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F i g .  1. Figure 1 shows the superposition o f  Eie lds  pravi.dkmg major 
1 ~ ~ i i i u . s  equilibriuiu in. a low beta takamak. 
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the plasma caAn be obtained P ~ o m :  

> 
where Y i s  t h e  plasma flux func t ion ,  H is the major radi.us, p i s  t h e  

der i -vat ive of the plasma pressure w i t h  r e spec t  t o  magnet7i.c f lux ,  and F 

i s  equa l  to RB They demonstrated. t h a t  equ5.l.ibria e x i s t  folo poloidal.. 

b e t a  i.n excess o:f t h e  aspect rat5.o wi.thout a s epa ra t r ix  in t e r see t i . ng  the 

surface of the pla,snia. 

@ *  

However, these high  b e t a  e q u i l i b r i a  were obtained. by exploiting t h e  

fact tha-t; t h e  f u n c t i o n  E' i s  a rb i t ra ry  i n  e q u i l i b r i i m  theory. Adjzl.st7i.n.g 

F i n .  a manner7 which kept t he  t o t a l -  c u r r e n t  cons t an t  bed t o  the examGI..es 

of high b e t a  equi l ibrr ia  shown i.n F ig .  3. 
done f o r  a system ria which t h e  aspect rati-0 A i.s equal.. to .three, it i s  

c l e a r  that t h e r e  i s  no l i m i t a t i o n  of 8 < A as f a r  as t h e  equ i l ib r ium Tis 
P 

concerned. I-Io7r;levelo, Cal..len and Dory noted t h a t  a l though t h e  f u n c t i o n  F 

i s  a-rhi t rary in e q u i l i . b r i m  theo ry ,  it 7i.s rel..ated to o t h e r  characteri.s.t:;ics 

of the system such as  the value of t h e  " s a f e t y  f a c t o r "  y. 

l i b r i a  shown i n  F5.g. 2 do not  yepresent s t a t e s  of a sirigl-e system. 

Sirice these calxulat i .ons were 

Thus t h e  equi-  

Cal len and Dory found t h a t  a l though t h e y  could ai:;t;ain high beta 

eqiniI..ibria, by manipulation of' t h e  f u n c t i o n  3' t o  maintain constant c u r m n t ,  
they were simultaneously manipulat ing t h e  g p r o f i l e  of t h e  eqCiilibriwm, 

They a l s o  found that as t h e y  inc reased  p o l s i d a l  beta by varying t h e  :Pimction 

F from 1-ow b e t a  t o  high beta,  t h e  g on axis  d-ropped below 1. It was f e l t  

t h a t  this would provide a s.t;abil_ity l imi ta t  ion on -k he a t t a i n a b l e  paloidal.. 

b e t a  unl-ess t h e  plasma c u r r e n t  was dropped as poloidal.. beta was increased. 

The above ana1ysi.s and conipi~.tation iIl.ustrrate t h e  f a c t  t h a t  the 

s p e c f f i c a t i o n  of a l i m i t i n g  6 ox' p- i n  a tokamak i s  a process involving 
P 

several .  v a r i a b l e s  The c a l c u l a t i o n s  of  Cal-l-en and Dory also i n d i c a t e  

that t h e r e  i s  no simple rP-el.atioriship between t o t a l .  fl and. fl i n  h i g h  b e t a  

e q u i l i b r i a ,  

high b e t a  equi l ibrr ia .  

P 
This Eol_l-ows from t h e  fact tha-t; Eq .  ( 2 )  does not, apply t o  

R R  
P 
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Fig..  3 .  Figure 3 shows the evaltatian o f  plasma magnetic flznx 
s~mfac,es as t he  poloidal beta i s  raised i n  a nan-flux conserving manne-a.. 
Since h i g h l y  C O R I ~ U C ~  ivig plasnxa.c, conserve flux, the sequence of equi l ibr ia  
.shown i n  Figure 3 docs not represent states o f  a single physical system. 
I ~ o w e v ~ r 9  s ince  the calculatir3ils were performed l o r  a torus with an 
aspect ratio o f  threc, it i s  clear that  the  po lo ida l  beta i s  not  l i m i t e d  
by the aspect r a t i o .  
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Fig .  4.  Figm.c  4 i s  a schematic representation of t h c  c h a r a c t e r i s t i c s  
of  tokamak equilibria. the  @aslna 
p r e s s u ~  and t h e  pmssure  due t o  an increase o f  the  toroidal f i e l d  over 
its vacum value are supported by the poloidal magnetic pressure generated 
by the  c u r r e n t  J . 
raised caarrewts h o w  i n  t ~ i e  plasma such tha t  the toraida~ f i e l d  i s  
reduced below i t s  vacuum value axid much o f  t he  plasma gressurc i s  supported 
by this toroidal.  magnetic f i e l d  well. 
d i s t x i b u t i s n  i n  the plasma, high beta e q u i l i b r i a  can r e y u i w  a negative 
toroidal ewrrent to flaw on the i n t w i o r  a f  the to rus .  
apply t o  a l l  hi-@ beta equilibria. 

Figure 4a indicates that at low 

Figures 4b and c show that as the  plasma p res su re  i s  

Bcpeiading on t h e  prccise pressure 

'l'hcse characteristics 



starlee is given by:: 
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T I E  FLUX- CONSERVING KQUTLIBXIUM 

In si-nngle f l u i d  MI-IS3 theory ,  Ohm's law i s  w r i t t u n  as 

If t h e  tempera ture  of' t h e  plasma is s u f f i c i e n t l y  high, t h e  r e s i s t t v i t y  

-berm on the r ight-hand s ide of Eq. ('7) can be omitted; . t he  l e f t -hand  

side then d e s c r i b e s  t;he response of t h e  plasma t o  appli-ed e l ec t r i c  f i e l d s .  

T t  i s  easi ly  shorn from Maxwell's equations t h a t  Eq. (7) guarantees  that, 

f l u x  is conserved wi.t'rlin a plasma, 
Si_tnpl.y stated., flux conserva-kion means tha$  t h e  magnetic fl.-ux l i n k i n g  

n, plasma pressure sur face  w i l l  be preserved in sp i t e  of changes i n  the 

shape o r  conf igu ra t ion  of that surface, Therefore ,  the  concept of  f l u x  
conservation can provide a r u l e  which a,l lows us  t m  select t h e  precise 

sequence of equi1ibr i .a  through which a pl.asma w i l l  pass during -1;he process  

of  be ing  heated t o  high b e t a .  From t h e  bas i c  d e f i n i t i o n  of q given i n  

Eq ,  (3), it i s  c l e a r  t h a t  these flux-conserving e q u i l i b r i a  w i 1 - l  a l s o  
b e  q-conserving e q u i l i b r i a ,  This  i s  8 fundamental c h a r a c t e r i s t i c  which 

disti.ngai.shes this sequence of equi1ibr i .a  from t h o s e  computed by  Cal..len 

and D9ry. 

Before i n v e s t i g a t i n g  t h e  c h a r a c t e r i s t i c s  of' these flux-conserving 

equilibriim, it; must be remarked .f;lzat, f l u x  conserva t ion  i s  not  a concept 

which i s  being imposed upon t h e  plasma from t h e  ou-t;si.de. A s  long as t h e  

pl.asma x-esis-t;ivj-.l;y i s  small enough t o  orni:t i n  Eq.  (71, the plasma w i l l  
move i n  response t o  external.. forces in such a way as t o  preserve f l u x .  

A simple a n a l y s i s  of Maxwell's equatl.ons w i l l  i n d i c a t e  t h a t  . the Lime scale 

on which one can neg lec t  p l a s m  resist3,vity w j - t l ?  regarod t o  flux conser-  
vation i s  
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UT$ 5 shows t h c  c v o ~ u t i m  o f  the: pressure p r o f i l e ,  and 
t h e  f lux d ls t s ihaa t ion  as the plasma pressure i s  raised i n  a flux co 
tokamak. 
the nzamerical ea1 ci.11 at ion2 . 
corresponds t o  a totalm 6 of  r a u g ~ y  WL 
t he  fact  that the  c e n t r a l  a d  edge fluxes are kept constant during the  
pressure incseasc. 

'I'he parameter P': i s  an indcx l a b e l i n g  the pressure i nc rease  i n  

FIUX conservation fah.aws from 
~n t h i s  particular c a l c u l a t i o n s  6': = 100 



successful i 



raj-sed i n  a quasi-flux-conserving Inanmr, the plasma responds by progres-  

sively shifting i t s  magnetic a x i s  toward. the o u t s i d e  of t h e  'corns, and- 

by  prog:ressi:vely assuming less circular shapes. 

F igure  5 shows t h e  d i s t r i b u t i o n  of yoloidal-  f lux and toroli-dal current 

corresponding t o  .the r i -ni t ia l  arid f i n a l .  s-La-l;es of the plasma. 

correspondence between the .mini.mi;Lini values of the p o l o i d a l  f l u x  <.n the l o w  

and high. beta c a l c u l a t i o n s  i s  another indication that these e q u i l i b r i a  are 
very closely flux-conserving, 

f lux-consewing  equi1li.byi.a peaks toward t h e  outs ide  of the 2;orlns as i n  
Fig. 4 ( c ) .  

i n t e r i o r  region,  The t o t a l  cu r ren t  increases, dri.ven by the pressu~e 

i.nasn-ease induced by the heat ing process ka. t h e  plasma, S"c+;ed another  
~;$w,y, inductively dr iven  c u r r e n t s  are necessary t o  preserve  f1 .u  as the 

The c l o s e  

The tamidal .  curm-en-1; d i s t r j . b u t i s n  in t h e s e  

However, ,thtxre i s  no reversal. of t h e  cur ren t  in the low pressure 

p.l_asma pres surf? is in.c:ceased # 

The toroidal f i e l d  w i t h i n  the plasma i s  shown i.n Fig. 6; t h e  general. 

parmagnetism of t h e  3-ow beta plasma gives way to a di.miagnetic effect  at; 

higher betas.  

to "dig R hole" i.n. the toroidal..  : f ie ld ,  and- most of t h e  plasma pressure i s  
supported by t h i - s  t o r o i d a , l  field well ... 

As in t h e  EBiT9, the heat ing process has caused t h o  pLasrna 

An examination o:f the f l u x  surfaces shown i n  F igs ,  '9 -L'rzrough 10 leads 

one to believe t h a t  .the general- trends revea led  by  the numerical.. ana1ysi.s 
shoi.ild be recoverable from an ana ly t i c  madel which treats circul.arP f l i ~ x  

surfaces, 'The d e v i a t i o n  from e i r cu l - a r  flux surfaces does not become 

extreme untKI.. t h e  plasma presslure has been raised by more than a  fact,^^ 

of 1.1. cw $. 

e q u i l i b r i a  in an approxima-t;e model which conse~ves flux exactly, We will 

choose a cons t an t  q model i n  which tile m-nagne.tic fl..ux s u r f a c e s  a m  assumed 
t o  be a s e t  of nested. c i r c l e s  whose centers, Ry, a m  s h i f t e d  i n  a manner 

cietemnlized by the df - s t r ibu t ion  of pressu-a~e vj-.t;hin these surfaces. 'The 

simpI.cst model for such a s e t  o f  flux surfaces ts: 

Thus, it will be in.structive to exramhe the evol-ution of 
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F i g .  8. Figure 8 slmws the magnetic f l u x  surfaces compatible w i t h  
the  pressure p r o f i l e  ind ica ted  by 6s  = 10 i n  Figure 5. The flux i s  the  
same as i n  F i g w e  7.  
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Fig.  10. Figure 19 shows the mgnet ic  f l u x  surfaces consistent 
wit.h t he  pressairre profile labeled by = 100 i n  Figure 5. These flux 
surfaces have evolved i n  a f l u x  conser$imig manner from the low beta f l u x  
surfaces shorn i n  Figures 7’ through 9 and represent an average plasma 
beta o f  l a % ,  
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'l'he i n t e g r a l  form o f  t h e  plasma force  balance equa%ion, applied t o  a 

wedge of t h e  tomj.d.al pla.sma between a t o r o i d a l  ang3.e: a and @ i- dQ, is 

( 1-4 ) 

I 

8 7~ 

2 where H - 2 'i" 0 /a R~~ ana 8 = 8 TT P / B ~ .  
8 

I n  t h e  l a w  beta case when 5 R i s  on t h e  order  o f  unity, Eq. (16) t e l l s  us  

Lha-i, t h e  s h i f t  parameter d mus2, be o f  order  e ;  consequently E q s .  (1-5) and 

(16) reduce . to  Shafmnov 's  low beta equat ions.  In the  opposi te  l i m i t ,  when 
-I - 

i s  assi.imed t o  bc on t h e  m d e r  of c , c3. musf; approach unity. pa 
Equati.an (16) can be viewed as de f in ing  t h e  value of d corresponding 

Lo the ~ Y - E S S U T ~  cxisting i n  t he  plsama, and Eq.  (15 )  can be viewed as 
giving t h e  depth of t h e  toro ida l .  f i e l d  well produced by the s h i f t s  o r  
devia,t ions  fi-om noncireubz-i  ty in t h e  plasma a 

One can defille t h e  plasrna poloidaJ  b e t a ,  as B,, 
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An exminat ; ion of Eq, (12b), which is v a l i d  throughout  t h e  b u l k  of 

the pl.as,i~&,  reveal..^ a n s t  her basic  c h a r a ~ t e r i s t i c  Of P ~ . u x - c o ~ s ~ x v ~ ~ ~  

tokmaks, t h e  peaking of the t o r o i d a l  cu r ren t  toward thhe surface of t h e  

plasim. 

f l u x  su r face  i s  direcl;ly re la ted  t o  thhe f l u x  su7ofRce average of t h e  square  

of t h e  poloidal.. fie1.d as given in Eq. (12b). 

an i nc reas ing  function of f l u x ,  t h e  increased current; flowing at high 

beta as in Eq.  (21) can be seen to be dis.trli.huted toward the surface of 

the p lasm.  

dis t r ibut- i -ons which prevented Gal-len and Dory from rea lmiz ing  f lux-conserving 

eqmili.bria. i n  t h e i r  paper, 

n o t  a r t i f i c i a l  bu t  O C C I I ~  natum3..ly as f lux conservation requires %he plasma 

current to increase. 

From Fq* (20) we see t h a t  t h e  current; flowj-ng wit;;hin EL giveln 

Since the p&~ame.ker  d is 

1% was a desire t o  avoid. using " a r t i f i c i a l "  skinned c u r r e n t  

Here w e  see that skinned curl-ent; profiles are 

T h i s  i n c r e a s e  of curreli t  w i . 1 1  be d r iven  by t h e  plasma i t s e l f ,  b u t  i t  
must be balanced by an equal  and opposite cu r ren t  f lowing in the external-  

winding which con.t;rols t h e  spa-tiial p o s i t i o n  of t h e  plasma, The need to 

provide f o r  this extra curren.1; i s  . the only addi t ional .  requirement f o r  t h e  

design of a flux-conserv-ing tokamak as opposed t o  a, s t anda rd  -I;oksunak i.n 
which t h e  plasma c u ~ * r e n t  windings are control l -ed s o  as t o  ~ e g u l a t e  the 

c u m ~ e n t  t o  a cons tan t  value, S ince  t h e  g profil-e i s  f rozen  i n  a f l u x -  
conservlng tokanak, t h e r e  i s  no need t o  regul..atc t h e  total. plasma c u r r e n t .  

Indeed, as seen from Eq.  (21), there  is a d e f i n i t e  need t o  program an 
inc~ease i.n t h e  current flowing i n  t h e  plasma c o n t r o l  windings as t h e  

p l~srna  i s  heated, In addition, the asymmetry which is b u i l t  i n t o  t h e  

pol-oidal f ie1-d i.n ~ q .  (1%) i s  reflected tn a need. t o  r ca r~ange  the d i s t r i -  

bu t ion  of plasma e o n t r o l  winding c u r r e n t  as -t;he plasma pressi i~e i s  increased .  

e q u i l i b r i a  show 8 n a t u r a l  D-shape, we'' have analyzed t h e  di .str ibut, ion of 

currenl;s which  would. be m q u i r e d  t o  s u s t a i n  such an equilibrium. Figure 

1.3 shows FA typical. case.  A set of' c o i l s  I_ocated on the contour L a t  a 

d i s t a n c z  d from Lhe s u r f a c e  of t h e  plasma i s  used t o  provide the equi1i.b- 

rLwn as t h e  beta poloj-dal. of .the plasma i s  increased by e3, heatLng technique.  

Figure l.4 shows the d i s t r i b u t i o n  of c u r r e n t s  on t h e  surface 71, dulning t h i s  
lieatiing process f o r  two different values of t h e  s e p a r a t i o n  d. It i s  c lear  

S i n c e  t h e  nrnmerical results f o r  the shape of h igh  beta Plux-canse:rvisg 
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]:jig. 14. Figure 14  shows the currcnt distr.i-butican along the cantoear 
JA s f  Figure 15 riecessary to maintain the plasiaaa i n  equilibrium as t he  
polaidal  beta i s  r a i  sed from .5  to a value s f  2.4. For two values QE 
t h e  scpamt.ion distance, t he  camrent d i s t r i h u t i  on f o r  the  h ighcr  beta 
plasma shifts (as expected) from the i n t e r i o r  sf  the contour t o  the 
ex te r io r .  
s u r f a ~ e ,  negative currents m u s t  be generated i n  t h e  region of the plasma 
t i p  e Na drastic modi-ficatian o f  the cur ren t  distribution i s  required t o  
maintain the high bcta plasma i n  equi l ibr i~am,  

As t h e  cquilibri.eanuu. c o i l s  are s h i f t e d  further from the plasma 
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