
3 445b D5LS47b b 



. 

Printed in the [Jnited States o f  America. Available f rom 
National Tec hn ica I I n f or ma tio n Service 

I1.S. Depat-trnenl of Commerce 
5205 Port Royal Road, Springfield, Virginia 22161 

Frrce: Printed Copy $5.45; Microfiche $3.25 

.. . . .~-...__....-__....___.__I___ .... ___I_ 

This report was prepared as an account of work sponsored by the Uni ted States 
Government. Neither the Uni ted States nor the Energy Research and Development 
Administration, nor any of their employees, nor any o f  their contractors, 
subcontractors, or their employees, m k e s  any warranty, express or implied, or 
assumes any legal l iabi l i ty or responsibility for the accuracy, cornplcreness or 
usefulness of any information, apparatus, produc? process disclosed, or represents 
that i t s  use would n o t  infringe privately owned rights. 



OKNI?4906 
UC-32 -- &thematics and Coniputers 

Contract No. %a-7405-eng-26 

COMPUTER SCIENCES 13IVI S 'ION 

COMPUTATIONS Tmrxs, AND APPROXIMATIONS FOR 

GRAIN BOUNDARY IIIFFUS ION THEORY 

R. E. Funderlic and Gale Y o u n g  

MARCH 1975 

OAK RIDGE NATIONAL LABORATORY 
Oak Ridge ,  Tennessee 37830 

opera ted  by 
U N I O N  CARBIDE CORPORATION 

f o r  the 
ENERGY RESEARCH hYD DEVELOPMENT ADMINISTRISTION 

3 4456 0535476 b 





ACKTTOWIXD NTS 

The au thor s  wish t o  thank P. T. Carlson and Richard Perkins  of 

Oak Ridge Nat iona l  Laboratory f o r  h e l p f u l  cr i t ic isms and sugges t ions .  

They read and made comments on an e a r l y  draEt  of t h e  re la ted journal. 

a r t ic le  [lo] which contained some of t h e  numerical  results of t h i s  

r e p o r t .  

This r e p o r t  was p a r t i a l l y  supported through funds provided by 

rhe Mathematics and S t a t i s t i c s  Research Department of the  Computer 

Sciences Div is ion .  





V 

c ONTENTS 

Page 

Abst rac t  . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 

I . l n t r o d u c t i o n  and Equations . . . . . . . . . . . . . . . . .  1 
1 1  . Asymptotic Approximations . . . . . . . . . . . . . . . . .  7 

1x1 . Another Approximation w i t h  Examples . . . . . . . . . . .  9 

IV . Programming and Numerical Considerations . . . . . . . . .  11 
V . Guide t o  Tables . . . . . . . . . . . . . . . . . . . . . .  15 

V I  . Tables . . . . . . . . . . . . . . . . . . . . . . . . . .  17 

Appendix - Program Listing of Concentration at 1 3 = ~  . . . . . .  59 
References . . . . . . . . . . . . . . . . . . . . . . . . . . .  65 





a 

COMPUTATIONS, TABLES, AND APPROXIMATIONS POK 

GKAIN H0UNT)ARY DIFFUS LON THEORY 

R. E. FunderLic. and Gale Young 

__... 

--- __PI__- 

ABSTRACT 

T h i s  r e p o r t  complements the au thor s '  j o u r n a l  a r t i c l e  on 
the g r a i n  boundary d i f f u s i o n  theory of Fishe r  and 
Within the s t anda rd  assumptions and approximations of t h i s  
theory, some new tables have been computed f o r  t l i ~  concentra- 
t i o n  i n  the  g r a i n  boundary and f o r  t h e  average concen t r a t ion  
in slices c u t  p a r a l l e l  t o  t h e  f ree  s u r f a c e  i n  s e c t i o n i n g  
experiments. Also t abu la t ed  are some related quantities f o r  
use i n  connect ion with asymptot ic  and o t h e r  approximations e 

T h e  p e r t i n e n t  i n t e g r a l s  were eva lua ted  by s e v e r a l  tech- 
niques.  An adap t ive  Newton-Cotes routine was found to be the 
most e f f e c t i v e .  

1, LNTRODUCTLUN AND EQUATIONS 

It i s  intended t h a t  t h i s  r e p o r t  be a numerical  c.ompl.emerat to t he  

authors' j ou rna l  a r t ic le  [lo] on grain-boundary d i f f u s i o n  theory,  

We expect  Lhat i t  would b e  h e l p f u l  t o  r e f e r  t o  t h e  j o u r n a l  article 

whi l e  r ead ing  t h i s  r e p o r t .  However, we do g i v e  a b r i e f  review. 

Following F i s h e r  [l], w e  p i c t u r e  a g r a i n  boundary as a t h i n  

s lab extending i n t o  a s e m i - i n f i n i t e  c r y s t a l  (F ig ,  1 )  The df i f tas ion  

c o e f f j c i e n t  is h igh  i n  the g r a i n  boundary and l o w  i n  the c r y s t a l .  me 

d i f f u s i n g  material Elas ze ro  i n i t i a l  concen t r a t ion  throughout the 

s o l i d  and is t h e n  maintained a t  unit concen t r a t ion  at the free sur-  

face from zero t i m e  onward. 

Deep d i f f u s i o n  takes place  mainly b y  f l o w  along the y d i r e c t i o n  

in t h e  g r a i n  boundary, followed by sidewise spreading l n r o  the  c r y s t a l ,  
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Because the g r a i n  boundary is  t h i n  and h a s  a h igh  d i f f u s i o n  c o e f f i c i e n t  

the concen t r a t ion  v a r i a t i o n s  ac ross  i t s  th ickness  2a are assumed 

t.u b e  n e g l i g i b l e ,  so  t h a t  C = C ( y , t ) .  The governing equat ion  in t h e  

g r a i n  boundary is  then  

a D q  a’C/ay’ = a a C / a t  f f (y ,  t )  , (11 

where f i s  Lhe rate o f  s idewise  flow i n t o  un.it area of t h e  i n t e r f a c e  

a t  x = a between t h e  crystal. and the g r a i n  boundary. 

We f u r t h e r  assume t h a t  e s s e n t i a l l y  a l l  of t h e  d i f f u s i n g  material 

spreads  s idewise  i n t o  t h e  crystal, so t h a t  t he  f i r s t  t e r m  on the  r i g h t  

may be neglec ted  and Equation (1) reduces t o  

Then [ l o ]  t he  concen t r a t ion  i n  t h e  c r y s t a l  i s  given [ 9 ]  by the 

loniipple formula C = C 1  f C z ,  where 

are expressed i n  terms of t h e  dinlensionless v a r i a b l e s  

w h e r e  D Ss t h e  d i f f u s i o n  c o e f f i c i e n t  i n  the  crystal . .  

The p resen t  r e p o r t  i s  concerned wi th  t h e  numerical  eva lua t ion  of 

C a t  = 0 (whjch is t h e  concen t r a t ion  i n  the  g r a i n  boundary),  and 

the i n t e g r a l  o f  C2 over  6 from 0 to LO (which i s  p ropor t iona l  t o  the  



average concent ra t ion  i n  a deep l y i n g  s l ice  c u t  p a r a l l e l  t o  the free 

su r face ) .  Those q u a n t i t i e s  are func t ions  of G and B. The first is  

where 

whi le  the second which is  d iscussed  by T,eClaire [ 6 ]  is  given by 

Table 1 gives  C f o r  @ = m .  I n  t h i s  case 

= 2n-1/2 Irn exp(-x2)er fc  V dx , V = C2/(8x2) ( 4 )  coo 0 

Table 10 g ives  c f o r  B - 0  . I n  this case 

03 - 
Cm = 4 ’ f ~ - ’ / ~  1 [TT-’/’ exp(-V2) V e r f c  V]e-xix , V = G2/(8x2) . 

0 

(5) 

The usefu lness  of c e r t a i n  d e r i v a t i v e s ,  e .g . ,  $’  = -C ’ /C ,  w i l l  be 

deveI.oped in  Sec t ion  I [I. Numerical va lues  f o r  these d e r i v a t i v e s  appear 

i n  Tables 1-18 and may b e  c a l c u l a t e d  from the fol lowing formulas.  I n  

each i n s t a n c e  a change of v a r i a b l e s  g ives  t h e  second formula f o r  each 

d e r i v a t i v e ,  For  B f i n i t e  we  have 

= - ( z 3 i 2 / 7 r )  t0 exp[-G’/(8x2)-(x2-s2)2]dx , 
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and 

where V = G2/(8x2) - 1 / ( 2 6 ) ,  u2 = l ; G 2 / 4 ,  and s = (28)’ 1 /7. 

‘For B infinite we have 

and 

dc/dG = - G T I - ~ / ~  !* x - ~  exp(-x’))erfc(V)dx 
0 

= - Z3I2 TT-’/’ f exp(-V)erfc(x2)dx , 
0 

where V = Gz/(8x2) . 
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11. ASYMPTOTIC APPKOXIMATIONS 

WhippPe [ 9 ]  gave the  fo l lowing  asymptot ic  formula: 

Ln Table  1, since /3 = m  w e  l e t  

Thus w e  can expec t  t ha t  

Although Table 1 h a s  a maximum va lue  of G = 15 w i t h  A ( L 5 )  = 1.1214, w e  

computed some v a l u e s  of A f o r  1.arge G ,  e.g., A ( 7 0 )  =1.1554 arid 

A(F30) = 1.1562, Were w e  were a l r e a d y  near ing t h e  l i m i t s  of the usua l  

f l o a t i n g  p o i n t  a r i t h m e t i c  on our  machine ( I B M  360/91) s i n c e  

~ ( $ 0 )  1: ( 1 . 1 6 ) 1 0 - ~ ~  . 
Also from Equation ( l o ) ,  

In Tables  2-9 w e  l e t  

Again w e  can expect That Equat ion (12) w i l l  be satisfied,  
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As was mentioned, Le Claire has discussed an integral ( 3 )  which 

is  important i n  s e c t i o n i n g  experiments. Integration of Equation (13) over 

5 f r o m  h) t o  a gives  a n  asymptotic fonnuLa f o r  the i n t e g r a l  (3): 

- 
where p = 2'16 8(3n)-'I2 . 
[ l o ]  by a factor  of (D ' I ' )1 /2  . 

Here C differs from the in our related paper  

I n  T a b l e  10, s i n c e  B = a  , we let  

We can expect 

lim 
G - t m  

= 2 ' 1 6  8(3n)-'I2 = 2.9250 . 

Our experience for  large G w a s  

- ...* 
A ( 5 0 )  = 2.8475 , A ( 6 Q )  = 2.8538 , 

A ( 7 0 )  = 2,8749 , A(80) = 2.8829 . - .... 

In  TabI.es 11-18, has the a d d i t i o n a l  factor 

The above asyrilptotic formulae g ive  t h e  motivat ion f o r  Tables 1 9  and 20 

Thus f o r  large G the values in T a b l e s  19 and 20 should tend to 

2 a 4 / 3  = 0.39685 . 
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111. ANOTHER APPROXIMATION WITH EWPPLES 

A convenient approximation f o r  concen t r a t ion  t h a t  h a s  appeared i n  

t h e  l i t e r a t u r e  [ 6 , 7 J  is 

One could use  non l inea r  least  squa res  and t h e  t a b u l a t e d  va lues  f o r  

Cp i n  Table  1 t o  o b t a i n  u s e f u l  cx, b and y. Reciprocal  4 as a weight may 

improve s l i g h t l y  the  r e l a t i v e  accuracy of t h e  f i t ,  

t r a t e d  i n  t h e  Following example should b e  u s e f u l  t o  those  wi thou t  quick 

access t u  a computer. Also, i t  can provide good i n i t i a l  estimates f o r  a 

non l inea r  least squa res  procedure. 

A technique i l l u s -  

Example: L e t  @' = d@/dG. Then 

For our example w e  choose G =  3 and G = 10 and, as suggested by (19) 

pass  a s t r a i g h t  l i n e  through t h e  p o i n t s  Llog 3, log Q V  ( 3 ) . ]  and 

y - 1 = [log +"lo) - l o g  (0"(3)]/(log 10  -- l a g  3 )  3 

o r  

y 1.24014 . 
Take y-1.24. Then by ( 2 0 )  and Table 1, b T s  found to be  0.65748 by 

use of (19) a t  either po in t .  Using t h e s e  va lues  f o r  y and b a t  the p o i n t  

6 = 3 ,  Equation (18) g i v e s  a = 0 , 2 7 3 7 8 ,  while a t  G = l 0 ,  we o b t a i n  afz0.119631. 
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In  order t o  d i s t r i b u t e  t h e  r e l a t i v e  e r r o r  more uniEormly throughout t h e  

i n t e r v a l ,  we  take  the average of t hese  va lues ,  namely a 7 0.23505 o r  

exp(-a) = 0.7905. This makes ] l o g  C / C l  have e q u a l  vali ies a t  G = 3 and 

G - L O ,  where C i s  the  va lue  ca l cu la t ed  from ( 4 ) ,  which appears  i n  Table 1, 

and C is the approximate va lue  given by (21).  This  i s  n e a r l y  the  same 

as equa l i z ing  I (C-C>/Cl a t  the  t w o  p o i n t s .  

be determined by e x a c t l y  equa l i z ing  the  abso lu te  percentage e r r o r  a t  

G 3 and G = 10. 

A 

A 

h 

A l t e r n a t i v e l y ,  a may e a s i l y  

Table 2 1  was produced by us ing  

c  ̂ 0.7905 e ~ p ( - - O . 6 5 7 5 G ” ~ ~ )  . (21 )  

Furthermaare, Table 2 1  u ses  

% 
C 0.7087125 e ~ p ( - Q . 6 3 4 9 6 . 5 2 G ~ * ~ ~ ~ ~ ‘ ~  > -  

% 
T h e  parameters f o r  C were obtained froin a nonl inear  least  squares  f i t .  

Concentrat ion d a t a  from Table 1 with G = 3, 4 ,  5 , .  . . , 10 was used to 

o b t a t n  t h e s e  parameters .  The computer program used w a s  received from 

Professor  G. Golub of S tanford  I Jn ivers i ty  and w a s  based on a paper  of 

Golub and Pereyra [ 3 ] .  

f o r  y, as b and a are obta ined  from a l i n e a r  least squares  scheme dur ing  

each i t e r a t i o n  t o  o b t a i n  y. 

The ].east squares  scheme r e q u i r e s  only an estimate 



The i n t e g r a l s  (2-9, incl .usive) w e r e  evaluated on an  :LBM 360,  Hodel 

93.. We experimented wi th  s e v e r a l  numerical  i n t e g r a t i o n  subrou t ines  12, 

4 ,  5 ,  81. W e  implemented a l l  of our r o u r i n e s  i n  double p r e c i s i o n  because 

our computer c o s t s  l i t t l e  e x t r a  f o r  t h i s .  We found R double p r e c i s i o n  

implementation of CCQUAD [ 2 ]  t o  be a p a r t i c u l a r l y  goad g e n e r a l  r o u t i n e .  

CCQUAJl uses  a n  automatic s t r a t e g y  based on the  Clemshaw-Curtis quadra tu re  

formula 121. "Automatic" h e r e  means t h a t  when the  c a l c u l a t e d  est imated 

e r r o r  is more than  a predetermined d e s i r a b l e  v a l u e ,  t h e  number of integrand 

c a l c u l a t i o n s  i n c r e a s e s  i n  an  a t t empt  t o  improve t h e  c a l c u l a t e d  i n t e g r a l .  

R. Jones of Sandia a t  Albuquerque made e x t e n s i v e  c o ~ ~ p a r i s ~ n s  w i t h  several. 

a v a i l a b l e  r o u t i n e s  a f t e r  we  gave him CCQUAD. 

i n  our  Computer L ib ra ry .  CCQUAD and t h e  o t h e r  r o u t i n e s  we t r i e d  d i d  n o t  

do as w e l l  as ANC6 [ 4 ] ,  which is s p e c i a l l y  s u i t e d  t o  t h e  shape of our  

H i s  results are a v a i l a b l e  

in t eg rands  e A t y p i c a l  i n t eg rand  appears  i n  Figure 2.  This integrand 

exp(-x2 j e r f  c(l/ (8x2)), i s  based on Equation ( 4 )  wi th  G I- 3, Qur experi-  

ence was t h a t  a l though t h e  peaks of t h e  in t eg rands  s h i f t  i n  p o s i t i o n  and 

h e i g h t ,  t h e  widths  remain almost  constant: w i th  i n c r e a s i n g  G. ANC6 [ 4 ]  

is an a d a p t i v e  7-point Newton Cotes r o ~ i t i ~ e .  P'Adaptive'' means t h a t  t h e  

rout ine  a u t o m a t i c a l l y  u s e s  more in t eg rand  e v a l u a t i o n s  where t h e  in t eg rand  

changes most r a p i d l y .  With our minimal knowledge of ANC6,  i t  appears  t h a t  

t h e  u s e r  must supply  an estimate of t h e  a b s o l u t e  e r r o r  t h a t  he is  w i l l i n g  

t o  t o l e r a t e .  Therefore ,  t h e  u s e r  m u s t  know t h e  approximate answer. As 

G changes, w e  use t h e  l a s t  value of an i n t e g r a l  t i m e s  IO-* as the new 

e r r o r  t o l e rance .  For Large G and indeed f o r  any i so l a t ed  c a l c u l a t i o n  of 
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t h e  i n t e g r a l s ,  t h e  asymptot ic  approximation of Sec t ion  can provide e r r o r  

estimates t o  an  i n t e g r a t i o n  program. 

i n  the Appendix. 

A l i s t i n g  t o  p repa re  Table I. appears  

Mthough both formulas f a r  each of (6, 7, 8, 9 )  were used w i t h  equa l  

results, the second formula i n  each case was used t o  p repa re  Tables  1-18, 

Probably t h e  double p rec i s ion  could he changed t o  s i n g l e .  Also,  

o ther  s t r a t e g i e s  could be incorpora ted  t o  improve e f f i c i e n c y ,  e.g. ~ take 

advantage of t h e  l o c a t i o n  of the. integrand peaks.  Since the computational 

c o s t s  a t  our i n s t a l l a t i o n  are low, no a t t empt  w a s  made t o  implement many 

e f f i c i e n c y  improvements. The  approximate IBM 360/91 t i m e  and c o s t  t o  

produce Table 1, inc luding  compilat ion,  computation, and inpul -output ,  

were 3.8 seconds and $0.45, r e s p e c t i v e l y .  Typical  of t h e  e f f i c i e n c y  of  

c a l c u l a t i n g  t h e  i n t e g r a l s  was t h e  157  in tegrand  e v a l u a t i o n s  f o r  C a t  

6 -- mt  G = 5. With a less s t r i n g e n t  e r r o r  t o l e rance ,  1 0 ~ ~  versus  UI-*, 

the number of in tegrand  eva lua t ions  dropped t o  61  and s t i l l  gave fou r  

d i g i t s  of accuracy except  for small G. 

-L S ince  f o r  T, 175, e i s  set  t o  zero on our  computer, we set  the  

u p p e r  l i m i t  of i n t e g r a t i o n  of t he  i n t e g r a l s  i n  (2 ,  3 ,  4 ,  5 ,  6 ,  7 ,  8) 

t o  13.5 and i n  (8) t o  4 .  A l l  of the c a l c u l a t e d  i n t e g r a l s  have in tegrands  

n o t  def ined  a t  0 wi thout  t ak ing  l i m i t s .  In each case we set t h e  in tegrand  

t o  i t s  I.2rni.t: 0 without  numerical  d i f f i c u l t i e s .  





v. GUIDE 'ro TABLES 

Table 1 g i v e s  t h e  concen t r a t ion  C a t  f3 = ms The c a l e u l a t i ~ n  of t h i s  

concen t r a t ion  makes use of Equation ( 4 ) .  The va lues  f o r  A are obtained 

from t h e  asymptotic formula (111). The symbol 0 s t a n d s  for - log C and 

i t s  u s e f u l n e s s  is  desc r ibed  in Sec t ion  IIT. The d e r l v n t i v e  of 4, @'3 

used i n  Sec t ion  I11 is  c a l c u l a t e d  from Equation (8) .  S:im:ilarly, C at 
- 

8 = 03 i s  c a l c u l a t e d  f r o m  (5 ) ,  f r o m  (151, and $' from (9).  These make 

up t h e  c o n t e n t s  of Table 10, 

For f i n i t e  C i s  c a l c u l a t e d  f rom (21, A from (141 ,  and $ '  f r o m  

(6). These make up t h e  c o n t e n t s  of Tables 2-9 where = 100, 10, 5, 2 ,  

1, %, ? l o 2  Y l o ,  r e s p e c t i v e l y .  S i m i l a r l y ,  C is calculated from ( 3 1 ~  A 

from (16) ,  and T' from ( 7 ) .  

f o r  t h e  v a r i o u s  v a l u e s  of 6. Tables 1 9  and 20 w e r e  motivated by (17). 

I- ._.. 

These make up t h e  c o n t e n t s  of Tables  ll.-l8 

Table 2 1  w a s  motivated by t h e  example i n  Sec t ion  111. 
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APPENDIX 

Frogram L i s t i n g  f o r  C at B = *3 
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4 08 

41 
30 

415 

THIS P R O G R A M  PRODUCES TABLE 1. THE P R I M A R Y  OUTPUT 
JS C FOR B E T A  = ZNFIWICTY. 

IEIPLPCIT REAL*8 IA-H,O-Z)  
D A T A  EOTTOH,%OP,TQPl, PH DELG, EPS ,NG/O,DO, 13 - 5  DO I )  

4. DO, 3.14 159265 35 89793D0 , 2. DO, 1. D- 8,7 6/ 
EXTERNAL CI 
PRINT 400 

*CONCENTRATION AND R E L B T Z D  QUANTITIES@,/,3BX, @VS. 
G FOR = @  ,/, 1 M O r 2 X .  ' G G " , 9 2 [ , * C * ,  1 3 X , '  a *  . l l X ,  

'LOG(6) ',36X,'EOG( ) * )  
R T P I = D S Q R T  (PI) 
c= 1 

FOBHAT (1H l,//rO2 X I  ' T A B L E  1 S J ,  22X e ' G R B I W  BOUNDARY ' 8 

G = ( l - 1 )  *DELG/1Q 
EPSl=DABS (C)*EPS 
EPS2=DABS [DC) *EPS 
IF(I,EQ.l)GO TO 5 
C=2*B#C6 (BOTTOM ,"H"D??,EPS I ,  NIT, 1,C'ICNT.G ,RTPIC) /RTFI 
P473=3,D0/2.**(0.D0/9) 

D C = A I C 6  (0 .DO, TOP1 , pIPS2, N I T 1  ,1 ,DCINT,  G, RTRI) 
IF (6, BE, 0 1 DLGG=DLOG (G) 
PHI=- DL06 (C) 
DC=-2,**(3.D0/2)*DC4PI 
D PHI= - DC/ C 
I P ( D P H Z I N E . O )  DLGDPH=DLQG(DPHI)  

ASPflP=C*G** (2,D0/3) *DEXP (P473*6** (4mD0/3) ) 

SKIP TO NEW PG, AFTER 6=7 (ASSUHES .2 S T E P S ) ,  

IF (IC- EQ.37) PRINT 406 
PORBAT(1H 1) 

DIFFERENT FOBHBT FOR G = 0 

IF (GI EQ.0) PRI~T406,G,C,ASYMP,P8P ,I)PRI: nDIIGDPH 
FQRHAT(1H F4.1, lP2El4.4,14X,3ElU.4) 
IF (G, RE. 0 )  PRINT 4 10 G c  C , ZLSY ff P, DLGG , PHI, DPHI , ~ L ~ D ~ ~  
FORHAT(1H F4.1, IP6314,4) 
CONTI HUE 
PRINT 415 
FORMAT ( 1 H  1) 
STOP 
END 
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D O U B L E  PRECISION I B N C 6 v A 1  ,BY, E P  g P U N i  A,  B,EPS,SUH PESUH, 
IF1 8 FS, P3, FW cF2, FTWFQ, FB ,FTP gPBP WPfl AX , FTST . E S T ~ B E S T I  
2AEST2,ABSAR ,DELTA gDIPFeDAFT,FAr SA, 
3TSWM,DA .XB, SX,ESI" 1,EST2,AEST1 
DOUBLE PRECISION PR, FS,fU,PG, X15,XS ,XU, X6, FOP 
Df HENSXON EST2(30)  ,?JRTR (30) 
D I R B N S I O N  F2 (30), F4 ( 3 0 )  ,PTP ( 3 0 )  , F B P ( 3 0 )  ,FTST ( 7 )  
DIHENSIC!# AEST2g30) ,XB (30) 
D I R E N S I O N  PI lP(38)  ,PO ( 3 0 )  

IF(N,LE.O1GC? TO 210 
I P ( N . G T e 3 ) G 0  TO 211 
A=A 1 
B = B 1  
EPS=EP*255,0DO 
ESUH=O., OD0 
TSUH=O. ODQ 
L,VL=l  
DA=B-A 
F'A=F[I# f G ,  V, A) 
FR=FON(G,V, (5,ODO*AaB) /6,0DO) 

FW=FUN (G,V, (AaB)*O.SDO) 
FT=FUN ( G ,  V, (A+Z.ODO*B) /3,ODO] 
FU=FUN(G,O, (B*SoODQ*B) /6aODO) 
PB=FWN (G, V, B) 
n=7 
P#&X=DABS (PA) 
FTST (1) = F t f A X  
PTST (2) =DABS (FR) 
FTST (3) =DABS (PS) 
PTST (4) =DABS (PH) 
PTST ( 5 )  =DABS (PT) 
FTST (6)  =DAB S (PU) 
PTST ( 7 )  =DABS (FB) 

C THE P A R A M E T E R  SETUP FOR THE INITIAL CALL 

FS=FUW(G,v, (2.0DO*A+B) / 3 a 0 1 D 0 )  

Do IO0 I=2,7 
IF ( F M A X a G E -  FTST (I)) GO TO IO0 
FB A X=FT ST (I 1 

100 COWTZNUE 
E S T z ( 4 1  .ODO*(FB+PB) +216aODO*(FR+PU) *27e QDB* (FS*FT) * 
+I 272 a O D O * P f f )  *DAJ84 0- OD0 

AB S A R =  ( 4 1 -0 D O* ( FT ST ( 1 ) + FT S T (7) 1 *2 1 6 (. 0 DO * ( 
1 FTST ( 6 )  ) +27 ODO* fmST ( 3 )  +FTST ( 5 )  ) + 272-0210 *PTST (4) 1 * 
2 D A / 8 4 O a  OD0 

AEST=BB SAB 

1 SX= ( D A P  (6.OD0*2.0DO**LVL) 1/14O, OD0 
c l=RECUR 
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6 IF (LVL- 1) 2,  
c 2=UP 

2 A=$ 
ESUM=ESUt¶+D AFT 
TSTJN=TS UM+S OH 

L=NRTR (LVL) 
9s LVL=LVL-1 

GO TO (11,12],L 
c 11 =Et 1,12=a2 

4 NRTR (LVL) =1  
EST=EST 1 
AEST=AESTS 
FB=FM 
PU=P5 
PT=FS 
PM=P3 
FS=PR ' 

PR=P1 
B= (A4B) / 2 , O D O  
EPS=EPS/2,0DQ 

7 LVL=LVL+1 
GO TO 1 

FA=FB 
FB=F2 (LVL) 
FS=FTP (LVL) 
PH=F4 (LVL) 
FT=FUP (LVL) 
FU=F6 (LVL) 
FB=FBP (LVL) 
B=XB (LVL) 
EST=ESTZ (LVL) 
AEST=AEST2 (LVL) 
GO TO 7 

11 NRTB (LVL) =2 

1 2  EPS=EPS*2*OCO 
I F ( L V L - 1 ) 5 , 5 , 9  

5 ANC6=TSUM-ESUH 
RETURN 
EN D 
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