/
ORNL/TM-5438
TIN MARIETTA ENERGY SYSTEMS LIBRARIES

T &

3 4456 0251789 O

Effects of the Poloidal Variation of the
Magnetic Field Ripple on Enhanced Heat
Transport in Tokamaks

N. A. Uckan
K. T. Tsang

i

J. D. Callen

OAK RIDGE NATIONAL LABORATORY
CENTRAL RESEARCH LIBRARY
DOCUMENT COLLECTION

LIBRARY LOAN COPY
DO NOT TRANSFER TO'ANOTHER PERSON
If you wish someone else to see this
document, send in name with'document
and the library will arrange a loan.

UCN-7963
2 By,

OAK RIDGE NATIONAL LABORATORY

OPERATED BY UNION CARBIDE CORPORATION FOR THE ENERGY RESEARCH AND DEVELOPMENT ADMINISTRATION




Printed in the United States of America. Available from
National Technical Information Service
U.S. Department of Commerce
5285 Port Royal Road, Springfield, Virginia 22161
Price: Printed Copy $4.00; Microfiche $2.25

This report was prepared as an account of work sponsored by the United States
Government. Neither the United States nor the Energy Research and Development
Administration/United States Nuclear Regulatory Commission, nor any of their
employees, nor any of their contractors, subcontractors, or their employees, makes
any warranty, express or implied, or assumes any legal liability or responsibility for
the accuracy, completeness or usefulness of any information, apparatus, product or
process disclosed, or represents that its use would not infringe privately owned rights.




Contract No. W-7405-eng-26 ORNL/TM-5438

Thermonuclear Division

EFFECTS OF THE POLCIDAL VARIATION OF THE MAGNETIC FIELD
RIPPLE ON ENHANCED HEAT TRANSPORT IN TOKAMAKS

N. A. Uckan, K. T. Tsang, and J. D. Callen
Oak Ridge National Laboratory, Oak Ridge, Tennessee 37830

JUNE 1976

OAK RIDGE NATIONAL LABORATORY
Oak Ridge, Tennessee 37830
operated by
UNION CARBIDE CORPORATION
for the
ENERGY RESEARCH AND DEVELOPMENT ADMINISTRATI™

MARIETTA ENERGY SYSTEMS LIBRARIES

T ATAT

3 445k 0251789 O







EFFECTS OF THE POLOIDAL VARIATION OF THE MAGNETIC FIELD
RIPPLE ON ENHANCED HEAT TRANSPORT IN TOKAMAKS*

N. A. Uckan, K. T. Tsang, and J. D. Callen
Oak Ridge National Laboratory, Oak Ridge, Tennessee 37830
ABSTRACT

The use of a finite number of coils to generate the toroidal field of
a tokamak introduces a magnetic field asymmetry and is responsible for an
additional particle trapping that can affect the plasma confinement. The
enhanced transport coefficients associated with the ripple-induced drifts
have been calculated. The calculations include both the radial and
poloidal variation in the magnitude of the field ripple. It is found that
the consideration of poloidal variation significantly reduces the ripple-
trapped transport but does not affect the banana-drift diffusion. Results
relevant to the ORNL Experimental Power Reactor (EPR) reference design are

discussed.

1. INTRODUCTION
In the design of tokamak devices, the ripple produced by the finite
number of toroidal field coils destroys the ideal axisymmetry of the
configuration and is responsible for additional particle trapping. In the
region of low collision frequencies, the magnetic field ripple might be
the main factor determining the transport of particles and energy.!" 3

The ripple can Tead to plasma transport by two separate mechanisms. In

the first, known as ripple trapping, the particles become trapped in a

*Research sponsored by the Energy Research and Development Administration

under contract with Union Carbide Corporation.



toroidal field minimum between coils that are localized in the toroidal
direction, hence also in the poloidal direction, and experience a uni-
directional toroidal drift which leads to the ripple diffusion.! 3 The
ripple trapping affects only a relatively small group of particles, namely
those with v, (parallel velocity) so small that they can be trapped in

the ripple. Those particles trapped in the toroidal field and executing
banana orbits experience a new radial drift of their banana guiding

center due to the presence of ripples, which leads to another kind of
diffusion called the banana drift diffusion."

In the literature different authors®™* have considered these two
effects with a radial variation only. In practice, the ripple modulation
§ is also dependent on the poloidal variation. The poloidal variation
has the effect of reducing or completely eliminating the ripple well depth
on the inside of the torus, with the precise degree of reduction
depending on the shape of the coil and the position of the plasma in the
coil. In this regard, the previous calculations have overestimated the
ripple effects through neglect of this poloidal variation.

The purpose of the present work is to calculate the enhanced transport
losses due to field ripple, including both the radial and poloidal
variation, as is appropriate for the design of future tokamaks.

In Section 2, the magnetic well depth for a rippled toroidal field
is derived. Threshold and critical energies associated with the ripples
are obtained in Section 3. This leads to a number of ripple collisionality
regimes, each of which can be characterized by simple random walk argument
for the illustration of ripple trapped diffusion?>® and banana drift

diffusion.® In Section 4, we derive the corresponding analytical



expressions by solving the drift kinetic equation with the appropriate
1imit. In Section 5, we present the numerical results of the heat

conduction losses in the design of ORNL EPR.®

2. MAGNETIC WELL DEPTH

For a simple model of tokamak confinement geometry, the resulting

magnetic field can be written as!™?

B B

_ o r
B =

5 » 6 1 —6(r,8) Cos No) (1)

©

where r and 6 are polar co-ordinates in the minor cross section of the
torus, and ¢ is the angular co-ordinate along the magnetic axis;

)/ (B +B .)

h=1+% (r/RO) cos 9 =1+ ¢ cos 0; &§(r,0) = (B -8B nax nin

max min
<< r/RO is the depth of the ripples; N is the number of toroidal field
coils; and © = €/q with q being the safety factor. The radial component

of B necessary to satisfy Vv « B = 0 can be found from

d r 9 -
T (PhBr) + ﬁ;‘ga'(3¢) =0, (2)

which is on the order of Br ~ 680 sin N¢. Hence the field strength is

approximately

B :_B¢ = BO[] — ¢ cos 8 — &(r,0) cos NoJ . (3)

It is clear from Eq. (3) that the magnetic well depth on a fixed
magnetic surface (r = const) depends on: 1) the decrease of the toroidal
magnetic field with increasing distance from the major axis of the

system; and 2) the dependence of the &(r,8) on poloidal variation 6.



The actual relationship of § to r and 6 depends substantially on
the coil design and on the size and shape of the gap between the coils.
In a typical case, to find the function §(r,06), we must carry out computer
calculations for the particular magnet design. However, a great number
of calculations have shown that it is possible to write an approximate
expression for the ripple §(r,8), which is suitable for the purpose of

our calculations, as

§(r,6) = s(r) g(o)

"
[eg)

lo

+

2 |2+ (/)" exp (-80%) (4)

where a is the plasma radius; 60 and 6a are the values of 6§ at r = 0

-3 _ 07t

and r = a, respectively, with 60/6a ~ 10 ; and B is a parameter
which can be determined from the calculations and closely depends on the
shape of the coils and plasma locations — usually, 0.5 < g8 < 1.

Along the field Tine ¢ ~ g6, the variation in the field strength,

for the B tield given in Eq. (3), is

1 3B _ 1 Je o . 156(r,6)
E;-gg-— Ro 3 Sin e + N §(r,8) Sin N ¢ + q ——gé———-Cos N ¢
(5)
l-Né}—((r—’—el-[a(r,e) Sin 6 + Sin N ¢] ,
0
where a(r,8) =¢e/Nqs(r,0). In Eq. (5) the term %_§§§glgl has been

neglected in comparison with the term N§(r,6). Since the variation in
6 over one ripple period, 2n/Ng, is small, the condition for a ripple

well to occur, given by 3B/3S = 0, is

a(r,8) |sing| <1 (6)



When the condition expressed in Eq. (6) is satisfied, the positions of
the maxima and minima of the field along the field line are determined

by the equation
a(r,8) sine + sinN ¢ = 0 (7)

The magnetic well depth A(r,8) is expressed as the difference between
the values of the neighboring maxima and minima and is given by

Brax — Bmin
A(r,8) = —g——
0

28(r,0) { '\v/i‘— az(r,e) sin @

—a(r,e)(n/2 — sin! (a(r,8)|sina])] [Sin el} (8)

0]

We should note that Egs. (5) through (8) are the same set of relations
obtained in Refs. 2 and 3 except for the explicit dependence of ripple
§(r,06) on poloidal angle 6, given by Eq. (4), which in fact gives an

explicit dependence of 6 on a(r,8). We can define a(r,0) as

2
a(r,0) = %%g% = alr) B0 (9)

with a(r) = e/Nqs(r). Estimates by Stringer? and by Connor and Hastie’
of the reduction in diffusion and ion heat conductivity are obtained by
taking account of this reduction in well depth from 2s5(r) to A(r,0).
Although this effect is of great importance it neglects the distortion
of the ripple wells due to the additional influence of the poloidal
angle variation in the field ripple strength. It is obvious that the
factor 8(r,6) in front of the expression A(r,8) helps to decrease the

well depth for a 6 close to +II (inner edge of the torus). The 6



dependence of o helps to eliminate the well completely for 6 near +II.

It will be shown that the consideration of the poloidal variation in the
case of actual magnetic fields significantly reduces the transport losses
(by about a factor of about 10 in comparison with the results of Refs.

2 and 3) for a(r) between 0 and 1.5, which is the most important range

of a(r) for practical purposes.

3. CRITICAL ENERGIES
The first point to consider is the threshold energy above which
particles execute more than one bounce motion in a ripple before being

SNV,

scattered out of the loss region (v v,) associated with the
n 4

ripples. This energy is defined by setting!

Tscattering = Tbounce

or §/v = RO/G]/Z v N, (10)

with v being the collision frequency and v the particle speed. Taking
account of the fact that the collision frequency varies as v—3, this

relation, for jons, can be reduced to:

8x10 30 7..12 (ey) . (11)

-3/4 (
e “eff

1/2

Eyp = © Ry/N)

The threshold energy is a factor of (m1./me)]/4 larger for electrons. For
the present (future) tokamaks, the jon threshold energy is typically on
the order of .3 keV (3 keV) at the plasma edge and a factor of about 102
(50) larger at the plasma center (see Table 1).

The second point to consider is that when a particle has been trapped

in a ripple, its guiding center drifts more or less along a contour of



constant B. Since such contours are not closed within the torus for
weak ripples, the particles are not confined unless they are scattered
out of the ripple loss region before they can reach the wall. This
consideration defines a critical energy, above which a particle will

reach the wall if it is trapped in the ripple, determined by!

Tscattering = Tdrift = &/ Vdrift ° (12)

where

x _CE _ .08 E(eV)
Vdrift eBR0 =10 B{gauss)R(cm) (cm/sec) .

For ions this gives a critical energy (in eV) of

BR a
-14 "o 2/5
E*'_”_ []0 S ne Zeff] (13)
The critical energy is a factor of (mi/me)]/5 larger for electrons. Again

considering a typical present (future) tokamak base case, we can find the
critical ion energy to be on the order of 10 keV (50 keV) at the plasma
edge and a factor of about 10 (10) greater near the plasma center (see
Table 1). We show illustrative values of these two "critical" ion
energies for various values of & in Fig. 1.

With these critical energies we can see that the ripple collisionality
regime can be divided into three regions as shown in Fig. 2. The upper

3/Z/R), above which transport losses

collision frequency point (v > vN§
rapidly diminish to zero, is the point at which the plasma particle

temperature decreases below the threshold energy. In the middle range
of the collisionality regime ( pvS§/Ra < v < vN63/2/R where p = v/Q is

the Larmor radius), transport coefficients scale as v_] because the



particles are scattered out of the loss region before they can drift
completely out of the device. To convey the spirit of simple diffusion
estimates, we include in this section only a rough picture of random

walk losses. The average step taken by a ripple-trapped particle is

S

(sr) .S, (14)

s
~ Varift * Teff ~ Vdrift

and that taken by a banana-drift particle is

(Ar (15)

Vo * T = (v £
~ "BD eff drift v

The frequency with which such steps can be taken is v/¢§ and v/e
respectively. The fraction of particles for these processes is /§ and

Ve ; so that

12 B
p% - [(an)®1? (ve) 818 L —5 = (16)

and
2

V.

B0 . ((ar)B1? (v

Finally, at very low collision frequencies (v <ové/Ra), the particle
temperature has increased above the critical energy, and all particles
trapped in the ripples immediately drift to the wall without being
scattered out of the loss region. The corresponding diffusion

coefficient is

D - val . (18)

The variation of diffusion and heat conductivity with collision

frequency js illustrated schematically in Fig. 2.



4. CALCULATION OF TRANSPORT MODIFICATIONS

The dominant transport modifications come from the enhanced jon heat
conduction of the background plasma resulting from the ripple trapping
of ions with energies exceeding the threshold energy and from ripple-
induced banana-drift. (The effect on electron heat conduction is much
smaller because the threshold energy is much higher.) From the estimates
of Eth and E, given in the previous section, we can see that for plasma
ion temperatures anticipated in present and future tokamaks to be in the

range of E h < Ti < E,, the relevant ion thermal conductivity coefficient

t
X is in the middle range of collisionality.

4.1 Ripple-Trapped Diffusion
The expression for the ion heat conductivity coefficient in the
above-mentioned regime has been derived by Stringer? and by Connor and

Hastie?:

3/2
O = 46,5 &~ _Gla,B) |2 (19)

v, .
i Vi drift

3/2
G(a,B) = %j[A—g&%}] sin? 6 d o (20)

Using Eq. (8) in Eq. (20),

where

G{a,B) ='% J. do sirfe [g(0)7%/? [/4 —o?(r) sirfo/g° (o)
c
~ e Isinel G- st [y sino 1% @)

with J' Jel J’”
= +
c 0 02
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where 6, and 6, are the zeros of the term under the square root in square
brackets. The computed value of G(a,R) for different B values is plotted
against a(r) in Fig. 3. Comparison with the correction factors I(a)
obtained by Stringer? and G(a) obtained by Connor and Hastie,® shows

that where 8 = 0, G(o,B) << I(a) or G(a) for all a(r), and that G(a,B8) ~
I(a)/10 for most of the range of interest of a(r). Thus the diffusion

estimates of Refs. 2 and 3 are significant overestimates.

4.2 Banana-Drift Diffusion

To compute the banana guiding center motion, we use the conservation

of J:
J = f v, do = jdz[Z(E A (22)
Using Eq. (4) in Eq. (2), we have
B N
~ $ 0 r .
B.2—-2% 2~ sin N¢ . (23)
r h2 n+? R0
The 1ine of force is then defined by
&y Eﬁ.:._.ﬁﬂ §(r,8) sin N ¢ ;
a Be h in+ 2 ?
d r EQ
L-r 5, - & (1 —6(r,8) cos N ¢) (24)

To the Towest order, ¢ = g8 + T, where 1T is the initial position in ¢,

and
0

r=r1[1—q 8(r) ﬁ—¥—7' ‘g g(8) sin (Ng6 + Nt) db)
0



N

Thus we have

_ §{r,0 _
J =3, + 9, [Jg—@yl] =3+ 3y 8(r) (25)

where
) 1/2 ° 20,172
Jo 4(uBoe) R, 4 5 do(M — sin 2)
0
_ 1/2
Jy = 4Roq(uB§:) cos Nt 1
o, 8
I = f do{— [hg(6) cos Ngo + %’:‘L—% g(6) sin Ngo do]
0 0

(M — sinz-%)]/z N hg(6)cos Ng

20

}
4e(M— sin® 12

M

[E — uBO(1 —e)]/2u Boe
_ .=

8, = 2sin = /N

Q=dangqg/d nr

To evaluate I, we first look at the term with Q in I:
0
5 g(8) sin N g6 do = Im.y exp (—'862 + 1 Ng8) de
) )

2
= Im {1/2 ('rr/B)]/2 exp [—-1%%1—]

X [erf (61/26 —-—iggﬁ) — erf (—-—iggﬁd] (26)

28 28
Since 181/26 —'“i¥%§1 >> 1, we can use the asymptotic form for erf(z)
28

to obtain
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6 2

. 1 e—Be .
9(6) sin g - b - —E — [ga sin Ngs
476" + (Ng)

+ Ng cos Ng6] (27)

Since Ng >> 1, all the integrals in I with a factor Cos ng6 or Sin Ngé
must be of order 1/Ng, so we have

¢

0
[~ — -2 do (M~ sir? 9172 (28)

0

We note that this result is the same as if g(6) = 1, B = 0. Hence we
conclude that the poloidal variation in &(r,8) does not significantly
affect the banana guiding center motion to the lowest order in 1/Ng.
In order to calculate the particle diffusion due to the banana
drift effect, we follow the derivation in Krommes and Rutherford® to

obtain

PBZ 2 2T ©
0

Y B3 |4 2m VoY
- 0
i
. ~ Max dy ( EQ)Z

ud R o (29)

Jpo Hmax

where we represent the magnetic field as
B=Vyx¥Vn (30)

and employ (¢, n, ¢) as co-ordinates. To proceed, we need explicit

expressions for y and n. Let
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Tl:qe—d), n=-1
B = g%-r XV (g8 — ¢)
LT lg_17%
e P x (a8 —79) (31)

g, __ o - B,
ar r 1 +¢ Cos 6
r
B I ar
w = 0 q (32)
o
We note that
r = ét r (33)

The ion particle flux is then

Pir‘ == (Z/TT)3/2 83/2 q2 N2 GZ(Y‘) (CT_i/eBR)2 N\. y. H

0o
N, T,
. [.NJ-{-EQ_{. .Yl_.g_] .TJ_.] ) (34)
i T Yo i

In a completely analogous fashion, the jon heat flux is

Qir = —-(2/ﬂ)3/2 €3/2 q2 N2 62(r) (CTi/eBR)Z Ti Ni Y] H

= )
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where
r 5/2
Yo = dx = e™x
Yo
e 7/2
= dx X\) e X (36)
Y0
- 9/2
Y2 = dx X\) e—X
Yo
and
4
me i anh 1o (ym V2 e+ (2x = 1) E(VR)]
3/2 5/2
/2'!'71'1. T X
1 1/2 -x _
= .94 v, ;?/—2 [2 (x/7) e X+ (2x — 1) E(X)] (37)
and 2 1 d 4
o j N IEM) - (=) K ()
(n+2)2 (2eM+ 1 —¢)
M
o[ ooty (M)]] S
. (2eM+1 —e)?
with

A et Ni &n A
V,. =
i o T?/z

E(M) and K(M) are the complete elliptic integrals. Using Eq. (37) in
Eq. (36) we obtain
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13.7081
o Z 0 9av. . - 14-583/v.,
11
66.7142 _
LIV DAL T (39)
Y, = 393.045 _
2 Njon 418.139/v,

Charge neutrality,

§1-+ e¢” [Zl._.él Ii.: 0
Ni Ti YO 2 T_i
leads to
Q. =— (2/ )3/2 e3/2 2 2 62(r) (cT /eBR)Z N, T [Ig;_.Zl] H
ir " a i iTim Y, T,
V2.
= 36.94 ¢3/2 g% N% 6%(r) ACTE 7oy (40)
V. . { H
ii

The integration in Eq. (38) has been carried out numerically for various
values of €. The integral is found to have a numerical value on the

order of 0.05176. The ion heat conductivity coefficient is then

2
v .
X0 = 36.94 ¢ 32 6%(r) ¢° N2 SMIfE
211
2 Virift 2 .2 (41)

9.23 £3/2 §2(p) N
(n+2

n

2 \)..qQ
) ii
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5. NUMERICAL EVALUATION OF THE ION HEAT CONDUCTION LOSSES
The jon heat conduction coefficients for the two mechanisms, ripple-
trapped (§) and banana-drift (BD), have been calculated for the parameters
typical of the ORNL EPR and compared to the total heat conduction loss
due to the neoclassical (NC), trapped particle modes [trapped ion mode
(TIM) and trapped electron mode (TEM) 1 or 2] and pseudoclassical (PS)
coefficients currently used in the plasma transport simulation codes.

The expressions used in the calculations are given below for Te 3~Ti'

NC 3/2 2 2 172
X e/ Q0 Vei (”‘1/’”9_)-/

'i =
5/2 v2

e X3 = 4 Vei n

TEM 3/2 Vgrift 2 TEM, 2 2. 2
Xe 1~3c¢ 'KES——_ (R /ran) v Xe 1-C2 (a/=")0 e Vei
PS 2
Xg = Co (q/ez) Pe Vei

3/2
s(r) _ 53/¢ G(a, 8= 0) 172 2
Xj 0= 46.5 Vs (ms/m) """ Vipit
3/2

8(r,0) _ 5§5/¢ G(a,8) 1/2 2

X3 = 46.5 Ve (mi/me) Viri ft

BD 32 2 N Vgrift 12 2 2
X: = 9.23 € 8 (m./m,) "7 q” Q
1 (n+2)2 \)81 1 e

NG, TIM
X5 7 X T X
TIM
TIM s .. Tor2

Xe = Xe + XP + min Xe or
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where r_ = [1/n dn/dr]”, rp = LUT ar/ael™!, ¢ 4 =10,
1/2 _ -1 2
C, ~ 0.06 ¢ (d 2n T/d 2n n)(mi/me)(Be/eBT), B = rn/LS, Ls :_(r/ROq )
(dg/ar), 0 e is the electron Larmor radius in the toroidal field,
- _ 4 13, ,-3/2
q = eBT/Be, Vai = 1.6 x 107 <Z> (no/10 )/T7 % (keV).

In the ORNL EPR design, & takes on its maximum value of about 2.2%
at the outer edge of the plasma column. Figure 4 shows the distribution
of the field ripple over the cross section of the ORNL EPR. Equation (4)
satisfactorily approximates the field in the cross section of plasmas,

thus,

4 2

s5(r,8) = (1.2 x 107 + 2.2 x 1072 (r/a)*] exp [-(2.806/7)%]

withn =4, N =20, 6 =2.2x107%, 5 =1.2x107%, g= (2.8/x% . 0.79.

In the calculations, a parabolic temperature profile,
2
2 2)’

T = T0(1 —r/a has been assumed with T ~ n°, n = n (1 —-rz/a

2\1/2
. )2,

and the safety factor q is calculated assuming a current density profile

that varies like T3/2.

The results are shown in Fig. 5. Although the
heat conduction coefficients associated with the ripple trapping and
banana-drift are comparable to those calculated from the ion neoclassical
and electron pseudoclassical coefficients, the trapped-ion and trapped-
electron mode coefficients are about 20 times larger at their peaks, if
poloidal angle effects are ignored (B = 0). The inclusion of poloidal
angle effects reduces the losses associated with ripple trapping by
about a factor of 10 to 15, but does not significantly change the

banana-drift losses. The overall enhanced ion heat loss due to ripples

is found to have a negligible effect on plasma confinement for the
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ORNL-EPR design. However, if one assumes better confinement — for
example, if ignition is to be achieved at a higher toroidal field (say
70-85 kG) — energy losses must be no larger than one-tenth of the
trapped particle losses. Even under this condition, the enhanced heat
losses due to the 2.2% edge field ripple are less than 10% of that due

to trapped particle instabilities.
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Table 1. Typical Parameters
ORMAK Upgrade ORNL EPR
Major radius (cm) 90 675
Minor radius (cm) 30 225
Number of coils 24 20
5 (a) 4.2% 2.2%
s (0) 0.009% 0.012%
n, (#/cm3) 7 x ]0]3 8 x 10'3
Ti (kev) 2 -3 9 -10
BTO (KG) 45 48
q(a) 3-4 2.5
Zeff 4 2
Eth(a) (keV) 0.3 3
Eth(O) (keV) 30 150
E,(a) (kev) 10 48
100 380

E*(O) (keV)
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FIGURE CAPTIONS

§ versus "critical" ion energies.
Variation of diffusion coefficient D and heat conductivity
x With collision frequency v.
G(a,B) versus a.
Constant ripple contours of ORNL EPR.
Heat conduction coefficients versus plasma radius for the

ORNL EPR design parameters.
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