of the commonly used sets. Instructions for
using DOQDP — the computer code used to generate these quadratures — is
provided. A library (in standard interface format) containing many of
the quadratures has been generated and is documented in this report.
Finally, a listing of the fully symmetric, half-symmetric, and several
biased sets is provided for XY, RZ, and Re geometries.

Part 1 of the report describes the DOQDP code and the generation of
S2-516 fully symmetric quadratures. Part 11 describes the generation of

54-510 half-symmetric and several biased sets, as well as a discussion
of the quadrature library.
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PART [. FULLY SYMMETRIC QUADRATURES AND THE
DOQDP COMPUTER CODE

J. P. Jdenal, D. B. Simpson, and W. A. Rhoades

The purpose of this part of the study was to produce and document a
standard colliection of two-dimensional level symmetric (R-Z, X-Y)
quadrature sets for use with DOT-IIT and later codes. This was expe-
dited by the modification of the DOQ! code, subsequently renamed DOQDP.

Although two-dimensional quadratures are in common use both here at
ORNL and elsewhere, there exists a need for a standard collection sup-
ported by documentation of their origins and derivation. This part
will, therefore, be comprised of two major sections. The first will be
a brief discussion of quadrature sets in general while the second will
deal with the DOQDP code in particular. A short section of comments and
general observations follows.



Fully Symmetric Quadrature Sets

The method of discrete ordinates, introduced by Carlson, Lathrop,
l.ee and others in the late fifties for obtaining numerical solutions to
the Boltzmann transport equation, incorporated the development of sets
of "discrete directions to which is attached a set of weignts,"? that
is, guadrature sets. Over the years, the "How-To" of guadrature sect
gereration has changed repeatedly. It is not the goal of this paper to
present a survey of prior methods (the truly enthusiastic reader is
invited to pursue the bibliograpny for a more or less complete list of
pertinent documents concerning quadrature sets), but rather it seeks to
present the background material needed for one type of guadrature set
currently in use, namely LQn'3 LQn stands for level symmetric guadrature
and is a type of quadrature currently used with the DOT two-dimensional
transport codes developed at ORNL. "Level symmetric" means that the
angles subtended by the latitudinal level Tines are constant. Or, in
English, the eta levels (latitude lines) are constant as the mu's vary.

Some rules heip to define the quadrature set. They are:

(1) The guadrature set is defined as a set of pairs (Pm, @m) of
weights and directions — the number of which depends on the order of the
quadrature set, and m = 1, 2, 3, . . . M(n).

(2) The order, n, is even: n = 2, 4, 6 .

(3) The weights, Pm, are generally positive with the normalization

2P =] (1)

(4) The components Mo N and ) of the vectors 2 satisfy

uo sty 5.0 @ 1 (2)



i Pm Wy = 0
ipmnm=o (3)
i Pm By~ 0

and Z P “mz = 1/3 . (4)

M

Equation 3 is known as the flow condition while equation 4 is the diffu-
sion theorem condition.”

(5) The common guadrature set is defined on one octant (known as
the principle octant) and is reflected into other octants by making
appropriate sign changes. The following statements apply within any
octant:

(a) the number of points per octant is given by
M(n) = n(n+2)/8

—
[&a]
—

(b) the points are arranged in a triangular pattern with n/2
different levels and n/2 - 1 + 1 points on the ith Tevel.

(c) if a point e (”m’ Moy §m) is contained in the basic quadrature
set, so are all points that can be constructed by permutating its com-
ponents. Such permutation groups fall into classes of 1, 3, or 6 points
each and within a given class, all points have the same weight. This
condition is known as rotatianal symmetry.

This describes a completely symmetric quadrature set, one that
exhibits no bias toward any particular direction. Calling to mind the
triangular pattern mentioned in 5b above, note that the levels may be
numbered from one of the three sides of the octant to the opposite
corner or pole. These levels may be regarded as lines on the surface of
the unit sphere, in this case, latitudinal Tines that subtend (from



the center of the sphere) a constant angle with the companion pole. A
point in the set, .. can be given three level indices, call them i, j,
and k, one with respect to each of the three poles. It can be shown (by

induction)" that
i+ j+k=n/24+2 (6)
In the level symmetric case (LQn), tne components Mo Mo §m are chosen

from the same set of n/Z cosines, @1, i=1,2, ... n/2. Hence, if 1,
j, and k are the level indicies for Qo Equation 2 becomes

612 + ej2 v o2, (7)

Making use of rotation-reflection invariance, Lee has shown" that
Equations 6 and 7 will yield the relation

912 = 912 + (i-1)aA (8)

where
s = 2(1-30,2)/(n-2) (9)

This result is very important and can be verified by substitution into

Equation 7 as follows:
1T=0.2+ (i-1)a + 0.7 + (3-1)a + 0.7
+ (k-1)a = 3@j2 + (i+j+k-3)a (10)
Using Equation 6,

1= 30,7 + (n/242-3)a = 30,2 + (n/2-1)s . (11)
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Fig. 1. Point Numbering Schemes for Different SYM
Options. Points in the principal octant,



Solving for A gives,

A = (1w3@]2)/(n/2~7) = 2(]-3@12)/(n~2) (12)
which is Equation 9.
Thus, the condition of complete symmetry fixes all o's except 0, and the
freedom of Gaussian quadrature is not present.

Given O], the remaining direction cosines are determined from
Equations 8 and 9. Although the value of 0, determines how the points
1

are clustered, its magnitude is somewhat arbitrary (0 < 612 < §). The

points will possess the required symmetry regardless of the value of 07 -
. .. ]

= o T f 2 = e -
Lee derived a prescription for e] to be 9, 3n-1) -

With the u's and n's determined, all that remains is to solve for
the point weights. Carlson, writing in 1971,° makes use of "even angular
moments” to solve for the needed point weights. This amounts to double
moments involving the weights, u's and n's, and is an expansion of a
technigue developed by Carlson for one-dimensional quadrature sets.

Thus,

R k %
iy Z P H303 (13)

for some set of pairs (k,2) (k and 2 even), wheve

2 "1 /5
bk,SL - ?/O _/;) ukn gdcpdl,_x (14)

with

i

I
™~
_’I
2 |
[
)
o
N
>



which relate ¢ to n and £. Because p and n come from the same set of
numbers, they are interchangeable and thus we need only include (k,2)
combinations for which k > 2. No even moments involving all three
components need to be considered because any even power of a third com-
ponent can be expressed in terms of even powers of the two.

Integrating bquation 15 with arbitrary k and & gives,

5 f kE] 24710 oy o KFe+3)
by Ly, * 1/ (D) o(3Y) ﬁ(l r2) r(}52 (18)

where 1(1/2) = /v and T(x) = (x-1) T{(x-1). For k and 2 even, Equation 18
becomes

b ) = _‘J«M <J~ _“L ]» . MQ"]* (-!9)

where the bracket is set to unity if ¢= 0. Equation 14 is linear with
respect to the point weights and by choosing various appropriate combi-
nations of (k,2), a system of simultaneous linear equations are produced;
the system can then (theoretically) be solved. This brings us to the
discussion of the DOODP code itself,

£OgDP

Theoretical Considerations

DOQDP 1is an acronym for discrete ordinates quadratures double
precision. It is basically a modification of the DOQ code which was
itself adapted by Westinghouse Astronuciear from the SNAFU code
originally developed by J. Penland and F. R. Mynatt® at ORNL.

Completely symmetric quadrature sets are those in which u, n, and

£ are chosen from the set of cosines determined by Fquations 8 and 9.

Half-symmetric quadratures are those in which u and n are chosen from
the same set of cosines with values for £ determined by Equations 2 and
6. A common procedure is to choose the values for u and n to be the



roots of the lLegendre polynomial of order n. Non-symmetric quadratures
are those in which values for u, n, and £ are each chosen from a

different set of cosines.

NOQDP 1is used to generate a weight for each direction determined
by the appropriate p, n, and &. For other than completely symmetric
quadratures, values for u and n must be supplied as input. Given a set
of u's and n's, the point weights are determined using Equations 13 and
19.

Depending on the symmetry option, some directions may be constrained
to have equal weights. Figure 1 shows the direction arrays with prints
of equal weights assigned a common number; e.g., all directions having
the number 3 have a common weight.

The number of unknowns for a given n and symmetiry condition is

given by
No-symmetry = n{n+2)/8, (20)
Half-symmetry = n(n+4)/16*, and (21)
Complete-~symmetry = n(n+8)/48* (22)

where the asterisk denotes rounding to the next higher integer if the

result is not integral.
Equations 14 and 19 may be written in matrix form as
AP = B,
where
A is the matrix of elements formed from Equation 13,

P is the column vector of unknown point weights, and
B is the column vector of elements formed from Equation 19.



The particular values of k and ¢ inherent in Equation 23 are arbitrary
except that k and ¢ must both be even and k + & < n. DOQDP will deter-

mine which (k,2) pairs are used to generate Equation 23 unless the user
chooses to supply these values as input.

Code Structure and Improvements

DOQDP represents a major modification of the DOQ code that it
replaces and, it is believed, a major improvement. DOQDP is faster and
more versatile than its predecessor while at the same time it is more
accurate. A word about how this was accomplished is in order.

With regard to speed, DOQ used Equation 18 to store values for
bk,z that required four calls to the Gamma functions for each moment
desired. Since it is known that 2 and m will always be even, Equation
19 can be substituted for Equation 18 and the subsequent code is both
shorter and faster. Also, the interative routine for solving the system
of simultaneous equations stored a matrix on tape and then renewed the
matrix after each iteration. Thevtape was replaced by a fixed-
dimension array which can be enlarged if needed and on one run, the
number of I/0 requests dropped from 383 to 15. Similarly, the cpu time

was better than cut in half.

As for flexibility, FIDO output option was added to the code.
Thus, the user can choose from four possible output combinations: (1)
just print, no punch; (2) print plus ANISN-W type punch; (3) print
plus ADOQ or DOT-II with punch; and (4) print plus FIDO punch. FIDO,
of course, is used as input to DOT-III and several other codes.

Further improvement could be realized in the area of solving the
system of simultaneous equations. The current routines (ISUDS and
DSIMEQ) fail for high n. So far, an alternative routine which performs
better has not been found.
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Input Data Description

A1l data are input from cards and are read using either a right-
justified [ 12 integer format or an E12.7 real format.

Appendix A describes the input data required to run DOQDP.

Description of Printed Output

The output of DOQDP is as follaows:

(1) The amount of storage used in the calculation (i.e., the total
number of locations used from the common block)

(2) A list of the Mu's (u's)

(3) A 1ist of the L and M combinations used for moment equations

(4) The point diagram used

(5) The maximum elementwise error by iteration in solving the
simultaneous system

(6) The order of the quadrature

(7) A tabulation of the initial directions (the Mu's that correspond
to zero weights)

(8) A tabulation of the point weights derived from solving the
system of simultaneous equations

(9) A comparison of results from equations 16 and 20 (labeled
"Gamma Expression")

(10) Finally, a listing of the quadrature set itself.

A sample of the output is shown in Fig. 2.

Description of Punched Output

Cards are punched by DOQDP if IDEM = 1, 2, or 3. No cards are
punched if IDEM = -1, -2, or -3. (-2 and -3 are equivalent). If IDEM =
1, the output is as follows: (1) a 6U card (6 in col. 2, U in Col. 3);
(2) quadrature weights, 6F12.9 format; (3) A 7U card (as above); and (4)

quadrature direction cosines, 6F12.9 format.



CATA STIRAGE REQUIREMENT = 257
MUl 1) = B8.8151712889D~01
MU( 2) = 3.,333333720790-0
SAUAT IINS USED [N M
2 0
2 2§
POINT DIAGRAM
1
z 1
TTERATION CONVERGENCE
FRRIR = 9, E66670~01
ERRDIR = 1.24900D-16
S 4 CINSTANTS
INITIAL DIRECTIONS
€2 428090530~ 01
4, 71 4044 74D~ 01
POINY POINT WEISHY PCINT WEIGHT/2 PCINY wE {GHY /74
1 34333333330~ 166666667001 B8,33333333D~-02
2 3.33333333D-21 1.66666667D~01 84333333330-02
L ™ SiuM GAMMA EXFR
¢ o) 10CR00CO0D 20 1.00008000CD €O
2 c 3433333333001 3.333333330-01
v MU ETA WE IGHT
1 ~4.714064474D~01 ~ B¢ 81 9171290D~01 0 a0
2 =~3.333333000~-01 -8,819171290~01 84333333330-02
3 32333333CCD-01 ~-8.819171290~01 8,33333333D~02
4 -9,42805053D-01 ~3,333333000~C1 2 0
5 ~8.819171290~01 -3,33333300D~-1 3,333333330-02
6 ~36333333C0D-01 ~3.333333000-01 833333333002
7 3,333333C00~01 ~3.,3333330060-01 B,33333333D0-02
3 B.81917129D-01 ~3,33333300D0~01 8.333333330-02
9 ~84,71406474D-01 By 81917129001 C 0
€ ~3.333333000~01 8. 819171 29D~01 B.,33333333D~02

-
-

3433333300001
12 ~9.428C06C530~01
13 +~8.819171290~01

1

Be B1917129D~01
3.333333000~-01
3. 333333000~01

14 ~3.,33333300D-01 3,333333000~01

15 J.333333CGCD~01 3,333333000~01

i B8.81917129~-01 3.3333337"00~01
Fig. 2.

8,33333333D-02
0 W0

8433333333002
8,33333333D-02
8.,33333333D~02
B+333333330~02

Sample Qutput of DOQDP,
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IDEM = 2, the output is as follows:

a /U card

Mu's, 6F12.9 format
Eta's, 6F12.9 format
AT card

A 6U card

Weights, 6F12.9 format
AT card.

IDEM = 3, the output is as follows:

A title card (FIDO comment)
A 7* card

Mi's

Eta's

AT card

A 6* card

Weights

AT card.
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PART 1I. COMMON QUADRATURES AND THE QUADRATURE LIBRARY

P. J. Erickson, M. L. Williams, and W. A. Rhoades

The purpose of this part of the study was to generate a quadrature
1ibrary containing the discrete ordinates quadrature sets (R-Z, X-Y,
R-9) commonly used by radiation transport computer codes at ORNL. This
required the generation of half-symmetric and biased sets to be combined
with previously produced fully symmetric sets (see Part I), as well as
the development of a control program to create and access the library.

The first section of this part is a description of the various types
of quadrature sets found in the library. The second section describes
the contents of the Tibrary and tells how to access it.
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Quadrature Sets

The direction variable ¢ in a radiation transport calculation is
defined by its direction cosines in an orthagonal coordinate frame wnich
is locally aligned with respect to the unit vectors of the geometrical
coordinate system. The possible orientations of the angular direction
vector ¢ define a unit sphere in (u,n,s) space. In a discrete ordinates
calculation, this continuous direction space is represented by a discrete
set of vectors known as the "discrete ordinates directional quadrature
set:"

) s

Q =
m (“m’ e

with the constraint

2 4 2+§
u T’]m i

2
0 S 1.0

.

The "weights" of the quadrature set, Pm, are proportional to the
areas subtended by the solid angles associated with the specified direc-
tions. They correspond to fractions of the total surface area of the
unit sphere and are generally positive with the normalization

Proper ordering of the directions is essential. For the DOT code
and certain other codes, all directions with common n must be grouped
together in order of increasing u. Each such group must have, as its
first member, an arbitrary boundary direction for which § = 0. Thus,
for a given n:

wo = T

These directions are assigned weight = 0. All negative n's must pre-
ceed all positive n's. In a two-dimensional code, only 4 octants are
considered, the others being redundant.
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Full Symmetry

Fully symmetric quadrature sets are those exhibiting complete rota-
tional symmetry; i.e., the discrete (”i’ n; o §1) coordinates chosen to
represent the direction vectors are required to be invariant under all
90 degree rotations about the u, n, or § axis. Hence, each set of u, n,
§, coordinates must be symmetric with respect to the origin; and, further,
the set of projected points 0; on each axis must be the same. These
conditions dictate that quadratures weights alsc be chosen in a symmetric

fashion.

A1l 0; except 0, are determined by the complete symmetry requirement
and the fact that w2 + n? + §2 = 1, The selection of familiar Gaussian
quadrature is not allowed, since choosing w; and n, to be Legendre
zeros, automatically sets

- Ty
51 l/] U_l T[_'
which is not a Gaussian set; and therefore, the Gaussian directions are

not fully symmetric.

The fully symmetric sets contained in the generated quadrature
Tibrary are the S2, S4, S6, S8, S10, 512, S14, S16 sets and are taken
from Part 1 of this report. For more information on fully symmetric

quadrature sets, see Part I.

No Symmetry and Half Symmetry

Complete symmetry is required only in three-dimensional geometries.
In lower dimensional geometries, a relaxation of symmetry requirements

allows additional degrees of freedom.

A simple such relaxation is to keep the point and Tevel arrangement
of complete symmetry while allowing the points on each axis to be chosen
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from an independent set; the only requirement being that the points lie
on the unit sphere; i.e.,

U2+ﬂ2+§2=]
This corresponds to a "no symmetry" condition.

The "half symmetry" condition requires rotational symmetry about
one axis only, so that piz = njz, and §; = /Tﬂ:wﬁ;7w:uﬁqzn. Thus half
symmetric quadrature sets are those which are invariant for 90° rota-
tions only about the s axis. (Note the contrast to fully symmetric sets
that exhibit rotational invariance about all three axes).

Unlikely fully symmetric sets, the 0's of a half symmetric set can
be arbitrarily chosen. For a Sn half symmetric set, they are usually
chosen to be the zeros of a Nth degree Legendre polynomial, and such was
the case for the present work.

Half symmetric quadrature sets contained in the quadrature library
are the 54, S6, S8, and 510 sets and were generated by using the DOQDP
code as described in Reference 1. The N/2 positive roots of the Nth
order Legendre polynomial (input in descending order) were input as the

values for O.

Biased Quadrature Sets

Biased quadrature sets are those quadrature sets which do not have
an equal number of directions in the positive and negative domain of
one of the variables; i.e., they are "biased" by having a larger number
of directions in some portion of the unit sphere.

These sets are used when the neutron flow is highly anistropic
in some preferred direction. The biased quadrature sets contained in
the quadrature library are the 100, 166, and 210 direction downward
biased sets and the 100, 166, and 210 direction upward biased sets.
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100-Direction Biased Sets. The 100 direction sets contain 65

directions in the biased hemisphere and 35 directions in the unbiased
hemisphere. The directions in the unbiased hemisphere were taken from
the 510 half symmetric set. The directions in the biased hemisphere are
also from the S10 half symmetric set; however, the first eta level, con-
taining three points, has been replaced by 11 new levels, each containing
three points. These 11 replacement levels were taken from a high order
one-dimensional guadrature set.

166-Direction Biased Sets. The 166 direction sets contain 131

directions in the biased hemisphere and 35 directions in the unbiased
hemisphere. The directions in the unbiased hemisphere were again taken
from the $10 half symmetric set. The directions in the biased hemisphere
are from a S10 half symmetric set, in which the first eta level, con-
taining three points, has been replaced by 11 new levels, each contain-
ing nine points. These 1] new levels are again taken from a high order

one-dimensional quadrature set.

210-Direction Biased Sets. The 210 direction sets contain 153

directions in the biased hemisphere and 57 directions in the unbiased
hemisphere. They are found exactly like the 166 direction sets with one
addition: the Tast eta Tevel of both the biased and unbiased hemi-
sphere, containing 11 points, is replaced by three new levels, each
containing 11 points.

R~Theta Quadrature Sets

The quadrature library described in this report also contains the
S2, S4, S6, 58, S10, S12, S14, and S16 R-0 quadrature sets.

An R-0 quadrature set is a set where the n and § angles are speci-
fied instead of the u and n angles; i.e., it corresponds to a slice
through an infinite cylinder.
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Since u2 + n2 + 52 = 1, given any two of the angles, the third one
can be found. Thus a R-¢ quadrature set is actually the same as its
counterpart R-Z quadrature set except that u and § are used to specify
the direction vector instead of y and n. The direction ordering is not
changed. The value of § is stored in the position normally occupied by
n in data files and 1istings.

The R-90 sets in this report were generated from the S2, S4, S6, S8,
S10, S12, S14, and S16 fully symmetric R-Z guadrature sets. Note that

the s5's for the zero-weight points are equal to =0.00001.

Theoretically, the 5's should be zero at these points but certain
computer code restrictions (e.g., in DOT) require them to be non-zero.

Quadrature Library

The quadrature library which has been generated contains twenty six
different quadrature sets of types described in previous sections of
this report. This section will describe the exact contents of this
library and the necessary information to access each of the quadrature
sets. Appendix B describes the computer program which generated the

quadrature library.

The table below gives a Tist of all quadrature sets in the library

and information necessary to access thai.



Data Set Name Logical Unit Data Set Sequence

Quadrature Set (DSN) Number Number

52 Symmetric S25YM 8 1
S4 Symmetric S45YM 9 2
S6 Symmetric SBSYM 10 3
S8 Symmetric S8SYM 11 4
S10 Symmetric S10SYM 12 5
S12 Symmetric ST125YM 13 b
S14 Symmetric ST4SYM 14 7
S16 Symmetric ST16SYM 15 g
S4 Half Symmetric SAHSYM 16 9
S6 Half Symmetric SEHSYM 17 10
S8 Half Symmetric SBHSYM 18 11
S10 Half Symmetric STOHSYM 19 12
100 Angle Biased Down BONT00 20 13
100 Angle Biased Up BUP100 21 14
166 Angle Biased Down DDNT66 22 15
166 Angle Biased Up BUP210 23 16
210 Angle Biased Down BON210 24 17
210 Angle Biased Up BUPZ21Q 25 18
S2 R~0 S2RTH 26 19
S4 R-0 S4RTH 27 20
Sé R-0 S6RTH 28 21
38 R-8 S8RTH 29 22
S10 R-0 ST10RTH 30 23
S12 R-0 S12RTH 31 2

§14 R-0 ST14RTH 32 25
S16 R-o ST6RTH 33 26

The quadrature library is presently available on tape with each
quadrature set existing as a separate data set with a different Jogical
unit number. The data sets are written in standard interface file
format for Sn constants as set forth on Pages 39-40 of Reference 3.

A separate DD card must be included to access each of the quadrature
sets. A sample DD card for the SZ2 symmetric set follows:

//G0.FT[08]F002 DO DSN= 525YM] ,VOL=SER=X12163,DISP=0LD,UNIT=TAPE9,

LOGICAL DATA LABEL= [1 |

UNIT SET i

NUMBER NAME DATA SET
SEQUENCE

NUMBER
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To access any of the other sets, simply inciude a similar DD card and

substitute the appropriate Togical unit number, data set name, and data

set sequence number. The set can then be read by using the logical unit

number in a FORTRAN READ statement.
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APPENDIX A.

Card #  Format Column

1 (20A4) 1-80

2 (6112) 1-12

13-24
25-26
37-48
49-60
61-72
3 (6612.7) 1-12,13-24
etc.
4 (6E12.7) 1-12,13-24
etc.
5 (2112) 1-12, 13-24
Typically,
NQD - varies
ISYM = 2
LMRD = 0
IET = 0
NMU = 1
IDEM = +3

I1SYM

LMRD

NMU

1DEM

MU(T)

ETA(J)

LR(I),MR(I)

cards 4 and 5 are omitted

22

DOQDP INPUT DATA DESCRIPTION

Description

Order of gquadrature desired (even integer - 2/4/6/
etc; 5,/5,/Sg etc).

Synimetry condition option (see earlier comments):
ISYM = 1 no symimetry,

ISYM = 2 half symmetry (suggested option),

ISYM = 3 complete synmatry.

]

Moment equation option:
LMRD = 0 Use internally determined moment equations,
LMRD = 1 User will input own moments,

Eta option:
IET = 0 Set nj = uj for all i's (suggested option),
IET = 1 read 1n values for n.

Mu option:

NMU = 0 read in all pi's, )

NMU = 1 read in only uy (usually w, = 1/V3(n-1) ,
and calculate all other pi'S from egns 2 and 3.

Punch and gecmetry option:

IDEM = 1 1-D calculation {ANISN-W),

IDEM = 2 2-D calculation (ADOQ or DOT II-W),

IDEM = 3 2-D calculation (FIDO)

If IDEM is negative (ie -1, -2, -3) no cards will
be punched.

Enter values for uj as follows: If NMU = 0, enter
values; If NMU = 1, enter u; only.

Enter values for nj as follows: If [ET = 0, omit
this card; If IET = 1, enter NQD/2 values.

Power of u and n to be used in the ith moment egn.
Omit if (MRD = 0 else, one card per equation.
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APPENDIX 8. PROGRAM TG GENERATE QUADRATURE LIBRARY

This appendix describes the program which generated the quadrature
Tibrary. The program reads the quadrature sets in FIDO format and out-
puts them as separate data sets (with different logical unit numbers) on
tape. Each data set is written according to the standard interface file
format for Sn constants listed on Pages 39-40 of Reference 7. The pro-
gram input description follows below.

VARTABLE FORMAT
CARD #1  HNAME A6
CARD #2  HUSE(1),HUSE(2),IVERS,NDIM,FILE  2A6,314
NDIR 5§ FI00 ARRAY
DIRMU(I),I=1,NDIR 7" F1D0 ARRAY
*DIRETA(T) ,I=1,NDIR
DIRWGT(I),I=1,NDIR 6" FIDO ARRAY

*

Omit if quadrature set is 1D

Repeat this sequence (except first card) for each quadrature set.
The program is set up to handle 26 different sets with logical unit

numbers 8-33.

A description of the input variable names is listed below.

VARIABLE NAME DESCRIPTION
HNAME File name

HUSE User Identification
IVERS File Version Number
NDIM Number of Dimensions
NDIR Number of Directions
DIRWGT Direction Weights
DIRMU Direction Mu's
DIRETA Direction Fta's

FILE Logical Unit Number
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The program is designed to write either a one-dimensional or two-

dimensional quadrature set depending on the value of NDIM.

the program follows.

subroutine must also be included.

CommOn DEINno)

faTal

CALL SUBRODITIME
CALL INDUT

STDE
E D

SUBRAUTINE TNPUT

wHlCN READS

GUADRATURE SETS

COMMON 1ol 2ol Il 2l 5l Bl 7al BgNDIR
COMMUN/CUMZ/ MNAME sHUSEs JVERGoNDIM

REAL¥E HUSE (2 ) ¢HNAME
INTEGER®A FILE
DIMENSION D1
EQUIVALENCE (DY)
READ(%e500) HNAME

SET %% AND &% PDINTERS
L%

L)

[aTa]

S5+ENDZES0
10)

¥ OINTOQ
(1

NQ iR
NEQ:, %9

[ Sa TS ol o BEEY ]

DETERMINE IF
IF (NODIM
1 (NDIM

21
1)

+sEG.
e NE

Garn
GOTN

[aXe]

SEV LNINTERS FOR
L7 S LG ¢ MDIR
LS 3 LT + NDIR

READ 6%
catl.
caLL

CALL TAPRE

1=0 SET

FIDO(1eNER:S8)
FIODDO19NERS3H)

%)

QUADRATUYRE SET
i0
15

GUTRUT SURRNDLYINE FOR

0 HUSE s JVERSIND IV FTLE
HUSE 9 IVERS e NDIMoFTLE

1S 1=0 QR 2=0

AND T& ARRAYS CUNTAINMING wEIGHTIS AND MUts§ OF

1=0 SETS

Catl TAPEIGID(LE)sDILT7IaNDIRSFILE)

GhTL &

SEYT OQINTFERE FDR 2D SFTY
L7 ® L& + NDIR
LH S L7 + 2%¥NDIR

- OY

[ala]

READ &%
CALL
caLlL

CalLl TARE

AND
F100
FIDD

(1l
(1

NER o
NER o

53
S

&)
&)

TR ARRAYS CNNTATNMING SWEIGHT'YS,

DUTRUYT SURROUTINE SR 2eD SETS

CALL TAPE2DID(LE)D(LT7)aNDIRSFILED)

GNTH 8

C 2 RITE ERROR MESSAGE
ARITE(S:515]1 NMOIV
STOR

1+

KON

BT EQUAL T3 1

A list of

Note that when running the program, the FIDO

j=D SET

MUYS AND ETAMYS (F 2D SET

nr 2
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[ Xn] RETURN

&30 FORMAT{ AR}

$05 FNRMAT(2AK4314)

o FORMAT( 90 g 206y 314)

5 FORMAT( Y k2 ¥ERROREE NPT W = "al3)
EMD

SUBROUTINE YADEID(DIQWGY|DIPMU9N0191FILE)
REAL®4 DIBWGT( 1) oD IRM( 1)

REAL¥B HUSE(2) gMNAME

INTEGER*Y FI_g
CD””UN/CU“QIHNAMEQHUSE-!VEQS!NDIM

*RITE

[aTa}

D _QUADRATURE SET 0On TaPE
(FILE) HNAME yHUSE s JVERS
TLE) NDIMeNOIR, 1DUM, IPUM
ILE)(DxanV(:;,xsl.Noraxg(n:nMut!).rzx.Mnla)
FILE
FILE

SUSROUTINE TADEED(OIQWGY’DIRMEQNDIWQPILE!

REAL *6 DIRYGTIL gD UIRME(] )

REAL®EB WUSE(2) g NNAME
HIMIEGER!l.FILE.,”W‘u“.mwm, I

COMMDN/COMD / HNAME s HUSE 3 TVERS 9 ND I M

¥RITE R2«D QUADRATRE SET 0N TAPRE
Mk_ﬁBllﬁiﬁlLklmHNAME;&USEJIVEﬁﬁ .....
WRITE(FILE) NOEMIND IRy IDUMg IDUM
WRIT&“XLE)(DIRWGT(l).!&loNOlQ)g‘Dlﬁﬂifl))l*!iNDIQ)t
*(O]RME(NQIP+!);I’l;NDIQ? :
- ENODFILE BI1iE.
REWIND FILE
RE TURN
Enp

O
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LISTING OF QUADBRATURE SETS

This appendix consists of a list of all quadrature sets contained

in the library.

PRV R RS

= ()

PR RURNODD NS NI~

P e e o ol

« ()

BNPRR2LNSODDINDINE Y-

- Y i gl b S ot

et )

=N, BI650E 010
= ¢ HBTTIHE DO
DeBTTFINE D0
=N aBIHRBOE 0O
=N, BTTIBHE NG
0,57735E 0aq

LSRN}

wfea7i40E OD
=0y 33333 00
¢« J3AAIZE 00
=0 ,942R1F 00
=1, BB {32 NO
(e 3IZIIE NO
0e3R333F NOD
(4 BRIQA2E OO
=0, 471405 0N
«33333F 00
D, 33333E 00
= (1 QAIBLE OO
() BHBTIIZE NQ
=0 433333F 20
0a33333E 00O
NeBB192€ QO

My

« 365158 00
N g 2B5820E 00
Qe 258206 OO
«0 e 73030F OO
=04 HBIITIE NO
=04 25820 00
D+25820E 00
C.B883138 0n
wl) y AHENRE ND
=)y R3NABE NO
=0 HEMLIE 0D
= 258208 Q0
De2BR20F 0O
0,8R3)IE 0O
G,2309%E 0O
20 3&BBIBE 00
=) 2RR20E 00
Ne25R20E 0D

S2 Symmetric

ETA
w57 TIRE
wl, BHTTISHE
= g B TTIAGE

O ¢HT735F
D4 HFTABE
0 HTTINE

S4 Symmetric

ETA
=0, B2 928
=0, 8R192¢
=N RALI2E
1) e 33333
= 33333&'
=0y, 33333F
wf g 3AZIIE

Ge33333¢%
0,33333¢
0.3%3315
De AIIIAE
Ne33333K

S& Symmetric

ETA
=0, A3095E
=0 FIANAKBE
=1, BIQIRE
=0, 6HR3)3E
=0, 6831 3E
=0, 6RA3 3E
«0,6R313E
=0, ARA1IE
=0 29B2DE
=0, 28RNk
w0, 258 20F
=} PRBAOE
@@eESQP@E
=0, 285R20E
=, @SHB2NE

0423095E
0 RA0TSE
D QIDIHE

no
no
an
0o
no
an

o0
N0
on
on
Qo0
o0
00
o0
o0
Ho
o0
20
a0
an
a0
k)

aQ
434
00

00
00
00
nn
No
oo
Q0
30
an
00
00
00
o
a0

#HETOGHT
0,0
N, 25000F 20
NDe2HNOGE OO
N0
N,25%000% 00
D 250G0E 00

wE JGHT

0,0

Ne#33336m0 1)
0,B3333F =01
Ns0

0eB33IZIFwn]
DeR3IBIIF =0
0,B3333E~01
NeBA3IIF =D
0.0

NeR3333F 0]
NeP33IIE=01
De0

N,83333E%01
0,B83333F =01
0eB333IE=01
NeRIZIIE=0]

H#ETGHT

BHTE=Q1
166T7E=01

o

6E6ETE=01
HEHTEwNY
L 66HTF =01
GEETE=D]

OO0 O0
bk ol (b b

2 ® 8 9 O D 9 0 5 8 S 6 9 0N s

!
1€
1
166TE=01
1667FE=01
1867E=01
16678 =01
166TE=01

&&OQ$&$¢&CHN>¢¢3&¢Q&

—



1R
20
21
2e
23
24
28
26
27
A
29
30

e DR PP R LN D0 B TN S (e

W N5 AU N et o lod ok ek e e gt et

(e 73D30E
=PRI IE
Qe 2BRBRPOF
D22%820F
Dehk31AE
wiie IOANIE
=, AINARE
(i gy BRZY IE
”oa5n?0€

DemE3I]IE
DeQ3INISE

ML)
=04 I0RBIE
(e 21R22E

De21822F
0 eh1721E
=0, 8TYISE
(e 21E22E

Ne21R22€

0 e BT7TINE
-e BIGSNE
=)y TREARNE
(1o BT TIARE
-0, 21822F

De21822E

NaBTTINE

De TARKADE
=Dy ATRA0E
(3 G519
w(iy TAABOE
-0, 87738K
a2 8228

De21822E

Q28T7738E

O, TREANE

0« 9%119¢
w0, JOBBTE
~U.2182PE

Deel
-0 B
.0|57
a2

De21

0eBT73IRE
v, R1650F
-y TARAOE
il STTINE
“Q,21822E

Ge21822EF

D«BT7T738E

Da.7B6B0E
w(,BTRIOE
‘00951195
= 7TBHRAB0OE
=) BT TISE
=0 21822E

D.21822E

D87 7TABE

0, TREROE

Qs95119E

83 W~
LR PRV
AN o By
7Y My
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S6 Symmetric (Cont.)

an
[XES)
no
[y
G0
a0
A% 4]
a0
an
a0
o0
0o

OaFhH31IE
Defri 3 3E
Q,h%313E
OeBHARLAF
Qe AE
90258805
D 2%B20E
Na258206
O 2BR2NE
N 2%B20F
Ve 2RE2QE
O 2%820F

S8 Symmetric

ETa

D, 3%1 19K
*O.QSIIQE
=), 3511 9E
"), TRARNE
(1, THGROE
wlly, 7TREKNE
=)y BT TIRE
(e B7PIKE
wl, B 7T INE
N BTTIRE
w«D B YTASE
DeDTTIASE
=0 57TTIRE
Dy 21822€
w0 21822E
=g 21 R22E
(1 21R22¢
“ oy 21B22E
=0 ,21B22E
~Na21R22E
w(} ,21822¢E
=Na21RB22E
Qa9H119E
Ne9%119E
De95119€
D TREADE
0, 7TRHBOE
Oe 7TEBRANE
0. TRARDE
D TRHEROE
NWB7735E
NeBT735E

7735E

R e e s

G0
on

ﬁo
o0
an

00
(e Rs]
o0
on
g

Qa0

Dad16HBTE=0]
De4166TE N
D160 7cmny
Ded1FBETESD]
Det

Dl 1667wl
D,81B6T7FE=0]
N28166TEFw0Y
DNy d1RHT7E=NT
G 1BETEMDY
Ny 81BETEm(

WETGMT
D.0
Ne3N24TEwN]
GaIN2A4TEmD Y
DL,0
0,226R85%E01
Ne2PHBAF ey
D,220R85E w01
D2 2hESE=0
DD
0:22@55&&(\.1
0,2314REw
Ge22BBREwN
e 22HRASFmNY
N, 23148F e
D, 226H85F w01}
N,0
Ny I024TE=NY
0,226R5%E=01
Ne226R8E»01
D,3D0247Emi
N43N20T7E=N
0,226R88w0]
Ne22PHSF N
0, 3N24TEmNY
Ca0
[ 50257"’“]
na INPaT7E«N1
00
0923655500!
Del2h885Fmny
De2CB85Fwn]
Qe 2ObREEmNDY
00
DeP2685FE e}
QeP314RE N
D, 226K%E =01
Ve 226R5FE =D}
Nel2314BE=mNY
Qe228fiBEwN]
Qa0
D2 30247F w0}
NeR2BRS5F =]
0e22685Em0y
GQ30247E¢:0‘
DL 30247Em0DY
N 22H88E=0]
N.226RB8E-01

«e30247EwD]
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e
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WPRAS e e
AV Lo RE IR 1

Ut
B

MLy
w0, 2Tt 7
w1y, 19248
N 1I2aKE
=1} B g ey AF
w0, H09 ) HAE
w3 12458
Ne 19246
NeS0FLRE
w0, TeNORE
=i g HAIRGDE
=l , 509185
oD, 192458
D 12285
N, 50218
De5HIIRIE
=0 g AH0AAE
= AALRTE
w1 HAJHEQF
w507 EFE
=N, 13245k
O 12245F
(e B0 HBE
0eHII3ARE
0eB3RAR7E
=0, AR 3)E
w(}, VB 225%E
(g BIRRTDE
=) g HTIARGE
=), 50321 8E
=y 192458E
De VAZURE
DB/ Mg
O HOXAYE
D, B3887¢
0 RB2EBE
wlg2T217E
=y 1 2245E
Nel3245%E
=Ne5HaalXiE
=) ROQ18E
=il e 1 F24KF
De13F46%E
NeHOREA/E
=g TENORE
= ¢ HFIRYE
=0 HORIBE
=0e19245F
Do 19245F
VeB0Q18E
D« HAIJRGE
=g BHOESHE
() s A3ABTE
=) g HAXAARY
= e HBOQLAE
2o 12245E
Ny 1Q24%E
DeBHO2YRE
De&RIRJE
CaBINRTE
=), 28] 31E
=0, @52 Z5E
=« BIRAKTFE
w{) g HEATJTRQE
»NeHOTIBRE
=Ny 120585
0e1R2458E
De50%18E
Ne&HBIHYPE
DaBI3BBTFE
D.96225E

)
[RE#]
a0
nN
on
0on
0o
a0
a0
N
0o
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no
nn
a0
o0
an
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Gn
a0
1
a0
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00
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00
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00
Nno
0o
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0o
a0
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~0 W BE2PSE
NaIdr225HE
°n,an325F
wn G A3RATE
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=) 4 RRABHETE
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-0 e BIRETE
w0 g HIIHIE
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=0 HOFIME
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w=Ne 12245k
«(lya19245¢C
N4 202PHBE
0,96225E
0236225
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APPENDIX D. BIBLIOGRAPHY

The following are in chronological order only by date written (all
were obtained at the Central Research Library).

(1) B. G. Carlson, “Solution of the Transport Equation by Sn Approxima-
LA-1891, February 1955 - early work provides background data on
basis for Sn method, one-dimensional only.

(2) B. G. Carlson and G. I. Bell, "Solution of the Transport Equation
by the Sn Method," P/2386, 1958 - same as above, contains a mathe-
matical development of the method.

(3) Bengt G. Carlson and Clarence E. lLee, "Mechanical Quadrature and the
Transport tquation," LAMS-2573, June 1961 - first discussion of the
development of one-dimensional quadrature sets (Sn, Pn-1, DPn/2-1) -
solving point weignts by Lee's method of areas - hexagonals, houses,
and squares, tables to S16 (one-dimensional).

(4) C. £E. Lee, "The Discrete Sn Approximation to Transport Theory,"
March 1962 (Chapter 3 and Appendices A-3), LA-2595 - an exhaustive
treatise on Lee's early method for using area's (as mentioned above)
to calculate point weights, pages of formulas and diagrams.

(5) K. D. Lathrop and B. G. Carlson, "Discrete Ordinates Angular
Quadrature of the Nuetron Transport Eguation," LA-3186, September
1964 - this repert starts to hit home. Discusses symmetry require-
ments, when they are and why they are desirable. First reference to
two-dimensional sets and also biased quadrature sets. It is all
here, just nard to recognize unless you known what you are looking
for.

(6) P. N. Stevens, "Use of the Discrete Ordinates Sn Method in Radiation
Shielding Calculations," Nuel. Eng. and Design, March 1970 - basically
mentions codes used with the Sn method - no direct relation to the
quadrature problem.

(7) Bengt G. Carlson, "Transport Theory: Discrete Ordinates Quadrature
Over the Unit Sphere,” LA-4554) - first paper to discuss "level
symmetric" quadrature sets in one or two dimensions (LPn or LQn).
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Shows the moment equation simplification used in DOQDP. Also
discusses SQn quadrature sets.

(8) Bengt G. Carlson, "On a More Precise Definition of the Discrete
Ordinates Method," January 1971 - discusses three types of quadrature
sets (SQn, LQn, and EQn) and ways of producing them - primarily LQn,
first definition of EQn (equal weight) quadrature sets.

(9) Bengt G. Carlson, "Tables of Equal Weight Quadrature EQn Over the
Unit Sphere," LA-4734, July 1971 - contains a sparse explanation of
how to produce EQn quadrature sets along with several pages of tables
and formulas up to Sl6.
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