
0074 0 



This repor t  was prepared as an account of work sponsored by the United 
States Government. Neither the lJnited States nor the Uni ted States Atomic 
Energy Corr,mission, nor any o f  their employees, nor any of their contractors, 
subcontractors, or their employees. makes any warranty, express or implied, or 
assumes any legal l iabi l i ty o r  responsibility for the accuracy, completeness or 
usefulness of any information, apparatus, product o r  process disclosed, o r  
represents that i t s  use would no t  infringe privately owned rights. 
I_ .. . ..-._ ___I...._ . . . .... _l___l. .. . . .- 



ORNL-TM-4100 

Contract No. W-7405-eng-26 

HEALTH PHYSICS DIVISION 

THE FLUID DYNAMICS OF A SPHERICAL PARTICLE: 

Tabulation of Seftl ing Velocity, Reynolds Number, Drag Coefficiest, 

Relaxation Time and Acceleratign-Distance i n  Air and Water* 

B. R. Fish and W. H. Wilkie** 

NOVEMBER 1973 

OAK RIDGE NATIONAL LABORATORY 
O a k  Ridge, Te'nnessee 37830 

operated by 

3 445b 0550099 o * 
Work done for Sandia CorpcP-artiw under  Can+aact No. 48-5377 

Present address: Tennessee VuIley Aufhosit.y, Muscle Shocls, ABakma 
* *  





... 
I l l  

CONTENTS 

List of Symbols ................................................ 
Abstract .................................................... 
Introduction .................................................. 
Reynolds Number and Drag Coefficient .......................... 
Settling Velocity and Relaxation Time ........................... 
Acceleration-Distance ........................................ 
Stop-Distance ................................................ 
Discussion ................................................... 
References .................................................. 
Table 1 ..................................................... 
Table 2 ................................................... 

Page 

IV 

1 

1 
1 

6 

7 

8 

9 

12 

21 
94 



I V  

LISP OF SYMBOLS 

A, 8, C ,  Q, A', B', C' CQ ns t a nts 

A. D. accel era t ion distance 

d part i c I e d i a me t e r 

D 

F 

9 

k 

K 

m 

N 

P 

Re 

S 

S .  0. 

T 
- 
V 

- 
V2 

VS 
V, 

n 
x 

container diameter 

force 

acceleration due to gravity 

Boltzmann's constant 

S I  ip  correction factor 

mass 

molecules per unit volume 

pressure 

Reynolds number 

cross section area 

stop-distance 

absolute temperature 

mean molecular speed 

mean square molecular velocity 

sett I i ng velocity 

terminal settling velocity in  an 
infinite medium 

v i  scos i t y  

molecular mean free path 

density of air 

density of particle 

density of f lu id  medium 

pP 

pm 

relaxation time 

drag eaefficient 
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THE FLUID DYNAMICS OF A SPHERICAL PARTICLE: 

Tabulation of Settling Velocity, Reynolds Number, Drag Coefficient, 

Relaxation Time and Acceleration-Distance in  Air and Water 

B. R. Fish and W. H. Wi lk ie 

ABSTRACT 

Various fluid dynamical parameters are calculated for 
spherical particles fall ing freely i n  a i r  and in  water. 
include setfl ing velocity, drag coefficient and Reynolds number 
for particles from 1 to 1000 microns in diameter and having a 
buoyancy-corrected density of 1 to 12 grams per cubic centimeter. 

Tabulations 

INTRODUCTION 

There are many areas of experimental and theoretical investigation related to 

inhalation of particles, aerosol physics, environmental pol Iution, and micrometerology 

which involve deposition of particulates under the influence of inertial forces. Fre- 

quently, the researcher or engineer must spend a comiderable amount of time calculating 

various fluid dynamical parameters associated with particle settling or impaction. 

i s  the purpose of this report to provide several of the more useful parameters in tabular 

and graphical form for spherical particles with densities from 1 to 12 grams cm-'and 

diameters of 1 to 1000 microns falling freely in  air  at 20*C and 760 mm Hg and in 

water at 20%. In addition, curves are given which can be used to determine stop- 

distance for a sphere acted upon by fluid dynamical forces only. 

It  

REYNOLDS NUMBER AND DRAG COEFFICIQ NB 

An isolated r ig id sphere moving freely through an infinite viscows medium under 

Unfortunately, the influence of a constant force presents a deceptively simple model. 

the theoretical description of the relation between the resistance of the medium and 

the velocity i s  exceedingly complex. Simplifying assumptions may be made resulking 

i n  relations such as Stokesa law which are applicable i n  a restricted range of velocities 

to experimental situations satisfying cepfcain cendifions concerning the properties of 

the particle and the medium. While modifications and corrections may be applied 
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to Stokes’ law which extend the range of this type expression, i n  general a frankly 

empiricul approach i s  more useful for the region of higher Reynolds number.”) For 

practical purposes the investigator must rely on empirical relations based on experi- 

mental data to obtain the f lu id dynamical parameters applicable to his particular 

i n terest . 
I t  has been found useful to express data relating fluid resistance and particle 

velocity as a logarithmic plot of a dimensionless drag coefficient and Reynolds number. 

The Reynolds number of a particle of diameter d moving with a velocity V in a medium 

having a viscosity and a density pm i s  defined by 

The Reynolds number i s  a unique function of velocity i n  a given flow system and i s  

prcaportional to the ratio of inertial forces to viscous forces. 

The moving particle experiences a force Fm caused by the resistance of the 

medium in  the form of skin friction and pressure differentials. 

function of the velocity, density and size of the particle, and the viscosity and 

density of the medium. 

zation of the parameters and variables into the smallest number of significant, 

dimensionless groups using the Buckingharn P i  Theorem. I n  this manner the 

dimensionless group containing the f lu id resistance may be defined as the drag 

coefficient, 

The force i s  a cornpliex 

The mathematical relations may be simplified by the organi- 

(2) 

n p  d2V2 m 

Rearranging, we obtain 

Thus, the drag coefficient may be interpreted as a variable coefficient which i s  used 

to multiply the product of the kinetic energy per unit volume of the medium moving 
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1 
past the particle 5 pmV2 

the fluid resistance. 

and the cross section area S of the particle to obtain 

I n  the case of a sphere fall ing freely through a stagnant medium of infinite 

extent under the influence of gravity, the f lu id resistance at  the terminal velocity 

i s  equal to the inertial force on the spheye, 

F, = (rn - m') g; (4) 

where m i s  the mass of the sphere, m' is the mass of the displaced medium, and g 

i s  the acceleration due to gravity. By substitution of equation (4) in (2) and solving 

for $, the experimenter has a means of obtaining the drag coefficient after measuring 

the settling velocity, 

4 4 P p  - p,lg 
Q =  (5) 

3p v2 
m S  

The Reynolds number i s  calculated from known parameters, and one can then plot 

drag coefficient as a function of Reynolds number. This convention allows the direct 

comparison of the data of different experiments, since a single curve must be obtained 

for all combinations of fluids and spheres. The curve cannot be used to obtain the 

settling velocity directly, because this parameter occurs in both $ and Re. 

to overcome this difficulty, equation (5) may be multiplied by the square of the 

Reynolds number to obtain the dimensionless group 

In order 

which involves only the mass of the sphere and properties of the medium. If Re i s  

expressed as a function of $ReZ, then far any given value of equation (6) the Reynolds 

number and, hence, the velocity i s  available. Davies'" recognized ahe need for a 

relation from which an explicit solution for terminal velocity could be obtained and, 

using this approach, derived two expressions which together span the range of Reyn- 

olds numbers from 0 to lo4: 



4 

* - 2,3363 x lo4 ($Re2)2+ 2.0154 x lo6 ($Re")3 Re = 24 

- 6.9105 x lf9 ($Re")", 

for Re < 4; and 

log Re = -1.29536 + 0.986 (log $Re2) - 0.046677 (log $Re2)2 

-t- 0.001 1235 (log (8 ) 
4 

for 3 < Re e 10 , where the logarithms are to the base 10 (see Figs. 1 and 2). The 

constants for these polynomials were obtained by fitt ing the expressions to crit ically 

selected data using the method of least squares. For equation (7), Davies used data 

of M~l le : , (~ )  S~hmiedel,'~) Liebster,") and Arnold(7) in  the range 0.0507 < Re s 

4. 16. For the derivation sf equa- 

tion (8), the data of Liebster,(6) Davies,(8) Wieselsberger, ( 9 r  lo) and bunnon 

were used in  the range 2.3 < Re c 10,890. 

the Stoker, or hydrodynamic, region i f  suitable corrections are made for the effect 

of slip. This effect, first described by Cunningham,(l2) becomes apparent when 

the particle radius i s  comparable to the mean free path of the molecules of the 

medium, and the medium can no longer be regarded as continuous. 

then "s l ips"  between molecular collisions and falls at a rate faster than predicted 

by hydrodynamic theory. A successful theoretical treatment of this effect has not 

been demonstrated, and one must rely on empirical relations for this correction. 

As usuully defined the slip correction i s  a multiplicative factor (2 1) which i s  

applied as in equations (17), (18), (19), and (22) to modify the parameters derived 

from Stokes' law in the sense of decreasing the effective drag force, 

Equation (7) tends to Stokes' law for small Re. 
(11)  

Equation (7) may be applied below 

The particle 

Knurdsen and Weber(13) developed the following expression for the slip cor- 

rection which agrees satisfactorily with experimental data: 

x x d 
d K = 1 + A -~ + B -J exp (-C i), (9) 
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where X is  the molecular mean free path, d i s  the diameter of the sphere, and A, 
B, and C are constants. 

basis(") for determining these coefficients, the values for A, B, and C are 2.492, 

0.84, and 0.433, respectively, using the accepted definition of the mean free path, 

I f  Mi l l ikan's are taken to provide the most reliable 

developed independently by Chapman and Enskog, (16) 

x =  _n 
0.499 pgii 

where i s  the mean molecular speed. From kinetic theory the pressure i s  given by 

I 

= NkT, N m  v2 
3 P =  

where N i s  the number of molecules per unit volume, m i s  the mass per molecule, 

7 i s  the mean square molecular velocity, k i s  Boltzmann's constant, and T i s  the 

absolute temperature. 

After substituting 

in equation (lo), the product of pressure 

PA = QT' 3 q ,  

where Q i s  a constant depending on the 

P expressed in  mm Hg, 

and mean free path i s  seen to be 

(13) 

units used. In the CGS system of units, with 

h 
PA = 1.594T2n.  (14) 

This relation assumes that the pressure follows the ideal gas law which, in general, is  

not the case. A more precise approach requires a correction for this discrepancy, for 

example, by use of the v i r ia l  expansi~n;"~'  however, equation (13) i s  adequate for 

use i n  calculation of the slip correction. (3 Davies used this approach in  deriving on 

expression for the slip correction which may be useful for experiments in air, 

from equations (9)  and (13) that 

It  follows 
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K =  
1 1 + -  Pd [A' 3- B' exp(C' Pd)] 

where the constants A: B: and C' depend on the temperature. If the accepted 

definition, equation (lo), of mean free path i s  used, the correction factor for air 

at 20OC i s  

K =  1 - b -  C12.44 +4. 19 exp (-86.8 Pd)], 
Pd 

for P in  mm Hg and d in cm. 

In this report, equation (7) i s  used for the calculation of Reynolds number below 

4.0. The calculations for air include slip corrections for diameters below 30 microns. 

At 15 microns diameter, the correction i s  1%, and at 1 micron diameter, it i s  14%. 

It i s  not necessary to apply this correction to the data for sedimentation i n  water, 

because the diameters of the spheres are much larger than the mean free path of the 

water molecules. 

SETTLING VELOCITY AND RELAXATION TIME 

The settling velocity follows directly from the definition of Reynolds number, 

equation (1). 

directly by equating Stokes' law for f lu id resistance 

In the Stokes region, Re c 0. 1, the settling velocity may be obtained 

- 3rrndV 
Fm - K 

with the inertial force given by equation (4) and solving for the velocity; thus, 

where 

(17) 

The relaxation t ime 7 i s  useful in  the simplification of the equations of non- 

linear motion of particles. In the case of a particle starting at rest at time zero, the 
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velocity w i l l  differ from the terminal velocity by 1/e at time 7. As the Reynolds 

number increases and inertial forces begin to predominate, the conditions on which 

Stokes' derivation i s  based are violated, and the resistance force i s  no longer a linear 

function of velocity but varies i n  a nonlinear manner with both velocity and particle 

size. Equation (19) no longer holds, and the relaxation time must be obtained directly 

from the settling velocity by dividing by g. The tabulated values for 7 are computed 

using equation (18). (See Figs. 3 and 5.9 

ACCELERATION-DISTANCE 

Another parameter of practical interest i s  the acceleration-distance which is 

the distance traveled by a particle while accelerating from zero velocity to a specified 

velocity, hence, from a Reynolds number of 0 to some final value Ref. The relation 

between the distance covered and the velocity of a particle as derived by Fuchs ('8) is 

where 

In  deriving this relation, it i s  assumed that the drag coefficient for the particle ac- 

celerating through a given velocity increment AV at V i s  equal to the drag coefficient 

for the same particle moving steadily at velocity V. Hughes and Gi l l i land ( I 9 )  dis- 

cussed the effect in the l ight of the few existing experiments relating to it and con- 

cluded that an accelerational drag does exist. This means that the tabulafed values 

of the acceleration-distance calculated using equation (20) may underestimate S I  ighfly 

the true values i n  the case of a sphere starting from rest. F u c h ~ ( ~ ' ~  also considered this 

effect and concluded that for Reynolds numbers below a few hundred, the errors 

associated with the accelerational drag are probably negligible. 

Evaluation of equation (20) was accomplished using a numerical -integration 

subroutine, based on a 16-point Gaussian quadrature, written for the Oak Ridge 

I t  was necessary to calculate the 

and, hence, the drag coefficient for any given Reynolds number below 

Nationa I Laboratory CDC - 1604A computer. (2') 

integrand 
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the upper l imi t .  For values of Re < 0.4, the drag coefficient was calculated using 

Qseen's formula corrected for slip, 

1 24 
K Re 

IC, = - - - + 4 . 5 .  

For 0.4 < Re < 1000, the drag coefficient was calculated using a polynomial obtained 

by a least squares f i t  of log IC, as a function of log Re, 

log $ = 1.43 - 0.902 (log Re) f 0.115 (log Re)' 

- 0.01 15 (log Re)3 -t 0.00271 (log Re)4. 

Values of $ from equation (23) are within 0.5% of those calculated using equations 

(7) and (8). 

It can be shown that at the terminal velocity, the denominator of the integrand 

in  equation (20) is zero. This does not affect the numerical integration procedure 

provided that $Re2< X. This condition i s  violated for Re very near the end point 

due to the oscillation of the fitted expression for IC, (equation (23)) about $ = -. 
Therefore, the acceleration-distance, listed as 0.98 DIST in the tables, corresponds 

to the distance traveled by the particle i n  accelerating from rest to 98% of i t s  terminal 

velocity. 

X 
Re 

(See Figs. 4 and 6.) 

STOP-DISTA NCE 

I n  a derivation similar to that for equation (20), Fuchs(22) obtains the expression 

for the stop-distance in  the absence of external forces, 

44PP - P,) 
3prn 

- szi S.D. = 

This distance i s  related to the probability of impaction onto a surface which is  

deflecting an airstream in which particles are entrained. For this condition the 

in i t ia l  velocity of the particles i s  known (init ial Reynolds number Re;), and one 

must calculate the distance traveled against f lu id resistance alone while decelerating 

to zero velocity. The experiments of I n g e b ~ ' ~ ~ )  indicate that the drag coefficient 

experienced by particles undergoing deceleration i s  lower than in  conditions of 
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constant velocity. For this condition, the drag coefficienf may be related (24) to 

Reynolds number by 

-0.84 II, = 27Re I 

for 6 < Re < 400. According to Ingebo, the decelerational drag coefficient is 

appreciably lower than the drag coefficient at constant velocity, the ratio being 

approximately a factor of 5 at Re = 600. Figure 7 shows a plot of INTEGRAL = 

as a function of Re. The integral was evaluated using an expression derived 

from Oseen's formula 

(26) 
3 F, = -3nqdV ( 1  + 16 We), 

to obtain 

In ( I  + 0. 1875 Re;) 
1 

4.5 
- -  92 7) 

for values of Re < 0.4 and using equation (25) for values of Re > 0.4. 

distance of a sphere of diameter d and density p 

corresponding to a Reynolds number Re; i n  a medium of density pm may be obtained 

by multiplying the value of the ordinate at Re by d(pp - pm)/pm. 

The stop- 

moving with an in i t ia l  velocity 
P 

DISCUSS ION 

Experimental investigations rarely satisfy ideal conditions, and errors may arise 

from many sources swch as particle imperfections, deformation during transit, agglorn- 

eration, electroviscous effects, wal I effects, and concentmtisn effects; and the 

importance of these factors should be determined during experimental design and 

analyses. The discussions of On, (25f26) L~pple,'*~' Fuchs,") DaviesjP8) and 

Strc~uss'~~) provide useful guides for the experimenter. 

particle exceeds several percent of the vessel diameter. Or1.,(295 gives a correction 

for rigid spheres settling i n  a cylindrical container expressed as the ratio of +he 

observed terminal settling velocity to the terminal settling velocity i n  an infinite 

medium, 

In  general, wall effects should be considered whenever the diameter of the 
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where d i s  the diameter of the sphere and D i s  the diameter of the container, When 

the concentration of particles i s  high, the interactions are such that a l l  the particles 

move at the same rate regardless of diameter. 

Electroviscous effects may volumetric concentration of particles i s  below 0. 1%. 

usually be neglected whenever the medium i s  an electrolyte of ionic strength greater 

than 0 , l  normal. 

This effect may be neglected where the 
(30) 

(3 1) 

In order to estimate the errors which might be reflected by the values tabulated 

in  this report, a comparison i s  made between the values of tb as a function of Re using 
(32 1 (3 3 Davies' relations for Re and the curves of Lapple and Shepherd and Klyachko. 

Lapple obtained his curve by plotting the averaged values of the combined data of 

seventeen experimenters in the range 0. 1 s Re 5 3 x  10 6 Klyachko's curve, defined 

by 
24 4 
Ihe /Re 

$ = -  + ; 3 Y - I  

i s  included in the comparison, because, according to Fuchs, (34) i t  i s  the most successful 

of the empirical relations proposed by various authors from the standpoint of accuracy 

and simplicity in  the range 3 < Re < 400. Davies' relations, however, are the only 

ones derived quantitatively from cri t ical ly selected data using clearly defined mathe- 

matical methods. 

Davies. 

values in the range 0, 1 <Re < 600. 

Figure 1 indicates the averall agreement of the curves of Lapple and 

I t  may be observed that Klyachka's curve deviates less than 4% from Davies' 

Orr 's mathematical expression i s  shown for comparison, since i t  may be useful 

bapple's due to i t s  simplicity where a rough estimate of drag coefficient i s  desired. 

curve i s  consistently lower than that of Davies. 

occur in  the range 10 < Re < 10 , and the curves in  this range are replotted on a 

larger scale along with Klyachko's curve in  Fig. 2. 

The largest discrepancies of 2 to 3% 
2 



1 1  

Considering the apparent agreement between the various sources of data, it i s  

expected that the errors associated with the values tabulated i n  this report are less 

than 2% with the possible exception of the relaxation fimes and stop-distances for 

Reynolds numbers above several hundred. 

low for conditions of acceleration; however, this discrepancy probably does not exceed 

about 10% at Re = 103; consequently, the listed values may be useful in many appli- 

cat ions. 

In this region the tabulated values are too 

Table 1 gives the a i r  data, and Table 2 gives the water data. 
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Table I 

Settling Velocity, Reynolds Number, Drag Coefficient, Relaxation Time 
and Acceleration-Distance as a Function of Diameter for Rigid Spheres 

Falling Freely in  Air. 

A i r  Data 

Temperature .............................. 20a C 

Pressure.. ................................. .760 mm Hg 
-4 

Viscosity .................................. 1 . 8 3 ~  IO poise 

Density ................................... .1.205 x IO -3 -3 
grams cm 

Part ic le Pararne ters 
3 Diameter ................................. microns ( I  -----IO ) 

Velocity ................................. cm sec 

Re ........................................ nondimensional 

Drag Coef. .......................... nondimensional 

Relaxation Time ..................... sec 

.98 Dist ................................ cm 

Density ................................ grams cm ( I  -----l2') 

-I 

-3 
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Table 2 

Settling Velocity, Reynolds Number, Drag Coefficient, Relaxation Time 
and Acceleration-Distance as a Function o f  Diameter for Rigid Spheres 

Falling Freely i n  Water. 

Water Data 

Temperature.. ................................ 2G0 C 

Pressure ....................................... 769 rnm Hg 

Viscosity ...................................... .01002 poise 

Density ....................................... .998 grums cm 
-3 

Particle Parameters 
3 

Diameter ...................................... microns (I ---IO ) 

Velocity ...................................... cm sec 

Re ............................................. .nondimensionaI 

Drag Coef. ................................. nondimensional 

Relaxation Time ........................... sec 

.98 Dist ....................................... cm 

Density ...................................... grams cm -3(2 ---l3) 
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