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ABSTRACT 

ALPHA PARTICLE ENERGETICS AND NEUTRAL BEAM HEATING 

I N  TOKAMAK PLASMAS 

David George McAlees 

Under t h e  Supervis ion o f  Professor  W. K .  Forsen 

'En t h i s  work two key physics  areas fundamental t o  tokamak plasmas 

have been analyzed i n  d e t a i l .  

dynamics and are c r i t i c a l  t o  t h e  success  of  deuter ium-t r i t ium fue led  

Both c e n t e r  around plasma and p a r t i c l e  

fus ion  power systems a s  they  are p r e s e n t l y  envis ioned.  

The e n e r g e t i c  a spec t s  o f  t h e  3.5 MeV a lpha  p a r t i c l e s  produced i n  

D-T fus ion  events  a r e  examined and phys ica l  phenomena which can be 

expected t o  occur i n  f u t u r e  devices  conta in ing  alphas are p red ic t ed .  

The model of t h e  a lpha  p a r t i c l e  dynamics inc ludes  t o r o i d a l  magnetic 

f i e l d  g rad ien t  and curva ture  d r i f t s  and motion along t h e  magnetic 

f i e l d  l i n e s .  Guiding c e n t e r  motion o f  a lpha  p a r t i c l e s  i n  var ious  

s i z e  plasma systems i s  analyzed. I t  i s  shown t h a t  f i n i t e  gyro-radius  

e f f e c t s  p l a y  a b a s i c  r o l e  i n  determining alpha p a r t i c l e  behavior  f o r  

f e a s i b i l i t y  s i z e  plasmas ( I  = 2-5  MA). The a lpha  p a r t i c l e  containment 

p r o p e r t i e s  f o r  f e a s i b i l i t y  and r e a c t o r  s i z e  devices  a r e  computed. For 

devices  wi th  I > 2 MA, g r e a t e r  than  75 percent  o f  t h e  a lpha  p a r t i c l e s  

produced i n  t h e  plasma are conta ined ,  i . e . ,  a r e  on o r b i t s  which do not  

i n t e r s e c t  t h e  plasma boundary. 

such containment i s  acceptab le .  

From a plasma hea t ing  p o i n t  of view, 

Fast a lpha  p a r t i c l c  d i s t r i b u t i o n  func t ions  f o r  t h e  contained 

alphas are  c a l c u l a t e d  by i n t e g r a t i n g  t h e  source  func t ion  along t h e  

appropr i a t e  o r b i t  c h a r a c t e r i s t i c s  numerical ly .  The alpha p a r t i c l e  
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energy dens i ty  depos i t ion  r a t e  p r o f i l e s ,  momentum input  p r o f i l e s  and 

t h e  iiiagnitude of  e l e c t r o s t a t i c  charging i n  t h e  background plasma due t o  

a lpha p a r t i c l e  l o s s e s ,  are determined us ing  t h e  d i s t r i b u t i o n  func t ions  

cons t ruc ted .  Re la t ive  t o  t h e  r e s u l t i n g  hea t ing  p r o f i l e s ,  i n  lower 

cu r ren t  devi.ces ( I  F+: 2 MA.) t he  p r o f i l e  i s  broadened r a d i a l l y  and r e -  

duced i n  magnitude compared t o  t h e  alpha production p r o f i l e .  These 

r e s u l t s  a r e  due t o  l a rge  o r b i t  excursions and p a r t i c l e  l o s ses  from t h e  

system. 

ma cu r ren t  so t h a t  f o r  'I 2 10 MA t h e  hea t ing  and product ion p r o f i l e s  

can be assumed equal t o  a high degree o f  accuracy. 

These e f f e c t s  a r e  Eound t o  diminish f o r  l a r g e r  values  of  p l a s -  

P o t e n t i a l l y  d e l e t e r i o u s  e f f e c t s  inc luding  t o r o i d a l  f low v e l o c i t y  

inhomogeneities induced by the  momentum input: of t h e  alpha p a r t i c l e s ,  

plasma r o t a t i o n ,  and e l e c t r o s t a t i c  charging of  t h e  background plasma 

due t o  a lpha  p a r t i c l e  l o s ses  a r e  exainined. 

I t  i s  concluded t h a t  t h e  ene rge t i c  e f f e c t s  o f  a lpha  p a r t i c l e s  

present  no apparent problems f o r  reactor s i z e  ( I  2 10 MA) plasmas. In  

f e a s i b i l i t y  s i z e  devices  ( I  = 2-5 MA],  e l e c t r o s t a t i c  charging i n  t h e  

background plasma requ i r e s  f u r t h e r  s e l f - c o n s i s t e n t  cons ide ra t ion .  

A model i s  developed t o  determine t h e  energy d e n s i t y  depos i t ion  

r a t e  p r o f i l e s  f o r  n e u t r a l  beam i n j e c t i o n  i n t o  a tokamak. The hea t ing  

p r o f i l e s  i n  t h e  background plasma due t o  n e u t r a l  beam i n j e c t i o n  and 

alpha p a r t i c l e  product ion a r e  coupled t o  s tudy t h e  s t a r t u p  of a l a r g e  

CTR r e a c t o r .  A two-f lu id  space tirile c o m p t e r  model i s  used t o  simu- 

l a t e  t he  overall .  plasma behavior .  The s imula t ion  model inc ludes  neo- 

c l a s s i c a l  ion  conduction, pseudoclass ica l  e l e c t r o n  conduction, e lectron-  

ion r e the rma l i za t ion ,  bremsstrahlung and synchrotron r a d i a t i o n ,  ohmic 
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hea t ing ,  a lpha  p a r t i c l e  and n e u t r a l  beam hea t ing  te rms .  Ques t ions  of  

beam energy depos i t i on  p r o f i l e s ,  energy requirements f o r  n e u r r a l  pene- 

t r a t i o n  i n t o  t h e  plasma, and beam power requi red  t o  achieve i g n i t i o n  

o r  p re sc r ibed  heatup r a t e s  are  examined. The a n a l y s i s  i s  p r imar i ly  

f o r  t h e  5000 MW(th) conceptual fu s jon  r e a c t o r  IJWMAK-I s t ud ied  by t h e  

Univers i ty  o f  Wisconsin. Typica l ly ,  beam energ ies  of s eve ra l  hundred 

k i l o v o l t s  and powers of - 50 MW provide adequate pene t r a t ion  and i g n i -  

t i o n  times i n  t h e  range of 2 t o  10 seconds.  The s e n s i t i v i t i e s  of t h e  

time requi red  t o  achieve i g n i t i o n  and r e s u l t i n g  heatup rates  t o  changes 

i n  i n j e c t i o n  energy (100 t o  500 keV) and beam power (10 t o  75 MW) a re  

a l s o  determined. 
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I, INTRODUCTION 

Many problems w i l l  be  encountered i n  t h e  process  of developing 

present  day plasma confinement devices  i n t o  f u t u r e  fus ion  power systems. 

For example, r e l a t i v e  t o  t o r o i d a l l y  confined plasmas, n e u t r a l  beam hea t -  

ing  techniques are i n  t h e  e a r l y  s t a g e  of  i n v e s t i g a t i o n  and w i l l  cont inu-  

ous ly  demand technologica l  advances as power and energy l e v e l  r cqu i r e -  

ments i nc rease .  

r e q u i r e  a u x i l i a r y  systems capable of  liandling enormous amounts of energy. 

Radioact ive systems arid s t r u c t u r e  a l s o  w i l l  p l ace  new demands on remote 

maintenance methods, a c c c s s i b i l i t y  requirements and s h i e l d i n g  considera-  

t i o n s .  In  a d d i t i o n ,  fundamental u n c e r t a i n t i e s  i n  seve ra l  areas inc lud-  

i n g  t h e  plasma physics  d e t a i l s  of Teactor type  plasmas suggest  t h a t  un- 

foreseen  problems will ar ise .  

Larger plasma c u r r e n t s  and h ighe r  magnetic f i e l d s  w i l l  

The need f o r  a ser ies  of experiments which w i l l  provide t h e  relevant  

information along t h e  path t o  a power r e a c t o r  js c l e a r .  Also ,  t h e o r e t i -  

c a l  analyses  and conceptual designs of a l l  a spec t s  o f  f u t u r e  systems a r e  

needed t o  uncover problems a p r i o r i  and allow some o f  thcm t o  be circum- 

vented by t imely  innovat ive  design e f f o r t s .  

In  t h i s  work an attempt has been made t o  a n t i c i p a t e  two key physics  

a reas  fundamental t o  tokamak plasmas and t o  analyzc them i n  d e t a i l .  

Both c e n t e r  around plasma and p a r t i c l e  dynamics and both  are c r i t i c a l  t o  

t h e  eventual  success  of  deuter ium-t r i t ium CD-T) fue l ed  fus ion  power 

s y s t e m  as they  are  p r e s e n t l y  envis ioned.  

A f i s s i o n  system becomcs s e l f - s u s t a i n i n g  o r  cri t ical .  when a p a r t i -  

c l e  balance betwccn neut ron  sources and l o s s e s  i s  a t t a i n e d .  The cquiva- 

l e n t  s e l f - s u s t a i n i n g  condi t ion  i n  a f u s i o n  system i s  def ined  from an 
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e n e r g e t i c  po in t  o f  vi.ew. This concept of  i g n i t i o n  i s  developed i n  de- 

t a i l  l a t e r  but  e s s e n t i a l l y  i g n i t i o n  r e f e r s  t o  an instantaneous balance 

between t h e  energy de l ive red  t o  t h e  plasma as a r e s u l t  o f  fus ion  events  

and t h e  energy l o s t  from t h e  plasma by a l l  l o s s  mechanisms. In t h e  case  

of  a magnet ical ly  confined D-T plasma, t h e  energy input  i n t o  t h e  plasma 

due t o  fus ion  can come o n l y  from t h e  - J . S  MeV alpha  p a r t i c l e  produced 

s ince  .the 1 4 . 1  MeV neutron i s  not  confined.  

opera te  i n  t h e  r e g h e  where t h e  a lpha  p a r t i c l e  component of t h e  plasma 

i s  p re sen t .  Such operat ion i s  the goal o f  f u t u r e  devices .  Thus, i t  i s  

of i n t e r e s t  t o  analyze t h e  ene rge t i c  a spec t s  of  a lpha  p a r t i c l e  behavior 

and p r e d i c t  what phys ica l  phenomena can be expected t o  occur i n  f u t u r e  

devices  containing a lpha  p a r t i c l e s .  To do s o  t he  e f f o r t  here  has  been 

focused on a p a r t i c u l a r  a lpha p a r t i c l e  model. 

f l e c t s  t h e  necessary o r b i t  d e t a i l s  t o  permit a determinat ion of t h e  di.s- 

t r ibu t i .on  func t ion  o f  fas t  a lpha p a r t i c l e s  r e s u l t i n g  from a given r a d i -  

al . ly dependent soiirce r a t e .  From t h e  f a s t  a lpha  d i s t r i b u t i o n  func t i  on, 

es t imates  of t h e  dens i ty  o f  fas,t: a lpha p a r t i c l e s ,  t h e i r  r a d i a l l y  depen- 

dent  energy depos i t ion  r a t e  p r o f i l e s ,  s p e c i f i c  momentum p r o f i l e s  (both 

on a f l u x  sur face  and averaged over a f l u x  su r face )  and the magnitride 

of e l e c t r o s t a t i c  charging i n  t h e  plasma a r e  inade. 

a r e  rnani f e s t a t i o n s  of  f i n i t e  gyro-radius  e f f e c t s  which are included i n  

the ana lyses .  P o t e n t i a l l y  d e l e t e r i o u s  e f f e c t s  of  a lpha p a r t i c l e s  on 

t h e  background plasina i n  a f e a s i b i l i t y  s i z e  device (plasma cu r ren t  be-  

tween 2-5 MA) a r e  suggested.  I t  can be concluded t h a t ,  gene ra l ly ,  a lpha  

pa r t i - e l e s  and t h e i r  assoc ia ted  e f f e c t s  should p re sen t  no problems i n  

r e a c t o r  s i z e  ( I  2 10 MA) devices .  

Ex i s t ing  experiments do not  

The dyiiaiiic model r e -  

Some of  t hese  r e s u l t s  
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Tn o rde r  t o  achieve i g n i t i o n ,  a supplemental means of hea t ing  the  

plasma i s  necessary  s i n c e  ohmic hea t ing  a lone  i s  i n s u f f i c i e n t .  The 

prospect  o f  hea t ing  t o r o i d a l l y  confined plasmas by e n e r g e t i c  n e u t r a l  

beam i n j e c t i o n  has  s t imu la t ed  much i n t e r e s t  and optimism i n  t h i s  tech-  

n ique .  P red ic t ions  for presen t  day e ~ p e r i m e n t s l - ~  lend support t o  the  

optimism. 

i n  an e a r l y  s t a g e ,  recent  r e s u l t s  from ATC, and OWAK devices  

i n d i c a t e  progress  i n  beam hea t ing  techniques arid show no apparent  ad- 

ve r se  e f f e c t s  on plasma confinement. Fu r the r ,  t echnologica l  develop- 

ments toward h ighe r  energy and power n e u t r a l  beam systems a r e  a n t i c i -  

Although t h e  tokamak i n j e c t i o n  experimental  program i s  s t i  11 

5 7 

pated i n  support  o f  next  genera t ion  experiments.  8 9 9  

To assess the f e a s i b i l i t y  of developing large,  power producing 

plasmas which are hea ted  by n e u t r a l  beam i n j e c t i o n ,  t h e  encrgy and power 

requirements have been determined f o r  compatible n e u t r a l  beam i n j e c t i o n  

systems. Questions o f  bcam energy depos i t i on  p r o f i l e s ,  beam cnerg ies  

nceded t o  ob ta in  adequate n e u t r a l  p e n e t r a t i o n  i n t o  the plasma and power 

requirements t o  achieve i g n i t i o n  o r  p re sc r ibed  plasma heatup rates, are 

examined. The a n a l y s i s  i s  p r imar i ly  f o r  t h e  5000 MVJ (th) conceptual 

Fusion r c a e t o r  system r e c e n t l y  s tud ied  by the n i v e r s i t y  of Wisconsin. 

However, t h e  results a r e  gcne ra l ly  app l i cab le  t o  t o r o i d a l  systems and, 

wherever p o s s i b l e ,  t h e  imp l i ca t ions  o f  t h e  r e s u l t s  €or o t h e r ,  i n  par -  

t i c u l a r ,  sma l l e r  s i z e  plasmas are i n d i c a t e d .  

10 

The work which follows then cen te r s  around a lpha  p a r t i c l c  dynamics 

and t h e i r  impl ica t ions  on both f e a s i b i l i t y  and r e a c t o r  s i z e  plasmas and 

t h e  response of t o r o i d a l l y  confined plasmas zo neutral  beam i n j e c t i o n  

dur ing  t h e  i g n i t i o n  phase of s t a r t u p .  I n  both cases t h e  model used i n  



4 

t h e  ana lys i s  i s  f i r s t  developed, then t h e  d e t a i l s  of t h e  ana lys i s  i t s e l f  

and, f i n a l l y ,  t he  r e s u l t s  arid conclusions.  
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A .  Model Development -.- 

'fie model developed t o  desc r ibe  t h e  motion of  charged p a r t i c l e s  i n  

a t o r o i d a l  device  must s a t i s f y  two gu ide l ines .  F i r s t ,  i t  must be funda- 

mental so  as t o  r e t a i n  t h e  e s s e n t i a l  f e a t u r e s  of  t h e  o r b i t  phys ics  such 

as  t rapped p a r t i c l e s ,  dominant d r i f t  motions and s o  on. 

however, it must be s i m p l i f i e d  so as t o  permit  many s i n g l e  pa r t j . c l e  

In  a d d i t i o n ,  

o r b i t  c a l c u l a t i o n s  t o  be used e f f i c i e n t l y  t o  cons t ruc t  r e s u l t s  i n  the 

form o f  d i s t r i b u t i o n  func t ions .  

motion f o r  s i n g l e  p a r t i c l e s  

I n t e g r a t i a n  of t h e  b a s i c  equat ions of 

would be p r o h i b i t i v e .  

The geometry r e f e r r e d  t o  throughout t h i s  paper  i s  shown on Fig .  1 .  

The quas i - to ro ida l  coord ina tes  ( r ,O,$) ,  t h e  major r ad ius  ( R )  , and t h e  

local Car t e s i an  coord ina tes  (x ,y ) ,  taken i n  a $ = cons tan t  p lane ,  are 

a l l  used below. 

( R  >, plasma cu r ren t  d e n s i t y  (J) ,  and as a consequence t h e  po lo ida l  

magnetic f i e l d  ( R  ) a r e  assumed. Since t h e  phys ica l  r e s u l t s  a r e  inde-  

pendent o f  t h e  d i r e c t i o n  of t h e s e  q u a n t i t i e s ,  they  are d i r e c t e d  as 

Def in i t e  d i r e c t i o n s  f o r  t h e  t o r o i d a l  magnetic f i e l d  

$ 

e 

shown on Fig.  2 t o  fac i l i t a te  la te r  d i scuss ions .  Thus, "costreaming" 

always refers t o  p a r t i c l e s  fol lowing d r i f t  o r b i t s  away from t h e  r eade r  

as shown on Fig .  2 such t h a t  vll 

due t o  t h e  t o r o i d a l  g rad ien t  and cu rva tu re  i s  i n  t h e  +y d i r e c t i o n  and 

-P 4 
J > 0 i n  genera l .  Also, d r i f t  motion 

f i e l d  l i n e s  r o t a t e  clockwise when the observer  moves i n  t he  same 

d i r e c t  ion  as t h e  131 asma c u r r e n t .  

Guiding c e n t e r  o r b i t  equations are used throughout t o  compute pa r -  

t i c l e  motion. For a lpha  p a r t i c l e s ,  due t o  t h e i r  mass and high v e l o c i t y ,  



gyro-radi i of s eve ra l  cen t imeters  are t y p i c a l  f o r  f i e l d  s t re i ig ths  of 

about 50 kG as a n t i c i p a t e d .  However, s i n c e  dcvices  conta in ing  alphas 

a l s o  t y p i c a l l y  a r e  v i sua l i zed  t o  have s c a l e  lengths  on the  order  of  

meters ,  t h e  guiding cen te r  approxiination i s  adequate a s  w i l l  be  shown 

below. 

The t o r o i d a l  system i s  assumed t o  be axisymmetric r e l a t i v e  t o  t h e  

v e r t i c a l  c e n t r a l  a x i s .  Thus t h e  guiding c e n t e r  equat ions of  motion 

a r e  c y c l i c  i n  t h e  t o r o i d a l  coordinate  ($) and t h e  canonical angular  

momentum (p ) i n  th i s  d i r e c t i o n  i s  conserved. l1 

i s  r e s t r i c t e d  t o  monoenergetic a lpha  p a r t i c l e s  ( 3 . 3  MeV) and s p a t i a l  

o r b i t  e f f e c t s  a r e  taken i n t o  d e t a i l e d  account.  The i n t e r e s t  h c r c  i s  t o  

determine t h e  c h a r a c t e r i s t i c s  of  t h e  fas t  a lpha  p a r t i c l e  spec ie s  which 

w i l l  be present  i n  a l l  devices  t h a t  bun? deuterium f u e l .  Also, from a 

h e a t  input  p o i n t  of view, t h e  contairlment p r o p e r t i e s  f o r  f a s t  a lpha  

p a r t i c l e s  a r c  o f  foremost importance. That i s ,  t h c  time s c a l e  O F  

i n t e r e s t  i s  

Fur the r ,  t h e  a n a l y s i s  4 

where T i s  t h e  bounce time requi red  f o r  a p a r t i c l e  t o  execute  one 

bounce o r b i t  and T i s  the  slowing down time, ( I t  i s  shown i n  a la ter  

chapter  t h a t  t h e  t i m e  scale r e s t r i c t i o n s  a r e  of  l i t t l e  consequence i n  

b 

E 

r e a c t o r  s i z e  dev ices . )  

The a d i a b a t i c  i n v a r i a n t ,  

1 2  
2 1  

!J = -mv / B  
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i s  a lso a cons tan t  of t h e  a lpha  p a r t i c l e  motion. Since only s t a t i c  

magnetic f i e l d s  are considered,  t h e  c r i t e r i o n  f o r  conservat ion of  P i s  

t h a t ,  

dur ing  one gy ro -o rb i t .  

is 

For  a 3.5 MeV a lpha  p a r t i c l e ,  t h e  gyro-frequency 

w = 2 . 4  x 10 "(&) rad. I B  i n  kG) 
c sec .  ' 

so  t h a t  i n  t h e  case  of v >> vll t h e  gyro-radius  is 
I 

p = 5.4 (?)em. 

Taking t h e  t o r o i d a l  f i e l d  approximately equal  t o  t h e  t o t a l  magnetic 

f i e l d  

and 

as t h e  p a r t i c l e  o r b i t s  i n  t h e  g rad ien t  of t h e  t o r o i d a l  f i e l d .  

t y p i c a l  parameters  it i s  assumed t h a t  B 

For  

50 kG and t h a t  R - 4 m ,  Then 

AB 1 -s$---<< 1 . 
R 40 

>> v , must also be considered s i n c e  i n  t h e  frame of The o t h e r  case ,  

re fe rence  of t h e  p a r t i c l e  a d i f f e r e n t  AB occurs  during a gyro-orb i t  due 

t o  particle motion in t h e  magnetic f i e l d  g r a d i e n t .  

per iod  a 3.5 MeV a lpha  p a r t i c l e  moves a d i s t a n c e  A s  w 34 cm 

f i e l d  l i n e .  Conservat ively it is  assumed t h a t  q = 1 i n  o rde r  t o  

I 

12  Tn one gyro- 

a long a 
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cons ider  t he  case o f  maximum r o t a t i o n a l  t ransform.  In  t h i s  case the  

corresponding excursion i n  the  d i r e c t i o n  defi-ned by the  grad ien t  i s  

approximately 

and 

AB As 
B RA ' 
- -  N -  

For an aspec t  r a t i o  A = 3 and the  parameters assumed above, 

.-....- AB M -  L < 1  . 
B 36 

Undcr t h e  assun~ptioris of t o r o i d a l  axisynunetry, a c o l l i s i o n l e s s  time 

s c a l c  and device sizes t y p i c a l  of those  expected t o  conta in  alpha par-  

t i c l e s ,  t he  a d i a b a t i c  i n v a r i a n t ,  (P) , t h e  a lpha  p a r t i c l e  energy, ( E u ) ,  

and the t o r o i d a l  component of  canonical  angular  momentum, (p ) , are 

cons tan ts  o f  t he  motion. 

cons t an t s .  

Q, 
The o r b i t  equat ion can be obtained from these 

From t h e  d e f i n i t i o n  of t h c  t o r o i d a l  coniponent of angular  momentum, 

(ze) RA + mv R 
0 0 

The po lo ida l  f l u x  func t ion  can be  def ined  as 

Also, 
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and thus  i n  t h e  usual  cases where q > 1 and A 2 3 ,  

S i . m i  I a r  1 y , 

The fol lowin form of t h e  o r b i t  equat ion r e s u l  

= ze$(r) + mvllR p+ 

I t  i s  important t o  no te  he re  t h a t  + ( r >  i s  assumed t o  be a func t ion  of 

minor r ad ius  only .  This  i s  equiva len t  t o  assuming c i r c u l a r ,  concent r ic  

f l u x  su r faces .  

cons ide ra t ions  i s  somewhat o f  an ar t  and depends on an assumed p res su re  

p r o f i l e ,  c u r r e n t  p r o f i l e  and system boundary cond i t ions .  l3 

o rde r  i n  t h e  expansion parameter r / R ,  Shafmnov14 has shown t h a t  c i r c u -  

lar f l u x  s u r f a c e s  r e s u l t  and 

Actual f l u x  s u r f a c e  shape de termina t ion  from equi l ibr ium 

To lowest 

2 
CP A ( r )  = - 2 R  

f o r  t h e  case  of a pa rabo l i c  p re s su re  p r o f i l e  and approximately uniform 

cu r ren t  d e n s i t y .  

f l u x  su r face  c e n t e r s  and t h e  c ross  s e c t i o n  c e n t e r .  

f l u x  su r faces  are concen t r i c ,  a displacement o f  o rde r  r / 2 R  i s  neg- 

l ec t ed .  

t he  assumption of a uniform cu r ren t  dens i ty  is  conserva t ive  i n  t h e  sense 

t h a t  containment p r o p e r t i e s  improve with more peaked c u r r e n t  d i s t r i b u -  

t i o n s .  The f l a t  p r o f i l e  shape i s  used he re  due t o  t h e  u n c e r t a i n t y  i n  

t h e  cu r ren t  p r o f i l e  t o  be a n t i c i p a t e d  f o r  f u t u r e  devices .  

C i s  a cons tan t  and A i s  t h c  displacement between t h e  

By assuming t h a t  t h e  

1 

2 

The a lpha  p a r t i c l e  containment r e s u l t s  d i scussed  below show t h a t  



1s The simple magnetic f i e l d  conf igura t ion  

R = o  r 

r e s u l t s  i n  t h e  des i r ed  magnetic su r face  eonfi ,gurat ion.  In t h i s  formu- 

l a t i o n  t h e  cu r ren t  dens i ty  is  uniform t o  zeroth order  i n  t h e  parameter 

r/R. Since 

R O  I-I J r1 
$(r) = f (+) R d ~ '  

0 

it fol lows t h a t  

Combining t h e s e  terms with s igns  cons i s t en t  with d i r e c t i o n s  shown on 

F i g .  2 ,  t h c  o r b i t  equat ion obtained i s  

r i m v R - n  / I  - L $  

(ze) * 

- + +  
wherc t h e  minus s i g n  i s  taken when v J > 0.  1 1  

To i l l u s t r a t e  c l e a r l y  t h e  o r b i t  model i m p l i c i t  i n  t h i s  equat ion ,  

cons ider  an a l t e r n a t e  de r iva t ion .  In terms o f  t h e  l o c a l  Car tes ian  

coord ina tes  (x ,y) ,  t he  dominant guiding c e n t e r  d r i f t  motion i s  due t o  

t h e  t o r o i d a l  magncLic f i e l d  grad ien t  and curva ture ,  16,17 . i . e . ,  
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Due t o  t h e  p a r t i c l e  motion along a f i e l d  l i n e ,  t h e r e  axe two a d d i t i o n a l  

v e l o c i t i e s  i n  t h e  x-y r e fe rence  frame given by 

v = - v,,(;)cos 0 = -  VJ&)+($) P J r  
Y 

0 

Assuming B M B and combining equat ions ( 3 ) ,  (4) and (5) y i e l d s  
(b 

Using t h e  d e f i n i t i o n s ,  

r e s u l t s  i n  

Note 



‘The integrand i s  a p e r f e c t  d i f f e r e n t i a l  and t h e  f i n a l  form of t h e  o r b i t  

equat ion i s  obtained as  

4 -r 
as be fo re .  Again the  minus s ign  i s  taken when v - J > 0 .  Also, the 

constant  of  i n t e g r a t i o n  has been w r i t t e n  as p 
I1 

cb‘  
The physics  of  both de r iva t ions  a r e  the  same i n  t h a t  t h e  s p a t i a l  

expression o f  p 

cen te r  motion equat ions .  The motivat ion €or t h i s  exe rc i se  was t o  

demonstrate t h a t  t h e  o r b i t s ,  under t h e  p re sen t  assumptions,  r e s u l t  from 

conservat ion i s  the  f i r s t  i n t e g r a l  of  t he  guiding 4 

5 

two d i s t i n c t  motions. F i r s t ,  t h e  guiding c e n t e r  motion due t o  t h e  

t o r o i d a l  magnetic f i e l d  grad ien t  and curva ture  d r i f t s  and second, 

motion along a f i e l d  l i n e .  This phys ica l  i n t e r p r e t a t i o n  o f  t h e  p a r t i c l e  

motion w i l l  be use fu l  i n  understanding t h e  o r b i t  e f f e c t s  descr ibed 

below e 

The cons tan t  p depends on t h e  i n i t i a l  condi t ions  of t h e  spec iF ic  

p a r t i c l e  o r b i t  being computed. The i n i t i a l  p i t c h  angle ,  x ,  i s  def ined 

as t h e  angle between t h e  p a r t i c l e  v e l o c i t y  vec to r  v arid the  magnetic 

f i e l d  vec to r  B .  With t h e  i n i t i a l  s p a t i a l  condi t iol is  denoted by sub- 

0 

-b 

-P 

s c r i p t  R ,  l engths  normalized t o  the  plasma rad ius  a ,  and C a cons tan t ,  

Equation (5) can be w r i t t e n  as 

2 -  r + P[(x  - x,)(x + A)]’” = C 

where 

( 7 )  
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The s ign  choice as be fo re  d i s t ingu i shes  between p a r t i c l e s  which are 
-# 3 i n i t i a l l y  costreaming (“11 * J > 0 )  versus counters t reaming.  Thus, 

x s n/2 always. 

mines t h e  maximum pene t r a t ion  i n t o  t h e  magnetic f i e l d  g rad ien t  poss ib l e  

f o r  a given p a r t i c l e .  

o r  banana o r b i t .  

x i s  computed from t h e  i n i t i a l  condi t ions  and de te r -  T 

vll = 0 and t h e  p a r t i c l e  i s  on a t rapped T’ A t  x = x 

As an example, cons ider  a costreaming p a r t i c l e  i n i t i a l l y  a t  

x = 0 . 5 ,  yB = 0.0 with i n i t i a l  p i t c h  angle  x = 0 .  For A = 4, Equation B 

(7)  y i e l d s  

(x - P/2) 2 + y2 = (0 .5 - P/Z) 2 , 

which desc r ibes  a c i r c u l a r  o r b i t  wi th  t h e  c e n t e r  o f  t h e  c i rc le  a t  

x = P/2.  

p a r t i c l e  i s  given by r = 0.5 and i s  a c i r c l e  cen te red  a t  r = 0 .0 .  The 

The f l u x  su r face  corresponding t o  t h e  i n i t i a l  p o s i t i o n  of  the  

s h i f t  between t h e  cen te r s  of t h e  c i r c l e s  demonstrates t h e  important 

d i f f e r e n c e  between a f l u x  s u r f a c e  and a p a r t i c l e  d r i f t  s u r f a c e .  In t h e  

s p e c i a l  case 

L i m i t  6 = 0 , 
P 4 0  

t h a t  i s ,  t h e  dev ia t ion  between a p a r t i c l e  o r b i t  and i t s  corresponding 

f l u x  su r face  diminishes  as P goes t o  zero.  Since P may a l s o  be w r i t t e n  

as 18 

p =  - ’8 _ _ - ”  2 - 2 gyro-radius  i n  t h e  po lo ida l  f i e l d  
a A A  plasma rad ius  9 
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cases  where the parameter P approaches zero a r e  equiva len t  t o  cases  

where t h e  poloi d a l  gyro-radius of t h e  p a r t i c l e  approaches zero.  Small 

gyro-radius  expansions are popular with plasma t h e o r i s t s  and i t  i s  wcll  

known t h a t  i n  such cases p a r t i c l e  dev ia t ions  from t h e i r  i n i t i a l  f l u x  

sur faces  a r e  smal l .  how eve^, except i n  r e a c t o r  s i z e ,  high cu r ren t  

devices ,  t y p i c a l  a lpha p a r t i c l e  gy ro - rad i i  a r e  l a r g e r  than acceptable  

i n  t h e  expansion procedure and here  t h e  more general  o r b i t  equat ion i s  

uscd The unusual a lpha  p a r t i c l e  t rapping  c h a r a c t e r i s t i c s  discussed 

below a r e  a l s o  a consequence o f  t he  l a rge  gy ro - rad i i  cond i t ions .  

One f u r t h e r  comment should be made on t h e  parameter P .  From 

Eqiiation ( 7 ) ,  i t  i s  apparent t h a t  t h e  o r b i t  c h a r a c t e r i s t i c s  of a p a r t i -  

c l e  dcpend on i t s  i n i t i a l  condi t ions ,  P and A .  This suggests  t h a t  t h e  

behavior of  a lpha  p a r t i c l e s  i n  a r e a c t o r  s i z e  device can be s imulated 

i n  a smal le r  inachine with t h e  same aspec t  r a t i o  us ing  i n j e c t e d  protons 

i f  

P = P  
a EXP 

where 

(1' i n  keV) %XP I A  

and T i s  t h e  energy of t h e  proton used i n  t h e  s imula t ion .  Assuming t h e  

protons a r e  t o  h e  i n j e c t e d  i n t o  t h e  device as neutrals, the  requi red  

i n j e c t i o n  energy i s  given by 

Therefore ,  t he  o r b i t s  of 5.5 MeV a lpha  p a r t i c l e s  i n  a device with a 



plasma c u r r e n t  of 10 MA can be s imulated by i n j e c t i n g  36 keV hydrogen 

atoms i n t o  a device with a 1 MA c u r r e n t .  There seems t o  be agreement 

t h a t  s i n g l e  p a r t i c l e  o r b i t  s imula t ion  i n  t h i s  way i s  v i a b l e .  However, 

i n  t h e  case  of  thermonuclear produced a lpha  p a r t i c l e  s imula t ion ,  t h e  

importance of  s y n e r g i s t i c  effects ,  t h e  i n a b i l i t y  t o  model t h e  i s o t r o p i c  

v e l o c i t y  space d i s t r i b u t i o n  and s p a t i a l  p r o f i l e s  with a f i n i t e  number 

of i n j e c t i o n  u n i t s  and o t h e r  cons idera t ions  have l ed  t o  va r i ed  opinions 

as t o  t h e  adequacy of t h e  s imula t ion  technique.  l9 ,20 

B.  Alpha P a r t i c l e  Orbi t  C h a r a c t e r i s t i c s  

Recall t h a t  t h e  d i r e c t i o n s  of B J and B a r e  as shown on F ig .  2 .  @ ’  a 
To desc r ibe  t h e  s i n g l e  p a r t i c l e  o r b i t  c h a r a c t e r i s t i c s  t y p i c a l  of a lpha  

p a r t i c l e s  i n  a tokamak f i e l d ,  a device with I = 5 MA, A = 4, xB = 0 . 5  

and y = 0.0 i s  cons idered ,  I t  i s  assumed t h a t  i n  t h e  D-T fus ion  reac-  

t i o n ,  t h e  a lpha  p a r t i c l e s  a r e  produced i s o t r o p i c a l l y  i n  v e l o c i t y  space.  

Here s p e c i f i c  p i t c h  angles  f o r  both costreaming and counters t reaming 

p a r t i c l e s  are chosen t o  i l l u s t r a t e  o r b i t  d e t a i l s  o f  i n t c r e s t .  

reason f o r  t h e  p i t c h  angles  used w i l l  become c l e a r  l a te r .  

B 

The 

Figure 3 shows t h e  o r b i t s  f o r  costreaming a lpha  p a r t i c l e s  produced 

under t h e  condi t ions  ou t l ined  above and i n i t i a l  p i t c h  angles  such t h a t  

Cos x = 1 . 0 ,  0 .6 ,  0 .37,  0 , 2 ,  0.07, 0.02 and 0 . 0 .  Due t o  t h e  d i r e c t i o n s  

o f  B and B chosen, p a r t i c l e s  which c l o s e l y  follow t h e i s  i n i t i a l  f l u x  

su r face  r o t a t e  i n  a clockwise d i r e c t i o n  as v i s u a l i z e d  i n  t h e  c ross -  

s e c t i o n  view o f  F ig .  3 .  This i s  t h e  case  f o r  o r b i t  (a)  and o r b i t  (b) 

shown on t h e  f i g u r e .  The o r b i t s  are symmetric about t h e  ho r i zon ta l  axis 

and t h e  o r b i t  i n  t h e  lower h a l f  of t he  c r o s s  s e c t i o n  only  i s  shown f o r  

c l a r i t y .  Recal l  a l s o  t h a t  t h e  t o r o i d a l  d r i f t ,  al though a small effect 

dJ 0 



1 6  

on o r b i t s  (a) and ( b ) ,  i s  i n  the  +y o r  upward d i r e c t i o n  and C ~ U S C S  t he  

p a r t i c l e s  t o  d r i f t  t o  t h e  i n s i d e  of t h e i r  i i i i t i a 1  f l u x  su r face .  

The next two o r b i t s  shown, (c )  and (d) , are t rapped p a r t i c l e  

o r b i t s .  

0 . 2 ,  r e spec t ive ly .  Since t h e  i n i t i a l  p i t c h  angles  a r e  success ive ly  

l a r g e r  than those  f o r  t h e  f i rs t  two o r b i t s  descr ibed ,  t he  upward d r i f t  

component of  t h e  motj on causes l a r g e r  d r v i a t i  ons from t h e  p a r t i c l e s  ' 
i n i t i a l  f l u x  su r face .  Motion along a f i e l d  l i n e  i s  propor t iona l  t o  

v l ,  so  t h a t  on an o r b i t  where vi1 FJ 0 t h e  d r i f t  motion becomes dominant 

so  t h a t  t he  p a r t i c l e s  a r e  v i r t u a l l y  on a v e r t i c a l  t r a j e c t o r y .  In t h e  

region where v 1 1  fi: 0 ,  the d r i f t .  v e l o c i t y  

The corresponding i n i t i a l  p i t c h  angles  a r e  Cos y :: 0 .37  and 

7 
V L  - m v =  y (ze)R R 2 ' d 

component o f  t h e  motj on cont inues t o  gavern the p a r t i c l e  t r a j e c t o r i e s  

and unusual ly  lrfat ' '  banana th icknesses  occur .  This e f f e c t  i s  a mani- 

f e s t a t i o n  of  f i n i t e  gyro-radius  condi t ions  and consequently l a rge  

d r i f t  v c l o c i t i e s .  

Increas ing  the i n i t i a l  p i t c h  angle  EurtheT, o r b i t  (e) where 

Cos x 
a po in t  on Fig.  3 .  A t  t h i s  s p e c i f i c  p i t c h  angle ,  t h e  t o r o i d a l  d r i f t  

v e l o c i t y  i n  t h e  +y d i r e c t i o n  and the motion along t h e  f i e l d  l i n e  i n  

t h e  -y d i r e c t i o n  cancel  p r e c i s e l y .  Such a p a r t i c l e  t r a v e r s e s  t h e  de- 

v i ce  i n  t h e  t o r o i d a l  d i r e c t i o n  with no apparent  motion i n  t h e  cross 

s e c t i o n  view. 

= 0 . 0 7 ,  r e s u l t s  i n  t h e  degenerate  OT s t agna t ion  o r b i t  shown as 

The f i n a l  two o r b i t s  i n  the sequencc, Cos x = 0 . 0 2  and 0.0, ( f )  

and ( E ) ,  follow d i r e c t l y .  I n i t i a l l y ,  t h e  pa i* t i c l e  motion i s  governed 
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by t h e  d r i f t  v e l o c i t y  component and t h e  p a r t i c l e s  move approximately 

v e r t i c a l l y .  The p a r t i c l e s  a r e  costreaming s o  t h a t  motion along a f i e l d  

l i n e  causes  a clockwise r o t a t i o n  i n  t h e  c ros s  s e c t i o n  view. This 

po lo ida l  motion inc reases  as vi1 inc reases  due t o  t h e  decreased magnetic 

f i e l d  experienced by t h e  p a r t i c l e s ,  and t h e  o r b i t s  c lose  as shown. 

Note t h a t  t h e s e  p a r t i c l e s  a r e  untrapped s i n c e  v 

along t h e  o r b i t s .  Also,  t h e  o r b i t s  occupy a reg ion  of space i n  which 

K > R B  un l ike  t h e  preceding costreaming examples. 

d 3 
* J 2 0 everywhere II 

In  summary, charged p a r t i c l e  guiding c e n t e r  o r b i t s  where f i n i t e  

gyro-orb i t  effects cannot be neglec ted  can b e s t  be understood by con- 

s i d e r i n g  t h e  o r b i t s  as a summation of motion along a f i e l d  l i n e  and,  

f o r  t h e  f i e l d  d i r e c t i o n s  assumed, an upward d r i f t  motion. Resul t s  

depend s t r o n g l y  on t h e  h i  t i a l  condi t ions  chosen e For costreaming 

p a r t i c l e s  and t h e  i n i t i a l  s p a t i a l  condi t ions  descr ibed  above, t h e  two 

component motions can be oppos i t e ly  d i r e c t e d ,  as i n  t h e  small p i t c h  

angle  examples, o r  i n  t h e  same d i r e c t i o n ,  as i n  t h e  l a r g e  (x ss U/2)  

p i t c h  angle  examples. 

t i n c t  reg ions  of p i t c h  angle  space .  

Ilhe s t agna t ion  o r b i t  s epa ra t e s  t h e s e  two d i s -  

F i n a l l y ,  it i s  t h e  fact  t h a t  t h e  

two component motions can be i n  oppos i te  d i r e c t i o n s ,  depending on t h e  

p i t c h  ang le ,  t h a t  l eads  t o  untrapped o r b i t s  shown i n  F ig .  3 f o r  x near  

n/2 and t h e  o v e r a l l  t rapped  p a r t i c l e  d i f f e r e n c e s  between costreaming 

and counters t reaming p a r t i c l e s .  

Figure 4 shows t h e  o r b i t s  of  counters t reaming p a r t i c l e s  f o r  t h e  

same i n i t i a l  condi t ions  and sequence of p i t c h  angles  descr ibed  above 

i n  t h e  costreaming cases .  For counters t reaming p a r t i c l e s ,  x = 0 refers 

t o  a p a r t i c l e  with v e l o c i t y  a n t i p a r a l l e l  t o  t h e  d i r e c t i o n  determined by 
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3. 
f i e l d  l i n e  r e s u l t s  i n  a counterclockwise po lo ida l  r o t a t i o n  i n  t h e  c ros s  

s e c t i o n  view. 

Thus, due t o  t h e  chosen d i r e c t i o n s  of B J and B o ,  motion along a 9 '  

As a r e s u l t ,  f o r  t h e  i n i t i a l  condi t ions  being considered,  

t y p i c a l  counterstreaming o r b i t s  on F ig .  4 a r e  shown i n  t h e  upper h a l f  

of t h e  cross s e c t i o n .  However, thc  t o r o i d a l  d r i f t  v e l o c i t y  i s  i n  t h e  

+y d i r e c t i o n  as  i n  t h e  costreaming p a r t i c l e  case. Thus, t h e  d r i f t  

motion r e s u l t s  i n  dev ia t ions  r a d i a l l y  outward r e l a t i v e  t o  t h e  p a r t i c l e s '  

i n i t i a l  f l u x  sur face .  The first two examples, Cos x = 1 . 0  and 0 . 6 ,  (a) 

and ( b ) ,  represent  untrapped p a r t i c l e  o r b i t s ,  a r e  app-oximately c i r c u -  

l a r ,  and dev ia t e  ou t s ide  of t h e i r  corresponding f l u x  su r face  r = 0 . 5 .  

For  a l l  h igher  p i t c h  angles  shown, o r b i t s  ( c ) - ( g ) ,  t rapped p a r t i c l e  

o r b i t s  r e s u l t .  This behavior i s  not  c o n s i s t e n t  with the  costreaming 

p a r t i c l e  r e s u l t s .  Phys ica l ly ,  t h e  i n i t i a l  d i r e c t i o n  of both t h e  d r i f t  

motion and t h e  moti.on along a f i e l d  l i n e  i s  always +y €or counter-  

streaming p a r t i c l e s  causing t h e  d i f f e r e n c e  from t h e  costreaming cases.  

Here, whether t h e  o r b i t  motion i s  dominated by motion along a f i e l d  

l i n e  o r  d r i f t  111otior1, t h e  p a r t i c l e  moves i n i t i a l l y  upward. Fu r thc r ,  

t he  counterclockwi se poloidal  motion always causes t h e  p a r t i c l e  t o  

o r b i t  i n t o  a region of increased magnetic f i e l d ,  again un l ike  t h e  

s p e c i a l  cases  descr ibed f o r  x >  
As shown by t h e  coiinterstrcamirig o r b i t s  on Fig.  4 ,  once t h e  i n i t i a l  

i n  t h e  costreaming examples. Xs t agnat i on 

p i t c h  angle  requi red  f o r  t rapping  i s  exceeded, only t rapped o r b i t s  

occur f o r  increased  x, inc luding  y, = n / 2 ~  

I t  i s  c l e a r  t h a t  y = n/2 i s  n e i t h e r  a costTeaming no-t. a countcr-  

streaming p a r t i c l e ,  but  r a t h e r  s epa ra t e s  t h e  two c l a s s e s  o f  p a r t i c l e s .  

T'hen, a s  x approaches Sr/2 from t h e  costreaming OT counters t reaming s i d e  
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of p i t c h  angle  space,  t h e  phys ica l  o r b i t s  must converge t o  a common 

y = n/Z case .  The two c losed  o r b i t s  showri on both F i g s .  3 and 4 ,  ( f )  

and ( g ) ,  i l l u s t r a t e  t h a t  t h i s  occurs .  In t h e  costreaming case ,  F ig .  3 ,  

t h e  o r b i t s  f o r  y nea r  n/2 approach t h e  x := n/2 o r b i t  shown from t h e  

i n s i d e  and i n  t h e  counterstseaming case, F ig .  4, from t h e  ou t s ide .  

Nevertheless ,  i n  both cases the  o r b i t s  converge t o  a common y = TT/2 

o r b i t ,  o r b i t  (g) ,  and t h e  progress ion  from costreaming t n  counter-  

s t reaming p a r t i c l e  o r b i t s  i s  continuous. 

Figure 5 shows t h e  v e l o c i t y  space boundaries between t rapped and 

untrapped p a r t i c l e  space f o r  t h e  i n i t i a l  condi t ions  given p rev iaus ly .  

Since 

N 

1 1  P cos x = v 

N 

P Sin x = v 
I 

a s p e c i f i e d  va lue  of P determines a semicircle on Fig .  5 and loca t ions  

along t h e  a r c  a r e  determined by t h e  i n i t i a l  p i t c h  angle of t he  p a r t i c l e  

o f  i n t e r e s t .  F o r  example, 3 .5  MeV a lpha  p a r t i c l e s  i n  an I = 5 MA 

device  correspond t o  P = 0.135 and t h e  v = 0.135 arc shown. S i m i l a r l y ,  

t h e  marks a long t h e  a r c  show t h e  i n i t i a l  p i t c h  angles  f o r  t h e  o r b i t s  i n  

N 

F i g s .  3 and 4. The “lobe” reg ion  des igna t ing  t rapped  p a r t i c l e  space 

f o r  t h e  costreaming p a r t i c l e s  i s  c o n s i s t e n t  with t h e  explana t ion  given 

above s i n c e ,  as inc reases  from 0 4 n/2, p a r t i c l e s  .progress from 

untrapped-trapped-untrapped o r b i t s .  A l t e r n a t e l y ,  f o r  t he  
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counterstreaming p a r t i c l e s ,  as x increases  from 0 + n/2, p a r t i c l e s  

&rap  progress  from untrapped-trapped o r b i t s ,  i . e . ,  p a r t i c l e s  with y ;r 

are i n  t rapped o r b i t s  without except ion.  A l s o ,  f o r  t h e  same i n i t i a l  

s p a t i a l  cond i t ions ,  A = 4 and I 5 3.7 MA, no te  t h a t  no costreaming - 

3.5 M e V  a lpha p a r t i c l e s  a r e  i n  t rapped o r b i t s .  

c h a r a c t e r i s t i c s  f o r  P = ' v  = .06 a r e  shown. This case r ep resen t s  e i t h e r  

F i n a l l y ,  t h e  t rapping  - 
3.5 MeV a lpha  p a r t i c l e s  i n  an I FZ 10 MA machine o s  Z keV protons i n  an 

I = 185 kA machine. In these  cases, f i n i t e  gyro-orb i t  effects are less 

pronounced. 'The reg ion  o f  p i t c h  angle space nea r  y = Tr/2,whevein co- 

streaming p a r t i c l e s  a r e  unt rapped , i s  small. The p i t c h  angle  where 

t rapping  f i r s t  occurs i s  approximately t h e  same f o r  both costreaming 

[Xtrap M 6 6 O )  and counterstreaming p a r t i c l e s  (ytrap 

favorably t o  t h a t  p red ic t ed  i n  t h e  l i m i t  o f  zero gyro-radius ,  

0 60 ) and compares 

h x q l  = Cos-' ( ~ T / R ) ' / ~  W 62' . 

Thus, as P decreases  e i t h e r  due t o  increased  plasma cu r ren t  o r  consid-  

e r a t i o n  o f  low energy p a r t i c l e s  gyro-opbit  e f f e c t s  diminish and t r a p -  

ping and o r b i t  c h a r a c t e r i s t i c s  approach those  normally shown. 

The foregoing d iscuss ion  was devoted t o  o r b i t  d e t a i l s  t o  emphasize 

t h e  funda~iiental d i f f e rences  i n  t h e  o r b i t  and t r app ing  c h a r a c t e r i s t i c s  

of p a r t i c l e s  where small gyro-orb i t  approximations are m d  a r e  not  

v a l i d .  Alpha p a r t i c l e s  (- 3.5  MeV) i n  f i e l d s  c o n s i s t e n t  with plasma 

c u r r e n t s  6 10 MA (p,/a P 0.1)  r e q u i r e  d e t a i l e d  o r b i t  cons ide ra t ions .  

In f u t u r e  devices  which w i l l  conta in  alpha p a r t i c l e s  ( I  = 2-5 M A )  o r b i t  

e f f e c t s  are not  smal l ,  vary markedly between costreaming and counter -  

s t reaming p a r t i c l e s  an3 motivate  c a r e f u l  a n a l y s i s  of a lpha  p a r t i c l e  
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l o s s e s  due t o  o r b i t  excurs ions ,  as well as t h e  corresponding momentum 

and e l e c t r o s t a t i c  charging effects. 2 1  

C .  Alpha P a r t i c l e  Containment P r o p e r t i e s  

There are var ious  concerns a s soc ia t ed  with a lpha  p a r t i c l e  behavior 

i n  a tokamak, 

containment c h a r a c t e r i s t i c s  f o r  s eve ra l  r e p r e s e n t a t i v e  plasma sizes 

In t h e  remainder of t h i s  chapter  t h e  a lpha  p a r t i c l e  

are considered.  

f o r  cons tan t  q ,  A and B 

S i ze  i s  used interchangeably wi th  plasma cu r ren t  s i n c e  

4 

q = -- 1 B+ 
A Bo 

s o  t h a t  

and s i ze  v a r i e s  l i n e a r l y  with c u r r e n t .  The i n t e r e s t  h e r e  i s  i n  the  

f r a c t i o n  of a lpha  p a r t i c l e s  produced i n  t h e  system on o r b i t s  which 

i n t e r s e c t  t h e  limiter, f i r s t  wal l ,  o r  an a c t i v e  d i v e r t o r  region and are 

l o s t  from t h e  plasma. For  t h e  p re sen t  purpose,  a p a r t i c l e  produced on 

an o r b i t  which makes an excursion o u t s i d e  of t h e  plasma boundary r :: a 

i s  def ined  as l o s t .  

Alpha p a r t i c l e s  are produced with a s p a t i a l  p r o f i l e  given by 

3 

and i s o t r o p i c a l l y  i n  v e l o c i t y  space ,  

density and temperature  are cons tan t  on a f l u x  su r face ;  t h e r e f o r e ,  

S = S (r) .  However, t h e  f r a c t i o n  o f  p a r t i c l e s  l o s t  due t o  o r b i t  

effects from va r ious  po lo ida l  l oca t ions  on t h e  same f l u x  s u r f a c e  i s  not  

I t  i s  assumed t h a t  t he  plasma 

a a  



22 

cons tan t .  Thus, t h e  f r a c t i o n  of a lpha p a r t i c l e s  producecl i s o t r o p i c a l l y  

a t  a p a r t i c u l a r  s p a t i a l  po in t  i n  t h e  plasma t h a t  i s  l o s t  from t h e  

system i s  computcd. The o r b i t  equat ion,  [c f .  Equation ( 7 ) ] ,  i s  

solved numerical ly  f o r  given i n i t i a l  s p a t i a l  condi t ions  t o  determine a 

“ los s  cone” i n  p i t c h  angle  space.  

i n  t h e  range of t h e  lo s s  cone are l o s t  from t h e  system. 

of a lpha  p a r t i c l e s  l o s t  follows d i r e c t l y .  For example, consider  t h e  

costreaming alpha p a r t i c l e s  produced a t  r and assume t h e  co r re s -  

poiiding loss cune limits a r e  found t o  be x 
alpha p a r t i c l e s  l o s t  from rB,BB i s  

P a r t i c l e s  produced with p i t c h  angles  

?fie f r a c t i o n  

Q B y  B 

. The f r ac t ion  of 1’ x2 

- - 

Implicat ions of  the  inhomogeneous lo s ses  on a p a r t i c u l a r  f l u x  su r face  

a r e  discussed i n  a l a t e r  chapter  of t h i s  t h e s i s .  Here, t he  lo s ses  are  

averaged p o l o i d a l l y  t o  obta in  l o s s  f r a c t i o n s  which are f l u x  su r face  

averages and, t h e r e f o r e ,  a func t ion  of minor r ad ius  only ,  i . e . ,  

Note t h a t  (FL)  i s  a 

A.  The r e s u l t s  a r e  

dence and magnitude 

o v e r a l l  system , t h e  

general  r e s u l t  and depends pa rame t r i ca l ly  on I and 

used i n  conjunct ion with an assumed s p a t i a l  depen-- 

f o r  a p a r t i c u l a r  a lpha  p a r t i c l e  source .  

f r a c t i o n  of  a lpha  p a r t i c l e s  l o s t  i s  

For  the  
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f Sa(r) ( F L )  2Wdr  
L =  a r Sa 2nrdr  

A general  i n d i c a t i o n  o f  t h e  containment c h a r a c t e r i s t i c s  of var ious  

plasma s i z e s  i s  shown on F i g .  6 .  The plasma cu r ren t  r equ i r ed  t o  con- 

t a i n  - a l l  a lpha  p a r t i c l e s  produced wi th in  a s p e c i f i e d  minor r a d i u s ,  as 

a func t ion  o f  a spec t  r a t i o ,  i s  shown. For example, i n  an .4 = 3 device ,  

i f  1 2 5 MA, a l l  a lpha  p a r t i c l e s  produced i n  t h e  reg ion  0 I r / a  r; 0 . 4  

are contained.  Figure 6 sugges ts  t h a t  r e a c t o r  s i z e  plasmas, 11 2 10 

MA),  w i l l  provide good o v e r a l l  a lpha  p a r t i c l e  containment whereas 

f e a s i b i l i t y  s i z e  devices ,  IT = 2-5 MA) ,  may experi-ence l o s s e s  from 

v i r t u a l l y  a l l  reg ions  o f  t h e  plasma and r e q u i r e  f u r t h e r  cons ide ra t ion .  

F i n a l l y ,  no te  from Fig .  6 t h a t  as A i nc reases ,  t o r o i d a l  g rad ien t  and 

cu rva tu re  e f f e c t s  are reduced r e s u l t i n g  i n  smaller o r b i t  excursions and 

improved containment for  a given va lue  of plasma cu r sen t .  

In rems of plasma c u r r e n t  l e v e l s  o r  s i r e ,  t h e  abso lu te  conta in-  

For A = 3 mcnt of  a lpha  p a r t i c l e s  d i scussed  above i s  very  demanding. 

and var ious  c u r r e n t s ,  F ig .  7 shows t h e  f r a c t i o n  o f  a lpha  p a r t i c l e s  

produced i s o t r o p i c a l l y  a t  s p e c i f i e d  minor r a d i i  t h a t  i s  l o s t  from t h e  

system due t o  o r b i t  excursions.  Although Fig .  6 showed t h a t  I = 5 MA 

was requ i r ed  f o r  abso lu t e  confinement of a lpha  p a r t i c l e s  produced with-  

i n  r / a  < 0 . 4 ,  Fig.  7 shows t h a t  I = 3 MA conf ines  g r e a t e r  t han  90 per- 

c e n t .  

The s e n s i t i v i t y  of  t h e s e  r e s u l t s  to  a spec t  r a t i o  changes can be 

determined from Figs .  7 and 8. The f i g u r e s  show t h e  same information 

f o r  aspec t  r a t i o s  of 3 and 4,  r e s p e c t i v e l y .  As previous ly  s t a t e d ,  
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higher  aspec t  r a t i o  devices  provide more e f f i c i e n t  containment. 

Before leaving t h e  sub jec t  of l o s s  f r a c t i o n s  and analyzing t h e  

d i s t r i b u t i o n s  of contained p a r t i c l e s ,  the  s e n s i t i v i t y  o f  containment 

p r o p e r t i e s  t o  t h e  assumed plasma cu r ren t  p r o f i l e s  must be determined. 

The dev ia t ion  of  a d r i f t  o r b i t  from i t s  corresponding f l u x  su r face  i s  

propor t iona l  t o  t h e  po lo ida l  gyro-radius of  t h e  p a r t i c l e .  Since,  

t h e  po lo ida l  gyro-radius  o f  a p a r t i c l e  a t  r i s  inve r se ly  propor t iona l  P 

t o  t he  t o t a l  plasma cu r ren t  wi th in  t h e  region r 5 

r 
B ( r )  = -  ’lo [ J ( r )2Krdr  

P b  0 P 2rrr 

rp,  i . e * >  

Thus, a t o t a l  plasma c u r r e n t ,  I ,  d i s t r i b u t e d  according t o  a peaked 

cu r ren t  dens i ty  p r o f i l e ,  provides  b e t t e r  p a r t i c l e  containment than a 

f l a t  p r o f i l e .  

of t he  e f f e c t  of cu r ren t  dens i ty  p r o f i l e .  Figure 9 shows the t h r e e  

p r o f i l e s  assumed. In a l l  cases t h e  p r o f i l e s  a r e  normalizecl s o  t h a t  

Three cases  a r e  considered t o  determine t h e  importance 

1 
2 ‘0 2 R  J ( r ) d r  = 1 , m a  

and J(r) can be sca l ed  t o  ob ta in  a des i r ed  t o t a l  c u r r e n t .  

Figure 10 shows t h e  r e s u l t i n g  l o s s  f r a c t i o n s  computed f o r  t h e  t h r e e  

p r o f i l e s  and a t o t a l  cu r ren t  of  1 M A .  

become i nc reas ing ly  peaked, the most proinounced improvement i n  a lpha 

containment occurs f o r  p a r t i c l e s  produced near  t h e  c e n t e r  of t h e  d i s -  

charge.  

A s  t he  cu r ren t  d e n s i t y  p r o f i l e s  

This i s  t o  be expected s i n c e  t h e  cu r ren t  wi th in  a small c i r c l e  
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of  r ad ius  r i s  increased  approximately i n  t h e  r a t i o  1 :2 :3  f o r  t h e  t h r e e  

p r o f i l e s  considered.  However, s i n c e  I = 1 MA i n  a l l  ca ses ,  t h e  cu r ren t  

w i th in  c i r c l e s  of l a r g e  r a d i i  must approach 1 MA as r approaches a ,  

independent o f  t h e  cu r ren t  d e n s i t y  p r o f i l e  exmined .  

s t a n t  cu r ren t  p r o f i l e s ,  if l a r g e r  devices  ope ra t e  with pa rabo l i c  o r  

even more peaked p r o f i l e s ,  a lpha  containment w i l l  be improved by about 

a f a c t o r  of 2 o r  more i n  t h e  c e n t r a l  plasma reg ions  and e s s e n t i a l l y  

unaf fec ted  i n  t h e  pe r iphe ra l  plasma zones. F igure  11 shows The cor-  

responding r e s u l t s  f o r  I =: 3 MA. Both F i g s .  10 and 11 show t h a t  t h e  

a lpha  containment c h a r a c t e r i s t i c s  are q u a l i t a t i v e l y  similar as var ious  

piasma cu r ren t  p r o f i l e s  a r e  considered.  

t a i n e d  improves as the  p r o f i l e s  become more peaked. 

unce r t a in ty  as t o  what p r o f i l e  should r e a l i s t i c a l l y  be  assumed f o r  

f u t u r e  devices ,  t h e  conserva t ive  cons tan t  cu r ren t  d e n s i t y  case i s  used 

i n  t h e  remainder of  t h i s  work. 

Re la t ive  t o  con- 

The f r a c t i o n  of  p a r t i c l e s  con- 

In  view o f  t h e  

F i n a l l y ,  t h e  a lpha  p a r t i c i c  source  r ad i  a1 dependence i s  obtained 

from 

and as such i s  a func t ion  o f  both the i o n  temperature  and dens i ty  pro- 

f i l e s .  

t a t i v e  p r o f i l e s  are examined he re  ranging from f la t  t o  r e l a t i v e l y  

peaked, i . e . ,  

Thus, t h e  d e t a i l s  of s, a r e  machine dependent. 't'hree represen-  

Sal = so 
2 2 2  

Sa = S o (  1 - r /a  ) 

2 2 5  
= S,(1 - r /a ) %3 
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Table I r e f l e c t s  t h e  t o t a l  f r a c t i o n  of  a lpha p a r t i c l e s  contained f o r  

s eve ra l  systems arid t h e  t h r e e  product ion p r o f i l e s  def ined above. The 

f r a c t i o n  contained i s  obtained from 

2TTr Sa(') (FL)dr 
0 F = 1 -  c 

S imi l a r ly  t h e  l i m i t i n g  cases  f o r  I = 1 MA, A = 3 y i e l d  F = 0.15 for e 
and J(r) cons tan t  and F = 0.80 f o r  Sa3 and J ( r )  = 3(1-r  2 /a 2 2  ) /na 2 . 

sal C 

TABLE I 

Frac t ion  of  Alpha P a r t i c l e s  Contained f o r  Spec i f ied  

Production P r o f i l e s  

A = 3  A = 4  A = 3  A = 4  A = 3  A T 4  ..___.I-..._ 

1 0.15 0 .26  0 . 2 1  0 .38 0 .23  0 . 4 6  

2 0.41 0.51 0.60 0 .73  0.69 0.80 

3 0.56 0.66 0.79 0.88 0.87 0.94 

5 0.73 0.79 0.94 0 . 9 9  0.99 - 1.0 

D .  Conclusions .- 

Alpha p a r t i c l e  o r b i t s  i n  machines where I E; 5 lvlA were found t o  

e x h i b i t  unusual c h a r a c t e r i s t i c s  compared t o  the  o r b i t s  normally shown 

f o r  p re sen t  day plasmas. The d i f f e rences  r e s u l t  from high a lpha  p a r t i -  

c l e  energy and correspondingly l a rge  gy ro - rad i i  and d r i f t  v e l o c i t i e s ,  

F i n i t e  gy ro - rad i i  e f f e c t s  were found t o  be important i n  determining t h e  

t rapped pa r t i c l e -un t r apped  p a r t i c l e  boundaries i n  p i t c h  angle  space and 
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- 4  
t o  lead  t o  a p r e f e r e n t i a l  l o s s  of counters t reaming (v - J 4 0) p a r t i -  

cles from t h e  system. The d e t a i l s  of t h e  l a t t e r  e f f e c t  are examined i n  

t h e  next  chapter .  

emphasize t h e  n e c e s s i t y  of cons ider ing  t h e  ind iv idua l  o r b i t  c h a r a c t e r i s -  

t i c s  s i n c e  d r i f t  o r b i t s  d e v i a t e  markedly from t h e i r  corresponding f l u x  

su r faces  and a small gyro-radius  expansion procedure cannot be used i n  

gene ra l .  

I1 

The motivat ion f o r  d i scuss ing  t h e  o r b i t s  h e r e  i s  t o  

With t h e  o r b i t  model developed, t h e  r e s u l t s  show t h a t  a lpha  p a r t i -  

c l e  containment p r o p e r t i e s  improve as A i nc reases ,  as t h e  plasma cur -  

r e n t  d e n s i t y  p r o f i l e  becomes more peaked and when t h e  t o t a l  plasma 

cu r ren t  i s  inc reased .  If f u t u r e  devices  ope ra t e  wi th  pa rabo l i c  or 

s t e e p e r  c u r r e n t  p r o f i l e s ,  a lpha  p a r t i c l e  containment w i l l  improve by 

about a f a c t o r  o f  two €or  p a r t i c l e s  produced nea r  t h e  c e n t e r  of t h e  

d ischarge  as compared t o  t h e  r e s u l t s  f o r  f l a t  cu r ren t  p r o f i l e s ,  In  

a d d i t i o n ,  o v e r a l l  containment i n  a given system improves f o r  more 

s t e e p l y  peaked a lpha  p a r t i c l e  source d i s t r i b u t i o n s  simply because 

p a r t i c l e s  produced n e a r  t h e  d ischarge  c e n t e r  must undergo l a r g e  o r b i t  

excursions t o  reach  t h e  plasma boundary. 

cons tan t  cu r ren t  p r o f i l e ,  Table I shows t y p i c a l  numerical  r e s u l t s  for 

t h e  f r a c t i o n  of a lpha  p a r t i c l e s  contained by s e v e r a l  systems. Reactor 

s i ze  devices  ( I  2 10 MA) w i l l  e f f i c i e n t l y  conta in  a lphas .  F e a s i b i l i t y  

s i z e  devices  (1 = 2-5 M A ) ,  depending on p r o f i l e s ,  e t c . ,  w i l l  con ta in  

;z 75 percent  o f  t he  a lpha  p a r t i c l e s  produced. 

Conservat ively assuming a 

Due t o  t h e  s t rong  dependence o f  t h e  a lpha  p a r t i c l e  product ion ra te  

on ion  temperature ,  > 75 percent  containment is adequate from a hea t ing  

po in t  of view s i n c e  opera t ion  a t  a moderately h ighe r  temperature  w i l l  
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compensate f o r  t he  a lpha  p a r t i c l e s  l o s t .  However, t h e  impl ica t ion  of a 

p r e f e r e n t i a l  l o s s  o f  counterstreaming p a r t i c l e s  i s  a n e t  momentum input  

t o  t h e  plasma i n  add i t ion  t o  t h e  d i s t r i b u t e d  moinentum which may c x i s t  

due t o  f i n i t e  gyro-orb i t  e f f e c t s .  

These cons idera t ions  are analyzed i n  t h e  next  s e c t i o n  o f  t h i s  thesis 

by determining t h e  d i s t r i b u t i o n  func t ion  f o r  a lpha  p a r t i c l e s  which a r e  

contained by the system. 
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111. ALPHA PARTICLE DISTRIBUTIONS AND EFFECTS 

A .  Motivation and Assumptions 

In t h e  preceding chapter  a general  a n a l y s i s  of t h e  f r a c t i o n  o f  

a lpha p a r t i c l e s  l o s t  from var ious  s i z e  systems was given.  For t h e  most 

conserva t ive  assumptions,  devices  with plasma c u r r e n t s  o f  severa l  m i l -  

l i o n  amperes were found t o  have f r a c t i o n a l  l o s s e s  less than  25 pe rcen t .  

Reactor  s i ze  devices  provide very e f f i c i e n t  containment. However, where 

l o s s e s  occur,  i n i t i a l l y  counters t reaming p a r t i c l e s  a r e  p r e f e r e n t i a l l y  

l o s t  from t h e  plasma. This unbalanced l o s s  impl ies  a n e t  momentum i n -  

pu t  t o  t h e  background plasma due t o  a lpha  p a r t i c l e s .  In  add i t ion  t o  

t h i s  e f f e c t ,  t h e  a s soc ia t ed  e l e c t r o s t a t i c  charging i n  t h e  plasma and 

t h e  d i s t r i b u t e d  momenta p r o f i l e s  which occur  must be considered.  

In  t h i s  chap te r  a model is  developed and used t o  analyze t h e  a lpha  

p a r t i c l e s  which are contained.  S p e c i f i c a l l y ,  t h e  d i s t r i b u t i o n  func t ion  

of uncol l ided  3.5 MeV a lpha  p a r t i c l e s  r e s u l t i n g  from a p a r s i c u l a r  a lpha 

source p r o f i l e  w i l l  be  determined. From t h e  d i s t r i b u t i o n  func t ion  t h e  

energy d e n s i t y  depos i t i on  ra te  p r o f i l e s  due t o  t h e  a lphas  and t h e  spa-  

t i a l  dependence of t h e i r  momentum input  t o  t h e  background plasma can be 

computed d i r e c t l y .  

The o r b i t  o f  a monoenergetic p a r t i c l e  i n  t h e  model used i s  per iod-  

i c  with a pe r iod  def ined as t h e  bounce pe r iod ,  i . e . ,  t h e  time requi red  

t o  execute  one closed o r b i t  i n  t h e  r e fe rence  frame shown on Figs .  3 and 

4 .  The o r b i t s  shown on the  f i g u r e s  are def ined  as bounce o r b i t s .  I t  

w i l l  be shown a p o s t e r i o r i  t h a t ,  i n  gene ra l ,  t he  bounce time s c a l e ,  

i s  much less than  t h e  a lpha  p a r t i c l e  slowing down time s c a l e ,  T 

*b ’ 

f ’  
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Thus, t he  a lpha  p a r t i c l e s  execute many bounce o r b i t s  during one slowing 

down t ime.  Fu r the r ,  a fas t  t e s t  ion  i n  a background plasma slows down 

t o  t h e  c r i t i c a l  energy, 

background e l ec t rons  and, t h e r e f o r e ,  undergoes l i t t l e  p i t c h  angle  scat-  

c r i e  - t e r i r ig  a t  energ ies  g r e a t e r  than  E 

energy t o  t h e  e l ec t rons  and ions  i s  equal a t  energy E 

given by1 

p r imar i ly  due t o  c o l l i s i o n s  with t h e  E c r i  t 9 

2 2  The r a t e  of  l o s s  of f a s t  ion  

which i s  c r i t  

where 

T E e l e c t r o n  temperature i n  e V ;  
e 

- n = e l e c t r o n  dens i ty  i n  cm-'; 

A fas t  ion  atomic mass number; 

e 

and t h e  summation inc ludes  a l l  ion  s p e c i e s .  In  a plasma c o n s i s t i n g  of  

50%1)-509T, n = l O I 4  cm-3 and T = 10 key, e e 

360 keV Ecri t 

f o r  an alpha p a r t i c l e .  

approximately 90 percent  of i t s  energy t o  t h e  background plasma before  

apprec iab le  p i t c h  angle  s c a t t e r i n g  OCCUTS . 

computed f o r  f a s t  a lphas then  will be used t o  estimate the  a lpha  p a r t i -  

c l e  hea t  depos i t ion  p r o f i l e s  and o t h e r  e f f e c t s .  

Thus, a 3 .5  MeV a lpha  p a r t i c l e  will t r a n s f e r  

'i'he d i s t r i b u t i o n  func t ion  
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Deta i led  charged p a r t i c l e  slowing down c a l c u l a t i o n s  have been 

performed by numerous au thors  .23  Here, fo l lowing  St ix , ’  no te  t h a t  

t h e  approximate time requi red  f o r  a 3.5 MeV a lpha  p a r t i c l e  t o  slow down 

t o  E is c r i t  

where 
8 3 / 2  6.27 x 10 A Te 

- tS - _I_- 

z 2 n  h~ e 

Using t h e  same assumptions as above i n  computing E 

.h A = 17,  

and t ak ing  c r i  t 

t = 0.370 sec 
S 

and, t h e r e f o r e ,  

rf = 340 msec . 

By comparison, i n  a r e a c t o r  with a major r a d i u s  R 

s a f e t y  f a c t o r  q = 3 ,  a 3 .5  MeV a lpha  p a r t i c l e  wi th  v >> v has a 

bounce time 

= 10 meters and a 0 

ll I 

rb = 15 Psec . 

In t h i s  t y p i c a l  example t h e  alpha p a r t i c l e  completes more than  20,000 

bounce o r b i t s  i n  t h e  time requ i r ed  t o  Slow down t o  E Thus, t h e  

assumption T << T~ is  v a l i d  f o r  cases where v >> v . Next, T i s  

c a l c u l a t e d  f o r  a lpha  p a r t i c l e s  wi th  a l l  p i t c h  angles  and t h e  v a l i d i t y  

c r i t  

b ll L b 
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of t h e  assumption i s  demonstrated i n  genera l .  

B .  Numerical Model o f  AlDha Parti.cPe Dynamics 

1. Bounce Time, T ~ .  The bounce per iod  i s  def ined  as 

where t h e  i n t e g r a t i o n  path i s  taken along the o r b i t  O F  i n t e r e s t .  Re- 

c a l l  from the  o r b i t  model prev ious ly  developed that  t h e  d r i f t  component 

of veloci- ty  i s  i n  t h e  f y  d i r e c t i o n .  Therefore ,  a guiding c e n t e r  v e l o -  

c i t y  i n  t h e  +x d i r e c t i o n  can occur only due t o  motion along a f i e l d  

l i n e .  

- 
The po lo ida l  ve loc i t l i  which r e s u l t s  from motion along a f i e l d  

l i n e ,  i n  terms o f  t h e  coordinates  def ined i n  F ig .  1, i s  

so  t h a t  

Rewriting Equation (12)  as 

X 
= 2 r dx’/vj; , 

1 X 
Tb 

and s u b s t i t u t i n g  Equation (13) y i e l d s  

dx 
I 2qRo rz __I Tb - - v * y ( x ‘ )  cos x” 

1 X 
(141 

I n  Equation (14), x* i s  t h e  p a r t i c l e  p i t c h  angle  wh-ich v a r i e s  along t h e  

t r a j e c t o r y ,  y(x’) i s  t h e  p a r t i c l e  t r a j e c t o r y  i t s e l f ,  and x l ,  x a r e  t h e  

x-ax is  i n t e r c e p t s  of t he  Function y ( x ) .  

2 
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The p i t c h  angle  f can a l s o  be  expressed as a func t ion  of  x’ a long 

t h e  o r b i t .  From t h e  conservat ion o f  Py 

2 2 v R = v  R 
‘B J. 

and 

R = R  + x  0 

s o  t h a t  
cos 2 f = (” ‘T) 

x c  + A 

where xT i s  def ined  by Equation (8) i n  terms of  t h e  i n i t i a l  condi t ions  

of  t h e  p a r t i c l e .  A l l  l engths  have been normalized t o  t h e  plasma r a d i u s .  

The bounce time now i s  given by 

- - JX2 J X’ + A dx” 
‘b v /a  x’ - XT y(x’) ’ 

1 

a func t ion  o f  x*  only.  

yB = 0 . 0  with Cos x = 1.0 and A = 4 .  

was given previous ly  as 

Consider t h e  o r b i t  pass ing  through xB = 0 . 5 ,  

The o r b i t  equat ion i n  t h i s  case 

2 1 / 2  
y(x)  = [ (O .S  - P/2)2 - (x - P/2) ] 9 

from wh i ch 

x = P - 0.5 1 

and 

From Eq 1 

x2 = 0.5 

x = - A  . T 
t i o n  (16) ,  
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Due t o  the  which i s  the expected r e s u l t  f o r  a p a r t i c l e  with v 

r o t a t i o n a l  t ransform,  the p a r t i c l e  m u s t  coinplete q t o r o i d a l  t r a n s i t s  

around t h e  machine t o  complete one closed o r b i t  p o l o i d a l l y .  

I1 = v -  

Defining 

t h e  bounce time f o r  a p a r t i c l e  with v as II = 

L 

which must be i n t e g r a t e d  numerical ly  except f o r  t h e  simple case j u s t  

d i scussed .  

Figure 1 2  shows t y p i c a l  t rapped and untrapped o r b i t s  and t h e  r e l e -  

vant i n t e g r a l  l i m i t s  i n  each case .  Since t h e  in tegrand  i n  Equation 

(17) depends on t h e  r e c i p r o c a l s  o f  y(x’) and Cos y’, s i n g u l a r i t i e s  

e x i s t  a t  x 

f o r  a t rapped o r b i t .  

T and x2 i n  t h e  case of  an untrapped o r b i t  and x x an3 x 1 1’ 2 

The t rapped o r b i t  i n t e g r a l  may be w r i t t e n  as 

T dx’ ‘2 dx’ X 

Tb = J 7 4- r ‘ v’ 9 

X T X X 1 X 

s o  t h a t  a l l  i n t e g r a l s  t o  be performed a r e  s imilar  i n  form and s i n g u l a r  

a t  t h e  end po in t s  of t h e  i n t e g r a t i o n  i n t e r v a l .  Consider t h e  general  

form of Equation ( 7 )  w r i t t e n  f o r  an i n i t i a l l y  costreaming, unrtrapped 

p a r t i c l e ;  t h a t  i s  

y(x) = [ C  - x2 + P{(x - xT) (x + A ) ]  1/2]1’2 

1’ In the  r e g i o n  nea r  i n t e r c e p t  x 

where A. i s  a small parameter .  Therefore ,  
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2 1/2 
y[x) = [ C  - x: - 2x1A - A + P{(A + x1 - ?) (A  + x1 + A)]1/2] 

i n  t h i s  r eg ion .  Expanding t h e  inner  square  roo t  i n  powers o f  A y i e l d s  

y(x) = [ C  - x i  - 2x1A + P{(x1 - xT)(x1 + A))”Z + 

By d e f i n i t i o n ,  

s o  t h a t  

+ O(A) . (18) 
2x1 - x T + .4 

- xT) CX,  + A) 

Provided t h a t  t h e  c o e f f i c i e n t  of /‘A i s  not  ze ro ,  t h e  s i n g u l a r i t y  due t o  

y(xl)  = 0 i s  i n t e g r a b l e  because 

The o t h e r  p o s s i b l e  s i n g u l a r i t i e s  are shown t o  be  i n t e g r a b l e  i n  a simi- 

l a r  manner. 

cise condi t ions  which r e s u l t  i n  a non- in tegrable  s i n g u l a r i t y  have been 

r e l ega ted  t o  Appendix A. P a r t i c l e s  which s a t i s f y  t h e  p r e c i s e  condi t ions  

comprise a very  small class and have been neglec ted  h e r e .  

The t ed ious ,  bu t  necessary ,  d e t a i l s  t o  understand the p re -  

The genera l  form of  Equation (17) which must be  i n t e g r a t e d  is 

where g(x) i s  a w e l l  behaved func t ion .  This i n t e g r a l  may e f f i c i e n t l y  
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2 5  be computed numerical l y 2 4  using t h e  Gaussian i n t e g r a t i o n  forni, 

2k - 1 x - x  
‘k - - 2 + X I +  2 

2 2 cos  ( 2N n) 

where t h e  r e l a t e d  orthogonal polynomials a r e  t h e  Chehyshev Polynomials 

of t h e  First Kind. 

2 .  D i s t r ibu t ion  Function, 1.1-- f .  The uncol l ided  alpha p a r t i c l e  

d i s t r i b u t i o n  func t ion ,  f ,  obeys t h e  Vlasov equat ion ,  

where 3 source of  a lphas has been included.  Using t h e  method of 

c h a r a c t e r i s t i c s  , 2 6 J  27 Equation (20) may be w r i t t e n  as, 

s o  t h a t ,  

Primed coord ina tes  r ep resen t  those  measured along the  o r b i t  of i nterest . 
I t  i s  assumed t h a t  no a lpha  p a r t i c l e s  are p resen t  i n  t h e  system at t = 0 

and Equation (22) can be i n t e g r a t e d  t o  y i e l d ,  
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s i n c e  when t = t ” ,  

x = x* 

Y = Y’ 

x = x’ 

Phys ica l ly ,28  Equation ( 2 3 )  states  t h a t  t h e  d i s t r i b u t i o n  func t ion  

f o r  p a r t i c l e s  a t  x , y  with p i t c h  angle  x a t  t i m e  t i s  composed of  p a r t i -  

cles which were produced a t  a l l  p o s s i b l e  t ”  S t ,  x’, y’ and x0 on 

o r b i t s  which subsequent ly  pass  through x , y  with  t h e  des i r ed  p i t c h  angle  

a t  time t .  

angle  of i n t e r e s t  i n  t h e  plasma i s  equiva len t  t o  f i x i n g  t h e  i n i t i a l  

condi t ions  f o r  a s i n g l e  p a r t i c l e  o r b i t .  

o r b i t  can produce p a r t i c l e s  which pass  through t h e  coord ina te  of 

i n t e r e s t  with t h e  requi red  p i t c h  angle .  The r i g h t  hand s i d e  of 

Equation ( 2 3 ) ,  

For example, spec i fy ing  a p a r t i c u l a r  coord ina te  and p i t c h  

Thus, only sources  along t h a t  

Jt S,(x’,y’,XA,t‘)dt’ , 
0 

expresses  t h e  sum of such sources  over a l l  previous t ime.  

source p e r  u n i t  time p e r  unit volume p e r  s t e r a d i a n  and d t ’  inc ludes  

t h e  p r e c i s e  o r b i t  information and i n t e g r a t i o n  p a t h .  Also, d t ’  = 

dx’/vx’ provides  t h e  appropr i a t e  weight f a c t o r  t o  t h e  in tegrand  t o  

account f o r  t h e  f a c t  t h a t  both t h e  source s t r e n g t h  and t h e  t i m e  

i n t e r v a l  over which it can c o n t r i b u t e  t o  t h e  t o t a l  d i s t r i b u t i o n  

func t ion  are important .  

Sa i s  t h e  
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I n  t h e  present  problem the  bounce o r b i t  i s  repeated many times i n  

t h e  time i n t e r v a l  t. Then, 

t t-7, 
f ( x , y , ) ( , t )  = Sadt’ + f Sadt’ . . .  

t -7 t*- 2 Tb b 

where t h e  l a s t  i n t e g r a l  represents  t h e  t r a n s i e n t  p a r t  of t h e  s o l u t i o n  

o r  p a r t i c l e s  i n  the  process  o f  completing t h e i r  f i r s t  bounce o r b i t .  

Thus, t o  lowest order  i n  T b / t ,  the f i n a l  form of  Equation (23)  i s  

The a lpha  p a r t i c l e  source d i s t r i b u t i o n ,  Sa, h a s  a magnitude and 

s p a t i a l  dependence determined by the ion  temperature and dens i ty  

p r o f i l e s  an3 i.s assumed i s o t r o p i c  i n  v e l o c i t y  space ,  i . e . ,  

Sa = la ( r )  n (r) <tsv> D T 

In t h e  l a s t  equat ion So = 7, qr <OV>DT evaluated a t  r = 0 and g ( r )  

inc ludes  t h e  r a d i a l  dependences of these  q u a n t i t i e s .  

In  summary then ,  t h e  equat ions which are  i n t e g r a t e d  by the  method 

ou t l ined  above, [ c f .  Equation (19) ] ,  are,  



39 

C .  Determination of Alpha Particle Bounce Times and D i s t r i b u t i o n  

Functions 

In t h i s  s e c t i o n  t y p i c a l  numerical  r e s u l t s  f o r  T and f obtained b 

by e x e r c i s i n g  t h e  procedures i n  Sec t ion  1II.B. are descr ibed .  

Figure 13 shows the  normalized bounce t imes f o r  i n i t i a l l y  

costreaming a lpha  p a r t i c l e s  produced a t  x 

func t ion  o f  t h e i r  i n i t i a l  p i t c h  angle .  The bounce t imes f o r  var ious  

p i t c h  angles  are expressed as mul t ip l e s  of t h e  t h e  bounce t i m e  f o r  the 

V = VI1 (Cos x = 1.0)  p a r t i c l e .  

d i f f e rences  i n  t h e  t h r e e  cases  shown need not  be  considered i n  

i n t e r p r e t i n g  t h e  r e l a t i v e  times phys ica l ly .  

0 .45  t h e  p a r t i c l e s  i n  a l l  t h r e e  cases are on untrapped o r b i t s .  The 

p a r t i c l e  i n  t h e  T = 10 MA machine has a longer  bounce time r e l a t i v e  

t o  rb 
0 

t o  i t s  T~ . 
t h e i r  i n i t i a l  f l u x  s u r f a c e .  Also, due t o  t he  l a r g e r  Lamour r a d i i ,  

d r i f t  motion e f f e c t s  are more pronounced i n  t h e  lower cu r ren t  machines. 

Therefore ,  t h e  Cos x = 0 .45  p a r t i c l e s  dev ia t e  f u r t h e r  t o  t h e  i n s i d e  of 

= 0 . 5 ,  yB = 0.0 as a B 

In this way the  a c t u a l  machine s i z e  

For example, when Cos x = 

(I = 10 MA) than t h e  p a r t i c l e  i n  t h e  I = 5 MA machine r e l a t i v e  

Recall t h a t  costreaming p a r t i c l e s  d r i f t  t o  t he  i n s i d e  of 
0 

t h e i r  f l u x  s u r f a c e  when I = 5 MA than when I = 10 Mn. As a r e s u l t ,  

t h e  o r b i t  i n  t h e  I = 5 MA device does not  p e n e t r a t e  as f a r  i n t o  t h e  
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magnetic f i e l d  grad ien t  as t h e  10 MA o r b i t ,  maintains  a l a r g e r  average 

v11 over t h e  bounce o r b i t  and has  a s h o r t e r  r e l a t i v e  bounce t ime. 

same argument app l i e s  t o  t h e  I -- 2 MA o r b i t  cornpared t o  t h a t  in t h e  

I = 5 MA case. 

The 

In the  case  of t rapped o r b i t s ,  cons ider  t h e  I = 5 and 10 MA curves  

f o r  Cos x = 0 . 3 ,  

o r b i t .  The bounce time f o r  a t rapped p a r t i c l e  i s  determined by t h e  

By d e f i n i t i o n ,  "11 = 0 a t  some po in t  along a trapped 

p a r t i c l e  dynamics i n  t h e  region of t h e  o r b i t  t u rn ing  p o i n t ,  ( c f .  

Appendix A). Again, t h e  d r i f t  e f f e c t s  a r c  more pronounced i n  the 

I = 5 EIL4 vs .  10 MA machine. 

dominated by the  d r i f t  v e l o c i t y  so  t h a t  t h e  time spent  i n  such regions 

i s  reduced f o r  luw cur ren t  devices  r e l a t i v e  t o  h ighe r  cu r ren t  dcvices .  

Thus, i n  regions where U I I  0 ,  motion is 

'1"nis expla ins  t h e  longer r e l a t i v e  bounce times f o r  t rapped p a r t i c l e s  i n  

the  10 MA iiiachine compared to t h e  5 MA machine. Note from Fig.  5 t h a t  

f o r  t h e  corresponding i n i t i a l  condi t ions ,  no costreaming p a r t i c l e s  are 

t rapped f o r  I c= 2 MA s o  t h a t  no f u r t h e r  comparison can be  made. 

Figure 14 shows t h e  normalized houncc times f o r  t h e  same i n i t i a l  

s p a t i a l  condi t ions  bu t  counterstreaming a lpha  p a r t i c l e s .  For t rapped 

o r b i t s  t he  arguments above apply as t o  why T / T  (I = 10 MA) > 
bo 

T / T  (I = 5 MA). However, f o r  untrapped o r b i t s ,  counterstreaming 

p a r t i c l e s  d r i f t  t o  t he  ou t s ide  of t h e i r  i n i t i a l  f l u x  s u r f a c e ,  'Ihus a 
bo 

p a r t i c l e  on an untrappgd o r b i t  i n  a low cu r ren t  device will d r i f t  

f u r t h e r  i n t o  the  magnetic f i e l d  grad ien t  and have a longer  r e l a t i v e  

bounce time than t h e  corresponding p a r t i c l e  i n  a h ighe r  cu r ren t  device.  

This i s  t h e  opposi te  o f  t he  r e s u l t  found f o r  costreaming p a r t i c l e s .  
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The d i f f e r e n c e  occurs due t o  t h e  d r i f t  effect  and whether t h e  

d r i f t  o r b i t  i s  i n s i d e  o r  ou t s ide  of  t h e  corresponding i n i t i a l  f l u x  

s u r f a c e .  

In a l l  rases, r e l a t i v e  bounce times g r e a t e r  t han  10 occur f o r  a 

very small class of  par t ic les  as shown by F igs .  13 and 1 4 .  In  t h e  

example computed previous ly ,  

s o  t h a t ,  

y i e l d s  I 

-5 /Tf) = 5 x 10 

(7 /T ) = 10 
bo 

-4 
(Tb/Tf) w 5 x 10 . 

?he assumption t h a t  p a r t i c l e s  execute  many bounce o r b i t s  i n  one slowing 

down time i s  t h e r e f o r e  v a l i d  i n  genera l .  In some c a s e s ,  a small class 

of p a r t i c l e s  i n  t h e  t r a n s i t i o n  region between t rapped and untrapped 

p a r t i c l e  o r b i t s  have very long bounce t imes and they  are neglec ted  he re .  

F i n a l l y ,  F i g .  14 i n d i c a t e s  t h a t  counters t reaming p a r t i c l e s  a t  

= 0.5 ,  yB = 0 .0  i n  an I = 2 MA device  with p i t c h  angles  between x 

Cos x = 0.11 and Cos x = 0.59 are on o r b i t s  which make excursions 

ou t s ide  of t h e  plasma. The bounce time f o r  such cases  cannot be 

computed s i n c e  t h c  p a r t i c l e s  are l o s t  from t h e  system and t h e  d i s t r i -  

bu t ion  func t ion  i n  t h i s  reg ion  of p i t c h  angle  space i s  zero. 

B 
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A f e w  f u r t h e r  comments on t h e  d i s c o n t i n u i t i e s  shown on Figs .  13  

and 1 4  should be made. Appendix A expla ins  i n  d e t a i l  how such 

d i s c o n t i n u i t i e s  r e s u l t  from t h e  a n a l y s i s .  I t  i s  important t o  recognize 

t h a t  the sharp d i s c o n t i n u i t i e s  w i l l  not  a c t u a l l y  occur phys i ca l ly .  

For example , both h ighe r  o rde r  d r i f t  terms2' and c o l l i s i o n s  , which have 

no t  been t r e a t e d  he re ,  w i l l  a f f e c t  t h e  p a r t i c l e s  i n  thi .s  narrow range 

of p j t c h  angle  space.  Since the  time s c a l e s  f o r  t h e s e  processes  a r e  

long, t h e  sharp "corners" shown on F i g s .  13  and 14 (and F i g s .  15,  17 

and 18 discussed l a t e r )  will be a l l e v i a t e d  bu t  t h e  o v e r a l l  shape of  t h e  

curves w i l l  no t  be a f f e c t e d ,  

Resul ts  i n  t h e  remainder of t h i s  work r e l y  on i n t e g r a l s  of some 

d i s t r i b u t i o n  func t ions  which have d i s c o n t i n u i t i e s  i.n t h e i r  s lopes  bu t  

a r e  everywhere f i n i t e .  (See F i g s .  15, 17 and 18 ) .  As such the  

c a l c u l a t i o n a l  model used he re  i s  adequate f o r  the  p resen t  purpose.  

Recogniti-on i s  given t o  t h e  fact  t h a t  phys ica l  processes  w i l l  prevent  

such sharp  s t r u c t u r e s  from occurr ing  i n  n a t u r e .  

Turning t o  t h e  c a l c u l a t i o n  of  t h e  alpha p a r t i c l e  d i s t r i b u t i o n  

func t ion ,  f ,  Equati.on (26)  i s  r ewr i t t en  a s ,  

1 

X 
f(x,y,Cos x , t )  =: t 

2 dx' r -  
i vx- 1 

The reniaining computations depend on t h e  source d i s t r i b u t i o n  o f  a lpha  

p a r t i c l e s  Assume t h a t  , 
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which r ep resen t s  a system with a cons tan t  ion  temperature and a 

pa rabo l i c  d e n s i t y  p r o f i l e .  Then, 

O t  
S 

f(x,).,Cos x , t )  = Ti- X 

.f dx”/vx, 
1 X 

i s  eva lua ted  numerical ly  t o  determine t h e  d i s t r i b u t i o n  func t ion  a t  x ,y  

as a funct ion of Cos y and time t .  

Figure 15 shows t h e  normalized fast a lpha  p a r t i c l e  d i s t r i b u t i o n  

func t ions  which r e s u l t  a t  x/a = 0 . 5 ,  y / a  = 0 . 0  due t o  t h e  source shape 

assumed f o r  fou r  plasma cu r ren t  l e v e l s .  Each d i s t r i b u t i o n  i s  a 

func t ion  of  p i t c h  angle ,  0 15; Cos x 5 1 .0 ,  and inc ludes  costreaming 

( V I (  0 J 2 0) p a r t i c l e s  only.  

r ad ius  so  t h a t  p a r t i c l e s  are p e r f e c t l y  confined t o  t h e i r  i n i t i a l  f lux  

4 4 

The case I = ~0 r ep resen t s  zero Larmour 

su r face .  Thus, 

f(x,y,Cos y,t) 22 t 
f d t ’  
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but  r = F’ = cons tan t  s i n c e  i n  t h i s  l i m i t i n g  case  p a r t i c l e  f l u x  

su r faces  and d r i f t  o r b i t s  are co inc iden t ,  and, 

A t  x /a  0 . 5 ,  y/a  = 0 . 0 ,  r / a  = 0.5  s o  t h a t  t h e  l as t  equat ion y i e l d s  

which i s  shown on F i g .  15. NoTe t h a t  i n  t h i s  i d e a l  case  t h e  d i s t r i -  

bu t ion  func t ion  i s  i s o t r o p i c  and has t h e  same r a d i a l  dependence as t h e  

source func t ion .  I t  s tands  t o  reason t h a t  s i n c e  o r b i t s  arc  confined 

t o  a f lux  su r face  and t h e  a lpha  p a r t i c l e  soui’ce i s  constant  on a f l u x  

su r face ,  time weighting and averaging t h e  source ra te  over a bounce 

o r b i t  provides  no new information.  

However, consider  t h e  o r b i t s  shown on Fig.  16,  The o r b i t s  

r ep resen t  t h e  i n t e g r a t i o n  pa ths  which must be followed t o  compute t h e  

d i s t r i b u t i o n  func t ion  a t  x/a = 0 . 5 ,  y /a  = 0,O and a p a r t i c u l a r  p i t c h  

angle  given by Cos x = 0.43. ?‘he I = a case has been d iscussed ,  

A t rapped p a r t i c l e  o r b i t  occurs i n  the  I = 10 MA case .  Thus t h e  

d i s t r i b u t i o n  func t ion  a t  x /a  = 0 . 5 ,  y/a  = 0 . 0  f o r  cos x = 0 . 4 3  is 

expected t o  be composed p r imar i ly  of p a r t i c l e s  which were a c t u a l l y  

produced near  t h e  tu rn ing  po in t  of t h e  o r b i t .  This i s  a r e s u l t  o f  

the  f a c t  t h a t  t h e  d i s t r i b u t i o n  i s  a func t ion  of both t h e  source 

s t r e n g t h  and time a p a r t i c l e  spends i n  a p a r t i c u l a r  source reg ion .  

The tu rn ing  p o i n t  i s  shown on Fig.  1G a t  r / a  = 0 . 3 3 .  Thus, 
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which compares w e l l  wi th  t h e  va lue  f o r  t h e  I = 10 MA d i s t r i b u t i o n  

func t ion  a t  Cos y = 0 . 4 3  on Fig.  15.  

The untrapped p a r t i c l e  o r b i t  far  t h e  I = 2 MA case, F ig .  16 ,  does 

no t  permit  an i n t u i t i v e  i n t e r p r e t a t i o n  of  f .  

drawn. 

of h ighe r  source s t r e n g t h  than  t h e  source  s t r e n g t h  on t h e  f l u x  su r face  

r / a  = 0.5 ,  Thus, it i s  expected t h a t  

One conclusion can be 

Since t h e  o r b i t  i s  e n t i r e l y  wi th in  r /a  = 0.5 ,  it i s  i n  a reg ion  

.2Ef > -  4fT 
sot 2bfA sot fm ’ 

f o r  t h e  s p a t i a l  p o i n t  and p i t c h  angle  being considered.  

I = 2 EilA and I = m d i s t r i b u t i o n  func t ions  are 0.78 and 0.56, 

r e s p e c t i v e l y .  

In  fac t  t h e  

Figure 17  shows t h e  normalized d i s t r i b u t i o n  func t ions  f o r  t h e  

same s p a t i a l  p o i n t  bu t  f o r  counters t reaming p a r t i c l e s .  I t  i s  noted 

again t h a t  t h e  sha rp  d i s c o n t i n u i t i e s  which r e s u l t  from t h e  a n a l y s i s  

would be smoothed out  by phys ica l  p rocesses  i n  an a c t u a l  system. 

t h e  d i s c o n t i n u i t i e s  i n  t h e  s lope  of t h e  d i s t r i b u t i o n  func t ions  occur  

where t h e  t r a n s i t i o n  between t rapped  and untrapped p a r t i c l e  o r b i t s  t a k e  

p lace .  The I = 2 MAdis t r ibu t ion  f o r  counters t reaming p a r t i c l e s  i s  

zero between Cos x = 0.11 and 0.59. 

pass through x/a = 0.5,  y/a  = 0.0 with a p i t c h  angle  i n  t h i s  range 

make an excursion outside o f  t h e  plasma radius and a r e  considered l o s t .  

Here 

Counterstseaming p a r t i c l e s  which 
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A similar l o s s  cone determinat ion f o r  fas t  ions produced i n  a system 

by n e u t r a l  beam i n j e c t i o n  and t h e  inipl icat ions o f  t he  lo s s  cone on 

i n j e c t i o n  hea t ing  are t r e a t e d  elsewhere.  30,31 

D .  Determination of Alpha P a r t i c l e  Heating and Momentum P r o f i l e s  

From t h e  d i s t r i . bu t ion  €unctions computed as descr ibed above, 

I.---- I 

es t imates  of t he  alpha p a r t i c l e  hea t ing  and momentum profiles i n  a 

s p e c i f i c  system can be determined. By d e f i n i t i o n ,  

-4n 
n = [ f 2i-r Sin x dx , a .  -TT 

s o  t h a t ,  

where, 

which was discussed i n  t h e  preceding s e c t i o n .  Thus, assuming t h a t  t h e  

p r o f i l e  o f  fas t  a lpha  dens i ty  product ion i n  t h e  plasma i s  an ind ica t ion  

of  t h e  energy dens i ty  depos i t ion  rate, it fol lows t h a t ,  

Prev ious ly ,  f o r  t h e  l i m i t i n g  case of zero  Lamour r a d i u s ,  I = m, it 

was shown t h a t  
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Thus, 

2 2 H(x,y , t )  = S (1 - r ) E 
0 a 

which simply s ta tes  t h a t  making t h e  assumption t h a t  a lphas  are confined 

t o  t h e i r  i n i t i a l  f l u x  s u r f a c e s  r e s u l t s  i n  an energy dens i ty  depos i t ion  

r a t e  p r o f i l e  i d e n t i c a l  t o  t h e  a lpha  product ion r a t e  p r o f i l e .  

f i n i t e  Larmour r ad ius  case, Fig.  18 shows t h e  costreaming and counter-  

For a 

s t reaming d i s t r i b u t i o n  func t ions  f o r  x/a = 0.5 and y/a  = 0 . 0  i n  an 

I = 5 MA device.  Performing t h e  requi red  i n t e g r a l s  numerical ly  y i e l d s  

H ( Q a 5 , 0 , t )  = SOE, (0.534) 

which i s  approximately t h e  same as t h e  I = r e s u l t ,  

H(0.5,0, t )  = S F (0.562) . 
0 'a 

However, i t  i s  apparent from Fig .  18 t h a t ,  al though t h e  t o t a l  d e n s i t y  

i s  comparable t o  t h e  zero Larmour r ad ius  r e s u l t ,  t he  d e n s i t y  i s  com- 

posed of  more costreaming than  counters t reaming p a r t i c l e s .  

e f f e c t  impl ies  a n e t  momentum input  t o  t h e  plasma and suggests  t h a t  a 

n e t  flow v e l o c i t y  may develop i n  t h e  background f l u i d .  This  i s  con- 

sidered i n  more d e t a i l  below. 

This o r b i t  

F i r s t ,  t o  complete t h e  de te rmina t ion  o f  t h e  h e a t i n g  profiles i n  

var ious  s i z e  devices ,  I = 2 ,  5 ,  10 and W M A  cases  are analyzed. 

H(x ,y , t )  i s  f irst  computed a t  seve ra l  p o i n t s  on a given f l u x  s u r f a c e .  

The r e su l t s  are then  averaged over a f l u x  s u r f a c e ,  % . e . ,  
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t o  ob ta in  mergy  dens i ty  depos i t ion  r a t e  p r o f i l e s  which a r e  a func t ion  

o f  minor r ad ius  only.  

Figure 19 shows t h e  hea t ing  p r o f i l e s  f o r  t h e  four  values  of plasma 

c u r r e n t .  In a f e a s i b i l i t y  s i z e  device,  ( I  = 2-5 M A ) ,  t he  hea t ing  pro- 

f i l e s  a r e  smal le r  i n  magnitude than t h e  source p r o f i l e  because o r b i t  

e f f e c t s  have caused t h e  lass of some p a r t i c l e s .  Also, t h e  o r b i t  ef-  

f e c t s  tend t o  broaden t h e  hea t ing  p r o f i l e  r e l a t i v e  t o  t h e  source shape 

o f  a lphas .  In r e a c t o r  s i z e  devices  ( I  2 10 MA),  t he  usual  assumption 

t h a t  t h e  hea t ing  p r o f i l e  and source p r o f i l e  are t h e  same can be made 

with good accuracy. Since t h e  I = curve represents  p e r f e c t  contairi- 

ment, an e s t ima te  of  t he  f r a c t i o n  of  a lpha p a r t i c l e s  contained by other 

plasma c u r r e n t s  can be obtained us ing  F ig .  19. For I 2 2 M A ,  

Simi la r ly ,  f o r  t h e  I = 5 MA case ,  FC M 97%.  

F , ( I  = 2 MA) = 73% and F ( I  = 5 MA) = 97% shown i n  Chapter 11, Table T 

where t h e  computations were based on l o s s  f r a c t i o n  cons ide ra t ions .  

These r e s u l t s  compare t o  

L C 

F i n a l l y  t h e  a lpha  p a r t i c l e  momentum p r o f i l e s  i n  t h e  var ious  cases 

a r c  determined. There have been numerous d iscuss ions  i n  t h e  l i t e r a t u r e  

about t o r o i d a l  flow v e l o c i t i e s  which may develop i n  t h e  background 

plasma clue t o  r a d i a l  e l e c t r i c  f j e l d s ,  neiitl-a1 beam i n j e c t i o n ,  and o t h e r  

sources .  Poss ib le  r e l a x a t i o n  mechanisms which w i l l  l i m i t  t h e  t o r o i d a l  

flow v e l o c i t y  have a l s o  been examined t o  varying degrees of  d e t a i l .  

Figure 18 makes it c l e a r  t h a t  the a lpha  par t ic les  a r e  a source o f  

momentum t o  t h e  plasma. Since 

32 
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p, = ,rn f rn v 2E Sin x dX 
-rr a I1 

dp, S m v 

a t  2 a a 1'' h(Cos x) Cos x d (Cos x) ( 3 3 )  -------= 
-1 

t h e  n e t  momentum input  a t  a po in t  i n  t h e  plasma can be c a l c u l a t e d .  For 

example, i n  t h e  I 5 case, 

2 
h(Cos x) = - 4n f = (1 - r 2 ) . 

SOt 

From Equation ( 3 3 )  

2 2  S m v  
MCx,y,t) = 2 a a f"' (1 - r ) Cos d(Cos x) = 0 

-1 

and t h e  costreaming and counterstreamingmomentum cance l  p r e c i s e l y  a t  

each po in t  i n  t h e  plasma. However, t h i s  i s  not  t h e  case  f o r  f i n i t e  

c u r r e n t s  where o r b i t  e f f e c t s  become important .  

t o  the plasma on t h e  r / a  = 0.5  f l u x  s u r f a c e  f o r  I = 2 ,  5 ,  10 and w M A  

w i l l  be used as an example f o r  d i scuss ion  he re .  

on Fig.  20 where 9 = 0 when x / a  = 0 . 5 ,  y/a = 0 . 0  and 8 = IT when 

x / a =  -0.5,  y/a  = 0 . 0 .  Thus, on a given f l u x  s u r f a c e ,  t h e  a lpha  p a r t i -  

c l e  momentum input  t o  t h e  background plasma tends  t o  d r i v e  t h e  plasma 

near  9 rr: 0 and rr i n  oppos i te  d i r e c t i o n s  and e s t a b l i s h  a t o r o i d a l  flow 

v e l o c i t y  with a po lo ida l  shea r  p a t t e r n .  Such a t o r o i d a l  flow v e l o c i t y  

inhomogeneity on a f l u x  su r face  w i l l  develop according t o  t h e  p a r a l l e l  

momentum equat ion 

The n e t  momentum input  

The r e s u l t s  are shown 
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au * U m.n - M - m.n - 
1 i ~1~ 1 i a t  (34)  

where U i s  the  t o r o i d a l  flow v e l o c i t y ,  1n.n i s  t h e  background plasma 

ion  mass dens i ty ;  m.n >> m n has a l s o  been assumed. In t h e  c o l -  

l i  s i o n l e s s  regime 

i i  

i i  e e  
33 

That i s ,  t h e  c h a r a c t e r i s t i c  time f o r  p a r a l l e l  ion  v i s c o s i t y  t o  r e l a x  

the  inhomogeneity i n  t h e  flow v e l o c i t y  bui ldup on a €lux su r face  i s  on 

t h e  order  of  t he  ion-ion c o l l i s i o n  time i n  t h e  background plasma. The 

maximum t o r o i d a l  flow inhomogeneity a t t a i n e d  a t  

S m v ~  o a a ii [ som~va ] 
AIJ = m.n. 

1 1  

and t h e  term i n  bracke ts  i s  taken from Fig .  20 .  

t i s m ,  t he  maximum value  - 0.14 has  been assumed 

s teady  s t a t e  i s  

Y ( 3 4 )  

(Here ~ f o r  conserva- 

f o r  t h e  normalized 

momentum input  .) 

speed i n  the  plasma, shocks may occur and produce d e l e t e r i o u s  e f f e c t s  

on plasma confinement. 

I f  the flow v e l o c i t y  inhomogeneity exceeds t h e  sound 

Thus, Equation ( 3 6 )  i s  r ewr i t t en  r e l a t i v e  t o  

t h e  somd speed so  t h a t  

(WDT -4  
- 0.24 - T. (kev) x 10 AU .--- - 

vS 10-16 1 

A u  
v (5 keV) .= 1.5 x 
- 

S 

A U  
v (10 keV) = 2 . 4  x lo-' 

S 



C37C) 
AU -4 - (15 keV) = 9 x 10 . v 
S 

Even i n  the  p e s s i m i s t i c  case ,  Equations (37)  show t h a t  t h e  time scale 

f o r  p a r a l l e l  ion  v i s c o s i t y  t o  relax t h e  inhomogeneity i n  t h e  t o r o i d a l  

flow v e l o c i t y  bui ldup on a f l u x  s u r f a c e  is  s u f f i c i e n t l y  s h o r t  t o  l i m i t  

it t o  an acceptab ly  l o w  magnitude. 

Due t o  t h e  p a r a l l e l  i on  v i s c o s i t y  a c t i o n ,  t h e  momentum may be 

assumed cons tan t  on a given flux sur face .  The momentum input  f l u x  

s u r f a c e  averages were performed f o r  t h e  s tandard  cases and the  r e s u l t s  

a r e  shown on F i g .  2 1 .  Note t h a t  t h e  p r e f e r e n t i a l  l o s s  of  counter-  

s t reaming a lpha  p a r t i c l e s  r e s u l t s  i n  a n e t  momentum an every f l u x  

s u r f a c e  i n  t h e  Same d i r e c t i o n  as t h e  plasma cu r ren t .  

flow v e l o c i t y  w i l l  develop, but  with the  sheared v e l o c i t y  p a t t e r n  i n  

Again a t o r o i d a l  

t h e  r a d i a l  d i r e c t i o n .  Thus, i f  ion  v i s c o s i t y  i s  r e l i e d  on t o  r e l a x  

t h e  flow, it i s  t h e  c h a r a c t e r i s t i c  time far  perpendicular  ion v i s -  

33 c o s i t y  which i s  o f  i n t e r e s t .  In t h e  c o l l i s i o n l e s s  regime 

s o  t h a t  f o r  a 2 PO0 c m  and Ti 2 5 key, a Perpendicular  

i o n  v i s c o s i t y  i s  no t  a v i ab le  mechanism for r e l a x i n g  t h e  toroidal flow, 

t h e r e f o r e ,  s i n c e  it would allow a bui ldup  t ime of hundreds of seconds.  

Other r e l a x a t i o n  mechanisms have been suggested but  h e r e  t h e  t ime,  T ~ ,  

requi red  f o r  developmcnt of  an unacceptable  €Pow velocity is computed 

t o  determine i f  t h e  a lpha  momentum input  i s  l a rge  enough t o  be of 

concern.  

2. 800 seconds.  
1 
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Cat to ,  e t  a l .  , 34  desc r ibe  the  s t a b i l i t y  c r i t e r i o n  which prevents  

a p a r a l l e l  Kelvin-Helmholtz i n s t a b i l i t y  from being exc i t ed .  For 

T := T t h e  c r i t e r i o n  i s  e i '  

where U' i s  t h e  g rad ien t  of  t h e  v e l o c i t y  shear  and 1, 

i s t i c  length a s soc ia t ed  with t h e  plasma dens i ty  p r o f i l e .  

LN 

MA case  from F i g .  2 1 ,  

i s  the cha rac t e r -  

Assuming 

N 

a and, conserva t ive ly ,  us ing  t h e  numerical r e s u l t s  f o r  t h e  I = 2 

1 4  - 3  In Equation (40) ni = 10 c m  and 'l'. = 15 keV. With no r e l a x a t i o n  

mechanism aga ins t  t h e  t o r o i d a l  flow bui ldup assumed opera t ion  f o r  
1 

T~ 1; 250 s e c  

w i l l  no t  e x c i t e  t h e  i n s t a b i l i t y .  

exceeding t h e  sound speed i s  d i f f e r e n t  by t h e  f a c t o r  bFi which he re  

i s  taken as u n i t y .  

The opera t ion  time permi t ted  before  

The impl ica t ions  of t h e  alpha p a r t i - c l e  momentum inpu t  p r o f i l e s  

have not  been computed i n  a d e t a i l e d ,  r igorous way. Rather,  the Eore- 

going somewhat h e u r i s t i c  arguments were made and aimed a t  known ve loc i -  

t y  l i m i t s  and shea r  flow i n s t a b i l i t i e s  t o  determine t h e  magnitude of  

the  poss ib l e  problem. The r e s u l t s  show t h a t  t h e  momentum input  i s  too  

small, even i n  cases  computed using conserva t ive  assumptions,  t o  be of  

concern. A bui ldup t i m 3  o f  hundreds of  seconds i s  requi red  t o  develop 

t o r o i d a l  v e l o c j t i e s  near  t h e  plasma sound speed and c e r t a i n l y  such a 
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time s c a l e  sugges ts  t h a t  some y e t  unknown r e l a x a t i o n  mechanism may 

occur and in f luence  t h e  long term bui ldup.  

There i s  one o t h e r  a lpha  p a r t i c l e  effect  t h a t  must be mentioned. 

From a plasma h e a t i n g  po in t  of view the  l o s s  of a lpha  p a r t i c l e s  from 

t h e  plasma was found t o  be of  l i t t l e  consequence, However, the l o s s  

of  each alpha p a r t i c l e  a l s o  causes t h e  plasma t o  become nega t ive ly  

charged e l e c t r o s t a t i c a l l y .  The a s soc ia t ed  e l ec t r i c  f i e l d s  and poten- 

t i a l s  i n  t h e  plasma could g r e a t l y  affect t h e  dynamics and confinement 

c h a r a c t e r i s t i c s  of t h e  background plasma depending on t h e  charging ra te  

and p o t e n t i a l s  a t t a i n e d .  

of t h i s  p o s s i b l e  problem i s  made t o  a s s e s s  i t s  p o t e n t i a l  importance. 

Here, as above, an e s t ima te  of t h e  magnitude 

For  each a lpha  p a r t i c l e  l o s t  from t h e  system, a nega t ive  charge 

Q = -2e accumulates i n  t h e  plasma. Thus, 

i s  t h e  e l e c t r o s t a t i c  charging rate p e r  u n i t  volume and F 

t i o n  o f  a lpha  p a r t i c l e s  produced t h a t  a r e  contained.  The e l e c t r i c  

f i e l d  and p o t e n t i a l  bui ldup are  es t imated  from Gauss' Law as fol lows,  

is  t h e  frac- c 

where 6 i s  t h e  ra te  o f  change of  t h e  p o t e n t i a l  and E i s  t h e  perpen- 
i 

d i c u l a r  d i e l e c t r i c  cons tan t  w co (1 + w2 /?). Introducing the p i  1 
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d e f i n i t i o n  of  t h e  s a f e t y  f a c t o r ,  

and eva lua t ing  t h e  numerical cons tan ts  i n  Equation (42)  y i e l d s  

(43)  
2 2 2  4 = 400 n.(W)DTq A I (MA) (1 - Fee> kV/sec . 

I. 

Assuming an average ion dens i ty  ( 1 1 . )  = 5 x 10 l3 ~ N I - ~ , ( C W ~ ( T ~  = 10 keV) 

M 10 cm -see , q = 3 and R = 4 r e s u l t s  i n  

1 

16 3 -1 

2 4 = 288 I (1 - Fc) kV/sec . 

For t h e  I = 2MA case ,  Table I i n  Chapter I1 shows t h a t ,  depending on 

the  alpha product ion p r o f i l e ,  

2 0.8 5 (I - F C ) I  5 1.9 . 
The o p t i m i s t i c  case o f  0 .8  y i e l d s  

= 230 kV/sec . 

This r a t e ,  unimpeded, would r e s u l t  i n  a plasma p o t e n t i a l  on t h e  o rde r  

of  t h e  e l e c t r o n  temperature (assuming T = 10 keV) i n  about 40 iiiiIli- 

seconds of ope ra t ion .  S imi l a r ly ,  f o r  t h e  5 MA case  from Table I ,  

e 

2 0 (1 - F C ) I  5 5 .2  , 

which r e s u l t s  i n  a p o t e n t i a l  bui ldup ranging from aFproximateZy zero 

t o  hundreds of  k i l o v o l t s  pe r  second again depending on t h e  exact  r a d i a l  

p r o f i l e s  which e x i s t .  
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The e l e c t r o s t a t i c  arguments were presented  above f o r  one reason .  

A l l  o t h e r  a lpha  p a r t i c l e  cons ide ra t ions  eva lua ted  have produced seem- 

ing ly  t o l e r a b l e  c f f e c t s .  This is no t  t h e  case with t h e  e l e c t r o s t a t i c  

charging problem. Perhaps a r igorous  a n a l y s i s  of t h e  imp l i ca t ions  of  

and plasma response t o  t h i s  charging w i l l  prove it t o  be benign. How- 

eve r ,  r e c a l l  t h a t  Ea = 3.5 M e V  and Te = Ti fi: 10 keV s o  t h a t  i n  general  

t h e  background plasma w i l l  respond t o  t h e  "alpha dr iven  p o t e n t i a l "  

before t h e  a lpha  p a r t i c l e  o r b i t s  themselves w e  a l t e r e d  apprec iab ly .  

This sugges ts  t h a t  t h e  plasma w i l l  a d j u s t  perhaps by a t t r a c t i n g  pos i -  

t i v e  charges from t h e  wall area o r  i n  some o t h e r  way t o  l i m i t  t h e  

p o t e n t i a l  growth - 
In any even t ,  d e t a i l e d  research  i n  t h i s  a r e a  seems warranted. 

E l e c t r i c  f i e l d s  have not  been included i n  t h i s  o r b i t  a n a l y s i s .  A 

s e l f - c o n s i s t e n t  t rea tment  of t h e  t h r e e  component plasma, inc luding  t h e  

e l e c t r i c  f i e l d  e f f e c t s ,  i s  not  a simple t a s k  b u t ,  based on these 

r c s u l r s  , one whj ch demands f u r t h e r  e f f o r t  

The d i s t r i b u t i o n  func t ions  €or 3 . 5  MeV a lpha  p a r t i c l e s  contained 

by va r ious  s i z e  systems were c a l c u l a t e d  i n  t h i s  chap te r .  The d i s t r i -  

bu t ion  func t ion  a t  a po in t  i n  space was formed from s i n g l e  p a r t i c l e  

o r b i t  cons idera t ions  by i n t e g r a t i n g  t h e  a lpha  p a r t i c l e  source fi inction 

along t h e  appropr i a t e  o r b i t  c h a r a c t e r i s t i c  numerical ly .  

The a lpha  p a r t i c l e  energy d e n s i t y  depos i t i on  rate p r o f i l e s  and 

momentum p r o f i l e s  were ca l cu la t ed  from t h e  d i s t r i b u t i o n  funct ions - 
In the  zero Larmour r ad ius  case ,  t h e  a lpha  p a r t i c l e  hea t ing  p r o f i l e  i s  

i d e n t i c a l  t o  t h e  a lpha  source d i s t r i b u t i o n  p r o f i l e  s i n c e ,  i n  t h i s  



l i m i t ,  a l l  p a r t i c l e s  a r e  r i g i d l y  confined t o  t h e i r  i n i t i a l  f l u x  s u r -  

face .  In t h e  f i n i t e  LaTmour rad ius  cases  the  alpha hea t ing  p r o f i l e s  

were found t o  be reduced near  t h e  c e n t e r  of t he  d ischarge  and increased  

s l i g h t l y  i n  the  ou te r  plasma regions r e l a t i v e  t o  t h e  source d i s t r i b u -  

t i o n .  The I = 2 MA hea t ing  p r o f i l e  showed t h e  most pronounced broaden- 

ing  e f f e c t  r e l a t i v e  t o  t h e  source shape s i n c e  l a rge  o r b i t  excursions 

permit p a r t i c l e s  produced near  t he  c e n t e r  of  t h e  d ischarge  t o  hea t  

plasma zones i n  t h e  pe r iphe ra l  plasma reg ions .  The l a rge  excursions 

a l s o  expla in  t h e  o v e r a l l  decreased magnitude of  t h e  I = 2 MA hea t ing  

p r o f i l e  where as many as 25 percent  of  t h e  alphas produced are l o s t  

from t h e  plasma. In a r e a c t o r  s i z e  plasma, I 2 10 M A ,  i t  i s  found 

t h a t  t h e  hea t ing  p r o f i l e  can be taken equal t o  the  a lpha  p a r t i c l e  

source p r o f i l e  t o  a high degree of accuracy. 

35 

4 1  though t h e  alpha p a r t i c l e s  a r e  produced i - so t rop ica l ly  i n  

v e l o c i t y  space ,  t h e  t o r o i d a l  d r i f t  a f f e c t s  i n i t i a l l y  c o s t r e m i n g  and 

counterstreaming p a r t i  c l e s  d i f f e r e n t l y .  Overal l  , counterstreaming 

par t ic1.es  a r e  p r e . f e r e n t i a l l y  l o s t  from t h e  system due t o  o r b i t  ex- 

cu r s ions .  As a r e s u l t  , two a lpha  p a - r t i c l e  momentum input  p r o f j  l e s  m i l s t  

be considered.  F i r s t ,  on a given f l u x  susface ,  t h e  f a s t  a lpha p a r t i c l e  

dens i ty  produced near  8 -- 0 tends t o  d r i v e  t h e  background plasma i n  

the  same d i r e c t i o n  as t h e  plasma cu r ren t .  When 8 = IT, t h e  momentum 

input  tends t o  d r i v e  the  plasma i n  the  opposi.tc. d i rec t . ion .  Thus ,  t h e  

a lphas a r e  d i r e c t e d ,  on a given f l u x  su r face ,  so  as t o  c r e a t e  a shear  

flow p a t t e r n  i n  the  background plasma. 

c o s i t y ,  which relaxes a t o r o i d a l  flow v e l o c i t y  inhomogeneity on a f l u x  

su r face ,  has a much fas te r  t i m e  s c a l e  ( - r i i )  than t h e  bui ldup time 

However , p a r a l l e l  ion v i s -  
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r equ i r ed  f o r  a s i g n i f i c a n t  shea r  flow, Therefore ,  t h e  momentum input  

p r o f i l e  on each f l u x  su r face  was averaged over t h a t  f l u x  s u r f a c e  and 

another  shea r  flow p a t t e r n  was found, In  t h i s  case ,  t h e  t o r o i d a l  

v e l o c i t y  bui ldup rate is constant  on a f l u x  su r face  but v a r i e s  from 

su r face  t o  su r face .  The shea r  length  then  i s  i n  t h e  r a d i a l  d i r e c t i o n .  

Perpendicular  ion  v i s c o s i t y  was found t o  have a c h a r a c t e r i s t i c  time too  

long t o  r e l a x  t h e  bui ldup of  t h e  flow p a t t e r n .  

systems with I 2 2 MA, t h e  a lpha p a r t i c l e  input  momentum was shown t o  

be small enough so t h a t ,  even unimpeded, a bui ldup time of hundreds o f  

seconds i s  requi red  be fo re  t h e  p a r a l l e l  Kelvin-Helmholtz i n s t a b i l i t y  

o r  o t h e r  known i n s t a b i l i t y  th re sho lds  a r e  exceeded. A problem which 

r e q u i r e s  hundreds of  seconds of plasma opera t ion  t o  occur should be 

recognized as a p o s s i b l e  problem. Since such a t ime s c a l e  i s  a t  l e a s t  

two orders  o f  magnitude longer  than  those  i n  present  day plasmas, t h e  

p o s s i b l e  i n t e r v e n t i o n  of new and as y e t  unforeseen r e l a x a t i o n  mecha- 

nisms must be acknowledged. 

However, f o r  t y p i c a l  

The a lpha  p a r t i c l e  behavior  d i scussed  above poses no problem t o  

plasma ope ra t ion .  However, t h e r e  i s  one problem a r e a  t h a t  was not  

analyzed r igo rous ly  h e r e ,  but  i s  recommended f o r  f u r t h e r  r e sea rch .  

l o s s  of a lpha p a r t i c l e s  from the  system due t o  excursions on o r b i t s  

which i n t e r s e c t  t h e  plasma boundary was considered.  Every a lpha  l o s t  

from t h e  system r e s u l t s  i n  an e l e c t r o s t a t i c  charging o f  magnitude ( -2e )  

t o  t h e  background plasma. Since t h e  a lpha  p a r t i c l e  energy i s  about 

3 .5  MeV,  t h e  p o t e n t i a l  bui ldup w i l l  a f f e c t  t h e  background plasma before  

t h e  a lpha  o r b i t s  are a l t e r e d  i n  gene ra l .  

4 = 2-5 MA), p o t e n t i a l  bui ldup rates of  hundreds of k i l o v o l t s  p e r  second 

The 

For  f e a s i b i l i t y  systems, 
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a r e  t y p i c a l .  

a r e  requi red  t o  c r e a t e  a p o t e n t i a l  i n  excess of t h e  plasma temnerature ,  

Te. 

Rather,  i t  i s  noted t h a t ,  except f o r  t h e  e l e c t r o s t a t i c  charging phe- 

nomena, a lpha p a r t i c l e  behavior seems t o  pose no s p e c i a l  concerns and 

it i s  recommended t h a t  f u r t h e r  e f f o r t s  be focused on t h i s  poss ib l e  

prob 1 em a r e a .  

In such cases ,  l e s s  than 100 mi l l i seconds  of  opera t ion  

The importance of t h i s  e f f e c t  i s  not  p red ic t ed  i n  t h e  present work. 
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X V ,  HEATING A LARGE CTR TOKAMAK BY NEUTRAL REAM TNJECTION* 

A .  In t roductory  Remarks 

In t h c  previous chapters  of this t h e s i s  the d e t a i l s  of thermo- 

nuc lea r  a lpha  p a r t i c l e  product ion and subsequent hea t ing  p r o f i l e s  were 

analyzed.  For l a r g e  r e a c t o r  systems it was found t h a t  t h e  r a d i a l  de-  

pendence of t h e  energy deposi ted i n  t h e  plasma by a lpha  p a r t i c l e s  i s  

about t h e  same as t h a t  of  t h e  alpha product ion ra te  due t o  €usion. 

product ion r a t e  i n  t u r n  depends on t h e  background plasma c h a r a c t e r i s -  

t i c s  i n  t h e  system. To complete t h i s  work, the a lpha  p a r t i c l e  r e s u l t s  

obtained thus f a r  are coupled t o  t h e  background plasma system us ing  a 

two-f lu id ,  space time numerical model t o  s imula te  t h e  plasma behavior .  

A s e p a r a t e  model f o r  n e u t r a l  beam i n j e c t i o n  h e a t i n g  o f  t h e  plasma, 

descr ibed  below, i s  incorpora ted  i n  t h e  o v e r a l l  s imula t ion  which i n -  

c ludes  n e o c l a s s i c a l  ion  conduction, pseudoclass ica l  c l c c t r o n  conduction, 

r a d i a t i o n  3 osses  , ohmic hea t i  ng,  and a lpha  p a r t i c l e  hea t ing .  

The 

The s t a r t u p  of a l a r g e  CTR tokamak plasma a t  low d e n s i t y  i s  studied 

us ing  t h i s  modcl. Qucstions of  beam energy depos i t i on  p r o f i l e s ,  beam 

energy requirements f o r  n e u t r a l  pcnc t r a t ion  i n t o  t h e  plasma, and beam 

power rcquirements t o  achieve i g n i t i o n  o r  p re sc r ibed  plasma heatup 

r a t e s  are examined. 

plasma t o  such i n j e c t e d  power l e v e l s  i s  d e t e n i n c d .  

F i n a l l y ,  t h e  e n e r g e t i c  response of t h e  background 

The a n a l y s i s  i s  p r imar i ly  f o r  t h e  5008 b!W[th) conceptual fus ion  

r e a c t o r  system s tud ied  a t  t h e  Univcrs i ty  of Wisconsin. 

r e s u l t s  a r e  gene ra l ly  app l i cab le  t o  t o r o i d a l  systcms and, wherever 

Ilowevcr , t h e  10 

p o s s i b l e ,  impl ica t ions  o f  t h e  r e s u l t s  f o r  o t h e r ,  i n  p a r t i c u l a r ,  sma l l e r  

r e a c t o r  s i z e  plasmas are i n d i c a t e d .  A summary of t h e  c h a r a c t e r i s t i c s  

ll. G., P[rJ,l.ees, .K. W.. Conn, Nuel.. li‘u.sion _I_ l)+> 419 (197”r)J 



of t h e  coriceptual r e a c t o r ,  U \ W K - I ,  p e r t i n e n t  he re  is  given i n  Appendix 

B .  

B .  Plasma Simulation and Neutral  Beam I n i e c t i o n  Models 

The pl.asma s imula t ion  model and method of  s o l u t i o n  a r e  descr ibed 

i n  th j . s  s e c t i o n .  Part of  t h i s  d i scuss ion  inc ludes  t h e  n e u t r a l  beam 

i n j e c t i o n  model. Several  general  assumptions app l i cab le  t o  t h e  plasma 

model a r e  t h e  followi-ng: 1) t h e  presence of background n e u t r a l  gas 

and impur i t i e s  i n  t h e  plasma a r e  not considered;  2 )  t h e  p o s s i b i l i t y  o f  

a d e l e t e r i o u s  plasma response due to n e u t r a l  i i i j ec t ion  i s  n o t  i nc lu -  

ded; 3 )  neoc la s s i ca l  i.on t r a n s p o r t  and pseudoclass ica l  e l ec t ron  

t r a n s p o r t  a r e  the  only t r a n s p o r t  e f f e c t s  examined. 36’37 Poss ib le  

add i t iona l  e f f e c t s  on t r a n s p o r t ,  such as t rapped p a r t i c l e  i n s t a b i l i t i e s ,  

a r e  not  studi.ed.  

2 1  

17 

To s imulate  the  t ime evolu t ion  o f  t h e  plasma parameters d,using 

hea t ing ,  a two-f lu id  numerical model, accounting f o r  e lectromagnet ic  

f i e l d  d i f f u s i o n  and energy flows wi th in  t h e  plasma, i s  used ,  

e lec t ron- ion  f l u i d  model accounts f o r  d i f fus j .on ,  hea t  conduction, 

e l ec t ron -  i on rethermal i z a t i o n  , bremss t r a h  lung and synchrotron r a d i  a- 

t i o n ,  ohmic hea t ing ,  thermonuclear a lpha p a r t i c l e  bea t ing  and hea t ing  

by means of  i n j e c t e d  power. The governing equat ions f o r  t h e  system a r e  

writteri i n  c y l i n d r i c a l  coordinates  and depend only on t h e  niinor r ad ius  

r ,  am1 t h e  t ime,  t .  Toroidal  t r a n s p o r t  c o e f f i c i e n t s ,  accu ra t e  t o  f i r s t  

o rde r  i n  E = 1 / A ,  t h e  inverse  aspec t  r a t i o ,  a r e  used.  The equafi.ons 

a re  as fol lows:  

38-40 The 



1 )  Par t ic le  Conservation: 

where W i s  t h e  r a d i a l  d i f f u s i o n  v e l o c i t y ,  P ( r )  i s  t h e  i n j e c t e d  power 

d e n s i t y  and Eb i s  t h e  n e u t r a l  beam p a r t i c l e  energy. 
r 

2 )  P a r t i c l e  Di f fus ion:  

3 )  Ion Energy Conservation 

where Q. i s  t h e  ion  h e a t  f l u x  and f 

absorbed by t h e  ions .  

i s  t h e  f r a c t i o n  of  beam power 
1 b i  

4) Elec t ron  Energy Conservation: 

2 2  (Te - Ti) n Z.  z 12 
-- 

A- i 3 / 2  
"(" a t  s nl.& - 4.77 x 

Te 



4. '('Ifbe - 'brem sync P 

-17 22n2T%/2  = 9 . 4 8  x 10 'brem i e  

(51) 

Qe i s  t h e  e l e c t r o n  hea t  flow, fbe i s  t h e  f r a c t i o n  of  beam energy ab- 

sorbed by t h e  e l ec t rons  and R i s  t h e  wall  r e f l e c t i v i t y  t o  t h e  synchro- 

t r o n  r a d i a t i o n .  Equations (453, ( 4 7 ) ,  and (49) si.gni€y t h a t  a diagonal 

s imula t ion  model i s  being used. Cross flow terms,  such as p a r t i c l e  

flow due t o  temperature g rad ien t s ,  which a r e  expected on general  

grounds4' a r e  not included.  

from b remss t r a h  lung42 and synchrotron43 r a d i a t i o n ,  r e s p e c t i v e l y  . 
and P r ep resen t  energy lo s ses  

'brem sync 

The f i rs t  term on t h e  r i g h t  hand s i d e  of Equations (46) and (48) 

accounts f o r  e l ec t ron - ion  re thermal iza t ion  

a r e  ex te rna l  sources  of energy f o r  t he  ions and e l e c t r o n s ,  r e spec t ive ly ,  

Also Ea = 3.5 MeV is  t h e  energy of t he  alpha p a r t i c l e  produced i n  a 

D-T fus ion  r e a c t i o n ,  fai and fae a r e  the  f r a c t i o n s  of t h e  alpha energy 

deposi ted i n  t h c  ions and e l e c t r o n s ,  r e s p e c t i v e l y .  44 

and P (r) Ebi and P (r) fbe 

I'he form of t h e  

p a r t i c l e  and energy source terms due t o  n e u t r a l  beam i n j e c t i o n  w i l l  be 

devel oped below. 

5) Electromagnetic Equations: 



6 3  

In Equations (44) t o  ( 5 3 3 ,  l engths  a r e  i n  cm, time i n  mi l l i s econds ,  

d e n s i t y  i s  i n  cm , temperature and energy are i n  e V ,  cu r r en t  d e n s i t y  

i s  i n  amps/cm , e l e c t r i c  f i e l d s  are i n  va l t s /cm,  and magnetic f i e l d s  

are i n  gauss .  

- 3  

2 

Considerable  t h e o r e t i c a l  work  has been done i n  de r iv ing  t r a n s p o r t  

t h e o r i e s  f o r  t o r o i d a l  plasmas. 

desc r ibes  p re sen t  day experiments and whether o r  no t  d i r e c t  s c a l i n g  of 

any e x i s t i n g  theory  t o  l a r g e  plasmas i s  appropr i a t e .  In  t h i s  a n a l y s i s ,  

t h e  e l e c t r o n  h e a t  conduction c o e f f i c i e n t  i s  assumed pseudoclass ica l  36,37 

and t h e  ion  h e a t  conduction c o e f f i c i e n t  i s  taken as t h e  banana regime 

of n e o c l a s s i c a l  theory.41 The p a r t i c l e  confinement time may be es t i -  

I t  i s  s t i l l  unce r t a in  which theory  

mated by T~ = aL/4DI. Based on t h e  i n i t i a l  plasma condi t ions  and 

t ak ing  D t o  be pseudoc la s s i ca l ,  t y p i c a l  p a r t i c l e  confinement times 

are found t o  be g r e a t e r  than  50 seconds. 

t h e  plasma i s  expected t o  be on t h e  o rde r  of  10  seconds o r  l e s s  s o  

t h a t  p a r t i c l e  d i f f u s i o n  during t h e  hea t ing  phase i s  n e g l i g i b l e .  There- 

f o r e ,  t h e  p a r t i c l e  d i f f u s i o n  c o e f f i c i e n t ,  , can be assumed zero  f o r  

t h e  l a r g e  plasmas s tud ied  he re .  

during h e a t i n g  only as a r e s u l t  of t h e  a d d i t i o n  of  plasma p a r t i c l e s  by 

n e u t r a l  i n j e c t i o n .  The t r a n s p o r t  c o e f f i c i e n t s  used i n  t h e  numerical 

s imula t ion  are given by 

1 

The time scale f o r  hea t ing  

L 

The plasma d e n s i t y  p r o f i l e  changes 

1 / 2  2 
X .  = 0.68  E Pi0 "Vi 1 

= 10 rive Pe8 2 
e 

D = o  * 
1 

(54) 

(55) 
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The forms of bremsstrahlung and synchrotron r a d i a t i o n  l o s s  terms and 

the  e l e c t r i c a l  r e s i s t i v i t y  are those  of Rose and C l a r k  Rosenbluth, 

and S p i t ~ e r , ~ ~  r e spec t ive ly .  

43 

A r e f l e c t i o n  c o e f f i c i e n t  of 0 . 9  i s  

assumed i n  the  case  o f  synchrotron r a d i a t i o n .  Equations (46) and (48) 

inc lude  terms represent ing  t h e  energy deposi ted i n  t h e  plasma by alpha 

p a r t i c l e s  produced i n  deuter i run-tr i t ium fus ion  even t s .  

'The equat ions f o r  t h e  model are nonl inear  coupled d i f f e r e n t i a l  

equat ions and r equ i r e  l i n e a r i z a t i o n  of t h e  t r a n s p o r t  c o e f f i c i e n t s .  

Following l i n e a r i z a t i o n ,  an i m p l i c i t  f i n i t e  d i f f e rence  methodd6 i s  

used to ob ta in  t h e  time dependent r a d i a l  p r o f i l e s .  De ta i l s  o f  t h e  

numerical solution method a r e  given by Dory and Widner. 39 

The n e u t r a l  beam hea t ing  phase of r e a c t o r  s t a r t u p  i s  assumed t o  

follow i n i t i a l  gas breakdown and t h e  time during which t h e  plasma 

cu r ren t  rises t o  i t s  f i n a l  opera t ing  va lue .  Duri-ng t h e  beam hea t ing  

phase,  t he  plasma cu r ren t  remains f ixed  and t h e  core  f l u x  i s  increased  

t o  iiiake up f o r  t h e  r e s i s t i v e  drop as t h e  plasma temperature inc reases .  

Thus, t h e  times t o  i g n i t i o n  given i n  t h e  next  s e c t i o n  r e f e r  s t r i c t l y  

t o  t h e  beam hea t ing  phase and do n o t  inc lude  t h e  cu r ren t  r i s e  time. 

(The cu r ren t  r ise  time i n  tokamak r e a c t o r s  may be long because of t h e  

l a rge  energy s t o r e d  i n  t h e  f i e l d s  of  t h e  ohmic hea t ing  and d i v e r t o r  
10 c o i l s .  ) 

The ana lys i s  he re  begins  with a f u l l y  ion ized  plasiiia cha rac t e r i zed  

by t h e  fol lowing r e l a t i v e l y  f l a t  r a d i a l l y  depentlcnt p r o f i l e s :  

2 2 113 T. (r, t =  0) = T (1 - r / a  ) + 10 eV, TiO = 500 eV 
1 i o  
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13 3 
/cm 

2 2 2 

2 2 1 / 2  
n ( r ,  t = 0 )  = n O ( l  - .95 r /a ) 

J (r, t = 0) = JO(l - r /a ) 

, no = 3 x 10 

, J = 40.2 amps/cm 4 0 

E (r,  t = 0) = rlJ (r ,  t = 0 )  - 
d, d, 

The i n i t i a l  temperature  p r o f i l e s  are assumed r e l a t i v e l y  f l a t  

because t h e  conceptual r e a c t o r ,  UWMAK-I, i s  proposed t o  opera te  with an 

a x i s m e t r i c ,  po lo ida l  f i e l d  d i v e r t o r .  The a c t i o n  of  t h e  d i v e r t o r  

should mean t h a t  a r e l a t i v e l y  r a r e f i e d  zone, dominated by atomic pro- 

ces ses ,  w i l l  surround t h e  plasma ou t s ide  t h e  s e p a r a t r i x .  

temperature  is  i n s e r t e d  t o  i n d i c a t e  t h e  presence of t h i s  b l anke t  

plasma. The i n i t i a l  dens i ty  p r o f i l e  assumed i s  a l s o  r e l a t i v e l y  f l a t  

and t h e  f a c t o r  .95 means t h e  dens i ty  on t h e  edge w i l l  b e  roughly 20 

percent  of  t h e  c e n t e r  l i n e  d e n s i t y .  The boundary temperature  has  been 

va r i ed  from 10 e V  t o  100 eV and both t h e  shape of t h e  dens i ty  p r o f i l e  

and t h e  d e n s i t y  of t h e  plasma a t  t h e  edge have been va r i ed .  I t  i s  

found t h a t  t h e  plasma heatup rates a r e  b a s i c a l l y  n o t  a f f e c t e d  by t h e s e  

changes. Note a l s o  t h a t  absorpt ion of synchrotron r a d i a t i o n  by t h e  

cold plasma surrounding t h e  h o t  plasma core  i s  neglec ted .  47 On t h e  

o the r  hand, beam p e n e t r a t i o n  is  dependent on t h e  d e n s i t y  p r o f i l e .  

Actual beam power depos i t i on  p r o f i l e s  f o r  d i f f e r e n t  d e n s i t y  p r o f i l e s  

will be examined below. F i n a l l y ,  t h e  s a f e t y  f a c t o r  q(a)  i s  set a t  

1.75 and t h e  i n i t i a l  p r o f i l e s  are c o n s i s t e n t  with q > 1 a t  a l l  plasma 

r a d i i .  

The 10 eV 

The e n e r g e t i c  n e u t r a l  beam i n j e c t e d  i n t o  t h e  plasma i s  assumed t o  

be composed of deuter ium-t r i t ium n e u t r a l s  o f  atomic mass 2 . 5 .  A s i n g l e  
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equiva len t  atom beam of zero c ross  s e c t i o n a l  a r e a  (penc i l  beam) i s  con- 

s ide red .  In p r a c t i c e ,  t h e  requi red  t o t a l  power would 

seve ra l  n e u t r a l  beams located around the  t o r u s  t o  min 

turbance of  axisymmetry i n  t h e  plasma. In t h i s  work, 

mining t h e  plasma response t o  n e u t r a l  beam i n j e c t i o n ,  

approximation has been used.  Recent ly ,  Rome, Callen 

be i n j e c t e d  by 

m i z e  t h e  d i s -  

aimed a t  d e t e r -  

the  penci 1 beam 

ntl Clarke48 have 

s tud ied  t h e  i n j e c t e d  energy dens i ty  depos i t ion  r a t e  p r o f i l e s  which 

r e s u l t  from f i n i t e  beams. 

work, i t  i s  found t h a t  t h e  penc i l  beam approximation i s  accura t e  ex- 

cept  i n  t h e  reg ion  nea r  t h e  plasma c e n t e r .  

h e r e ,  t h e  penc i l  beam and f i n i t e  beam give e s s e n t i a l l y  t h e  same r e s u l t s  

f o r  r / a  ? 0.15. In  add i t ion ,  t h e  time requi red  t o  heat  t h e  plasma t o  

Using t h e  computer code developed i n  t h e i r  

For  t h e  system s tud ied  

i g n i t i o n  i s  not  s e n s i t i v e  t o  t h e  d e t a i l e d  i n j e c t e d  energy p r o f i l e  nea r  

I" = 0 s i n c e  t h e  t o r o i d a l  plasma volumes i n  t h i s  reg ion  are small. 

The n e u t r a l  bean s t r eng th  i s  def ined i n  equiva len t  amperes by 

I - P / E  T b  (57)  

where P i s  t h e  beam power i n  watts and E i s  t h e  beam p a r t i c l e  energy 

i n  e l e c t r o n  v o l t s .  'l'he number of  p a r t i c l e s  i n j e c t e d  i n t o  the  plasma 

p e r  second, I /e ,  where e i s  the e l e c t r o n  charge,  i s  accounted f o r  i n  

Equation (44). 

T b 

l'he n e u t r a l  beam p a r t i c l e s  are ionized  i n  t h e  plasma p r imar i ly  

by e l e c t r o n  and ion  impact and by charge exchange.49 

choice for  t h e  angle  o f  i n j e c t i o n  i s  riot c lear .  However, i n j e c t i o n  

nea r ly  perpendicular  t o  t h e  t o r o i d a l  f i e l d  w i l l  r e s u l t  i n  f a s t  ion  

product ion on t rapped p a r t i c l e  o r b i t s .  

The optimum 

This  t rapped ion  spcc ie  may 
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support  t rapped  p a r t i c l e  i n s t a b i l i t i e s  and a d i s t r i b u t e d  charge d i s -  

t r i b u t i o n  i n  t h e  plasma which could cause plasma ro t a t ion .33  Therefore ,  

t a n g e n t i a l  i n j e c t i o n  has been analyzed. The geometry f o r  n e u t r a l  beam 

i n j e c t i o n  tangent  t o  t h e  c e n t e r  o f  t h e  cross s e c t i o n  i s  shown on F i g .  

2 2 .  

t h e  beam as a func t ion  of d i s t a n c e  along t h e  i n j e c t i o n  chord i s  given 

For a n e u t r a l  c u r r e n t ,  Io ,  e n t e r i n g  t h e  plasma t h e  a t t e n u a t i o n  of  

where 

-f n(s’)O;r ds’ 
ICs) = I e 

0 

(W 0 = c r  + u . + -  
0 T cx 1 V (591 

(5 i s  t h e  charge exchange c ross  s e c t i o n ,  0. i s  t h e  ion  impact c ros s  

s e c t i o n ,  __I (OV) i s  t h e  Maxwel l i a n  averaged e l e c t r o n  impact c ros s  s e c t i o n ,  

v i s  t h e  n e u t r a l  p a r t i c l e  v e l o c i t y  and s is  t h e  d i s t a n c e  along t h e  

chord.  I t  i s  assumed t h a t  t h e  cross s e c t i o n s  are func t ions  of  t h e  

cx 1 

vO 

0 

re la t ive  v e l o c i t y  of t h e  c o l l i d i n g  spec ie s  only .  

g i e s  examined i n  t h i s  work (E 2 P O 0  keV), ion  and e l e c t r o n  impact 

i o n i z a t i o n  are dominant and charge exchange is small. Thus, n e u t r a l  

For t h e  beam ener -  

b 

i n j e c t i o n  i s  not  a source  of warm n e u t r a l s  as it  can be  i n  present 

i n j e c t i o n  experiments.  Numerical va lues  of t h e  c ross  s e c t i o n s  are 

given i n  References 49. and SO, 

by SweetmanS1 and shown on Fig .  2 3  i s  used he re .  

The approximation t a  the data given 

In t h e  worst  case ,  

equiva len t  t o  a 200 keV hydrogen n e u t r a l ,  t h e  e r r o r  introduced by 

t h i s  f i t  t o  t h e  a t t e n u a t i o n  c ros s  s e c t i o n  is 25 pe rcen t .  

The d r i f t  o r b i t s  of  t h e  f a s t  ions  produced as t h e  n e u t r a l s  a r e  

ion ized  must be considered i n  determining t h e  energy d e n s i t y  depos i t i on  
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r a t e  i n  the  plasma. I t  has been shown t h a t  ions produced p a r a l l e l  t o  

t he  magnetic f i e l d  follow o r b i t s  which a r e  approximately c i r c u l a r  and 

centered a t  x = x 

cross  The s t agna t ion  d i s t a n c e ,  x i s  def ined by 

when p ro jec t ed  onto a plane conta in ing  t h e  plasma 
S 

S '  

x =- 
zeR4 

and f o r  500 keV i n j e c t e d  ions ,  t h e  c e n t e r  of t h e  o r b i t  i s  x 

i n  a system t h e  s i z e  of U\VMAK-I. S ince x i s  l e s s  than 7 ern f o r  i n -  

j e c t i o n  energ ies  less than 500 keV, t h i s  small s h i f t  i n  t he  o r b i t  

c e n t e r  i s  neglec ted .  Thus, t h e  f a s t  ions r e s u l t i n g  from i n j e c t i o n  are 

assumed t o  t r a v e r s e  c i r c u l a r  o r b i t s  cen tered  a t  1" ::: 0 .  

= 7 cm 
S 

S 

?"ne f a s t  i.on slowing down time, as f o r  t h e  alpha. p a r t i c l e s ,  i s  

s h o r t  compared with t h e  p a r t i c l e  confinement time so  t h a t  i t  i s  assumed 

t h a t  t h e  ions  depos i t  t h e i r  energy ins tan taneous ly  over t h e  f l u x  s u r -  

f a c e  on which they  a r e  produced, The r a d i a l  shape of t h e  energy den- 

s i t y  depos i t ion  r a t e  f o r  a p a r t i c u l a r  beam energy i s  ca l cu la t ed  

numerical ly  us ing  t h e  a t t enua t ion  and o r b i t  cons ide ra t ions  j u s t  ou t -  

l i ned  and t h e  assumed plasma dens i ty  p r o f i l e ,  

beam power has  a r a d i a l  d i s t r i b u t i o n  i n  t h e  plasma. 

t o t a l  power deposi ted i s  def ined as 

In add i t ion ,  t h e  t o t a l  

Therefore ,  t h e  

a 
' 0  

P = 2T1R0 r 2nr P o f  ( r ) d r  1' 

where P ( r )  = P f(r)  i s  t h e  energy dens i ty  depos i t ion  r a t e  p r o f i l e ,  

i s  t h e  power d e n s i t y  a t  r :: 0, and €(I-) i s  t he  r a d i a l  shape f a c t o r  f o r  

a beai  of  energy E b '  

and i s  included i n  Equations (46) and (48) i n  t h i s  manner. 

0 

The shape f a c t o r  f(r) i s  ca l cu la t ed  numerical ly  
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In a l a r g e  plasma governed by t h e  t r a n s p o r t  laws assumed, t h e  time 

scale for r e t h e m a l i z a t i o n  between plasma e l e c t r o n s  and ions i s  small 

compared t o  t h e  plasma hea t ing  t ime.  

c a l c u l a t e d  are n o t  s e n s i t i v e  t o  t h e  exact  f r a c t i o n  o f  t h e  i n j e c t i o n  

energy absorbed by each plasma spec ie  as the  f a s t  ions  slow down. I t  

has been assumed t h a t  70 percent  of t he  i n j e c t e d  energy i s  absorbed 

by t h e  e l e c t r o n s  i n  a l l  cases cons idered .  

Therefore ,  t h e  hea t ing  times 

C .  Plasma Heating Due t o  Neutral  Beam I n j e c t i o n  and Alpha Par t ic le  

Production 

The c h a r a c t e r i s t i c s  of t h e  r e a c t o r  s i z e  plasma s tud ied  he re  are 

given i n  Appendix R .  The approach of  t h e  plasma toward thermal e q u i l i -  

brium cons ider ing  only ohmic hea t ing  and no beam hea t ing  has  been ca l -  

cu la t ed  f o r  a t e n  second time i n t e r v a l .  l"ne peak ion  temperature  as a 

func t ion  of  time i s  given on F i g ,  2 4 .  Using t h e  Spitzer formula f o r  

e l e c t r i c a l  r e s i s t i v i t y ,  ohmic h e a t i n g  a lone  i s  not  s u f f i c i e n t  t o  

i g n i t e  t h e  system. 

less than  3 keV. Fur ther ,  s i n c e  t h e  temperature  r ise due t o  ohmic 

hea t ing  i s  a r e l a t i v e l y  slow process, t h e r e  i s  no advantage i n  delay-  

Using t h e  n o t a t i o n ,  T ( r , t ) ,  no te  t h a t  Ti(O,a) i s  

ing  h j e c t i o n  hea t ing  u n t i l  t h e  ohmic hea t ing  phase has  concluded. 

Therefore ,  i n j e c t i o n  hea t ing  w i l l  begin immediately a f t e r  t h e  plasma 

cu r ren t  has been f u l l y  e s t a b l i s h e d ,  i . e . ,  t = 0 with r e s p e c t  t o  t h e  

hea t ing  phase - 
The n e u t r a l  beam energy and power t h a t  are  r equ i r ed  t o  i g n i t e  such 

a r e a c t o r  s i z e  plasma are  now considered.  C l e a r l y ,  the beam must be 

e n e r g e t i c  enough t n  adequatcly p e n e t r a t e  t h e  plasma before  i o n i z a t i o n  

occurs .  Qn t h e  s t h e r  hand, t h e  beam energy i s  bounded from above by 
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r equ i r ing  t h a t  a l a rge  f r a c t i o n  of t h e  i n j e c t e d  n e u t r a l  p a r t i c l e s  be 

t rapped i n  t h e  plasma. In l a rge  systems, such as UWAK-I, t h i s  maxi- 

m u m  encrgy requirement i s  r e a l l y  inconsequent ia l  s i n c e  t rapping  o f  t h e  

i n j e c t e d  n e u t r a l s  i s  h ighly  e f f i c i e n t .  

Since t h e  plasma i s  q u i t e  l a rge  i n  t h i s  system, it i s  i g n i t e d  a t  
- 3  low d e n s i t y ,  n =I 3 x 10” cm , t o  improve beam p e n e t r a t i o n ,  I t  i s  

assumed t h a t  subsequent f u e l i n g  a f t e r  i g n i t i o n  can b u i l d  t h e  plasma 

dens i ty  t o  a des i r ed  opera t ing  value.  In add i t ion  t o  t h e  pene t r a t ion  

problem, t h e  s t o r e d  energy i n  t h e  h o t ,  dense opera t ing  plasma i s  very 

high,  on t h e  order  of 1000 M J .  Thcrsfore ,  i t  i s  advantageous t o  i g -  

n i t e  t h e  system a t  a lower s to red  energy. 

and Marty5* have come t o  the  same conclusion based on similar con- 

s i d e r a t i o n s -  

temperature,  t he  s t o r e d  energy will inc rease  f u r t h e r  due t o  thermn- 

0 

St ix’  and Gerard, Kha l l id i ,  

By hea t ing  the  plasma t o  a temperature  above t h e  i g n i t i o n  

.L, .5 nuclear  power and f u e l i n g  can then be accomplished by a l t e r n a t e  means. 

‘fie r a d i a l  shapes of t he  powcr dens i ty  depos i ted  i n  t h e  plasma 

from 100, 350, and 500 keV beams a r e  shown on F i g .  25. The shape 

f a c t o r s  a r e  independent of t h e  t o t a l  power i n  t h e  beam and a r e  

n o m a l i z e d  t o  1 . 0  a t  t he  r ad ius  of maxiinurn depos i t i on .  The f r a c t i o n s  

of  the 100, 350, 500 keV beams t rapped i n  t h e  plasma a r e  .999, 

> .999, and .99S, r e s p e c t i v r l y .  The e f fec t  of d i f f e r e n t  d e n s i t y  

p m F i l e s  f o r  t h e  350 keV beam i s  shown on Fig .  26. I t  i s  c l e a r  tha t  

t h e  wost concavc dens i ty  p r o f i l e  gives  t h e  most peaked ~ o w c r  depos i t ion  

p r o f i l e .  Howe~er ,  t h e  plasma hea t ing  r a t e  and t h e  time t o  i g n i t i o n  

a r e  only s l i g h t l y  a f f ec t ed  by t h e s e  p r o f i l e  changes. 
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Since plasma hea t ing  a t  a dens i ty  below t h a t  d e s i r e d  dur ing  t h e  

b u m  i s  considered,  t h e r e  i s  i n t e r e s t  i n  both i g n i t i n g  t h e  plasma and 

perhaps,  more impor tan t ly ,  i n  achieving a p resc r ibed  heatup r a t e  t o  

allow f o r  subsequent f u e l i n g  and d e n s i t y  bui ldup .  

of plasma behavior  r e l evan t  t o  i g n i t i o n  and heatup is  t h e  plasma s t o r e d  

energy, W,  de f ined  as 

A r igorous  monitor 

POH, and P are t h e  powers due t o  a lpha p a r t i c l e s ,  ohmic Here Pa, 

hea t ing  and i n j e c t i o n ,  r e s p e c t i v e l y ,  and PL i s  t h e  t o t a l  power l o s s  

from t h e  plasma volume. The ra te  of  change of t h e  s t o r e d  energy i s  

INJ 

- PL . QH + 'INJ 
dwCt) E pa + p a t  

From Equation (63) no te  t h a t  W w i l l  i nc rease  without i n j e c t i o n  if 

This condi t ion ,  Pa + PQH > P L ,  can occur a t  low temperature  when t h e  

plasma approaches a thermal equi l ibr ium maintained by ohmic hea t ing .  

I t  a l s o  occurs  a t  a h ighe r  temperature  when t h e  power depos i t i on  from 

a lpha  hea t ing  becomes dominant and t h e  plasma i g n i t e s .  As t h e  plasma 

approaches t h e  lower temperature equi l ibr ium,  t h e  s t o r e d  energy i s  

inc reas ing ,  b u t  dW/dt i s  decreasing so t h a t  d W/dt 2 2 i s  negat ive .  This 

equi l ibr ium po in t  i s  thermal ly  s t a b l e ,  i . e . ,  s t a b l e  aga ins t  excursions 

i n  plasma temperature .  

u n t i l  d W/dt 

temperature ,  thermal ly  uns t ab le ,  i g n i t i o n  p o i n t  and w i l l  have i g n i t e d .  

On t h e  o t h e r  hand, i f  beam hea t ing  i s  used 
2 2 becomes p o s i t i v e ,  t h e  plasma will have reached t h e  h ighe r  
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Once d2W/dt2 i s  p o s i t i v e ,  t he  plasma w i l l  have a p o s i t i v e  heatup r a t e  

even i f  beam hea t ing  is  discont inued.  The reason i s  the  second der iva-  

t ive  , 
3 

- P ) i s  nega-  d can be p o s i t i v e  only when P i s  dominant s i n c e  .- 

t i v e  and - i s  p o s i t i v e .  Therefore ,  assuming cons tan t  i n j e c t i o n  power, 

t h e  i g n i t i o n  condi t ion  i s  

a dT "OH L 
dT 
d t  

2 

d t  
+ o  . 

A t  t h e  time of  i g n i t i o n ,  i n j e c t i o n  can be discont inued and t h e  plasma 

w i l l  hea t  up a t  an acce le ra t ing  ra te .  

Figure 27  i l l u s t r a t e s  t hese  po in t s  by showing t h e  hea t ing  rates 

r e s u l t i n g  From 75 MW o f  i n j e c t i o n  f o r  5 seconds and f o r  t h r e e  d i f f e r e n t  

beam ene rg ie s .  In a l l  cases, t he  plasma i s  i g n i t e d  i n  l e s s  than 5 

seconds. Ign i t i on  occurs where dlV/dt i s  a minimum. The d i scon t inu i -  

t i e s  i n  dW/dt shown 011 Fig. 2 7  occur when i n j e c t i o n  i s  terininated a f t e r  

OH 5 seconds and t h e  subsequent i nc rease  i n  s t o r e d  energy i s  due t o  P 

and Pa only s i n c e  P 

s e c ,  t h e  500 keV case e x h i b i t s  t h e  fastest  heatup r a t e ,  approximately 

6 .8  MJ/sec. However, t h e  100 keV bean has been more e f f i c i e n t  i n  

hea t ing  t h e  plaswa than t h e  350 keV bean. 

= 0.  When t h e  beams a r e  turned  o f f  a t  t = 5 IN,J 

.1_1 

When the  beams a r e  turned 

o f f ,  t h e  100 keV case gives  a hea t ing  r a t e  of  5 . 9  MJ/sec cornpared t o  

2 . 3  MJ/sec from the 350 keV beams. The reasons f o r  t h i s  d i f f e r e n c e  

can be understood by examining t h e  ion temperature p r o f i l e s  on F i g s .  

28, 2 3  and 30.  Note f i rs t  t h a t  i n j e c t i o n  of  500 keV h e m s  f o r  5 
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seconds produces high ion  temperatures i n  the  c e n t r a l  zone of t h e  p l a s -  

ma, Therefore ,  t h e  product ion rate of a lpha  p a r t i c l e s  is a l s o  high i n  

t h i s  zone and t h e  r e s u l t  i s  an apprec iab le  t o t a l  alpha power production. 

In t h e  100 keV case, t h e  maximum ion  temperatures  are lower and occur  

nea r  t h e  plasma edge. However, t h e  plasma volume as soc ia t ed  wi th  t h e  

high temperature  zone i s  g r e a t e r  than  f o r  t h e  500 keV beam case .  As 

such, t h e  t o t a l  a lpha  power produced i s  again apprec i ab le .  The 350 keV 

n e u t r a l  beam i s  ca l cu la t ed  t o  produce a r e l a t i v e l y  uniform ion tempera- 

t u r e  p r o f i l e .  flowever, t h e  temperature  l e v e l  of approximately 6 keV 

means t h e  t o t a l  a lpha  power produced i s ,  i n  f ac t ,  1css than i n  each of 

t h e  previous two cases .  The r e s u l t  is t h e  low heatup ra te  o f  2 . 3  

MJ/sec once i n j e c t i o n  i s  terminated.  I t  i s  concluded t h a t  t h e  plasma 

heatup r a t e  r e s u l t i n g  from i n j e c t i o n  a t  cons tan t  power €or a s p e c i f i c  

length  of t ime depends on t h e  ion  temperature  p r o f i l e s  e s t a b l i s h e d  i n  

t h e  plasma. This i n  t u r n  i s  c l e a r l y  a func t ion  of t h e  beam energy. 

Turning t o  another  p o i n t ,  F i g .  31 i l l u s t r a t e s  t h e  e f f e c t s  of us ing  

d i f fe ren t :  beam powers a t  a given beam energy. 

f o r  10 seconds of n e u t r a l  beam i n j e c t i o n  i n  both cases .  For 25 MW of  

500 keV beams, t h e  plasma b a r e l y  i g n i t e s  and d W/dt2 i s  p o s i t i v e  but  

small. The heatup r a t e  i s  thus  a lso small. On t h e  o t h e r  hand, 50 MW 

of  power produces a heatup ra te  of  approximately 24 MJ/sec. This can 

bc compared t o  t h e  75 MW, 500 keV, 5 second i n j e c t i o n  case  shown 011 

F i g .  27 where the  heatup rate  at t h e  end of i n j e c t i o n  i s  6.8 MJjsec. 

A c ross  comparison of F igs .  27 and 31 i n d i c a t e s ,  f o r  var ious  beam 

energ ies  and d i f f e r e n t  beam powers, t h e  time requ i r ed  t o  i g n i t e  t h e  

plasma and t h e  heatup r a t e s  which r e s u l t  from i n j e c t i o n  times i n  t h e  

The c a l c u l a t i o n s  were 

2 
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5 t o  10 second range.  

Some f u r t h e r  comments should be made on the  temperature p r o f i l e s  

shown on F i g s .  2 8 ,  29 and 30. In the  100 keV case, shown on Fig.  2 8 ,  

t h e  beam energy i s  too  low t o  p e n e t r a t e  t he  plasma apprec iab ly .  

i n j e c t e d  power i s  t h e r e f o r e  deposi ted i n  t h e  ou te r  plasma reg ions .  

The 

Yet 

even with the  s teep tempe-rature g rad ien t s  t h a t  develop energy t ransport  

from l a r g e  t o  small plasma r a d i i  i s  too  slow t o  cause a s i g n i f i c a n t  

temperature inc rease  a t  the  plasma c e n t e r .  The impl ica t ion  is  t h a t  f o r  

l a rge  plasmas opera t ing  a t  low g va lues ,  and governed by t h e  t r a n s p o r t  

c o e f f i c i e n t s  assumed he re ,  t h e  plasma energy balance i s  l o c a l .  That 

i s ,  two adjacent  volumes of  plasma a r e  only weakly coupled e n e r g e t i -  

c a l l y .  

f o l  low t h e  i n  j ec ted  power p r o f i l e  , 

A s  such,  t h e  plasma temperature p r o f i l e  can be expected t o  

The s t rong ly  inve r t ed  temperature p r o f i l e s  i n  the  100 keV beam 

case a r e  similar t o  p r o f i l e s  p red ic t ed  t o  develop from s k i n  cu r ren t s  

and may have adverse e f f e c t s  on plasma confinement. 'The ques t ions  of 

plasma equili .briwn and s t a b i l i t y  a r e  not  i nves t iga t ed  he re .  Rather ,  

aT  
3r the  beam energy necessary t o  produce temperature p r o f i l e s  with - 5 0 

a t  a l l  r has been determined. 

beam does not  have a l o c a l  peak of f  a x i s  as i s  seen i.n F ig .  25, case 

The i n j e c t j o n  p r o f i l e  f o r  a 350 keV 

(b) .  

been computed arid t h e  p r o f i l e s  a r e  given on Fig.  2 9 .  As with t h e  100 

keV beam, though t o  a l e s s e r  e x t e n t ,  t h e  temperature p r o f i l e s  are 

l o c a l l y  peaked o f f  a x i s  even though the i n j e c t e d  energy dens i ty  depo- 

s i t i o n  r a t e  i s  maximum on ax i s  and i s  monotonically decreas ing  t o  

r =. a .  This r e s u l t  i s  c l a r i f i e d  by cons ider ing  F i g .  3 2 .  

The temperature response t o  a 75 MW, 350 keV n e u t r a l  beam has 

- __II__ 
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Figure  32 shows t h e  350 keV i n j e c t i o n  case renormalized on a 

power depos i ted  pe r  plasma p a r t i c l e  b a s i s .  

decreases  monotonically with r a d i u s ,  t h e  350 keV beam produces a hea t -  

Since t h e  plasma dens i ty  

ing  r a t e  (as opposed t o  an energy d e n s i t y  depos i t i on  r a t e )  which i s  a 

maximum on a x i s ,  b u t  i s  a l s o  l o c a l l y  peaked n e a r  t h e  plasma boundary. 

Therefore ,  even a cons tan t  power d e n s i t y  input  can r e s u l t  i n  preferen-  

t i a l  hea t ing  o f f  a x i s  because t h e  plasma d e n s i t y  decreases  with r a d i u s .  

A 500 keV beam does y i c l d  plasma temperature p r o f i l e s  i n  t h i s  

r e a c t o r  s i z e  plasma t h a t  are not  i nve r t ed .  Yet t h i s  energy i s  l e s s  

than t h e  approximately 1 MeV beams previous ly  suggested t o  achieve 

adequate pene t r a t ion  i n  a somewhat smaller t o r o i d a l  plasma. 49 

beam energy i s  acceptab le  he re  f o r  t h r e e  reasons :  1) a low dens i ty  

s t a r t u p  i s  used,  ( 3  x 

4 Y a ) ;  2 )  t h e  d e n s i t y  p r o f i l e  i s  included i n  t h e  c a l c u l a t i o n ;  and 3 )  

A lower 

cm-3  v s .  3 x lQ14 cma3 as used i n  Reference 

t h e  v a r i a t i o n  with r ad ius  of t he  plasma volume pe r  r a d i a l  increment 

along t h e  t a n g e n t i a l  i n j e c t i o n  pa th  shown on Fig .  2 2  i s  included.  The 

temperature response t o  75 MW of 500 keV beam p a r t i c l e s  i s  shown i n  

Fig.  30. Again, i n j e c t i o n  hea t ing  i s  d iscont inued  i n  the  c a l c u l a t i o n s  

a f t e r  5 seconds.  

The use of  75 MW o f  n e u t r a l  beam power gives  examples af f a s t  

plasma h e a t i n g  and thus  r ap id  s t a r t u p s .  

r e a c t o r s  may be long (approximately 5400 seconds f o r  t h e  r e a c t o r  s tud ied  

Since the  burn time f o r  

i n  Reference I O . ) ,  a slower s t a r t u p  i s  acceptab le .  A slower s t a r t u p  

may a l s o  be d e s i r a b l e  s i n c e  t h e r e  i s  a t r a d e - o f f  between t h e  time t o  

i g n i t i o n  and t h e  power r equ i r ed .  Figure 33 shows t h e  power requi red  

f o r  i g n i t i o n  as a func t ion  of  t h e  t i m e  t o  i g n i t i o n  us ing  SO0 keV beams. 
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Even a long s t a r t u p  ( f o r  example, t he  15 E1I"I case) r equ i r e s  only about 

10 seconds. 

dens i ty  and temperature t o  opera t ing  condi t ions  a f t e r  i g n i t i o n ,  t he  

time f o r  i g n i t i o n  can be shortened by inc rcas ing  t h e  beam power. 

Depending on the  add i t iona l  time requi red  t o  inc rease  t h e  

D .  Implicat ions .- .. ...... of  .- Resul ts  f o r  Other - Devices 

This work ha5 concentrated on t h e  n e u t r a l  beam hea t ing  of  t h e  

l a r g e ,  power producing conceptual r e a c t o r ,  UhMAK-I, ou t l i ned  i n  

Appendix B .  Fu r the r ,  t h e  reasons t h a t  t h e  n e u t r a l  beam energy and 

power requi red  t o  i g n i t e  t h e  plasma depend d i r e c t l y  on t h e  d e t a i l e d  

plasma c h a r a c t e r i s t i c s  and p r o f i l e  shapes have been ind ica t ed .  To 

determine how these  r e s u l t s  scale with system s i z e ,  a system with a 

plasma radi.us of  2 meters ,  a major r ad ius  of 5 .2  meters and otherwise 

i d e n t i c a l  t o  t h e  re ference  conceptual des ign ,  UWMAK-I, i n  t o r o i d a l  

f i e l d  s t r e n g t h ,  s a f e t y  f a c t o r ,  p r o f i l e  shapes,  and so on, was 

analyzed. To ob ta in  t h e  same i n j e c t e d  power depos i t ion  p r o f i l e  as i n  

t h e  500 keV case s tud ied  above, a/X must be the  same i n  both cases .  

a/ho i s  t h e  r a t i o  of  plasma rad ius  t o  the  mean f r e e  path of t he  i n -  

j e c t e d  n e u t r a l s  a t  the  peak plasma d e n s i t y  ( c f .  Fig .  2 3 ) .  The r e -  

qui red  beam energy i n  the  2 meter system is  approximately 200 keV. 

Figure 34 shows t h e  power requi red  t o  i g n i t e  t h i s  sma l l e r  system as a 

func t ion  of  t h e  time t o  i g n i t i o n  us ing  a 200 keV n e u t r a l  beam. 

both t h e  case of  UWAK-I and the  system with a 2 meter plasma radiuss  

t h e  beam energy requi red  may be reduced i n  two ways. 

c a l c u l a t i n n a l  cmvenieace ,  it was assumed t h a t  t he  i n j e c t e d  n e u t r a l  

has an atomic mass of 2 .5 .  "IAe t o t a l  a t t enua t ion  cross s e c t i o n  f o r  t h e  

n e u t r a l  beam i s  a func t ion  of  t h e  r e l a t i v e  veloci . ty  of  t he  beam 

0 

In 

F i r s t ,  f o r  
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p a r t i c l e s  and t h e  background plasma. For t h e  same r e l a t i v e  v e l o c i t y ,  

t h e  beam energy r equ i r ed  v a r i e s  l i n e a r l y  with mass. Therefore ,  t h e  

minimum energy requi red  i s  reduced by 20 percent  i f  a pure deuterium 

n e u t r a l  beam i s  used. Second, as poin ted  out i n  Reference 48., t h e  

beam can be i n j e c t e d  i n s i d e  t h e  geometric c e n t e r  of t h e  plasma cross 

s e c t i o n ,  which r e s u l t s  i n  a s h o r t e r  chord length  t o  t h e  plasma c e n t e r .  

Changing t h e  i n j e c t i o n  angle  r e q u i r e s  cons ide ra t ion  of t h e  f i n i t e  s i z e  

of t h e  beam t o  be c e r t a i n  t h e  beam does no t  i n t e r s e c t  t h e  t o r u s  i n n e r  

wall. 

l a rge  p i t c h  angles  is r equ i r ed .  

Also, a d d i t i o n a l  a n a l y s i s  of  t h e  o r h i t s  o f  i ons  produced a t  

E .  Conclusions 

The a n a l y s i s  repor ted  i n  t h e  preceding s e c t i o n s ,  based on pseudo- 

c l a s s i c a l  s c a l i n g  f o r  t h e  e l e c t r o n  conduc t iv i ty  and n e o c l a s s i c a l  s c a l -  

ing f o r  t h e  ion  conduc t iv i ty ,  i n d i c a t e s  t h a t  large tokamak plasmas can 

be i g n i t e d  a t  low dens i ty  I” 3 x l o”  p a r t i c l e s l c m  ) using moderate 3 

l e v e l s  o f  n e u t r a l  beam power and beam energ ies  o f  severa l  hundred keU. 

For a r e a c t o r  s i z e  plasma with a minor r ad ius  of  S meters and charac- 

t e r i s t i c  parameters as l i s t e d  i n  Appendix R ,  a 500 keU beam is  adequate 

t o  provide  t h e  i n j e c t e d  power depos i t i on  and hea t ing  r a t e  p r o f i l e s  t h a t  

i g n i t e  t h e  plasma and y i e l d  non-inverted temperature pxofkles, 

beam ene rg ie s  can a l s o  y i e l d  i n j e c t e d  power depos i t i on  p r o f i l e s  t h a t  

a r e  peaked on a x i s .  However, t h e  hea t ing  ra te  i n  t h e  plasma causes  

l o c a l  maxima t o  occur i n  t h e  temperature  p r o f i l e s  i n  t h e  o u t e r  zones o f  

t h e  plasma. 

Lawer 

This i s  found i n  t h e  a n a l y s i s  of  smaller systems as well .  

The maxima develop because t h e  i n j e c t e d  power depos i ted  p e r  plasma 

p a r t i c l e  depends on t h e  dens i ty  p r o f i l e .  F o r  a s c a l e d  down machine with 
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a = 200 cm and t h e  same aspect  r a t i o ,  200 keV gives  r e s u l t s  s i m i l a r  t o  

t h e  500 keV beam i n  t h e  l a r g e r  system. 

A low dens i ty  s t a r t u p  i s  used because beam pene t r a t ion  i s  enhanced 

while plasma los ses  a r e  reduced. Therefore ,  a l a rge  system can be 

i g n i t e d  i n  reasonably s h o r t  times. For example, i n  t h e  conceptual 

UWMAK-I system s tud ied  he re ,  power l e v e l s  on t h e  order  o f  50 MW give  

i g n i t i o n  t imes i n  t h e  2 t o  10 second range.  In  sma l l e r  f e a s i b i l i t y  or 

r e a c t o r  s i z e  plasmas, such as t h e  a = 200 cm system, approximately 

10 MW of beam power i s  s u f f i c i e n t  t o  i g n i t e  t he  system i n  about 2 

seconds with 200 keV beams. 

The t imes t o  i g n i t e  r e a c t o r  si .ze plasmas us ing  a given beam power 

a r e  found t o  be about t h e  same where beam energ ies  a r e  i n  t he  range 

from 100 keV t o  500 keV (Ai = 2 . 5 ) .  

t h e  plasma i s  s e n s i t i v e  t o  beam energy when a given power i s  i n j e c t e d  

f o r  a f ixed  length  of  t ime.  In p a r t i c u l a r ,  i t  was found t h a t  lower 

energy-, less pene t r a t ing  n e u t r a l  beams can a c t u a l l y  produce f a s t e r  

plasma hea t ing  ra tes  i n  some cases ,  

However, t h e  f i n a l  heatup r a t e  o f  

F i n a l l y ,  no te  t h a t  t h e  time s c a l e  f o r  hea t  conduction us ing  

pseudocl.assica1 and/or neoc la s s i ca l  t r a n s p o r t  c o e f f i c i e n t s  i s  long i n  

a l a rge  plasma compared w i t h  hea t ing  t imes of seve ra l  seconds.  As 

such, thermal d i f fus i -on  does not e f f e c t i v e l y  suppress  t h e  l o c a l  maxima 

i n  t h e  temperature p r o f i l e s  which a r e  repor ted  here .  

reason ,  ad jacent  volumes of plasma are found to be very weakly coupled, 

from an energy viewpoint,  s o  t h a t  e l ec t ron  and ion temperatures are 

approximately equal throughout t he  h e m  hea t ing  phase.  

For t h e  same 



7 9  

V.  SUMMARY 

Deta i led  conclusions der ived  from t h i s  work were presented  a t  t h e  

end of  each chapter  i n  t h e  t e x t .  This summary inc ludes  an abbreviated 

c o l l e c t i o n  o f  those  r e s u l t s  and conclus ions .  

The a n a l y s i s  of  t h e  d e t a i l s  of  3 .5  MeV a lpha  p a r t i c l e  o r b i t s  i n  a 

tokamak showed t h a t ,  due t o  f i n i t e  gyro-radius  e f f e c t s ,  a lpha p a r t i c l e  

d r i f t  o r b i t s  can dev ia t e  s u b s t a n t i a l l y  from t h e i r  corresponding f l u x  

s u r f a c e s ,  In cases  where t h e  plasma cu r ren t  i s  g r e a t e r  than 10 M A ,  

t h e  usua l  small gyro-radius  expansion procedure can be used t o  t reat  

t h e  o r b i t  e f f e c t s .  Using t h e  o r b i t  model and procedures  developed, 

a lpha  p a r t i c l e  containment c h a r a c t e r i s t i c s ,  momentum input  p r o f i l e s  

and t h e i r  impl ica t ions  and e l e c t r o s t a t i c  charging which r e s u l t s  from 

a lpha  l o s s e s  were computed. For a cons tan t  plasma c u r r e n t  p r o f i l e ,  

numerical  r e s u l t s  f o r  t h e  f r a c t i o n  of  a lpha  p a r t i c l e s  contained by 

var ious  s ize  systems show t h a t  r e a c t o r  s i z e  plasmas ( I  2 10 MA) provide 

very e f f i c i e n t  containment.  F e a s i b i l i t y  s i z e  plasmas ( I  = 2-5 MA) 

conta in  2 75 pe rcen t  of t h e  a lpha  p a r t i c l e s  produced depending on the  

p r e c i s e  parameter p r o f i l e s  assumed. Alpha containment improves with 

increased  aspec t  r a t i o  and more s t e e p l y  peaked plasma cu r ren t  d e n s i t y  

p r o f i l e s  as we l l  as increased  plasma c u r r e n t .  

The alpha p a r t i c l e  loss  a n a l y s i s  showed a p r e f e r e n t i a l  l o s s  of 
3 4 

i n i t i a l l y  counters t reaming (v * J 0) p a r t i c l e s  which impl ies  a n e t  

momentum inpu t  t o  t h e  background plasma. 
I1 

?he f a s t  a lpha  p a r t i c l e  

d i s t r i b u t i o n  func t ions  f o r  p a r t i c l e s  contained by t h e  system were 

cons t ruc ted  by i n t e g r a t i n g  t h e  alpha source along o r b i t  c h a r a c t e r i s t i c s  

numerical ly .  The a lpha  p a r t i c l e  hea t ing  p r o f i l e s  and momentum input  



80 

p r o f i l e s  weye obtained from t h e  distribi1t . i  on func t ions .  

The heati-ng p r o f i l e  f o r  t he  I = 2 MA case was found t o  be reduced 

in  magnitude and broadened r a d i a l l y  compared t o  t h e  alpha source 

s t r eng th  and r a d i a l  dependence assumed. These r e s u l t s  r e f l e c t  t h e  

l a rge  gyro-0rbi.t e f f e c t s  which lead t o  l a rge  o r b i t  excurs ions ,  s ign i f i . -  

cant  p a r t i c l e  l o s s  from t h e  system and t h e  broadened p r o f i l e  f o r  con- 

t a ined  a lphas .  These e f f e c t s  a r e  l e s s  pronounced f o r  I = § MA and when 

I 2 10 MA they  can be neglected and hea t ing  and product ion p r o f i l e s  can 

be assumed i d e n t i c a l  t o  a high degree of  accuracy. 

The alpha p a r t i c l e s  represent  a momentum source t o  the background 

plasma. ‘ h e  momentum input  p r o f i l e s  found a r e  such as  t o  d r i v e  inhomo- 

gelleit i-es i n  t h e  t o r o i d a l  flow v e l o c i t y  imparted t o  the background 

p a r t i c l e s .  The inhomogeneities occur on a given f l u x  sur faxe  and from 

f l u x  su r face  t o  f l u x  s u r f a c e .  On a given f l u x  s u r f a c e ,  t he  ac t ion  of 

p a r a l l e l  ion  v i s c o s i t y  i s  s u f f i c i e n t l y  r ap id  s o  t h a t  t h e  r e l a x a t i o n  

mechanism l i m i t s  t h e  maxiilium v e l o c i t y  inhomogeneities t o  acceptab le  

l e v e l s  r e l a t i v e  t o  known i n s t a b i - l i t y  t h re sho lds .  S imi l a r ly ,  t h e  r a d i a l  

shea r  flow p a t t e r n  bui ldup is  of  no immediate concern s i n c e  hundreds of 

seconds a r e  requi red  before  t o r o i d a l  flow v e l o c i t y  inhomogeneities 

approach known s t a b i l i t y  th resholds .  

There i s  one problern area t h a t  was n o t  analyzed i n  d e t a i l  h e r e ,  

but  i s  recommended f o r  f u r t h e r  cons ide ra t ion .  The l o s s  of an a lpha  

p a r t i c l e  from t h e  system r e s u l t s  i n  an e l e c t r o s t a t i c  charge o f  magni- 

tude ( -2e)  t o  t h e  background plasma. Since t h e  a lpha  energy i s  3.5 

MeV t h e  e l e c t r o s t a t i c  p o t e n t i a l  bui ldup w i l l  a f f e c t  t h e  background 

p a r t i c l e s  before  t h e  alpha o r b i t s  are a l t e r e d  i n  g e n e m l .  For 
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f e a s i b i l i t y  plasmas ( I  = 2-5 MA] p o t e n t i a l  bui ldup r a t e s  of hundreds 

of k i l o v o l t s  per  second are t y p i c a l .  As such,  plasma p o t e n t i a l s  

g r e a t e r  than t h e  e l e c t r o n  temperature occur a f t e r  100 mi l l i seconds  

of ope ra t ion .  In high cu r ren t  dev ices ,  where t h e  f r a c t i o n  of  a lpha  

p a r t i c l e s  contained approaches 1 . 0 ,  t h i s  problem w i l l  no t  occur .  How- 

eve r ,  t h e  p o t e n t i a l  bui ldup problem i s  extremely s e n s i t i v e  t o  t h e  

a lpha  containment p r o p e r t i e s  of a system and it i s  recommended t h a t  

f u r t h e r  cons idera t ion  be given t o  t h e  plasma response t u  t h i s  source 

o f  p o t e n t i a l .  

Using t h e  alpha p a r t i c l e  energy depos i t i on  r a t e  p r o f i l e  r e s u l t s  

and similar energy depos i t ion  r a t e  p r o f i l e s  determined from a sepa ra t e  

model f o r  n e u t r a l  beam i n j e c t i o n ,  t h e  i g n i t i o n  phase of s t a r t u p  f o r  a 

l a rge  tokamak plasma was s t u d i e d .  I t  was found t h a t  l a r g e  plasmas can 

13 - be i g n i t e d  a t  low dens i ty  (" 3 x 10 cm ') us ing  moderate l e v e l s  of 

n e u t r a l  beam power and beam energ ics  of  s e v e r a l  hundred k i l o v o l t s .  For 

t h e  Un ive r s i ty  o f  Wisconsin IJWMAK-1 conceptual r e a c t o r  (a = 5 meters ) ,  

power l e v e l s  on t h e  o rde r  o f  50 MW give i g n i t i o n  t imes i n  the 2 t o  10 

second range.  A beam energy of 500 keV is  adequate t o  provide  i n j e c t e d  

power depos i t i on  and hea t ing  r a t e  p r o f i l e s  t h a t  i g n i t e  t h e  plasma and 

y i e l d  tcrnperature p r o f i l e s  such t h a t  - S 0 a t  a l l  r .  Lower beam ener-  

g i e s  (-100 t o  350 keV) ignite t h e  plasma i n  approximately t h e  same 

aT 
ax 

time f o r  t h e  same i n j e c t e d  power, bu t  l o c a l  maxima occur  i n  t h e  temper- 

a t u r e  p r o f i l e s  i n  t h e  o u t e r  zones of  plasma. Although t h e  energy den- 

s i t y  depos i t i on  r a t e  p r o f i l e s  are peaked on a x i s  and decrease mono- 

t o n i c a l l y  with r ad ius  f o r  some lower energy cases, t h e  corresponding 

plasma hea t ing  p r o f i l e s  depend on t h e  energy depos i ted  p e r  background 
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plasma p a r t i c l e  which i n  t u r n  can lead t o  a l o c a l  maxima i n  t h e  r e s u l t -  

ing temperature p r o f i l e s  " 

The times requi red  t o  i g n i t e  r e a c t o r  s i z e  plasmas using a given 

beam power are found t o  be about t h e  same where beam energ ies  a r e  i n  

the range from 100 t o  500 keV (Ai = 2 .S )  . 
plasma, however, i s  s e n s i t i v e  t o  beam energy when a given power i s  

i n j e c t e d  f o r  a f i x e d  length of  time. In f ac t ,  it was found t h a t  lower 

energy, l e s s  pene t r a t ing  n e u t r a l  beams can a c t u a l l y  produce f a s t e r  

plasma hea t ing  r a t e s  i n  some cases .  This e f f e c t  demonstrates t h e  i m -  

por tance of  a s ses s ing  the  plasma response t o  n e u t r a l  beam i n j e c t i o n ,  

The f i n a l  hcatup r a t e  of  t h e  
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APPENDIX R 

Details o f  T S i n g u l a r i t i e s  
-- 

b - 
In  Chapter 111 t h e  i n t e g r a b i l i t y  of s i n g u l a r i t i e s  which e x i s t  i n  

t h e  in tegrand  of t h e  T~ i n t e g r a l  were b r i e f l y  d iscussed .  

i l l u s t r a t e d  i n  more d e t a i l  under what cond i t ions  non- in tegrable  

(+rb =) 00) s i n g u l a r i t i e s  are poss ib l e .  

Here i t  is  

Throughout t h e  d i scuss ions  of t rapped p a r t i c l e s  t h e  convent ional  

d e f i n i t i o n  o f  a t rapped  p a r t i c l e  was used, i . e . ,  a p a r t i c l e  f o r  which 

0 a t  some po in t  a long t h e  p a r t i c l e  o r b i t .  In t h e  case of t h e  zero 
= 

Larmour r ad ius  approximation, t h e  p o i n t  a t  which v = 0 de f ines  t h e  

banana t i p  or t u r n i n g  p o i n t  of t h e  o r b i t .  

p h y s i c a l l y  t h e  p a r t i c l e  r eve r ses  i t s  d i r e c t i o n  and r e t u r n s  along i ts  

previous pa th .  

I1 
Thus, when v r eve r ses  s i g n ,  II 

In  systems where f i n i t e  gyro-radius  effects  cannot be  neglec ted ,  

a d i s t i n c t i o n  must be made between t h e  v 0 po in t  and t h e  o r b i t  t u rn -  

ing  p o i n t .  On Fig .  A - 1  t h i s  d i f f e r e n c e  is shown. The f i g u r e  shows two 

a lpha  p a r t i c l e  o r b i t s ,  both o r i g i n a t i n g  a t  x/a = 0.5 ,  y/a  = 0.0 wi th  

p i t c h  angles  o f  COS x = 0.43 and 0.45. I n i t i a l l y  v > 0 i n  both cases. 

For t h e  Cos x = 0.43  o r b i t ,  vll = 0 a t  t h e  po in t  a long t h e  o r b i t  marked 

by x. 

t u r n  and change d i r e c t i o n  i n  t h e  c ros s  s e c t i o n  view. S incc  t h e  d r i f t  

v e l o c i t y  i s  not  zero when v = 0 ,  t h e  guiding c e n t e r  motion cont inues  

and t h e  p a r t i c l e  moves approximately v e r t i c a l l y .  However, as v 

i n c r e a s e s ,  bu t  now i n  t h e  counters t reaming d i r e c t i o n ,  t h e  motion along 

t h e  f i e l d  l i n e  and t h e  d r i f t  motion a r e  oppos i t e ly  d i r e c t e d .  

I 1  = 

1 1  

Note, however, a f i n i t e  pa th  length  i s  requi red  f o r  t h e  o r b i t  t o  

11 
I I  

If vlI 
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becomes l a rge  enoiigh t o  dominate t h e  guiding c e n t e r  motion before  the  

p a r t i c l e  c ros ses  t h e  ho r i zon ta l  a x i s ,  t h e  tu rn ing  po in t  shown on F i g .  

A - 1  develops.  I f ,  on t h e  o the r  hand, v does not  i nc rease  appreciably 

a f t e r  t h e  v 0 p o i n t ,  t h e  d r i f t  inotjon cont inues t o  dominate the  

o v e r a l l  p a r t i c l e  motion and no tu rn ing  Doint occiirs. 

F i g .  A - 1  shows the  v 

cha rac t e r i zed  by i n i t i a l  p i t c h  ang le ,  Cos y. 

V I /  S. 0 at the  po in t  shown, but  no te  t h a t  no t u r n i n g  po in t  develops.  

A s  Cos y, decreases ,  o r  t h e  p i t c h  angle  i t s e l f  i n c r e a s e s ,  both a v 

and a tu rn ing  po in t  occur .  

I1 
I1 = 

Deta i l  A on 

0 p o i n t s  by x f o r  s e v e r a l  d i f f e r e n t  o r b i t s  
II = 

For Cos y = 0.431,  

0 I1 = 

111 t h e  case o€ zero Larrnour r a d i u s ,  the  v l l  = 0 and tu rn ing  p o i n t s  

are i d e n t i c a l .  

l oca t ion  exac t ly  on t h e  ho r i zon ta l  a x i s ,  a b a r e l y  trapped p a r t i c l e  

o r b i t  occurs which phys ica l ly  inarks the  boundary- i n  p i t c h  angle  space 

between trapped-untrapped p a r t i c l e  o r b i t s .  I t  i s  t h i s  p r e c i s e  o r b i t  

which y i e l d s  a logar i thmic  s i n g u l a r i t y  i n  t h e  I- i n t e g r a l  S O  t h a t  

F o r  t he  p i t c h  angle  which r e s u l t s  i n  a tu rn ing  p o i n t  

b 

Tb =s$s m. 

‘The equiva len t  s i t u a t i o n  a r i s e s  i n  f i n i t e  Larmour r ad ius  cases  i f  

t h e  tu rn ing  po in t  occurs on t h e  ho r i zon ta l  a x i s .  Phys ica l ly ,  t h e  d r i f t  

motion and motion along t h e  f i e l d  l i n e  cancel  p r e c i s e l y  a t  such a 

po in t  s o  t h a t  t h e  p a r t i c l e  approaches i t  f o r  an i n f i n i t e  t ime.  Mathe- 

ma t i ca l ly ,  cons ider  t h e  o r b i t  equa t ion ,  

2 2 
Y (X) c - x - PJ (x - xT) (x d- A) , 

and assume t h a t  t h e  tu rn ing  poin t  occurs  on t h e  x - a x i s  a t  x. Near 

t h c  Turning po in t ,  

P‘ 



85 

and us ing  an expansion process  t h e  same as t h a t  i n  Chapter 111, except 

he re  y(xp)  = 0 ,  - 

+ OCA) - . .  

Since t h e  T~ integrand is  p ropor t iona l  t o  l / y (x )  and 1/$ i s  i n t e -  

g rab le ,  t h e  occurrence of a non- in tegrable  s i n g u l a r i t y  r e q u i r e s  t h e  

c o e f f i c i e n t  of  f i  t o  be zero,  i . e . ,  

F i n a l l y ,  it w i l l  be shown t h a t  t h i s  condi t ion  occurs  when t h e  

d r i f t  motion and motion along t h e  f i e l d  l i n e  cance l  e x a c t l y .  

p o s s i b l e  only when y/a  = 0.0  s i n c e  t h e  d i r e c t i o n  of  t h e  d r i f t  v e l o c i t y  

i s  + y .  < 0 ,  which is t h e  case  f o r  t h e  p a r t i -  

c l e s  shown on d e t a i l  A nea r  y/a = 0 . 0 ,  motion a long  t h e  f i e l d  l i n e  i s  

i n  t h e  downward d i r e c t i o n .  Drift motion i s  upward. Thus, when 

This  i s  

For a p a r t i c l e  with v ll I 

t h e  t w o  motions a r e  equal and i n  oppos i te  d i r e c t i o n s .  Since 

and 

2 2 2  
= "il + v1 
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Equation (A2) y i e l d s  

- P( - + -  v i  _ _ _  ' v l l '  V r ,  

v v  4 (A3) 

where a l l  lengths  a r e  r e l a t i v e  t o  t he  plasma r a d i u s ,  a .  From t h e  con- 

s e rva t ion  of P, 

so  t h a t  Equation ( A 3 )  becomes 

Upon rear ranging  the  terms o f  t h i s  equat ion ,  

T ~ x + A - x  
-.-- P 

2 
- 

= 2 r  . ,,/(A + x) (x -- xT) 

I t  was assullied t h a t  t h e  two motions cancel  when v < 0 (counterstrearn- 

irig po r t ion  of  t h e  o r b i t )  so  t h a t  t h e  p a i n t  where t h e  c a n c e l l a t i o n  

occurs must be f o r  x < 0 .  Thus, in Equation (A4) ,  r = - x so  t h a t  r 

will be p o s i t i v e  as r equ i r ed .  Changing variable x t o  x r e s u l t s  i n  

t h e  f i n a l  form of Equation (A4) given by 

I /  

P 

which i s  i d e n t i c a l  t o  Equation (Al) .  

This exercise i n d i c a t e s  t h a t  when t h e  tu rn ing  p o i n t ,  no t  t h e  

v l I  = 0 p o i n t ,  i s  loca ted  exac t ly  on t h e  h o r i z o n t a l  a x i s ,  a non- 

i n t eg rab le  s i n g u l a r i t y  occurs.  

o r b i t  f o r  t h e  same s y a t i a l  condi t ions  as above, but  i n  a device where 

Figure A-2 shows t h e  i n i t i a l l y  t rapped 
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I = 5 MA. In t h i s  case, although v 0 a t  x along t h e  o r b i t ,  no 

tu rn ing  p o i n t s  occur  due t o  t h e  high d r i f t  v e l o c i t i e s  and loca t ion  of 

x Equation (A5) cannot be s a t i s f i e d  f o r  any i n i t i a l  p i t c h  angle  

condi t ions  by costreaming p a r t i c l e s  produced a t  x /a  = 0 . 5 ,  y/a  = 0 . 0 ,  

1 1  = T 

T ’  

I = 5 MA. This i s  c o n s i s t e n t  with F ig .  13  which shows f i n i t e  bounce 

t imes fo r  a l l  I = 5 MA costreaming p a r t i c l e s .  

In  summary, T~ ~3 i s  t h e  r e s u l t  of  an o r b i t  t u rn ing  po in t  which 

A t  i s  loca t ed  on t h e  h o r i z o n t a l  mid-plane of t h e  plasma c ross  s e c t i o n .  

t h i s  po in t  guiding c e n t e r  motion along t h e  f i e l d  l i n e  and d r i f t  motion 

can cancel  e x a c t l y .  Whether o r  not  such a po in t  develops depends on t h e  

loca t ion  of  t h e  v 0 p o i n t ,  x and t h e  plasma c u r r e n t ,  I ,  which i s  

r e l a t e d  t o  t h e  magnitude of  t h e  d r i f t  speed.  

11 = T’ 

From Equation (A.51, 

assuming x F+; x t h e  requirement f o r  a non- in tegrable  s i n g u l a r i t y  i s  

approximately 

T P’  

4iX1.I Jxp - xr 
P L  

&/(A 

From F ig .  A - 1 ,  

(xp - XT) = 0.02 , 

and e s t ima tes  of what minimum plasma cu r ren t  l e v e l s  y i e l d  non-integrable 

s i n g u l a r i t i e s  f o r  costreaming p a r t i c l e s  as a func t ion  o f  x can be T 

made. Resul t s  are shown i n  Table A - 1 .  



TAI3J.dE A-1  

“r Approximate Current Level Required f o r  T ern v s .  b 
(Costreaming P a r t i c l e s )  

Xrr 
.--I 

0 

-.l 

- 3  . CI 

- . 3  

- . 4  

- .5 

P 

0 

.03 

.06 

.09 

. l l  

.15 

I (MA) 

Lu 

2 3  

11 

7 . 6  

5 . 7  

4 . 5  

These r e s u l t s  agree with F igs .  A - 1  and A - 2 .  

x 

10 > 7.6  M.4, 

s i n g u l a r i t i e s  occur s i n c e  t h e  T 

I B 17 MA whereas the  ac tua l  cu r ren t  i .s I = 5 MA. 

From F i g .  A - 1 ,  I = 10 MA, 

w -0 .3 and a non-integrable  s i n g u l a r i t y  occurs as it should s i n c e  T 

From Fig.  A - 2 ,  I = 5 MA, x = -0.15 and o n l y  i n t e g r a b l e  T 

:+QJ requirement i n  t h i s  case i s  b 
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APPENDIX B 

C h a r a c t e r i s t i c s  of t h e  Univers i ty  - of Wisconsin Conceptual Fusion 

Reactor UWMAK- I 

This appendix l i s t s  a more i n c l u s i v e ,  though by no means complete, 

se t  of parameters c h a r a c t e r i z i n g  the UWMAK-1 conceptual tokamak fus ion  

r e a c t o r  s tud ied  a t  t h e  I ln ivers i ty  of Wisconsin." In  p a r t i c u l a r ,  t h e  

d iscuss ion  is l imi t ed  p r imar i ly  t o  those  parameters t h a t  desc r ibe  t h e  

plasma and magnets. 

The primary ope ra t ing  c h a r a c t e r i s t i c s  of UWMAK-I are:  

Power 5000 MW(th); 1500 MW(e) 

Fuel Cycle (D-T), L i  

Plasma Radius 

Major Radius 

5 m  

13 m 

Diver tor  Po lo ida l ,  Double Neutral  Point  

Coolant Lithium 

S t r u c  t ma  1 Mat e r i a 1 316 S t a i n l e s s  S t e e l  

Neutron Wall Loading 1 .25  MW/m 

Toro ida l  Magnetic F ie ld  

2 

€ 3 +  = 38.2 kG on a x i s  

B y  = 86.6 kG a t  magnet 

Magnets Superconductor,  NbTi 

S t a b i l i z e r ,  Cu 

Power Cycle Li-Steam 

The main plasma c h a r a c t e r i s t i c s  which desc r ibe  UWMAK-I dur ing t h e  beam 

hea t ing  phase of s t a r t u p  are: 
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Plasma Density 

Safe ty  Factor  q (a>  = 1.75 

3 x 1013 cm-3 on a x i s  

q ( 0 )  > 1 

Plasma Current T = 2 1  MA 

'1le plasma c h a r a c t e r i s t i c s  which descr ibe  UWMAK- I during t h e  ope ra t ing  

phase a r e :  

Poloidal  Beta 

Toroidal  Beta 

Safc ty  Factor  

Toroidal Magnetic F ie ld  

Plasma Current 

I on l'eaip e r a t  u r  e 

Electron Temperature 

(D4.T) Ion Density 

Alpha Densi t y  

P a r t i c l e  Confinement Time 

F rac t iona l  bur nu^ 

Burn Time 

P = 1.08 

= 0.05 

9 

@4J 
q(a> ::: 1 . 7 5 ;  q(0) > 3 

38.2 kG on ax i s  

2 1  MA 

11 keV 

11 keV 

0 .8  x 10  /cm 

0 .03  x 10 /cm 

1 4  seconds 

7 . 2 %  

30 minutes 

1 4  3 

1 4  3 

UWMAK-I i s  designed t o  opera te  with a poloi-dal ,  double-neutral  po in t  

d i v e r t o r  which produces a low d e n s i t y ,  e s s e n t i a l l y  i n s u l a t i n g  zone, 

around t h e  p l a s m .  As such, the temperature p r o f i l e  dur ing  t h e  burn 

time i s  expected t o  be r e l a t i v e l y  f l a t ,  whereas t h e  d e n s i t y  p r o f i l e  

has been taken as n ( r )  = n (1 - .99 I /a ) . Fur ther  design d e t a i l s  

a re  given i n  Reference 10. 

2 2 .1/2 
0 
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