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ABS T RA GT 

Although various d iscre te  ordinates quadrature se t s  a re  in general 

use, there e x i s t s  a need f o r  a standard col lect ion supported by documen- 

ta t ion  o f  t h e i r  or igin and der ivat ion.  P h i s  report  attempts t o  provide 

this documentation fo r  most of the commonly used s e t s .  Instructions f o r  

using DOQDP - the computer code used t o  generate these quadratures --- i s  
provided, A 1 ibrary ( i n  standard interface format) containing many of 
the quadratures has been generated and s documented in t h i s  report-  

Final ly ,  a l i s t i n g  o f  the f u l l y  symmetr c ,  half-symnietric, and several 

b iased s e t s  i s  provided for XY,  R Z ,  and Ro geometries. 

P a r t  I o f  the report  describes the DOQDP code and the generation of 

S2-516 f u l l y  symmetric quadratures. P a r t  11 describes the generation o f  
S4-SlO half-symmetric and several b iased s e t s ,  as we71 as a discussion 

o f  the quadrature l i b ra ry .  

vi i 





PART 1. FULLY SYMMETRIC QUADRATURES AND THE 
DOcjDP COblPUTER CODE 

J .  P. Jena l ,  D. 8. S-irripson, and W. A. Rhoades 

The purpose o f  t h i s  p a r t  o f  the study was t o  produce and document a 

standard col lection o f  two-dimensional level syinmetric ( R - Z ,  X - Y )  
quadrature s e t s  f o r  use with DOT-III and ' later codes. 

di ted by the modification of the DOQl code, subsequently renailled DOQDP. 
T h i s  was expe- 

A l t h o u g h  two-dimensional quadratures are i n  common use both here a t  

ORNL and elsewhere, there  ex i s t s  a need for  a standard col lect ion sup- 

ported by documentation o f  t h e i r  or igins  and derivation. 

w i l l ,  therefore ,  be comprised o f  two major sect ions.  

a br ief  discussion o f  quadrature s e t s  i n  general while the second wil l  

deal with the DOQDP code i n  par t icu lar .  

general observations follows. 

This p a r t  

The  f i r s t  w i l l  be 

A short  section o f  cainnients and 

1 
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Full v Svmmetri c I)uadrature Sets 

T h p  method o f  d i sc re t e  ordinates ,  introduced by Carl s o n ,  L a t h r o p ,  

l ee  and  o t h e r s  i n  the l a t e  f i f t i e s  f o r  obtrlining numerical solut ions t o  

the Boltzinann t ransport  equation, incorporated the development o f  s e t s  

o f  "discrete  direct ions t o  which i s  a t t a c h e d  a s e t  o f  w r i y h t s , " *  t h a t  

i s ,  quadrature s f t s .  Over the years ,  the "tlow-To" of qmdrrrature r,ct 

gentration has changed rcyratedly.  I t  i s  not the  goal o f  t h i s  p a y ~ r  to 

prescnl a survey o f  prior  i i icthodr ( the  t ruly enthusiast ic  reader i s  
invi ted t o  pursue the bibliography f o r  a m0r-c o r  l ess  complete l i s t  of 

p r t i n e n t  documents concernli n y  quadraturc s e t s )  , b u t  ra ther  i t .;eeks t o  

present the background material needed for  one type of quadrature s e t  
current ly  i n  use namely LQ,. LQ, s ta i ids  f o r  1 eve1 symmei r i  c quadrature 

and i s  a type o f  quadrature currently ussd w i t h  the DOT two-dimensional 

t ransport  codes developed a t  ORNL. "Level symmetric" means tha t  the 

angles suhterlded by the la t i tud ina l  level l ines  a re  constant. Or, in 

English, the e t a  levels  ( l a t i t u d e  l i i ies)  a re  constant as the mu's vary. 

- 
Some rules h e i p  t o  define tlw q u a d m t u r e  s e t .  Ihey are :  

( 1  ) The quadrature s e t  i s  dcfincd as a s e t  o f  pairs  (Pm, im) o f  

weights and direct ions - the number o f  which depends on  the order o f  the 

quadrature s e t ,  and m - 1 ,  2 ,  3 ,  . . . M ( n ) .  

( 2 )  The order ,  n ,  lis even: t i  2 2 ,  4, 6 . . . . . 

( 3 )  The w e i g h l s ,  Pm, arc  general l y  posi t ive with the  normal i i a % i o n  

c p  = 1  
m m 

arid gn, o f  the vectors am s a t i s f y  m y  'my ( 4 )  The cornponetlts p 



. = Q  pm Qm m 
(3)  

a n d  c F = '1/3 . 
in m 

Equation 3 i s  known as the flow condition while equation 4 i s  the diffu-  

sion theorem ~ o n d i t i o n , ~  

( 5 )  The coinrnon quadrature s e t  i s  defined on one octant (known as 

the pr inciple  octant)  and i s  ref lected in to  other octants t y  making 

appropriate s i g n  changes. 

octant :  

The following statements apply w i t h i n  ariy 

( a )  t h e  number o f  p o i n t s  per octant  i s  given by 

M ( n )  = n(m+2)/8 

( b )  the points are arranged i n  a t r iangular  pattern w i t h  n / 2  

d i f fe ren t  levels  and n / 2  - i + 1 points on the i t h  _I_ level .  

( 5 )  

(4  i f  a p o i n t  rim (v,,, Q m 3  S m )  i s  contained i n  the basic quadrature 

s e t ,  so are a l l  po in t s  t h a t  can be constructed by permutating i t s  corn- 

ponents. Such permutation groups P a l l  i n to  c lasses  o f  1 ,  3 ,  cIr 6 points 

each and w i t h i n  a given c l a s s ,  a l l  p o i n t s  have the sarue we igh t .  
condi  t i  on i s known as r o t a t i  onal symmetry. 

T h i s  

T h i s  describes a cumpletely symmetric quadrature s e t ,  one t h a t :  

exhibi ts  no bias toward any par t icu lar  d i rec t ion .  

t r iangular  pattern mentioned i n  5b above, note tha t  the levels  may be 

numbered from one o f  the three s ides  o f  the octant t o  the opposite 

corner o r  pole. These levels  may be regarded as l ines  on the surface o f  
the uni t  sphere, i n  t h i s  case, l a t i tud ina l  lines tha t  subtend (from 

Calling t o  mind the 



4 

Ltie center o f  the sphere) a constant angle w i t h  the companion pole .  

p o i n t  i n  the s e t ,  R ~ ,  can be given three level indices,  c a l l  them i , j , 
and k ,  one w i t h  respect t o  each o f  t h e  three poles. 

induction) '+ t h a t  

A 

I t  can be shown (by 

In  the level syminctric case (L.Qn), t h e  components 11 m '  'my 5 m a r e  chosen 

froin the same s e t  of n / 2  cosines,  o . ,  i = 1,  2 ,  . . .  n / 2 .  Hence, i f  i ,  

j , and k a r e  the level ind ic ies  f o r  "2,) Equation '2 becomes 
1 

Making use o f  rotation-ref1 e c t i  on invariance , bee has shown4 t h a t  

Equations 6 and 7 w i l l  y ie ld  the re la t ion  

where 
A 2 ( 1 - 3 0 1 2 ) / ( n - 2 )  

- / h i s  resu l t  i s  very imporlank and can be ver i f ied by s u b s t i t u t i o n  into 

Equation 7 a s  follows: 

Using Equat ion 6,  
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No SYM 

6 

5 3  

4 2 1  

10 

9 6  

8 5 3  

7 4 2 1  

15 

I 4  10 

13 9 6 

1 2 8 5 3  

11 7 4 2 1  

Half SYM 

s6 

1 

2 4  

3 2 1  

s8 

1 

2 5  

3 6 5  

4 3 2 1  

0 

1 

2 6  

3 7 9  

4 8 7 6  

5 4 3 2 1  

1 

2 2  

1 2 1  

1 

2 2  

2 3 2  

1 2 2 7  

1 

2 2  

3 4 3  

2 4 4 2  

1 2 3 2 1  

Fig.  1. P o i n t  Numberinq Scheines f o r  Different SYM 
Options,, P o i n t s  i n  the Pr inc ipa l  oc t an t ,  
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Solving for  A gives,  

A = (1-.3ol2)/(n/2-1) = 2(1-30,2j/(r-1-2) 

wh ich  i s  Equation 9 .  

I h u s ,  the condition of complete 

freedom of Gaussian quadrature  

- 

Given o l ,  the renraining d i  

sylrinretr-y Fixes a l l  8 ' s  except 0, and the 

s not present. 

ection cosines arc  determined f rom 
Equations 8 and 9 .  

are clustered,  i t s  magnitude i s  somewhat a rb i t r a ry  ( 0  G 012  G 3) .  
points will  possess the required symmetry regardless o f  t h e  value o f  o l .  
Lee derived a prescription for  o 

Although the value of o1 d e t c m i n e s  how the poirits 

The 1 

1 
3F-T t o  be o l l  = 1 

ldith the p i s  and r l l s  determined, a l l  t ha t  relilains i s  t o  solve for  

the p o i n t  w i g h t s .  

momeints" t o  solve f o r  t h e  needed p o i n t  weights.  

iriornents involving the weights, p ' s  and , ) I s ,  and is  an expansion of  a 

technique developed by Carl son f o r  one-dimensional quadrature se t s .  

Carlson, writing i n  1971 ,5  makes use o f  "even angular 

This  amounts t o  double 

T h u s ,  

f o r  some s e t  o f  pairs  ( k , a )  ( k  and 1, even),  where 

w i t h  



a 

which re la te  3 t o  T\ and <. Because 11 axid TI come fraw the  same s e t  of  
riumbcrs, they are  interchangeable and thus we need o n l y  include ( k , ~ )  

combinations f o r  which k i:* P,, 

components need t o  be cansidered because any even power of a t h i r d  com- 

ponent  can be expressed i n  terms o f  even powers o f  the two,  

Nu everi inorlierats i n v o l v i n g  a71 three 

Integrating Equation 35 with a r b i  t rary k and R g ives ,  

where the bracket, i s  s e t  to uni ty  i f  ,t= 0. 

respect t o  t h e  p o i n t  weights and by choosing v a r i o u s  a p p r o p r i a t e  cornbi- 

nat ions o f  ( k , a ) ,  a system o f  simultaneous linear equijltiorx are  produced; 

the systern can t h e n  (theoretically) be solved., fh - i s  kwincjs us to  the  
d i s c u s s i o i i  o f  the DOQUP code i t s e l f ,  

Equat ion 14  i s  l i n e a r  w i t h  

Theoretical C[2nsiderations 

DoQllP i s  an acronym f o r  d i scre te  ordir ia tcs  quadratures double  

precision. 

i tsel f adapted by Westinghouse Ast ronuc ledr  from the SNAFU code 

or ig ina l ly  developed by 3 .  Penland and F .  R .  Mynat t6  a t  OR 

I t  i s  basical ly  a m o d i f i c a t i o n  o f  the DO() code which was 

Completely symmetric quadrature sets a re  those i n  which 11, I]., and 
t: dre chosen frnrii the  s e t  o f  cosines determined by Fquations 8 cind 9 .  

H.3If-syrrunetric quadratures are those ira which CI and 0 are choseri frorrr 

the same 

6 .  

se t  o f  cosines w i t h  v d l u e ~  far  .: deterrnined hy Equations 2 and 
A cuiiimon procedure i s  t o  choose t h e  values f o r  p and XI t o  be the 
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roo ts  o f  the Legendre pol yiiorni a1 o f  order  n. 
a r e  those i n  which values f o r  p, q ,  and 5 a r e  each chosen From a 
d i f f e r e n t  s e t  o f  cosines. 

Non-syntrnetri c quadratures 

DOQDP i s  used t o  generate a weight f o r  each d i r e c t i o n  determined 
by the  appropr ia te H, q ,  arid 5. 
quadratures, values f o r  1-1 and 11 snust be suppl ied as i npu t .  Given a s e t  
o f  p ’ s  and q ’ s ,  the  p o i n t  weights a re  determined using Equations 13 and 
13. 

F o r  o the r  than completely symmetric 

Depending on the  symmetry op t ion ,  some d i r e c t i o n s  may be constrained 
t o  have equal weights.  F igure 1 shows %he d i r e c t i o n  arrays w i t h  p r i n t s  
o f  equal weights assigned a common number;  e . ~ . ,  a l l  d i r e c t i o n s  having 
the  number 3 have a common weigt i t .  

The number o f  unknowns f o r  a given n and synimetry cond i t i on  i s  
given by 

.k 
Half-symmetry = n(n+4)/16 , and (21) 

.fr 
Complete-symmetry = n(n+8)/48 ( 2 2 )  

where the a s t e r i s k  denotes rounding t o  the next  h igher  i n tege r  i f  the  
r e s u l t  i s  no t  i n t e g r a l .  

Equations 14 and 19 may be w r i t t e n  i n  ma t r i x  form as 

where 
A - i s  the m a t r i x  of elements formed from Equation 13, 
P i s  the  column vector  o f  unknown p o i n t  weights, and 

B i s  the column vector  o f  elements formed from Equation 19.  
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The particu 

except t ha t  

mi ne which 

a r  values of  k and R inherent in Equation 23 are  a rb i t r a ry  

k and K, must both be even and k + R .c: n .  DOQDP will deter-  

k , a )  pairs  a re  used t o  generate Equation 23 unless the user 

chooses t o  supply these values as input.  

.- Code Structure and Improvements 

DOQDP represents a major modification of the DOQ code t h a t  i t  

replaces a n d ,  i t  i s  believed, a major improvement. DOQDP i s  f a s t e r  and 

more ve r sa t i l e  than i t s  predecessor while a t  the same time i t  i s  more 

accurate.  A word a b o u t  how t h i s  was accomplished i s  i n  order.  

With regard to  speed, DOQ used Equation 18 t o  s to re  values f o r  

t ha t  required four c a l l s  to  the Gamma functions f o r  each moment 

desired.  Since i t  i s  known tha t  R and m will  always be even, Equation 

19 can be subst i tuted fo r  Equation 18 and the subsequent code i s  b o t h  

shorter  and  f a s t e r .  Also, the in t e ra t ive  routine f o r  solving the system 

o f  simultaneous equations stored a matrix on tape and then renewed the 

matrix a f t e r  each i t e r a t ion .  The tape was replaced by a fixed- 

dimension array which can be enlarged i f  needed and on one r u n ,  the 

number of 1/0 requests dropped from 383 t o  15. 

was be t t e r  t h a n  cut  in ha l f .  

Similarly,  the cpu time 

As f o r  f l e x i b i l i t y ,  FIDO o u t p u t  option was added t o  the code. 

Thus, the user can choose frotn four possible o u t p u t  combinations: 

j u s t  p r i n t ,  no punch; ( 2 )  p r in t  plus ANISN-W type punch; (3 )  p r in t  

plus ADOQ or DOT-I1 with punch; and ( 4 )  p r i n t  plus FIDO punch. 

o f  course, i s  used as input t o  DOT-I11 and several other  codes. 

( 1 )  

F I D O ,  

Further improvement could be real ized in the area o f  solving the 

system o f  simultaneous equations. 

DSIMEQ) f a i l  f o r  high n .  So f a r ,  an a l t e rna t ive  routine which performs 

be t t e r  has n o t  been found. 

The current routines (ISUDS and 
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I n p u t  Da-t~... Description 

All data a re  i n p u t  from cards and are  read using e i the r  a r igh t -  

j u s t i f i e d  I 1 2  integer  format o r  an E12,7  rea l  format. 

Appendix A describes the i n p u t  d a t d  required t o  r u n  DOQDP. 

Descripti.m o f  Printed O u t j x t  .... ~.. .~ 

The output o f  BOQDP i s  as follows: 

( 1 )  The amount 0.F storage used i n  the calculat ion ( i . e . ,  the to ta l  

number o f  locations used from the common block) 

( 2 )  A 1 
(3) A 1 
( 4 )  The 
( 5 )  The 

s i mu 1 taneous 

( 6 )  The 

s t  o f  the  M U ' S  (!A's) 
s t  o f  the  C and M combinations used 

point diagram used 

maximum elernetitwise e r ro r  by i t e r a t  

sys tern 

order o f  the quadrature 

far momen t 

on in solv 

equati ons 

ng the 

( 7 )  A tabulation o f  t he  i n i t i a l  direct ions ( t h e  Mu's t h a t  correspond 

(8)  A tabulation o f  the point we igh ts  derived from solving the 

( 9 )  A comparison of r e su l t s  .from equations 16 and 20 (labeled 

(10) Final ly ,  a l i s t i n g  of the quadrature s e t  i t s e l f .  

t o  zero weights) 

system of simultaneous equations 

"Gamma Expression'') 

A sample o f  the output i s  shown in F i g .  2. 

Description o f  P u ~ d . - O u t p u t  

Cards a re  punched by DDQDP i f  IDEM = 1 , 2 ,  o r  3 .  

( 1 )  a 6U card ( 6  in col .  2 ,  U in Col. 3 ) ;  

No cards a re  

punched i f  IDEM = -1,  - 2 ,  o r  -3 . .  I f  IDEM = 

1 ,  the o u t p u t  i s  as Follows: 
( 2 )  quadrature weights, 6F12.9 format; (3)  A 7U card ( a s  above); and ( 4 )  

quadrature direct ion cosines? 6F12.9 format. 

( - 2  and - 3  are  equivalent) .  
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I TFHAT I J U  CDNVE2CENCL 
EPPRJR = 9r666673-01  
E H W R  = 1 c 249OCD- 1 6  

S 4 CJ'JSTANTS 

I N I T I A L  O I R E C f l O N S  
5 . 4 2 R 0 9 0 5 3 D -  01 
4. 71 4044 740-  01 

PCI hT W E I G H T I 2  PO IN?' Y F  I G H T / 4  P O I N T  W I I N T  S. I ;HT 
1 3,333333330-91 1, .466hh667Odl 8.3 3 3333 33D-02 

8 3 3 3333 330- 02 7 3.33333333D-71 1 r66666667Oa 1 

1 Y S UH GAHM4 E X F R  
c c) i . o c o m c q o 3  r o  I . O O O Q C O O C D  Q O  
2 C 3 333333.3 3 3 - 0  1 3.33 33 33 330-01 

H M U  
li - 4 L 7 1 4 C 4  4 740- C 1  

3 3.333333CCD-01 
4 -9a42609053D-01 
5 - R . H 1 9 1 7 1 , 2 9 0 - 0 1  
6 - 3 3 3 3 3 3 3 C O D - 0  I 
7 3*333333C00-01 
R 8.819171290-01 
4 -4 .714044740--01 

1c - 3.33333300D-01 
11 3.333333860-01 
17 -9.42eC9C53D-01 
I 3  -8 .81  917129O-OI 
14 -3.33333 3CIOD-C 1 
15 3.333333CGO-41 
16 8 . H 1 4 1 7 1 2 9 D - r t 1  

2 - 3 . 3 3 3 3 3 3 n o o - 9  I 

E TA 
-8. 81 9171290-01 
-8. ~ I Q ~ ~ I Z Y O - 0 1  
-c3.8i9t7iz30-01 
~ 3.333333nQD-CI 
- 3 -  3333339OO-Cl 
-3.33333300D-01 
-3m333333OCO-f I - 3.333333COD-01 
8. 81 91 71 290-01 
8. 81 91 71 290-01 
8 .8191  71 290-01 
3.333333000-01 
3. 333333000-01 
3.333 333000-01 
3.333333000-01 
3. 333333-QD-01 

W E I G H T  
n "0 
8.333333330-02 
8 a33333333062 
9 .d 
9r333333330-32 

R e3 33333330-0 2 
8 r 3  333333 30-9 2 
c .o 
A ,33333333D-0 2 
R ~33333333D-02 
4 rO 
R .33333333042 
H ,33333333D-nZ 
8.3333333504 2 
R .3333333306 2 

a .3 333333304 2 

Fig .  2. Sample Output  o f  DOQDP 
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For IDEM = 2 ,  the output i s  a s  follows: 

( 1 )  a 7U card 

( 2 )  Mu's, QF12.9  .format 

(3 )  E ta ' s ,  6F12.9 format 

( 4 )  A T card 

( 5 )  A 6U card 

( 6 )  Weights, 6F12.9 format 

( 7 )  A T card. 

For IDEM = 3 ,  the o u t p u t  i s  as follows: 

( 1 )  A t i t l e  card ( F I D O  comment) 

( 2 )  A 7* card 

(4) E t a ' s  
( 5 )  A T card 

( 6 )  A 6* card 

( 7 )  Weights 

(8)  A ' I  card. 

( 3 )  Mu's 



PART 11. COMMON QUADRATURES AND THE QUADRATURE LIBRARY 

P .  J .  Erickson, M. L .  Williams, and W .  A. Rhoades 

The purpose of t h i s  par t  of the study was t o  generate a quadrature 

T h i s  

l i b ra ry  containing the d iscre te  ordinates quadrature s e t s  (R-2, X - Y ,  
R-a) commonly used by r a d i a t i o n  t ransport  computer codes a t  ORNL. 
required the generation o f  half-symmetric and biased s e t s  t o  be combined 

with previously produced fully symmetric s e t s  (see P a r t  I ) ,  as well as 

the development of a control program to create  and access the l i b ra ry .  

The f i r s t  section o f  t h i s  part  is a description of the various types 

of quadrature se t s  found i n  the  l i b ra ry .  

the contents o f  the l ib rary  and t e l l s  how t o  access i t .  

The second section describes 
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_.__..l_ll.___ Quadrature Sets 

The  direct ion variable 6 i n  a radiat ion t ransport  calculat ion i s  
defined by i t s  direct ion cosines i n  an orthagonal coordinate frame which 
is  loca l ly  aligned w i t h  respect t o  the u n i t  vectors o f  the geometrical 

coordinate system. The possible or ientat ions o f  the angular direct ion 

vector h define a uni t  sphere in ( p , n , § )  space. 

calculat ion,  this  continuous direct ion space i s  represented by a d i sc re t e  

s e t  of vectors known as the "discrete  ordinates direct ional  quadrature 

s e t :  " 

In a d i sc re t e  ordinates 

w i t h  t i l e  constraint  

The "weights" o f  the quadrature s e t ,  Pm, a r e  proportional t o  the 

areas subtended by the so l id  angles associated w i t h  t h e  specified direc-  

t ions .  They correspond t o  f rac t ions  o f  the total  surface area o f  the 

uni t  sphere and are  generally posi t ive w i t h  the normalization 

Proper ordering of  the direct ions i s  e s s e n t i a l .  For the DOT code 

and cer ta in  other codes, a l l  d i rect ions w i t h  common must be grouped 

together i n  order o f  increasing p .  Each such g r o u p  inl ist have, as i t s  

f i r s t  member, an a rb i t ra ry  boundary direct ion f o r  which 5 = 0. T h u s ,  

f o r  a given q :  

These direct ions a re  assigned weight = 0. Al l  negative V I S  must pre- 

ceed a l l  posit ive fils. In a two-dimensional code, only 4 octants a re  

considered, the others being redundant. 
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Fully s,ymmetric quadrature s e t s  a re  those exhibit ing complete ro t a -  

t ional symmetry; i - e . ,  the d iscre te  ( p i ,  q i ,  s i )  coordinates chosen t o  

represent the direct ion vectors are required t o  be invariant  under a l l  

90 degree rotat ions a b o u t  the u ,  r l r  o r  9‘ axis .  

5 ,  coordinates must be symrnetric with respect t o  the or ig in ;  and, fu r the r ,  

the s e t  of projected points oi on each axis  must be the same. 

conditions d i c t a t e  t h a t  quadratures weights a lso be chosen in a symmetric 

fashion. 

Hence, each s e t  OF u ,  r1, 

These 

A l l  oi except 01 are  determined by the coniplete symmetry requirement 

and the f a c t  t ha t  p2 + q2 + !i2 = 1 . 
quadrature i s  n o t  allowed, since choosing v i  and 

zeros ,  automatically se t s  

The select ion o f  famil iar  Gaussian 

t o  be Legendre 

which i s  I_- n o t  a Gaussian s e t ;  and therefore ,  the Gaussiati direct ions are  

n o t  fu l ly  symmetric. 

The f u l l y  symmetric s e t s  contained in the generated quadrature 

l i b ra ry  are  the 52,  S4,  S6, S8 ,  SIO, S12, S l 4 ,  S I 6  s e t s  and are  taken 

from Part  I of t h i s  report .  For more information on fu l ly  symmetric 

quadrature s e t s ,  see P a r t  I .  

No Symnietry and Half SynimetD _._.I -__ _._ 

Complete syrrrmetry i s  required only in three-dimensional geometries. 

In lower dimensional geometries, a relaxation of  symmetry requirements 

allows additional degrees of freedom. 

A simple such relaxation i s  t o  keep the point and level arrangement 

o f  complete symmetry while allowing the points on each axis  t o  be chosen 
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from an independent s e t ;  the only requirement b e i n g  t ha t  the points l i e  

on the u n i t  sphere; i . e . ,  

This corresponds to  a "no symmetry" condition. 

The "ha1 f symmetry" condition requires rotat ional  syrcimetry about 

one axis only, so tha t  p = 

symmetric quadrature sets a re  those which a r e  invariant  for  90" rota-  

t i o n s  only about the 5 a x i s .  
t ha t  exh ib i t  rotat ional  invariance about a1 1 -.____ three axes) .  

2, and s i  = K..T..-- r I i2  . r h u s  half i "i 

(Note the contrast  t o  fu l ly  syniinetric s e t s  

Unlikely fu l ly  symmetric s e t s ,  the 0 ' s  o f  a half symmetric s e t  can 

be a r b i t r a r i l y  chosen. 

chosen t o  be the zeros of a Nth  degree Legendre polynomial, and such was 
the case for  the present work. 

For a S n  half symmetric s e t ,  they a re  usually 

Half symnietri c quadrature s e t s  contained in the  quadrature 1 i brary 

a re  the S4 ,  S6 ,  S8, and S10 s e t s  and were generated by using the DOQDP 
code as described i n  Reference 1 .  

order Legendre polynomial ( i n p u t  i n  descending order)  were input as the 

values f o r  0. 

t h  The N/2 posi t ive roots o f  the N 

Biased Ouadrature Sets 

Biased quadrature s e t s  a r e  those quadrature s e t s  which do not have 

an equal number of direct ions in the posi t ive and negative domain o f  
one o f  the var iables;  i . e . ,  they a re  "biased" by having a larger  number 

of direct ions in some portion of the u n i t  sphere. 

These s e t s  a r e  used when the neutron flow is  highly anis t ropic  

i n  some preferred d i rec t ion .  

the quadrature l i b ra ry  a re  the 100, 166, and 210 direct ion downward 

biased s e t s  a n d  the 100, 166,  and 210 direct ion upward biased se t s .  

The biased quadrature s e t s  contained i n  
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100-Direction _._.I__ Biased Se ts .  The 100 direct ion s e t s  contain 65 

direct ions i n  the biased hemisphere and 35 direct ions in t he  unbiased 

hemisphere. 

the S10 half synirnetric s e t .  The direct ions in the biased hemisphere are  

a l s o  from the S10 half symiuetric se t ;  however, the f i r s t  e t a  level con- 

ta ining three points ,  has been replaced by 11 new leve ls ,  each containing 

three points.  

one-diinensional quadrature s e t .  

The direct ions i n  the unbiased hemisphere were taken from 

These 1 1  replacement leve ls  were taken from a h i g h  order 

-- 166-Direction _-.- Biased ._.--- Sets.  The 166 direct ion se t s  contain 131 

direct ions i n  the biased hemisphere and 35 direct ions i n  the unbiased 

hemisphere. 

from the S10 half symmetric s e t .  

are  from a SlO half syininetric s e t ,  in which the f i r s t  e t a  level ,  can- 

ta ining three points ,  has been replaced by 11 new l eve l s ,  each contain- 

ing nine points .  These 11 new levels  are  a g a i n  taken from a high order 

one-dimensional quadrature s e t .  

The direct ions in the unbiased hemisphere were a g a i n  taken 

The direct ions in the biased hemisphere 

__  210-Direction Biased .__..__._I_ Sets. The 210 direct ion sets contain 153 

direct ions in the biased hemisphere arid 57 direct ions in the unbiased 

hemisphere. 

addition: the l a s t  e t a  level o f  -. bo th  ._._. the biased and unbiased henii- 

sphere, containing 11 poin ts ,  i s  replaced by three new l eve l s ,  each 

containing 11 points. 

They are  fourid exactly 1 i ke the 166 direct ion sets  w i t h  one 

K-Theta Quadrature Sets 
-----_1_----- 

The quadrature l ib rary  described in t h i s  report  a l s o  contains  the 

S 2 ,  S4, S6, S8,  SlO, S12, S14,  and SI6 R - o  quadrature s e t s .  

An R-o quadrature s e t  i s  a s e t  where the 1-1 and 5 angles are  speci-  

f i e d  instead o f  the 11 and TI angles; j . e . %  i t  corresponds t o  a slice 
through an i n f i n i t e  cyl inder .  



Since p2 + rt2 -t §2 = 1 ,  g i v e n  any two of the ang le s ,  the t h i r d  one 
can be found.  T h u s  a R-o quadrature s e t  i s  actual ly  the same as  i t s  

counterpart R-Z quadrature se t  except t h a t  

the direct ion v e c t o r  iristead o f  11 and Q .  Ihe direct ion ordering i s  not 

changed. The v a l u e  o f  § i s  stored in  the p o s i t i o n  nomnally occiipied by 

artd § are  used t o  specify 
- 

i n  data f i l e s  and l i s t fngs .  

The K-o sets  i n  t h i s  report  were generated from the S2, S4, S 6 ,  S8,  

S10, S 1 2 ,  S14, a n d  Sl5 Fully symmetric R-Z quadrature sets .  

the  5 ' s  f o r  the mcrn-weight g0int.s are  equal t o  +O.OOOOl. 
Note t h a t  

Theoretically,  the 5 ' s  should be zerg a t  these points b u t  ce r ta in  

computer code res t r ic t i r ins  ( e . g . ,  i n  DOT) require them t o  be non-zero. 

Quadrature .... __ ....... L i b r a  -- 

I tic quadrature 1 i b r s r y  which has been yewra ted  contai ns taventy s i x  

d i f f i l ren t  quadrature se t s  o f  types described i n  previous s e c t i o n s  o f  
t h i s  report .  

l i b ra ry  and the necessary information t o  access each o f  the quadrature 

se t s .  

quadrature 1 ibrary.  

This section wi l l  describe the  pxact conteflts of  this 

Appendix 3 describes the computer program which generated the 

The t ab12  below gives a l i s t  o f  a17 quadrature sets  in t he  l ib rary  

and i n fo rmt ion  necessary t o  access theirr. 
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Data Se t  Name Logical U n i t  Data Se t  Sequence 
( D S N  Number Number 

Quadrature Se t  

52 Symmetric 
54 Symrrie t r i c 
56 Synunetri c 
58 Symmetric 
S10 Symmetric 
S l 2  Symmetric 
514 Symmetric 
SI 6 Synunetri c 
S4 Half Symmetric 
S6 Half Symmetric 
S8 Half Symmetric 
S I 0  Half Symmetric 
100 Angle Biased Down 
100 Angle Biased Up 
166 Angle Biased Down 
166 Angle Biased Up 
210 Angle Biased Down 
210 Angle Biased Up 
52 R-0 
54 R-O 
S6 R-o 
58 R-0 
S I 0  R-o 
S I 2  R-o 
514 R-O 
S16 R - O  

S2SY 
S4SV 
S6SYM 
58SYM 
s1 OSYM 
S12SKM 
s 14SYM 
$1 G S Y M  
S4HSYM 
s 6bi s Y M 
S8HSYM 

BDNl 00 
BURS 00 
UDNl66 
BUP210 
%I;N210 
BLIP21 0 
S 2 RTH 
S4RTII 
SGRTH 
S8Rl-H 
SI ORTH 
51 2RTH 
SI 4RTH 
SI 6RTH 

s I o w  

8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
74 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 

The quadrature l i b r a r y  i s  present ly  ava i l ab le  on tape  w i t h  each 

quadrature s e t  e x i s t i n g  as a separa te  da ta  set w i t h  a d i f f e r e n t  l og ica l  

u n i t  number. The da ta  sets are wr i t ten  i n  standard i n t e r f a c e  f i l e  

format f o r  Sn constants  as s e t  fo r th  on Pages 39-40 of Reference 3. 

A separa te  DD card m u s t  be included t o  access each o f  t he  quadrature 

s e t s .  A sample DD card f o r  t h e  $2 synmetric set fallows: 

~ 0 0 2  ari DSN= ,VOL=SER=X12163,UISP=OkD,UNTT=TAPES, 

DATA LABEL= 
I 

LOG 1 CAL 
UNIT s ET 
NUMBER NAME DATA SEI 

SEQUENCE 
NUMBER 



- 
In access any o f  the other s e t s ,  sirnply include a similar DD card and 
subs t i tu te  the  appropriate log ica l  u n i t  number, data se t  name, and d a t a  

s e t  sequence number. the se t  C U R  t h e n  be read by us ing  the logical u n i t  

number i n a FORTRAN READ s t a  temen t;. 

- 
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APPENDIX A. DOQDP INPUT DATA DESCKTPTION 

Description Card ti Format Column \/a&bl.e--Nam,o -__ 

1 (20A4) 1-80 T i t l e  

2 (6112) 1 - 1 2  NQD Order of  quadrature des i red  (even in t ege r  - 2 /4 /6 /  
e t c ;  s , / S , + / S ,  e t c ) .  

Syniinetry condi t i  on opt ion  ( see  e a r l i e r  comments) : 
ISYM = 1 no synmetry, 
ISYM = 2 ha l f  syiiiinetry (suggested o p t i o n ) ,  
ISYM = 3 complete sytimctry. 

LMRD = 0 Use i n t e r n a l l y  deteimined moment equat ions ,  
L M R D  = 1 User w i  11 input  own moments, 

IES = 0 Se t  n j  = p i  f o r  a l l  i ' s  (suggested o p t i o n ) ,  
IET = 1 read i n  values f o r  q, 

13-24 ISYM 

25-26 LMRD Moment equation opt ion:  

37-48 I E r  Eta opt ion:  

49-60 NMU Nu oot ion:  
N M U  0 read in a l l  p i ' s ,  
NMU = 1 read in only u1 (usua l ly  p 1  = l//v:n , 
and c a l c u l a t e  a l l  o the r  u i ' s  from eqns 2 and 3. 

61 -72 IDEM Punch and geometry opt ion:  
IDEM = 1 1 - D  ca l cu la t ion  (ANISN-W), 
IDEM .= 2 2-D ca l cu la t ion  (ADOQ o r  DOT 11-M), 
IDEM 3 2-D ca l cu la t ion  ( F I D O )  
I f  IDEM i s  negative ( i e  -1 ,  - 2 ,  -3 )  no cards w i l l  
be punched. 

3 (6612.7) 1-12,13-24 MU(1) Enter values f o r  vi as  follows: I f  NMU = 0 ,  enter 
e t c .  va lues ;  I f  NMU = 1 ,  e n t e r  u 1  only .  

4 (6E12.7) 1-12,13-24 ETA(J) Enter values f o r  q j  as follows: I f  IET = 0,  omit 

5 (2112) 1-12, 13-21 LR(I),MR(I) Power of p and Q t o  be gsed i n  the i g m o m e n t  eqn. 

e t c .  t h i s  ca rd ;  I f  IET = 1 ,  enter N Q D / 2  values.  

Omit i f  LMRD = 0 e l s e ,  one card per equat ion .  

rypi ca l  l y  , 
N Q D  - var i e s  
ISYM = 2 
LMRO = 0 
IEi  = 0 
N M U  = 1 
IDEM = +3 
w U ( i )  = i / m c i j  

cards  4 and 5 a r e  omitted 
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'Jhi  s appendix describes the program which genrzratsd the quadrature 

The prograin reads the quadrature sets i n  F l D O  format and out-. l jbrdi-y.  

p u t s  them as  separate d d t a  s e t s  ( w i t h  d i f f e r e n t  l og ica l  u n i t  numbers) on 

tape.  Each data s e t  i s  w r i t t e n  according t o  the  standard interface f i l e  
Format for 5, constan' i .~ l i s t e d  on Pages 39-40 of Reference 7. 
gram i n p u t  description f o l  lnws below. 

The prs- 

Repeat this sequence (except f i r s t  card)  f o r  each quadrature s e t .  

The program i s  set up t o  handle  26 d i f f e ren t  sets  w i t h  log ica l  u n i t  
xlumbers 8-33. 

A description of  the i n p u t  v a r i a b l e  names i s  listed belaw. 

VARlABLE NAME DES C k I P T H 0 N 

HNAME 
WUSE 
I VERS 
N D I M  
ND1 R 
D 1 RWCT 
D I RMU 
D l R E T A  
FILE 

Fi le  name 
User Ident i f icat ion 
F i le  Version Number 
Number o f  Diiriensions 
Number o f  D i  rections 
Bi  rect i  on Wei gh ts  
D i  r e c t i  on Mu ' s 
Direction Eta ' s  
Logical U n - i  t Number 



24 

The program i s  designed t o  idrite e i t h e r  a one-dimensional or two- 

dimensional quadrature s e t  dependin9 on the value o f  N D I M .  

the program follows. 

s u b r o u t i n e  iiiust a l s o  be i n c l u d e d .  

A l i s t  o f  

Note t h a t  when r u n n i n g  t he  program, t h e  FIDO 

c 
G 

5 

c c. 
4: 
G 

C 
c 

c 
c 

C 
C 



e
-
 

c
 

c
-
 
. a

 P 

._
 



APPENDIX C .  LISTING OF QUADRATURE SETS 

T h i s  appendix consists of a list s f  a l l  quadrature  sets  contained 

in the  library. 

S2 Symmetric 

1 
2 

b 
7 
6 
9 

18 
1 1  
12 
13 
1 4  
15 
1. 6 

S4 Symmetric 

S6 Syminetri c 





28 

S10 Symiiietlri c 



29 

S 1 2 Symine t ri c 

32 
3 3 



30 

S12 Symmetric (Cont . 1 

1 %  
13 
1 4  
15 
16 
17 
lrzl 
1 9  



31 



32 

Symmetric (Cont. 1 

b 
7 
E 
r? 

10 
1 1  
1 2  
IS 
1 4  
15 
16 
I f  
18 
19 
20 
221 
22 
23 
24 
2 5  
2 6  
a r  
i7B 
29 
30 
30 

S16 Symmetric 



33 

SI6  Symmetric ( C u n t .  ) 

32 
3 3 



34 

SI e, Symmetri F ( Cont . ) 



35 

1 
.'J 2 

2-2 
23 



36 

S8 I+al f S y m m e t r i  c (Cont . ) 



37 

3 9 
3 2 

100 Angle Biased Down 



38 

100 Angle Biased Down (Cant . )  



39 

a 
9 





41 

166 Angle Biased Down 

f 
2 
3 

46 
cr7 



, 

1 3 1  
132 
139 

42 

166 A n g l e  Biased DOWP (Cont.) 



43 

166 Angle Biased Down (Cont.) 

166 Angle Biased Up 



91  
92 

44 

166 Angle Biased Up (Cont.) 



45 

166 Angle Biased Up (Cont.) 



46 

210 Angle Biased Down 



47 

210 Angle Biased Down (Cont.) 



48 

210 Angle Biased Down (con t . )  

19% 
192 



49 

210 Angle Biased Down (Cont.) 

E 



50 

210 Amgle Biased Up (Cont . )  



til 

210 Angle Biased Up ( c o n t . )  



5% 

210 Angle Biased Up (Cont.) 

1 
2 
3 

S2 R-EI 

s4 R-0 



53 

2(a 
30 

1 
2 
3 

58 R-o 



54 

58 R-o (Cont.) 

1 

Si0  R-o 



55 

512 R-o 



S12 R.-0 (Cont.) 



57 

S I 4  R-o 

2 %  
29 





59 

2 
22 
23 
24 



60 

S16 R-o (Con t . )  



61 

S16 R-o (Cant.)  



62 

APPENDIX D. BIBLIOGRAPHY 

The following are  in chronological order only by date  wri t ten I-... ( a l l  

were o b t a i n e d  a t  the Cent.ra1 Research Library).  

( 1 )  B .  G .  Carlson, "Solution o f  the Transport Equation by Sri Approxima- 

LA-7891, February 1955 - ear ly  work provides background d a t a  on 
b a s i s  f o r  So method, one-dimensional only. 

by t h e  Sn Method," P/2386, 1958 - same as above, contains a mathe- 

imtm'cal development o f  t h p  method. 

( 3 )  Bengt  G .  Carlson and Clarence E .  Lee, "Mechanical Quadrature and t h e  
Transport Equation," LAMS-25/3, June 1961 - f i r s t  discussion o f  the 

development o f  one-dimnsional quadrature s e t s  (Sn, P n - l  , DPn/2-1)  - 
s o l v i n g  point we igh ts  by Lee's method o f  areas - hexagonals, houses, 

and squares , tables  t o  S16 (one-dimensional ) .  

March 1962 (Chapter 3 and Appendices A - 3 ) ,  LA-25C35 - an exhaustive 

treatise on Lee's ear ly method f o r  u s i n g  a r e a ' s  (as  mentioned above) 

t o  ca lcu la te  point weights, pages of: formulas and diagrams. 

Quadratrive of the Nuetron Transport Eqxlation ,I' LA-31 85 , September 

1964 - t h i s  report  s t a r t s  t o  h i t  home. 

ments, when they a re  and why they a re  desirable .  

two-dimensional sets  and a l so  biased quadrature se t s .  I t  i s  a l l  

h e m ,  j u s t  hard t o  recognize unless you knowan what you are  looking 

f o r .  

( 2 )  5.  G .  Carlson and G .  I .  Be l l ,  "Solulion o f  the lrarlsport  Equation 

( 4 )  C .  E .  bee, "The Discrete Sn Approximation t o  Transport Theory," 

( 5 )  K .  D .  Lathrop and B .  G .  Carlson, "Discrete Ordinates Angular 

Discusses. syrrimetry require- 

F i r s t  reference t o  

( 6 )  P .  N .  S t ~ v e n s ,  "Use o f  t h p  Discrete Ordinates Sn Method in Radiation 

Shielding Calculations," WucZ. Fag. and Design, March 1970 .- basical ly  
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quadrature p r o b l  ern. 
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symmetric" quadrature s e t s  i n  one o r  two dimensions (LPn o r  L Q n ) .  

( 7 )  B e n q t  G -  Carlson , "Transport Theory: Discrete Ordinates  Quadrature 
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discusses SQn quadrature s e t s .  

Ordinates Method , I '  January 1971 - discusses three types o f  quadrature 

s e t s  (SQn, L Q n ,  and EQn) and ways of producing them - primarily LQn,  

f i r s t  def in i t ion  of EQn (equal weight) quadrature s e t s .  
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and formulas u p  t o  S16. 
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