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DESIGN OF I N D U C T I O N  PROBES FOR MEASTJESPfENT - 
OF LEVEL OF LIQUID IIETALS 

C .  V. Dodd C .  C .  Chengl 
C .  W. N e s t o r ,  J r .2  E. B. H o f s t r a  2 

ABSTRACT 

This r e p o r t  g i v e s  g e n e r a l  a n a l y s e s  o f  eddy-cu r ren t  p r o b e s  
f o r  measu r ing  t h e  l eve l  o f  l i q u i d  metals.  The C ~ S P  of  a c o i l  
e n c i r c l i n g  a l e v e l  chamber and t h e  case of a co-il i n s i d e  a 
l e v e l  chamber have  been  solved t h e o r e t i c , d l y ,  and computer 
programs are  inclridrAd i n  t h e  Appendix f o r  t h e  l a t t e r  case. 
A'; a s p e c i f i c  example ,  w e  have  d e s l g n e d  a p r o b e  e n c l o s e d  i n  
molybdenum ( a  good c o n d u c t o r )  t o  measure t h e  level of m o l t e n  
b ismuth  ( i t  poor c o n d u c t o r ) .  Ry u s i n g  a computer  a n a l y s i s ,  t h e  
q e n s i t i v i t y  of the  p r o b e  t o  l e v e l  changes  i s  maximized w h i l e  
t h e  s e n s i t i v i t y  t o  u n d e s i r a b l e  v a r i a b l e s ,  s u c h  as t e m p e r a t u r e  
changes  i s  miniini zed .  E x p e r i m e n t a l  measurements demons t r a t ed  
t h a t  the l eve l  cou ld  be measured t o  w i t h i n  4 0.089 iu. o v e r  a 
l e v e l  rangci from o t o  13 i n .  w i t h i n  a t e m p e r a t u r e  range of 
600" t o  650°C. The h i g h  d e g r e e  of buccess a c h i e v e d  i n  t he  
p r o b e  d e s i g n  and mcasurements f o r  t h i s  u n f a v o r a b l e  combina t ion  
o f  c o n d u c t o r s  i n d i c a t e  t h a t  h i g h l y  a c c u r a t e  eddy-cu r ren t  meas- 
urements  can  be made w i t h  a l m o s t  any combina t ion  of c o n d u c t o r s .  

1. INTLWDUCTION 

T h e  a b i l i t y  t o  measure  t he  level of B m o l t e n  metal  i s  v e r y  i.mportant 

i n  a number of i n d u s t r i a l  and c h e m i c a l  p r o c e s s e s .  W e  have  a n a l y z e d  t h e  

g e n e r a l  p roblem of measu r ing  t h e  1.evel of a c o n d u c t i v e  f l u i d  by a n  induc-  

t i o n ,  o r  e d d y - c u r r e n t  p r o c e s s .  The eddy-cu r ren t  p r o b e  c o n s i s t s  of a 

l o n g  b i f i l a r  c o i l ,  which c a n  e i t h e r  e n c i r c l e  a chamber c o n t a i n i n g  t h e  

l i q u i d  m e t a l  o r  be i n s i d e  a tube  mounted i n  the chamber c o n t a i n i n g  t h e  

l i q u i d  l e v e l .  W e  o b t a i n e d  i n t e g r a l  sol .ut ions which  were v a l i d  f o r  the 

chamber e i t h e r  empty o r  f u l l ,  a n d ,  b e c a u s e  of the p r o b e  l e n g t h ,  we 

assumed t h a t  t he  r e s p o n s e  of t h e  probe  t o  l e v e l s  be tween t h e s e  two 

ex t r eme s wa s a pp r oxlma t e l y  1 i n e a  r . 
showed thLs t o  b e  a n  e x c e l l e n t  a s sumpt ion .  A r e l a x a t i o n  s o l u t i o n  c o u l d  

La t e r exp erimen t a1 measiir e m e m t  s 

lConsul tant  from t h e  U n i v e r s i t y  o f  Tennessee .  

2Ma themat i c s  D i v i s i o n .  



be used t o  c a l c u l a t e  t h e  probe r e s p o n s e s  t o  v a r i o u s  l e v e l s  of l i q u i d  

m e t a l ,  b u t  was judged t o  b e  too e x p e n s i v e  t o  run f o r  t h e  a d d i t i o n a l  

i n fo i -ma t ion  g a i n e d .  While t h e  t e c h n i q u e  i s  v e r y  g e n e r a l  and c a n  be 

appl i -ed  t o  a lmos t  any c o n d u c t i v e  f l u i d ,  w e  anal-yzed a sys t em t h a t  con-  

s i - s t e d  of a c o i l  encased  i n  molybdenum (a good c o n d u c t o r )  used t o  measure 

t h e  l e v e l  of  m o l t e n  bismuth (a p o o r  c o n d u c t o r ) .  The h i g h  d e g r e e  of 

s u c c e s s  ach ieved  i n  t h e  probe dt.;il;iI and measurements  f o r  t h i s  u n f a v o r a b l e  

c o m b i n a t i o n  of  conduct:ors l e a d s  us  t o  c o n c l u d e  t h a t  h i g h l y  a c c u r a t e  eddy-  

c u r r e n t  t e c h n i q u e s  can  be d e s i g n e d  and  a p p l i e d  f o r  l e v e l  measurements w i t h  

a lmos t  any c o m b i n a t i o n  of c o n d u c t o r s .  

2. THEORETICAT. ANALYSCS 

The g e n e r a l  c o n f i g u r a t i o n  t o  be c o n s i d e r e d  i s  an a x i a l l y  symmetr ic  

d r i v i n g  c o i l  l o c a t e d  c o n c e n t r i c a l l y  w i t h  a n  a r b i t r a r y  riurrlber o f  c y l i n -  

d r i c  a 1  c o n d u c t o r s  w i t h  a r b i t r a r y  t h i c k n e s s ,  permeab i 1 i t  y ,  p e r m i t t i v i t y ,  

and c o n d u c t i v i t y .  F o r  s i m p l i c i t y ,  we assume Lhdt a l l  media a r e  l i n e a r ,  

i s o t r o p i c ,  and homogenpous, and tlie d r i v i n g  c u r r e n t  i s  t ime-harmonic w i t h  

f r e q u e n c y ,  w .  Then, t h e  c u r r e n t  d e n s i t y  J and v e c t o r  p o t e n t i a l  A w i l l  

have o n l y  az i inu tha l  components i n  c y l i n d r i c a l  c o o r d i n a t e s  : 

-3 

-3 . p 

J ( x )  = J ( r , z )  ^c 
6' 

and 

+ ..) 
8 

A ( x )  = A ( r , z )  ^e (2) 

where e .  i s  a n  a z i m u t h a l  u n i t  v e c t o r .  The vec t -o r  p o t e n t i a l  a t  ( r , ~ ) ,  

produced by a d r i v i n g  c o i l  w i t h  a c u r r e n t  d e n s i t y  J ( r ' , z ' )  a t  ( r l , z ' ) ,  

c an  b e  e x p r e s s e d  a s  

c; 

A ( r , z )  = G ( r , z ; r ' , z '  ) J ( r ' , z '  ) d r ' d z '  

D r i v i n g  
Coi 1. 

where G ( r , z ; r ' , z ' )  i s  t h e  G r e e n ' s  f u n c t i o n  f o r  a u n i t  b - f u n c t i o n  c u r r e n t  



.+.. 

a t  ( r ' ,  2 '  ). 
fiiiic t i o n  s n t i s  f i e  s 

I n  a l i n e a r ,  i s o t r o p i c ,  homogeneous medium, t h e  Green's 
3 

where 1.1, E, 3 i - d  n a r e  t h e  p e r m e a b i l i t y ,  p e r m i t t i v i t y ,  a n d  c o n d u c t i v i t y  

oE t h e  medium. 

t h e  p r o p e r  boundary c o n d i t i o n s .  

Tlic s o l u t i o n  o f  E q .  (") for e a c h  mcadiurn rlirrst a l s o  s a t i s f y  

We s h a l l  f i r s t  c o n s i d e r  a ? ) - f u n c t i o n  c o i l  c o a x i a l  w i  t l i  k a k f - ?  

c y l i n d r i c a l  c u n d u c t o r s ;  k-1 of them i n s i d e  t h e  c o i l  arid k ' - 1  of  t l icn i  

o u t s i d e  t h e  c o i l ,  a s  shown i n  F i g .  1. Tlicl g e n e r a l  s o l u t i o n  o f  E q .  ( 1 1 )  

i n  any  r e g i o n ,  t i ,  may be o b t a i n c d  b y  s e p a r a t i o n  of v a r i a b l e s .  S e t t i n g  

and d i - v i d i n g  E q .  ( 1 1 )  by R ( r )  Z ( z )  g i v e s :  

T h e  s ul, s c r i p t  s n 011 the p c rmea b i. 1. i t  y , p e r m i t  t i v j. t y, a nd c ond i.ic t i v i  t: y 

d e n o t e  t h e  values of t h e s e  p a r a m e t e r s  i.n t h e  r e g i o n  n .  We s h a l l  choose 

the s e p a r a t i o n  " c o n s t a n t " ,  (X'.., t o  be n e g a t i v e  a n d  def i -ne  
3 

'C. V. Dodd and W. E.  Deeds, J .  A p p l .  Phys,  2, 2829-2838 (1968).  
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F i g .  1. M u l t i p l e  Concentr i -c  Conductors  i n  t h e  Presence  o f  a Delta 
F u n c t i o n  C o i l .  

Then we c a n  wr i te  f o r  Ehe z drpendence  

S o l v i n g   his d i f f e r e n t i a l  e q u a t i o n  g i v e s :  

L ( Z )  7 A sin L - ( z - z  0 ) i B cos i ( e - z  0 ) . 

We c a n  d r o p  t h e  s i n e  t e r m  d u e  t o  t h e  symmetry a b o u t  z 1 z l .  
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The r a d i a l  t e rm h a s  tfie f o l l o w i n g  dependence:  

. 

T h i s  d i f  € e r e n t i a l  e q u a t i o n  has t h e  f o l l u w i  ng s o l u t i . o n :  

where I (tY r )  and K (Q r )  a r e  m o d i f i e d  Ressel f u n c t i o n s  of  f i r s t  o r d e r .  

The comple te  s o l u t i o n  t o  t h e  Green's f u n c t i o n  i n  each r e g i o n  i s  a n  

1 n  I n  

i n t e g r a l  o v e r  t h e  s e p a r a t i o n  c o n s t a n t  0: 

f o r  n L 1,2, . . . k ;  l l , ? ' ,  . . . k'. The  unknown c o n s i a n t s  <ire? func-  

t i o n s  o f  t h e  s e p a r a t i o n  c o n s t a n t  (7v and d i f f e r e n t  for each  region. \de 

~11~111 u s e  t h e  boundary c o n d i t i o n s  t o  s o l v e  f o r  these  unkricmn c o n s t a n t s .  

I n  o r d e r  t o  o b t a i n  a v e r y  gencra1 s o l u t i o n  f o r  a n  a r b i L r n r y  number of 

c y l i n d r i c a l  c o n d u c t o r s  i n s i d e  and o u t s i d e  t h e  c o i l ,  we s h a l l  u se  a 

inat r i x  t echn  iqiic . 
In t h e  innerrnost  r e g i o n  t h e  c o e f f i . c i e n t  of K (R r ) ,  D (Cx), m u s t  be 1 1  1 

zero,  atid i n  t h e  o u t e r m o s t  r e g i o n  C must be  z e r o  i n  order f o r  t h e  

s o l u t i o n  t o  remain f i n i . t e .  

i s  i n f i n i t e .  ) We s h a l l  u s e  t h e  boundary c o n d t t i o n s  i n  o r d e r  t o  d e t e r -  

mine the! o t h e r  c o n s t a n t s .  We have  tfie f o l l o w i n g  boundary c o n d i t i o n s  

Eor t h e  G r e e n ' s  f u n c t i o n  (which a r e  t he  same a s  t h o s e  f o r  t h e  v e c t o r  

p o t e i i t i a l  ) between regions 11 a:\d n i l  shown i n  F i g .  2: 

1' 
(The  o u t e r  r a d i u s  of  t h e  o u t e r m o s t  r e g i o n  

and 
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F i g .  2. Top  V i e w  of a T y p i c a l  Boundary Between Two Regions .  

U s i n g  the G r e e n ' s  f u n c t i o n s  f r o m  E q .  (10)  i n  E q .  (12)  w e  o b t a i n :  



' I  

c 

1 d 
+ 2- Kl(n :  r ) c o s  ,?(z-z' ) d a  

( X  r n n n n  

i ~ ( z - z ' )  8 ( r n - r l )  . 

We s h a l l  make use o f  t h e  r e l a t i o n s  

d 1 d 1 .  K ~ ( z )  I ..- ~ ~ ( 2 )  . -  -K ( z )  and  i ( 2 )  I I ~ ( z )  - I,(.) ( 1 4 )  
0 L 1  

and d e f i n e  

Maki.ng these  s i m p l i f i c a t i o n s  and m u l t i p l y i n g  b o t h  s i d e s  of  Eq.  (13) 

by ;J cos c/' ( % - % I  ) a n d  i n t e g r a t i n g  fi-oru minus t o  p l u s  i r i f i n i t y  g i v e s :  
0 

~ ( z - z '  ) b ( r  -rl ) cos  (z-z' ) d ( z - z f  ) . ( I C )  n -1- p 
0 

--co 



We c a n  r e v e r s e  t l ie o r d e r  o f  i n t e g r a t i o n  of  t h e  i n t e g r a l s  c o n t a i n i n g  

: -ssel  f u n c t i o n s  and u s e  t h e  F o u r i e r  i n t e g r a l  theorem, 

F:quation (16)  t h e n  becomes: 

A s i m i l a r  o p e r a t i o n  on E q .  (11  ) g i v e s :  

Equa t ions  (1 I ) and (1-) r e p r e s e n t  t he  r e l a t i o n s  be tween t h e  c o n s t a n t s  

f o r  a n y  two r e g i o n s  i n s i d e  t h e  c o i l .  We s h a l l  now s o l v e  f o r  a l l  t h e  

unkoowyii c o n s t a n t s  i n  t h e  f o l l o w i n g  manner .  S i n c e  t h e  innermost  r e g i o n  

h a s  only one unknown c o n s t a n t :  C I ,  w e  s h a l l  s o l v e  f o r  t h e  unknown con-  

s t a n t s  i n  t h e  second r e g i o n  i n  t e rms  of i t .  Next we s h a l l  s o l v e  f o r  t h e  

unknown c o n s t a n t s  i n  t h e  t h i r d  r e g i o n  i i i  t e rms  of  C t h e n  t h e  fou r t l l ,  

u n t i l  we r e a c h  t h e  r e g i o n  c o n t a i n i n g  t h e  c o i l ,  k .  We s h a l l  d o  t h e  same 

k h i n g  f o r  t h e  r e g i o n s  outside t h e  c o i l ,  s t - a i t i n g  w i t h  t h e  ou te rmos t  and 

working inwards,  s o l v i n g  f o r  each  r e g i o n  i n  terms of  D', u n t i l  we reach  

tlie r e g i o n  k ' .  We s h a l l  t h e n  u s e  E q .  ( 1 0  and E q .  ( l e )  f o r  t h e  c o i l  

r e g i o n s  k a n d  k'. T h i s  w i l l  g i v e  two e q u a t i o n s  f o r  t h e  two unknowns, 

C and D and we can  s o l v e  f o r  them. h i s  w i l l  t h e n  a l l o w  us  t o  

-> ] r i t e  t h e  e x p r e s s i o n  f o r  t h e  unknown c o n s t a n t s  i n  any  r eg io i i .  

1' 

1 

1 1 '  ' 

S o l v i n g  Eqs .  ( 1 0  and (16) f o r  t h e  unknown c o n s t a n t s  i n  a n y  r e g i o n ,  

n + l ,  i n  terms o f  t h e  unknown c o n s t a n t s  i n  r e g i o n  n .  where t h e  c o i l  i s  

n o t  between l l i ~  r e g i o n s ,  g i v e s :  



a n d  

The denomina to r s  have  been s i m p l i f i e d  by u s e  of  t l i c  Wronskian rc.1'3- 

t i o n :  

we c a n  wr i t e  E q s .  (19) and (510) i n  m a t r i x  n o t a t i o n :  

a = T  a 
-n+l -n+l, i i  -11 

The elements of t h e  2 x 2 t r a n s f o r m a t i o n  m a t r i x ,  T 

c o e f f i c i e n t s  o f  C and D i n  E q s .  (19) and (29) and a r e  

a r e  s i m p l y  t h e  -n+-I, n' 

n n 
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T h i s  t r a n s f o r m a t i o n  m a t r i x  g i v e s  t h e  r e l a t i o i l  bet wPen t h e  c o n s t a n t s  i n  

any two r e g i o n s  n o t  c o n t a i n i n g  the  c o i l  between them. It i s  t h e  same 

f o r  r e g i o n s  i n s i d e  and o u t s i d e  t h e  c o i l ,  w i t h  t h e  e x c e p t i o n  t h a t  n shou ld  

be  r e p l a c p d  b y  n' f o r  r e g i o n s  o u t s i d e  t h e  c o i l  t o  co r re spond  t o  o u r  

n o t a t i o n .  

S t a r t i n g  from t h e  innermost  r e g i o n  (n: 1) and g o i n g  t o  t h e  second 

g i v e s  : 

The cons t a r i t s  i n  t h e  t h i r d  r e g i o n  c a n  b e  o b t a i n e d  b y :  

a n d  t h e  c o n s t a n t s  i n  t h e  f o u r t h  r e g i o n  b y :  

The g e n e r a l  e x p r e s s i o n  f o r  t h e  n t h  r e g i o n  i s  

(26) 

To make o u r  e x p r e s s i o n s  s h o r t e r ,  we s h a l l  define: 



v ( n )  : T T . . . T  .-3,2 T .,q 1 ' Y -n, n -' 1. -11 - 1. , I1 - '' 

and when 11 :=: lr, we  sha1.1 d r o p  t h e  a rgument .  Thus w e  have  

We have  v e r y  s i m i l a r  equati-011s f o r  the> r e g i o n s  o u t s i d e  t h e  c o i l  : 

where w e  h a v e  rriade a s i m i l a r  d e f i n i t i o n :  

and we havc  d r o p p e d  t h e  argument when 11' 7 k' . T l ~ u s ,  we c a n  noTo w r i t e  

the  c o n s t a n t s  i n  any Leqion i n  terms o f  t h e  c o n s t a n t  i n  the innerrrlost 

region, a ~ [:1], o r  t h e  ouLerrnost region, a [2,] by means o f  t h e  

t r a n s f o i n i a t i o n  m a t r i c e s ,  V(n) and  U ( n ) .  We s h a l l  w r i t  e E q s .  (1'0 a n d  

(18) f o r  the  r e g i o n s  on e i t h e r  s i d e  of t h e  c o i l ,  k and  k ' .  

have  r :: L', s o  t l i a t  7 ( r  -r' ) = 1 .  A l s o  = 2 = Cr and 13 - H 

- ;io, s o  t h a t  the e q u a t i o n s  becorric: 

-1 -1 ' 
v Y 

Herr w e  

II 11 k I< 0 k - k '  

and 

ck~,(uor' ) 4 D K (Der') z- clC,1 (a r ' )  + D ~ ,  K (i-y r ' )  . (36) k 1 1 0  



Using o u r  m a t r i x  n 3 t a t i o n ,  we c a n  w r i t e  

2 

Dk = V ,  C 
cl 1 ' 

-- LT D , 'k' 16 1 '  ' 

and 

We now have  two e q u a t i o n s  and o n l y  two unknowns. S o l v i n g  t h e s e  g i v e s  

and 

( 4 4  ) 

where  t h e  denominator  h a s  a g a i n  been s i m p l i f i e d  by u s e  of  t h e  Wronskian, 

and t h e  f a c t  t h a t  P o  = 2 . Now w e  c a n  s u b s t i t u t e  t h e  v a l u e s  of t h e  
0 



c o n s t a n t s  i n  E y s .  ( k 3 )  a n d  (41 i )  i n t o  E q s .  (51 ) and (53) t o  g i v e  t h e  

c o n s t a n t s  i n  any  r e g i o n .  Wc' c a n  w r i t e  t h e  G r e e n ' s  f u n c t i o n  f o r  a n y  

reg io t i  i n s i d e  t h e  c o i l  a s  

The G r e e n ' s  f u n c t i o n  f o r  any r e g i o n  o u t s i d e  t h e  c o i l  i s  

Once we h a v e  t h e  G r e e n ' s  f u a c t i o n ,  we c a n  g e t  t he  v e c t o r  p o t e n t i a l  

by u s i n g  E q .  ( 3 ) .  

c r o s s  s e c t i o n ,  a s  shown in F i g .  3. We added a n o t h e r  r e g i o n ,  t h a t  c o n -  

t a i n s  t h e  c o i l ,  and d e s i g n a t e d  i t  r e g i o n  c .  F o r  a dense1.y and u n i f o r m l y  

wound c o i l ,  the  c u r r e n t  d e n s i t y  J ( r ' ,  z '  ) i s  a p p r o x i m a t e l y :  

The most common type of c o i l  is on(: of r e c t a n g u l a r  

wherc n i s  the  number of t u r n s  p e r  u n i t  a r e a ,  and I i s  t h e  c u r r e n t  p e r  

t u r n .  S u b s t i t u t i n g  E q s .  ( )+ ( )  and (4)) i n t o  E q .  (3) g i v e s  t h e  v e c t o r  

p o t e n t i a l  fo r  any r e g i o n  i n s i d e  t h e  c o i l  a s  

C 
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F i g .  3 .  C o i l  w i t h  R e c t a n g u l a r  Cross Sect i .on C o n c e n t r i c  w i t h  Cy l in -  
d r i c a l  Conductors .  

Reve r s ing  the o r d e r  of i n t e g r a t i o n  and i n t e g r a t i n g  o v e r  t h e  d imens ions  of 

t h e  c o i l  gi.ves 

a(z-R ) - sin ( n ) I  ( a  r )  f V (n)Kl(anr)] 
._ ..-.. ... .. . .. .. .- 21 A (n)(r, z) = - 

1 
7T 2 

0 (u22v11 - u12v21)  
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where v w  have d e f i n e d  t h e  f u n c t i o n r ;  

and 

where r and r are now t a k e n  a s  t h e  c o i l  i n n e r  and o u t e r  r a d i i ,  and 

s h o u l d  n o t  be  confused  w i t h  t h e  o u t e r  r a d i i  of t h e  f i r s t  t v 7 0  r e g i o n s .  

The v e c t o r  p o t e n t i a l  f o r  any  region o u t s i d e  t h e  c o i l  i s  

1 2 

The r e g i o n  of t h e  c o i l  r e q u i r e s  special  t r e a t m e n t .  To f i n d  t h e  v e c t o r  

p o t e n t i a l  a t  a p o i n t  i n  the c o i l  r e g i o n ,  r ,  v7e must add the s o l u t i o n  of 

A ( " > ( r , z )  f o r  a c o i l  go ing  from r t o  r t o  t h e  s o l u t i o n  of 
2 
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1 7  

We s h a l l  u s e  the  d e f i n i t i o n s  given i n  E q s .  (50) and (51) f o r  1(r2>rl) 

and K ( r  r ) ,  and we s h a l l  use the r e l a t i o n s  2 '  1 

and  

E q u a t i o n  (53) then becomes 
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We have  shown i n  a n  car l le r  paper’ t h a t  t h e  i n t e g r a l  o f  t h e  e x p r e s s i o n  

i n  t h e  l a r g e  s q u a r e  b r a c k e t s  i s  

rn 

- e  da (55) J ( r  , r  ) J ( a r )  0 2  
2 2 2 1  1 

0 

where 

1 - J ( r  ,r ) 5 2 2 1. 
c1 

Making t h i s  s u b s t i t u t i o n  g i v e s  : 

) - s i n  a(z-R 
___ 1 

’IT 

0 

We have  now d e t e r m i n e d  t h e  v e c t o r  p o t e n t i a l  f o r  any  r e g i o n .  Once 

t h e  v e c t o r  p o t e n t i a l  h a s  been  d e t e r m i n e d ,  we c a n  c a l c u l a t e  any  p h y s i c a l l y  

o b s e r v a b l e  e l e c t r o m a g n e t i c  i n d u c t i o n  phenomenon from i t .  The p a r t i c u l a r  

p a r a m e t e r s  t h a t  w e  w i sh  t o  c a l c u l a t e  are  t h e  m u t u a l  impedance and t h e  

se l f - impedance  of two i d e n t i c a l  b i f i l a r  c o i l s .  The mutua l  impedance 

between two c o i l s ,  1 and 2 ,  i s  t h e  v o l t a g e  induced  i n  one c o i l  by a u n i t  

c u r r e n t  i n  t h e  o t h e r :  



1 9  

S i n c e  b o t h  c o i l s  a r e  i d e n t i c a l  and occupy t h e  samc reefon ,  we can expand 

E q .  (57)  and perforiii the in t - ’g ra t ion  o v e r  the second c o i l  t o  o b t a i n  

The c o i l  impedance i s  

and s ince  t h e  c o i l s  a re  i d e n t i c a l  and i n  the same reg ion ,  M = 

I f  w e  t a k e  t h e  s p e c i a l  case where t h e r e  are 110 c o n d u c t o r s  o u t s i d e  the 

c o i l  we have  

Eq.  (59)  becomes 

1 2  

= l., t h e  u n i t  m a t r i x .  Then U22 = 1 and UI2 = 0 so t h a t  
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A computer program,  ENCMTJL, t o  e v a l u a  

s i o n  w i l l  b e  g i v e n  i n  a l a t e r  r e p o r t .  

t h e  c o i l ,  we have  x = 1,, and E q .  (59)  

r 

A computer program,  ENCMTJL, t o  e v a l u a t - e  t h e  i n t e g r a l  p a r t  o f  t h i s  expres - -  

s i o n  w i l l  b e  g i v e n  i n  a l a t e r  r e p o r t .  O r ,  if we have  no c o n d u c t o r s  i n s i d e  

t h e  c o i l ,  we have  x = 1,, and E q .  (59)  becomes 

2 2n p 

2 
0 - 

('2-'J-> (r2-r1)  
%2 - 

t e  t h e  i n t e g r a l  p a r t  o f  t h i s  

O r ,  if we have  no conduc to  

becomes 

.pres-- 

i n s i d e  

A computer program, Il???bIuL, t o  e v a l u a t e  t he  in t eg ra l  p a r t  o f  t h i s  

e x F r e s s i o n  i s  i n  t h e  append ix .  

Thus ,  by u s e  of t h e s e  programs w e  c a n  c a l c u l a t e  t h e  mutua l  i n d u c t a n c e  

and c o i l  imrledance of c o i l s  i n  a l i q u i d  l e v e l  p r o b e ,  c o n s i s t i n g  of m u l t i p l e  

c o n d u c t o r s  i n s i d e  o r  o u t s i d e  the c o i l s .  We s h a l l  now c o n s i d e r  t h e  e f f e c t s  

of t h e  c x t e r n a l  e l e c t r i c a l  c i r c u i t .  

The e q u i v a l e n t  c i r c u i t  o f  a l i q u i d  l e v e l  p r o b e  i s  shown i n  F i g .  4 .  
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F i g  
P robe .  

Vo DRIVING VOLTAGE 
Ro 
Cg 

Z ,  

SERIES RESISTANCE IN THE DRIVING CIRCUIT 
SHUNT CAPACITANCE OF THE DRIVING CIRCUIT 

R6 

M MUTUAL IMPEDANCE BETWEEN THE DRIVER AND PICK-UP COIL 
Zpu IMPEDANCE OF THE PICK-UP COIL 
R, 
C, 

D.C. RESISTANCE OF THE DRIVER COIL 
IMPEDANCE OF THE DRIVER COIL 

D.C. RESISTANCE OF THE PICK-UP COIL 
SHUNT CAPACITANCE OF THE PICK-UP CIRCUIT 

Rg  AMPLIFIER INPUT IMPEDANCE 
I LOOP CURRENT 

, 4 .  Simplified C i r c u i t  Diagram f o r  a n  Eddy C u r r e n t  L i q u i d  Level  

W e  c a n  w r i t e  t h e  f o l l o w i n g  set  of e q u a t i o n s  f o r  t h e  v o l t a g e  d r o p s  a round 

e a c h  of t h e  l o o p s  i n  t h e  c i r c u i t :  



We can use determinants and solve for the currelit in the f i n a l  loop, 

I,,, produced by an applied voltage V . c;’ 

c: 

I ,  

\J !I 

0 

We shall solve €or the current, I,, multiply it by tile resistance R to 

dptermine the input voltage to the amplifier, and then multiply by t h e  

amplifier gain G to determine the output voltage: 

9 



23 

Rea r rang ing  terms so t h a t  Eq. (68) c l e a r l y  r ema ins  f i n i t e  when t h e  

c a p a c i t a n c e  goes  t o  z e r o ,  we f i n d  t h a t  

From Eq .  (69)  we c a n  c a l c u l a t e  t h e  p h a s e  s h i f t  between t h e  v o l t a g e  

d r i v i n g  t h e  e d d y - c u r r e n t  p robe  and t h e  amp.l i f ied v o l t a g e  r e c e i v e d  by t h e  

phase  s h i f t  d e t e c t o r .  S i n c e  t h e  d r i v e r  c o i l  and p i ckup  c o i l  are i n  t h e  

same r e g i o n  and are i d e n t i c a l ,  w e  have  

where M w i l l  b e  g i v e n  by e i t h e r  E q .  (61) o r  Eq .  ( 6 2 ) .  To e v a l u a t e  Eq.  

( 6 9 ) ,  t h e r e  i s  a computer  program, ATTEN,which c a l c u l a t e s  t h e  magnitude 

and p h a s e  of  t h e  o u t p u t  v o l t a g e  f o r  v a r i o u s  v a l u e s  of  t h e  t e r m s  i n  E q .  

(69)  - 
The c i r c u i t  p a r a m e t e r s ,  Ro, C 6 ,  R and C are  v a l u e s  t h a t  may b e  

9’ 7 
varied ( w i t h i n  c e r t a i n  l i m i t s )  w i t h  a n  e x t e r n a l  p lug - in  a t t e n u a t o r .  

The a t t e n u a t o r ,  when p r o p e r l y  chosen ,  h a s  t h e  f o l l o w i n g  e f f e c t s :  

(1) The phase  s h i f t  due t o  t e m p e r a t u r e  d r i f t s  c a u s i n g  
v a r i a t i o n s  i n  t h e  dc r e s i s t a n c e  v a l u e s  of E: and 
R c a n  be  e s s e n t i a l l y  e l i m i n a t e d .  6 

7 
(2)  The L-C ne twork  i n  t h e  d r i v i n g  and p ickup c i r c u i t s  

i n  F i g .  4 and t h e  mutua l  c o u p l i n g  between t h e  c i r -  
c u i t s  combine t o  a c t  as a band-pass  f i l t e r  t h a t  
r e d u c e s  t h e  n o i s e  i n  t h e  i n s t r u m e n t a t i o n .  

( 3 )  A r e d u c t i o n  i n  s e n s i t i v i t y  o c c u r s  and t h e  p h a s e  
s h i f t s  due  t o  v a r i a t i o n s  i n  t h e  o t h e r  parameters 
i n c r e a s e .  However, t h e s e  e f f e c t s  can  be  made 
n e g l i g i b l e  i f  t h e  a t t e n u a t o r  i s  p r o p e r l y  d e s i g n e d .  

The a t t e n u a t o r  d e s i g n  w i l l  b e  c o n s i d e r e d  i n  g r e a t e r  d e t a i l  i n  t h e  n e x t  

c h a p t e r .  
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3 .  COMPUTER CALCULATIONS FOR A PROBE I N S I D E  BISMUTH 

The t y p e  o f  l i q u i d  l e v e l  probe  ana lyzed  i n  t h i s  r e p o r t  i s  shown i n  

F i g .  5 .  It c o n s i s t s  of a l ong  b i f i l a r  c o i l  i n s i d e  a molybdenum con-  

t a i n e r .  The drawing i s  symnietric abou t  t h e  c o i l  a x i s ,  so  o n l y  h a l f  of 

t h e  probe  i s  shown ( i n  c r o s s  s e c t i o n ) .  'The probe  i s  p l a c e d  i n s i d e  a 

molybdenum c a v i t y ,  and t h e  l e v e l  of t h e  m o l t e n  b ismuth  i n  t h e  c a v i t y  

can  be measured .  A c u r r e n t  f l o w i n g  i n  t h e  d r i v i n g  c o i l  p roduces  an  

e l e c t r o m a g n e t i c  f i e l d  t h a t  i s  mod i f i ed  by t h e  p r e s e n c e  of t h e  c o n d u c t o r s .  

The p i ckup  c o i l  d e t e c t s  t h i s  f i e l d .  I n  t h e  d e s i g n  of t h i s  probe, w e  

used t h e  f o l l o w i n g  p r o c e d u r e .  We f i r s t  maximized t h e  s e n s i t i v i t y  of 

t h e  probe  t o  changes  i n  l i q u i d  l e v e l ,  t h e n  minimized t h e  e f f e c t s  of t h e  

u n d e s i r a b l e  v a r i a b l e s  such  a s  t e m p e r a t u r e  d r i f t ,  and f i n a l l y  maximized 

t h e  s e n s i t i v i t y  t o  e r r o r  r a t i o .  

ORNL-DWG 71- 9737 
I 

Liquid Leve l  P robe  

F i g .  5 .  L i q u i d  Level  Probe I n s i d e  Conduc to r s .  



Me f i r s t  c a l c u l a t e d  t h e  magni tude  and phase  of t h e  v o l t a g e  o u t  o f  

The d r i v i n g  t h e  p i ckup  c o i l  f o r  a c u r r e n t  f l o w i n g  i n  t h e  d r i v e r  c o i l .  

impedance and p i ckup  a m p l i f i e r  impedances a r e  b o t h  t a k e n  t o  b e  i n f i n i t e .  

I n  F i g .  6, WP show how t h e  magni tude  and phase  of  t h e  v o l t a g e ,  w i t h  and 

w i t h o u t  bismuth, v a r y  a s  f u n c t i o n s  o i  the w a l l  t h i c k n e s s  of t h e  molybdenum 

c o n t a i n e r .  The b i smuth  r e g i o n  i s  t a k e n  t o  be i n f i n i t e ,  s i n c e  t h e  o u t e r  

c o n t a i n e r  h a s  a very  s m a l l  e f f e c t ,  and was n o t  c o n s i d e r e d  i n  t h e  p r e -  

l i m i n a r y  c a l c u l a t i o n s .  Also,  t h e  m o l t e n  s a l t  i s  e q u i v a l e n t  t o  a i r  a s  

far-  a s  r e s i s t i v i t y  i s  conce rned .  As t h e  w a l l  t h i c k n e s s  i s  i n c r e a s e d ,  

we see t h a t  the phases  w i t h  and w i t h o u t  b i smuth  c ross ,  i n d i c a t i n g  t h a t  

1.0 

---.-.- ---..... ORNL-DWG 71--9709 
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F i g .  6. Magnitude and Phase of t h e  Vo l t age  i n  t h e  P ickup C o i l  a s  a 
F u n c t i o n  of t h e  Wall  T h i c k n e s s  of the  Molybdenum C o n t a i n e r ,  With and 
Without  Bismuth, a t  10 kHz. 
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w i t h  a w a l l  t h i c k n e s s  of  a p p r o x i m a t e l y  1' m i l s ,  t h e r e  i s  no change  i n  

phase a s  t h e  1iqui.d l e v e l  i s  va r i - ed .  A s  t h e  w a l l  t h i - ckness  i s  i n c r e a s e d  

f u r t h e r ,  t h e  c u r v e s  of  phase  w i t h  and wi . thout  b i smuth  become q u i t e  Ear 

a p a r t  i n d i c a t i n g  t h a t  t h e r e  will be a l a r g e  phase  s h i f t  a s  t h e  l i q u i d  

l e v e l  i s  v a r i e d .  The phase  d i f f e r e n c e  approaches  a maximum a t  a p p r o x i -  

ma te ly  4-( m i l s  and t h e n  d e c r e a s e s  a g a i n  t o  z e r o  a s  t h e  c u r v e s  c r o s s  a t  

14? mils, approach  a n o t h e r  maxi-mui.,! s e p a r a t i - o n ,  and t h e n  c r o s s  a g a i n .  

The b e h a v i o r  of  t h e  magni tude  c u r v e s  of  t h e  v o l t a g e  i s  v e r y  s i m i l a r ,  

w i t 1 1  t h e  c u r v e s  c r o s s i n g  and approachi-ng a maximum a n d  t h e n  c r o s s i n g  

agai .n .  The f i - r s t  maximum, which i s  n o t  shown i n  F i g .  6, i s  t h e  l a r g e s t  

and o c c u r s  a t  z e r o  w a l l  t h i c k n e s s  f o r  b o t h  t h e  magni tude  change and 

t h e  phase s h i f t .  S i n c e  t h i s  i s  i m p r a c t i c a l  i n  o u r  d e s i g n ,  we e l e c t e d  

t o  c o n c e n t r a t e  on tlie second maximum. The v a l u e  o f  w a l l  t h i c k n e s s  a t  

which t h i s  maximum o c c u r s  i s  a l s o  a f u n c t i o n  o i  f r e q u e n c y .  I n  F i g .  r[, 

W E  have a v e r y  s i m i l a r  p l o t  of magni tude  and phase of tile p i ckup  coi.1 

v o l t a g e  a s  f u n c t i o n s  of t h e  c o n t a i n e r  w a l l  t h i c k n e s s ,  wi.th and w i t h o u t  

b i smuth ,  a t  a f r e q u e n c y  of  22 kHz. F i g u r e  6: which was r u n  a t  10 kHz, 

i s  v e r y  s i m i l a r  t o  F i g .  7, e x c e p t  t h e  v a l u e s  of w a l l  t h i c k n e s s  f o r  

maximum magni tude  and phase  change a r e  s m a l l e r  at- the h i g h e r  f r e q u e n c y .  

A t  20 kHz t h e  w a l l  t h i c k n e s s e s  f o r  maximum phase  and magni tude  change 

o c c u r  a t  2.7 m i l s  and 80 m i l s ,  r e s p e c t i v e l y ,  compared t o  jk.7 m i l s  and 

110 m i l s ,  r e s p e c t i v e l y ,  a t  10 kHz. 

I n  g e n e r a l ,  w e  a r e  a b l e  t o  p l o t  optimum w a l l  t h i c k n e s s  f o r  maximum 

s e n s i t i v i t y  a g a i n s t  f r equency ,  a s  shown i n  F i g .  fl. Ln F i g .  we have 

op t imized  t h e  w a l l  t h i c k n e s s  f o r  t h e  iiiaximum phase  s h i f t ,  and tlie 

amount of  phase s h i f t  we g e t  a t  optimum i s  a l s o  p l o t t e d  a g a i n s t  t h e  

f r e q u e n c y .  Because t h e  c u r v e s  a r e  rounded, i t  i s  d i f f i c u l t  t o  e x a c t l y  

d e t e r m i n e  t h e  optimum w a l l  t h i c k n e s s  f o r  a g i v e n  f r e q u e n c y .  The shape  

of  t h e  c u r v e s  v a r i e s  w i t h  c o i l  s i z e ,  s o  w e  made s i m i l a r  p l o t s  f o r  u p t i -  

uium w a l l  t h i c k n e s s  f o r  maximum s e n s i t i v i t y  t o  b o t h  magni tude  and phase 

changes  v s  f r e q u e n c y  u s i n g  d i f f e r e n t  s i z e  c o i l s .  A compos i t e  of t hese  

p l o t s  f o r  phase s h i f t  i s  shown i n  F i g .  3. From F i g .  'j, we concluded  

t h a t  a l i q u i d  l e v e l  probe  w i t h  a w a l l  t h i c k n e s s  of  30 m i l s  would have  

a d e q u a t e  s e n s i t i v i t y .  Once t h e  w a l l  t h i c k n e s s  h a s  been  f i x e d ,  t h e n  we 
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c a n  detemt:i.ne the o p t i n i i m  f r e q u e n c y  f o r  maximum s e n s i t . i v i t y  and t h e  s e n s i -  

t i .vf . ty  at .  t h a t  f r e q u e n c y  f o r  any s i z e  c o i l .  I n  F i g .  10, WE? h a v e  opt i .mizet l  

f o r  maximum p h a s e  sl-iiEt, and we have made silniIar pl.ots f o r  mal:i.murn atnp1.i- 

t u d e  c1-iange, From t h i s  pLoL we dec ided  t h a t  we would h a v e  a d e q u a t e  sen.s:i - 
t i v i t y  i.f the c o i l  form 01) was O.72,Y i n .  

a f requency of 16 kHz, we have  0.1.8 r a d i a n s  o r  a p p r o x i m a t e l y  10" phase  

s h i - f t  a s  t:he 1 i q u i . d  I.e-vel i.s vdr ied  f rom f u l l .  'to e m p t y .  W l i l t .  t h i s  i s  

not: tlie most s e n s i t  i - ~ e  configurat : io[ j . ,  t h e  sen:;-i.ti.vii:y i s  riluch nmre t h a n  

adequigte, and tile compromises made t h u s  f a r  i n s u r e  a good inexpensi-ve 

mechanical.  d e s i g n .  We s h a l l .  now t u r n  o u r  at 

With t h i s  s i z e  coi.1. o p e r a t e d  a t  

d r i f t s .  
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F i g .  10. Opt i i rnum Frequency  f o r  Maximum Phase S h i f t  and  Phase S h i f t  
a t  Maximum P l o t t e d  A g a i n s t  C o i l  Form 01). 



I n  t h e  c a l c u l a t i o n s  t o  minimize  d r i f t s ,  we i n c l u d e d  t h e  o u t e r  molyb- 

denum c o n t a i n e r  a s  shown i n  F i g .  5. We assumed t h a t  b o t h  t h e  c o i l  s h e a t h  

and tlie o u t e r  c o n t a i n e l '  were i n f i n i t e l y  l o n g ;  t h e  c o i l  was a c t u a l l y  13.625 

i n .  l ong .  

The ma jo r  c o n t r i b u t i o n  t o  d r i f t s  i s  t h e  w i d e  r ange  of  o p e r a t i n g  

t e m p e r a t u r e  of t h e  p robe .  The t e m p e r a t u r e  c o n t r i b u t i o n s  can  be  b roken  

t h e  f o l l o w i n g :  

'There i s  a change i n  t h e  a c  f i e l d  due t o  changes  i n  t h e  
r e s i s t i v i t y  of  tiit .  molybdenum and b i smuth .  T h i s  c a u s e s  
a change i n  t h e  se lE- impedance  of  bot i i  t h e  d r i v e r  and 
p i ckup  c o i l s  and t h e  mutua l  c o u p l i n g  between them. 

There  i s  a change i n  t h e  dc r e s i s t a n c e  of  b o t h  c o i l s .  

Thermal e x p a n s i o n  oC t h e  c o i l  and conducl o r s  a l s o  
c a u s e s  a change i n  t h e  impedances and mutua l  c o u p l i n g .  

\?e s h a l l  c o n s i d e r  each  of t h e s e  f a c t o r s  s e p a r a t e l y .  

I n  F i g .  11 we have  p l o t t e d  t h e  phase  of t l ie  v o l t a g e  of t h e  pi-ckup 

c o i l  a g a i n s t  f r equency  f o r  v a r i o u s  t e m p e r a t u r e s .  We c a n  see t h a t  t h e s e  

c u r v e s  i n t e r s e c t  a t  a c e r t a i n  f r equency ,  which means t h a t  t h e  t empera -  

t u r e  c o e f f i c i e n t  of tlhe phase i s  e s s e n t i a l l y  z e r o  air t h a t  f r e q u e n c y .  

These  z e r o  t e m p e r a t u r e  c o e f f i c i e n t  p o i n t s  o c c u r  a t  a p p r o x i m a t e l y  25 

kHz f o r  t h e  c a s e  i n  which t h e  l i q u i d  l e v e l  probe  i s  empty and a t  abou t  

.jO kHz f o r  t h e  probe  b e i n g  f u l l  o f  b i smuth .  More e x a c t  c a l c u l a t i o n s  

w i t h  a n  e x t e r n a l  c i r c u i t  a t t a c h e d  t o  t h e  probe  f o r  an o p e r a t i n g  f r e -  

quency of i')+.300 kHz a r e  shown i n  t h e  t a b l e  below.  

T a b l e  1 .  C a l c u l a t e d  Phase S h i f t  Values  ( i n  D e g r e e s )  
w i t 1 1  Bismuth and A i r  a t  S e v e r a l  Tempera tu res  

M a t e r i a l  
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F i g .  11. Phase  of  t h e  Pickup Coi.1 Volt  a g e  P l o t t e d  A g a i n s t  Frequency 
f o r  Different Tempera tu res .  

I n  t h e  t e m p e r a t u r e  range of  p a r t i c u l a r  i n t e r e s t ,  ~ O O "  t o  f;:;oO(:, we have  

chosen  our p a r a m e t e r s  s o  t h a t  we have  exact : ly  t h e  same pos i . t : ive  s l o p e  

of phase  w i t h  terriperat:ure (4-0. 0 $ " / ~ 0 " c )  i n  b i s n ~ r t : t i  as t h e  negative s l o p e  

(-'3.06"/50" c ) i n  a i r .  These two e n d  p o i n t s  r e p r e s e n t  t h e  worst t,ernpera -. 

ture  c o e f f i c i e n t ,  and  i t  i s  e x p e c t e d  t o  d e c r e a s e  t o  z e r o  f o r  the c a s e  01 

t h e  p robe  b e i n g  h a l f  f u l l .  T h i s  worst case of t h e  calcul .a te t l  - t empera tu re  

c o e f f i c i e n t  i s  e q u i v a l - e n t  t o  c -I-0.0015 i n . / " C  e r r o r  i n  t h e  l i q u i d  level. 

measurement.  

S i - m i l a r  c a l c u l a t i o n s  were made f o r  the magni tude  of t h e  p i ckup  c o i l  

v o l t a g e ,  b u t  t h e r e  i s  no f r e q u e n c y  a t  which t h e  magnii-udch remains  constant 

wi t h  t en ipe ra tu rc  changes .  



we n e x t  c o n s i d e r e d  t h e  v a r i a t i o n  i n  phase  due to changes  i n  dc  r e s i s -  

t a n c e  of t h e  c o i l .  A s  we d i s c u s s e d  e a r l i e r ,  a v a l u e  of  c a p a c i t a n c e  and 

r e s i s t a n c e  i n  t h e  d r i v i n g  and d e t e c t i n g  c i r c u i t s  can  be  chosen  t i i a t  w i l l  

g i v e  e s s e n t i a l l y  no  change i n  phase a s  t h e  dc  r e s i s t a n c e  of  t h e  c o i l  i s  

v a r i e d ,  and will also a c t  as a f i l t e r  t o  r educe  t h e  systeiii n o i s e .  However, 

when t h e  R-C ne twork  i s  a d j u s t e d  t o  g i v e  e x a c t l y  z e r o  t e m p e r a t u r e  d r i f t  

w i t h  t h e  b ismuth  p r e s e n t ,  i t  will n o t  gi .ve e x a c t l y  z e r o  d r i f t  w i t h  t h e  

b ismuth  a b s e n t .  T h e r e f o r e ,  t h e  network i s  a d j u s c e d  t o  g i v e  s m a l l  d r i f t s  

of  o p p o s i t e  s i g n s  i n  t h e  two c a s e s .  But t h e  more we f i . l t e r  t o  rpduce  

s y s t e m  n o i s c ,  t h e  g r e a t e r  t h e s e  s m a l l  d r i f t s  become. I n  a d d i t i o n ,  t h e  

phase s h i f t s  due t o  v a r i a t i o n s  i n  t h e  c a p a c i t a n c e  and r e s i - s t a n c e  v a l u e s  

i n  tile c i - r c u i t  i n c r e a s e  a s  w e  r educe  t h e  sys t em n o i s e .  T h e r e f o r e ,  we 

must compromise between t h e  sys t em n o i s e  and d r i f t s .  The f o l l o w i n g  t a b l e  

summarizes t h e  d r i f t s  between 60i3'and 6;d)'c, u s i n g  -*j6.:j :: f o r  t h e  s e r i e s  

r e s i s t a n c e  of  t h e  d r i v e r  c i r c u i t  and tlie s h u n t  r e s i s t a n c e  of  t h e  p i ckup  

c i r c u i t  and 5e.30 pF f o r  t h e  s h u n t  c a p a c i t a n c e .  

T a b l e  2. Summary of  Phase S h i f t s  Due t o  V a r i a t i o n s  
i n  Var ious  C i r c u i t  Pa rame te r s  

Pa rame te r  Var i ed  
Va r i a t i o n  

i n  Parameter  
($) 

Phase S h i f t  
( d e g r e e s  ) 

D r i v e r  C o i l  R e s i s t a n c e  

Pickup C o i l  R e s i s t a n c e  

D r i v e r  Shunt C a p a c i t a n c e  

P ickup Shunt C a p a c i t a n c e  

D r i v e r  C i r c u i  t S e r i e s  
R e s i s t a n c e  

P ickup C i r c u i t  Shunt  
R e s i s t a n c e  

Opera t ing  Frequency 

1 (> 

1s 

1 

1 

1 

1 

1 

0.004 

0.001 

The p h a s e  s h i f t s  g i v e n  i n  T a b l e  2 a r e  t h e  a b s o l u t e  maximum v a l u e s  

t h a t  o c c u r  anywhere i n  t h e  t e m p e r a t u r e  r ange  w i t h  o r  w i t h o u t  b i smuth .  
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T h e  f i l i a l  co r i t - r ibu t ion  t o  d i r f t s  t ha t  w e  c o n s i d e r e d  was therm31 

e x p a n s i o n  o f  t h e  sys t em.  I n c l u d i n g  tlierrual. expansi.oii e f f ec t s ,  a tempc?ra- 

t u r e  v a r i . a t i o n  from 600" t o  650"~ caused  a 0.05" d i f f e r e n c e  i n  t h e  p l ~ a s p  

change be tween t h e  two t e m p e r a t u r e s ,  which can be compensated C o r  wi th  

a s m a l l  f r e q u e n c y  change .  

Additional information on t h e  d e s i g n  uf t h i s  probe is g iven  i n  
)I 

othel-  r e p o r t s .  

Three  d i f f e r e n t  sets o f  measurements have  been  performed on [:he 

l i - q u i d  leve l .  p r o b e .  T!ie f i r s t -  s e t  o f  iiieasuz-cI~metlTs was performed a t  a 

f r e q u e n c y  of 10 kHz and  a t  room t e m p e r a t u r e .  The pr imary  purpose  of 

t h e s e  measurements was t o  t e s t  tl-ie linear i.t:y of  t h e  p l - ~ b ~ ,  a1-tc1 tile 

secc2iitl p u r p o s e  W ~ ~ S  t o  check  t h e  accu racy  o f  t h e  c a l c u l a t i o n s  T h e  

p r o b e  c o n s i s t e d  of t h e  c o i l  e n c l o s e d  i n  a moI,ybdenuin s h e a t h ,  I,ut w i t h -  

oii't any o u t e r  iiioly1)dennum c o n t a i n e r .  The bi.siuu1:11 was rcpl.aced by 12 

r i n g s  01' Snc,onel ,  e ach  machined t o  1 __ 0.0 l i j  i n .  t h i c k .  The phase  

s h i f t  was rQcorded  t:o w L t 1 i i n  O.OI." a s  the  r i n g s  were added, siim.lI.ating 

a n  i n c r e a s i - n g  l i q u i d  l e v e l .  A ].east-squarc:s f i t  was marl<? o f  t h e  pl1a:;e 

s h i f t  v s  thi.cl.ciic?ss, and  t h e  ~~iax: i r iu~i i  d e v i a t i o n  o f  any readi.ng frnru a 

s t r a i g h t  l i n e  was 3.009" or O ~ ~ . j I  I. i n .  The i i ieasured s l o p e  of fhe l i i ie  

was 0 . 5 9 9 " j i n .  compared t o  t h e  c a l c u l a t e d  slope of  0 . 5 3 1 ° / i n .  T l ~ e ~ r e -  

fore , ,  we c o n c l u d ~ d  that the  pi-obe v a s  e x t r e m e l y  ] . i n e a r  OVW- at: l e a s t  

t h e  f i r s t  12 i n .  o f  l e v e l .  

F o r  the n e s t  set :  of  measurements,  a p r o t o t y p e  l i q u i d  l e v e l  pr(:)b~> 

was c o n s t r u c t c d  by p c ~ r s o i i n e l  o f  t h e  Chemica l  Technn1.ogy D i v i s  E.on, a n d  

j o i n t  e x p e r i m e n t s  were performed with them. The p r o t o t y p e  was cssen-  

t i a l l y  i d e n t i c a l  t . o  the  one s h o w n  i n  F i g .  3, ~ x c e p t :  t h a t  t he  o u t e r  

c o n t a i n e r  was iiiade of  ca rbon  s t e e l . .  The ca rbon  s t e e l  o u t e r  c o n t n i n e r  

h a s  no  e f f e c t  w h e n  t he  p r o b e  i s  cove red  w i t 1 2  b i smuth ,  b u t  d e c r e a s e s  

the p h a s e  r e a d i n g  by  a p p r o x i m a t e l y  1/2 a d e g r e e  when t h e  probe i s  

e m p t y .  

T,. E. McNer-sc 5 e., Engineering Development S t u d i e s  f o r  Molten- 4 
S a l e  Breede r  Keactor  P r o c e s s i n g  N o .  12, OfUK-TM-5r(r(> ( i n  p r e p a r a t i o n  ). 



The measurements  were made a t  a f r e q u e n c y  of 27.'7 kHz l o r  v a r i o u s  

l e v e l s  of  b i smuth  and a t  v a r i o u s  t e m p e r a t u r e s  be tween 550°C and 700"C.  

The r e s u 1 . t ~  a r e  p l o t t e d  i n  F i g .  12. The phase  s h i f t  i s  a l i n e a r  f u n c t i o n  

of  l i q u i d  l e v e l  o v e r  a r ange  from z e r o  t o  abou t  13 i n .  The s l o p e  of  t h e  

c u r v e  v a r i e s  s l i g h t l y  w i t h  t e m p e r a t u r e ,  with the minimum t e m p e r a t u r e  

coef  f i c i - e n t  o c c u r r i n g  between 600" C and 650" C .  

The t e m p e r a t u r e  c o e f f i c i e n t  of  the  l e v e l  r e a d i n g  was 0.009 i n . / " C  
I O  f o r  t h e  chamber eilipty and 0.00211 i n . :  C f o r  t h e  chamber f u l l  o f  b i smuth .  

The h i g h e r  t e m p e r a t u r e  c o e f f i c i e n t  w i t h  t h e  chamber empty was p robab ly  

due t o  t h e  f e r r o m a g n e t i c  o u t e r  c a s i n g .  

A s e r i e s  of more a c c u r a t p  c a l c u l a t i o n s ,  c o n s i d e r i ' i g  more d i f f e r e n t  

pa rame te r s ,  showed t h a t  more a c c u r a t e  measurements  c o u l d  be  made a t  2)- 

kHz f o r  t h e  t e m p e r a t u r e  r ange  of  600"~ t o  650"~. The l e v e l  i n  t h e  probe  

14 

35 36 37 38 39 40 41 42 43 1 4  45 46 47 
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F i g .  12. Phase S h i f t  P l o t t e d  Aga ins t  L i q u i d  Leve l  f o r  Var ious  
Tempera tures  Measured a t  a Frequency  of 27.7 kHz. 
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was se t  a t  t h e  maximum, de te rmined  by t h e  amount of b i smuth  .i.n t h e  sys t em 

a t  t h e  t i m e .  The manometer r e a d i n g  i n d i c a t e d  10 i n . ,  b u t  l a t e r  measure-  

ments i n d i c a t e  t h a t  t h e  a c t u a l  l e v e l  was abou t  13.5 i n .  T a b l e  3 shows 

b o t h  c a l c u l a t e d  and measured v a l u e s  of magni tude  and phase .  The a c t u a l  

c a l c u l . n t i o n s  were made w i t h  t h e  probe  e i t h e r  f u l l  o r  empty of b i smuth ,  

and t h e  1 0 - i n .  c a l c u l a t i o n s  r e p r e s e n t  a 1 . inear  i n t e r p o l a t i o n  be tween z e r o  

and 13.625 i n .  of b i smuth .  

The r e s i s t o r  v a l u e s  a r e  t h o s e  of b o t h  t h e  d r i v e r  s e r i e s  and t h e  p i ckup  

s h u n t  r e s i s t a n c e s ,  and t h e s e  c a n  be v a r i e d  t o  nclii-eve a " f i n e  t u n i n g "  i n  

t h e  t e m p e r a t u r e  c o e f f i c i e n t  of t h e  p robe .  The phase  differc-.nc:ci i s  t h e  

phase  a t  t h e  lower  ternpprat:ure s u b t r a c t e d  from t h e  phase  a t  t h e  uppe r  

t e m p e r a t u r e .  

would h e  e q u a l  b u t  o p p o s i t e  i n  s i g n  w i t h  t h e  probe  iu l .1  and empty, a s  

shown f o r  the c a l c u l a t e d  v a l u e s  usi-ng 36.3 ~2. 
phase  d i f f e r e n c e  was -1.0.1.2 r a t h e r  t h a n  +O.06 c a l c u l a t e d  f o r  t h e  1 0 - i n .  

l e v e l .  By i n c r e a s i n g  t h e  Val-ues of t h e  r e s i s t o r s  i n  t h e  a t t e n u a t o r ,  we 

a r e  a b l e  t o  d e c r e a s e  b o t h  the  c a l c u l a t e d  and measured phase  d i f f e r e n , c e s .  

The b e s t  v a l u e  of r e s i s t o r s  t o  g i v e  minimum d r i f t  wou1.d p robab ly  be  

s l i g h t l y  l a r g e r  t h a n  36.3 R. The l e v e l  was a1.so v a r i e d  u s i n g  t h e  75-a 
r e s i s t o r s  i n .  t h e  a t t e n u a t o r .  The t e m p e r a t u r e  c o e f f i c i e n t  o f  t h e  piinse 

v a r i e d  from +O.OO&?"/"C (-i-O.U352 i n , / ° C )  wi.th the chamber empty t o  O.O($"/ 

" C  w i t h  t h e  chamber f u l l .  Ey d e c r e a s i n g  t h e  v a l u e  o f  t h e  r e s i s t o r s ,  i t  

shou ld  b e  p o s s i b l e  t o  o b t a i n  a t e m p e r a t u r e  c o e f f i c i e n t  of -t-O.OOl.6 i.n./"C 

w i t h  t h e  chamber empty, -0 .0016 i n . / " C  w i t h  t h e  chamber f u l l  and z e r o  

w i t h  t h e  chamber h a l f  f u l  1. 

I n  t h e  i d e a l  c a s e ,  t h e  phase  s h i f k s  be tween 600°C and 650°C 

However, t h e  measured 

The c a l c u l a t e d  s l o p e  a t  600°C was 0.8)+jo/in.  compared to  a measured 

v a l u e  o f  0 . 8 6 6 " / i n .  

magne t i c  p e r m e a b i l i t y  o f  t h e  o u t e r  c o n t a i n e r  i s  o n l y  a p p r o x i m a t e l y  known. 

P a r t  o f  t h i s  e r r o r  may b e  due t o  t h e  f a c t  t h a t  t h e  

W i t l i  t h e  i n f o r m a t i  on gainccl i n  these  measurements,  we will be a b l e  

t o  c a l i b r a t e  t h e  probe  used  i n  t h e  l o o p  w i t h  a n  o u t e r  c o n t a i n e r  of molyb- 

denum, a s  shown i n  F i g .  3 .  The lower  c a l i b r a t i o n  p o i n t  f o r  t h e  probe  

can  b e  o b t a i n e d  b e f o r e  b ismuth  i s  e v e r  added t o  t h e  sys t em.  To g e t  t h e  

uppe r  c a l i b r a t i o n  p o i n t ,  t h e  b i smuth  l e v e l  m u s t  b e  r a i s e d  o v e r  t hc  t o p  

o f  t h e  probe ,  and t h e  phase  r e a d i n g  r e c o r d e d .  I f  0.110' i s  s u b t r a c t e d  
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f rom t h i s  phase  r ead ing ,  t h i s  g i v e s  the v a l u e  of  t h e  pha.se when  t h e  l i q c i d  

l e v e l  i s  15 i n .  The phase wi l l .  b e  a l i n e a r  f u n c t i o n  of the bismuth l e v e l  

be tween 0 i n .  and 13 i n .  W r i n g  t h e  n i n e  ~iion.ths o f  t e s t i n g  o f  t h e  probe, 

t he  z e r o  p o i n t  appea red  t o  move, b u t  the s l o p e  was e s s e n t i a l  1~y con:;tamt 

( w i t h i n  1 .!+$). T h e r e f o r e ,  by assuming a c o n s t a n t  s l o p e 2  i . t  i s  possLbIe 

t o  r e c a l i b r a t e  t h e  probe  by  r a i s i n g  the b ismuth  Level ove r  t l ie  probe. 

The re  w a s  a c o n s i d e r a b l e  amount of c o r r o s i o n  i.n t h e  l.oc)j) wli.:i.ch probi~b1.y 

accounted f o r  tlie s h i f t  i n  the z e r o  l e v e l  p o i n t .  

A p a s s i v e  KLC phase  ca l . i .b ra tor  was c o n s t r u c t e d  t o  e l i m i n a t e  i n s t r u -  

men . t  v a r i a t i o n s  - It g i v e s  two measurements of t h e  i.nst:rurrtt:nt gain.  ( s~ .ope  ) 
and two :i.ndependei-it: nei3sureInent s of t he  z e r o  p o i n t  . The 1.orig-tc1.rm s t a -  

b i I - i t y  o f  t h e  c a I i h r a t : o r  i s  a p p r o x i m a t e l y  0 . 0 1 ” .  

A d d i t i o n a l  i n f o r m a t i o n  on t h e  l i n e a r i t y  tests,‘  t h e  i n i t i a l .  mcasure- 
6 ments 

a r e  g i v e n  i n  o ther  r e p o r t s .  

in. tlie t e s t  loop, and tlie : f i n a l  measurements‘ i n  t h e  t e s t  l o o p  

> . SUMMARY ANT) CONCX1ISIONS 

The problem for a c . o i l  e i t h e r  e n c i r c l . i n g  o r  enc-.>sed by a n  a r b i t r a r y  

number of c o n d u c t o r s  h a s  bee11 s o l v e d .  Accura t e  and versa!:iJe computer 

programs have  bet?~ i  w r i t t e n  which n u m e r i c a l l y  eval.uate t h e s e  so l .u t ions  e 

G o o d  agreement  h a s  been o b t a i n e d  be tween t h e  c a l c u l a t i . o n s  and expeiri .mc?rits .  

These programs h a v e  been. a p p l i e d  to d e s i g n  very a c c u r a t e  l i q u i d  l e v e l  

p robes  even though we a r e  l o o k i n g  t h r o u g h  a good c o n d u c t o r  (molybdenum) 

arid measu r ing  t h e  l e v e l  o f  a poor c o n d u c t o r  ( b i s m u t h ) .  

‘Id. E.  McNeese e t  - a l . ,  -- Engineer in .g  - Development S t u d i e s  f o r  Mol.ten- 
S a l t  B r e e d e r  Reactor Processing No. 13, ORNL-TM--3776 ( i n  p r e p a r a t i o n  >. 

I,. E .  McNeesc I- e t  ala, E n g i n e e r i n g  Development Studies f o r  Molten- 6 
S a l t  Breeder Reacto-, O I W L - T M - ~ ~  8 ( i n  p r e p a r a t i o n ) .  

‘L. E .  McNeese c t  I I- a l . ,  E n g i n e c r i n g  Development S t u d i e s  Forr l_l tcn-  
S a l t  B r e e d e r  R e a c t o r  - P r o c e s s i n g  N o .  16, OIWL-TM-IIO?~ ( i n  p r e p a r a t i o T -  
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ComKuL-er ... Programs ~ f o r  3 Liqu id  J,evel Probe 
I n s i d e  . .... Coaxia l  . .. . . . . . . . . Conductors  

I .  lNTKODUCTION 

T h i s  computer  program i s  used  t o  ca lcu laf rv  t h e  no rma l i zed  c o i l  imped- 

ance  of b o t h  t h e  d r i v e r  and p i ckup  c o i l s  of  an e d d y - c u r r e n t  probe,  s u r -  

rounded by m u l t i p l e  c o a x i a l  c y l i n d r i c a l  c o n d u c t o r s .  The programming 

c o n s i s t s  of a fundamenta l  s u b r o u t i n e  namcd I . N M L ,  which i s  c a l l e d  i n t o  

e x e c u t i o n  by  a main D R I V E R  program. INNMLTL b r a n c h e s  t o  e i g h t  o t h e r  new 

s u b r o u t i n e s  d u r i n g  e x e c u t i o n .  ZNNNUT, i t s c l  f i s  a d a p t e d  from a n  e a r l i e r  

program i n  t h e  BASIC l anguage .  

The FORTRAN-IV computer  languagc  i s  used ,  w i t h  REALYE a r i t h m e t i c ,  on 

t h e  IBF1/36G compute r s .  

l a t i o n s  w i t h  s u f f i c i e n t  a c c u r a c y  i n  t h e  c a s e  of a " t h i n "  r e g i o n  among 

t h e  conduc t ing  media .  I n  c o n n e c t i o n  w i t h  tlij-s, yoine s p e c i a l  s u b r o u t i n e s  

were a l s o  deve loped  f o r  t h e  c a l c u l a t j o n  of  t h e  n e c e s s a r y  mod i f i ed  Ressel  

f u n c t i o n s ,  w i t h  a c c u r a c y  of a t  l e a s t  15 s i g n i E i c a n t  dec ima l  d i g i t s  f o r  

r e a l  arguments ,  and lu s i g n i f i c a n t  d i g i t s  f o r  complex argi iments .  

New work w a s  done t o  c a r r y  o u t  t h e  needed c a l c u -  

An o u t l i f i e  of  t h e  program f o l l o w s ,  w i t h  d i s c u s s j o n  and program l i s t i n g  

of  each  s e p n r a t e  r o u t i n e .  The e i g h t  s u b r o u t i n e s  r e q u i r r d  by I N W L  a r e  

named X I I N T ,  X J J N T ,  GAMCLL, GCALC; MODBES, CMDKES, COMKB, and C M I .  They 

a r e  needed f o r  i n t e g r a t i o n s  of  x3 ( x )  and XI (x) ,  f o r  c a l c u l a t i o n  oE t h e  

gamma f a c t o r ,  and f o r  iiie ir lodified B e s s e l  f u n c t i o n s .  
1 1 

L a s t  a n  i n t e r a c t i v e  program w i l l  b e  g i v e n  f o r  g e n e r a t i o n  of t h r  d a t a  

b l o c k  F i l e ,  which I n l i s t  b e  s u b m i t t e d  w i t h  t h e  program f o r  e x e c u t i o n  011 

t h e  I B M , / ~ ~ O  computer .  T l i i s  program, named TELJNC, i s  s t o r e d  on t h e  PDP-10 

d i s k ,  and may be  used from t h e  t e l e t y p e  t o  prep '3 i -e  t h e  d a t a  i n  t h e  n e c e s -  

s a r y  format  f o r  t h e  D R I V E K .  The d a t a  cou ld ,  of  c o u r s e ,  be s e t  up f o r  

e x e c u t  i o n  of t h e  program by any ol-her c o n v e n i e n t  method.  



4 I. 

11. DESCRIPTION OF INNIYIJL 

A .  DRIVER Program - 

The D R I V E R  main program r e a d s  t h e  d a t a  f o r  t he  c a s e s  t o  be e x e c u t e d  

by  the INNfWL subrou t  i r i e .  A f t e r  r e c e i v i n g  the  d a t a  and making  p r e l i m i n a r y  

c a l c u l a t i o n s  i f  n e c e s s a r y ,  the  DRIVER t h e n  branch(is t o  INNMLJT,. A f t e r  t h e  

c a l c u l a t i o n  of  no rma l i zed  c o i l  impedance i s  comple ted  by INWRTL and i t s  

o t h e r  s u b r o u t i n e s ,  t h e n  Lhe DRIVER program p r e p a r e s  a summary p r i n t  o u t ,  

showing d a t a  and resu l t s .  

Data must b e  g iven  t o  t h e  DRIVER program f o r  t h e  coil .  di.mensions, f o r  

the a i r  no rmi I . i za t io i i  f a c t o r ,  and for i n f o r m a t i o n  a b o u t  each r:oriductor 

o u t s i d e  t:he c o i l .  The inner r a d i u s ,  t h e  r e I . n t l v e  p e r m e a b i l i t y ,  
2 

t h e  v a l u e  of t h e  q u a n t i t y  (~~p.ni? a r e  needed f o r  each c o n d u c t o r .  m 

and b3EL '  

2 
m The DRIVER program i s  w r i t t e n  t o  r e c e i v e  t h e  q u a n t i t y ,  qJ,uF , i n  any 

one of t h r e e  d: i . f ferent  w a y s .  F i r s t ,  t l ie  v a l u e  of the q u a n t i t y  may b e  

g i v e n  d i r e c t l y  f o r  each  c o n d u c t o r .  Second, t h e  f a c t o r  o may b e  g i v e n  f o r  

each c o n d u c t o r .  In t h a t :  case, the p e r m e a b i l i t y ,  p i  i s  &IT. x 1.0 ' x li ~ . 
R A  L 

Then t h e  o p e r a t i n g  f r e q u e n c y  a l s o  i s  g i v e n  i n  o r d e r  t o  o b t a i n  1.d for t h e  

c o i l ,  and F i n  meters, i s  e i t h e r  g i v e n  o r  ca1.culoted f o r  t h e  C L ~ ~ J . ,  

- -7 

m' 

T h i r d ,  t h e  r e s i s t i v i t y ,  p (pil-cm) may be g i v e n  a s  d a t a  f m  each con-  
8 d u c t o r .  The r e l a t i o n  be tween p and i~ i s  g i v e n  by:  

q u a n t i t y  wyar i s  c a l c u l a t e d  a s  O..'-,Ogi9'j '? x f r e q .  x r x ilREL/p. The 

c o n s t a n t  i s  a p r o d u c t  of  c o n v e r s i o n  f a c t o r s  -- ( 2 r / - ) ( O . O 2 5 4  )(hi x I . O ) ( l O ) .  

T h e r e f o r e  i n  this t h i r d  case, t h e  known d a t a  must i n c l u d e  t h e  d r i v i n g  

f r e q u e n c y  ( H e r t z ) ,  and F ( i n . ) ,  a s  w e l l  a s  r e l a t i v e  p e r m e a b i l i t y .  The 

d e t a i l s  o f  s e t t i n g  up the d a t a  f o r  s u b m i s s i o n  with t h e  computer  program 

wi1.L b e  g i v e n  i n  t h e  l a s t -  s e c t i o n .  

o CL 10 /p .  Then t h e  
2 2 
m 

Fol lowing  i s  a l i s t  o f  tlie program DRIVER. 
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11. l a )  INNMUL 

The fo rmula  which i s  c a l c u l a t e d  by t h e  INN?IUL s u b r o u t i n e  i s  t h e  

n o r m a l i z e d  c o i l  impedance, 

of b o t h  t h e  d r i v e r  and p i c k u p  c o i l s  i n  a b i f i l a r  c o i l  su r rounded  by 

m u l t i p l e  c o a x i a l  c o n d u c t o r s .  

The q u a n t i t y  

i s  given by Eq. (50).  It i s  c a l c u l a t e d  by a b r a n c h  t o  the X I I N T  f u n c t i o n  

subprogram. S i m i l a r l y ,  t h e  q u a n t i t y ,  

i s  g i v e n  by E q .  

r a t i o ,  U12/U22, o r  gamma, is  c a l c u l a t e d  by  a b r a n c h  f rom INNMUL t o  t h e  

GAMCAL s u b r o u t i n e .  

(56) and i s  c a l c u l a t e d  by  the X J J N T  subprogram. The 



The X I I N T ,  XJJNT, and GAMCAL s u b r o u t i n e s  w i l l  b e  d i s c u s s e d  s e p a r a t e l y .  

The i n t e g r a n d  i n  t h e  numera tor  o f  t h e  impedance formula  i n  INNMUL 
-(XI, c o n t a i n s  a t:errn w i t h  t h e  f a c t o r  (X -C E 

v a l u e s  of CiL l e s s  t h a n  0.5, t h i s  f a c t o r  i s  c a l c u l a t e d  by t h e  r a t i o n a l  

a p p r o x i m a t i o n ,  

- l ) ,  where I, = k - A l .  For 2 

8 T h i s  i s  d e r i v e d  a s  a c o n t i n u e d  f r a c t i o n  approximant  from t h e  P a d e ' t a b l e  

a s s o c i a t e d  w i t h  t h e  power s e r i e s ,  

-a. I f  CXL i s  l a r g e r  t h a n  20, e i s  dropped from t h e  c a l c u l a t i o n  of  (01 + 
r -- 1 ) .  F o r  a?, between 0.5 and 20, e i s  e v a l u a t e d  by L h e  e x p o n e n t i a l  

f u n c t i o n  subprogram a v a i l a b l e  i n  t h e  1~~/363 FORTRAN l i b r a r y .  

-OX -A 

The q u a n t i t y  (1 - cos(ol?,)  which a p p e a r s  i n  one t e r m  o f  Lhe i n t e g r a n d  
2 L  
2 

i s  o b t a i n e d  by t h e  h a l f - a n g l e  formula from sin(-) .  

The o v e r a l l  i n f i n i t e  i n t e g r a l  i s  approximated  i n  INNMUL for a n  u p p e r  

l i m j t  o f  16. The a v e r a g e  o f  t h e  i n t e g r a n d  i s  c a l c u l a t e d  f o r  100 e q u a l l y -  

spaced  p o i n t s  from 0 t o  1. F o r  each  of  t h e  remain ing  15 i n t e r v a l s  oL 

u n i t  l e n g t h ,  t h e  a v e r a g e  of t h e  i n t e g r a n d  f o r  20 e q u a l l y  spaced  p o i n t s  

i s  u s e d .  T h i s  h a s  been  found t o  g i v e  a s u f f i c i e n t l y  good a p p r o x i m a t i o n  

t o  t h e  i n t e g r a l  and i s  named 17 i j I 6  i n  t h e  prograui. 

A t  t h e  same t i m e  d u r i n g  t h i s  c a l c u l a t i o n  i n  'LNNMTJL, i n t e g r a t i o n  i s  

performed i n d e p e n d e n t l y  on t h e  second t e r m  of  t h e  i n t e g r a n d  t o  o b t a i n  

a n  e s t i m a t e d  a i r  v a l u e ,  named 19. The a i r  v a l u e  c o n t r i b u t e s  t o  t h e  r e a l  

p a r t  of t h e  i n t e g r a l ,  17, and i s  by f a r  t h e  s l o w e s t  p a r t  t o  converge .  We 

'Alston S .  Householder ,  A G l o s s a r y  f o r  Numerical  - Analysis2 ORNL-2704, 
pp * 73 -7'4 * 



c n l c u l a t e  t h e  air v a l u e  i n  s cpa ra t e  program and givc. t h ~  v a l u e  as  p a r t  

of t he  d a t a  to t h i s  program, as Ag. The a i r  v a l u e  d e p e n d s  ot l ly  on the 

on t h e  c o i l  dimensions and not on the c o n d u c t o r ,  2nd i s  

(Th i s  term a p p e a r s  b o t h  i n  t h e  numera to r  and the denorninator .  ) 
T h e r e f o r e ,  we c a n  o b t a i n  t h e  c o m p l e t e l y  converged  real part oi t h e  i n t e  - 
g r a l  by a d d i n g  the d i f f e r e n c e  between A3 and 19. The completely con-  

ve rged  r e a l  p a r t  i s  I'( t (Arj-Iy). The normalized impedance is 

A listing of IplNMuL f o l l o w s .  
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c 
C 
c 
C 
C 
C 
C 
C 
c 
c 
C 
c 
C 
C 

c 
C 
C 

1 

til = I N N E X  C U L L  i < A D I U >  / MLAN C D I L  t I A D I U S  
r<2 WUAEK C U I L  K A U I U S  / NkAN C M I L  K A U I U s  
L = C U i L  L E N G T H  ./ MEAN C U I L  KADIUS 
A 9  - N O R M A L I Z I N G  A I r (  V A L U E  R C G U I R E D  F D K  l N N M U L  

I A I k  = 1 IF V A L U E  !dF A 9  I S  1’ASSF.D Ti3 I N N M L J L  I N  C A L L  
N = N U P i o C K  U F  CONDUCic lHS Id tJTSIUC G!dIl . .  

I A I H . N E . 1  I F  I N N M U L  I S  I W  bf!. USk.L, 1 W  C A L C U L A l L  A 9  

S E E  IF’ A I R  V A L U C  H A S  bEEN C A L C U L A T E 0  

CaMPUTE A I 2  V A L I J E C A S )  
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c 
G l = O . D O  
I;Z!=H% 
P R I N T  3 

3 F ~ K M A T C ~ X ,  ' X ' P  1 4 A 9  'AIR V A L U E U r 5 X ~  ' H E A L  P A t < T ' > G X ,  'IMAG P A R T ' / / / )  
C 
c b E G I N  LMBP DN A L P H A >  l l H I C H  IS T H E  V A K I A L ~ L E  NAMED X 
c 

125 J7=0* DO 
J S = O .  D O  
J ' 9 = O o D O  
X = t i ! * i i 1 * 0 *  5DO 

130 W 9 = X * L  
GIl=)<*X 
O%=O f * Q 1  
Q6= w 2 * W  1 

c 
C 
C 

135 

140 
C 
c 
c 
C 
c 
c 

145 

KL C GAMMA ) = ii6 J I M C GAMMA 1 = F7 





11. B e l  and 2 )  X J J N T  and X I I N T  

These two f u n c t i o n  subprograms e v a l u a t e  t h e  e x p r e s s  ions, 

and 

2 

x I 1 ( x )  dx , 
'xr-l 

r e s p e c t i v e l y .  These a r e  equal. t o  t h e  va1.i.ies g i v e n  f o r  J(r,>, r ) i n  E q .  ($6)  
and I ( r < , r  ) i n  E q .  (50). The method of i n t e g r a t i o n  in l ~ o t i  cases, for- a n  

uppe r  l i m i t  n o t  g r e a t e r  t h a n  5, i s  t h e  summati-on o f  a power s e r i e s  expre:;-  

s i o n  u n t i l  t h e  l.nst i n c l u d e d  t e rm i s  I.ess t h a n  times t h e  c u r r e n t  sum.  

I f  t he  uppe r  1.iinf-t o f  the i n t e g r a l  is grea t .e r  t h a n  7, a s y m p t o t i . c  formu.-- 

l a s  a r e  u s e d  i n  b o t h  s u b r o u t i n e s .  I n  gen.eral  a p p l i c a t i . o n ,  we assume i.ai 

t h e s e  s u b r o u t i n e s  t h a t  b o t h  1.imits a r e  nonriegat ive and  tilie lower  l i m i t  i s  

less t h a n  OK e q u a l  t o  t h e  uppe r  I . imit  on t h e  i n t e g r a l .  

r._ 1 

2 1  

9 

An e x p l a n a t i o n  f o l l o w s  f o r  t h e  summation method, w h i c l t  i s  uscil i n  t he  

case  t h a t  t h e  u p p e r  l i m i t  i s  l e s s  t h a n  o r  equa l  t o  5. 

For t h e  p u r p o s c  of e x p l a i n i n g  t h e  g e n e r a l  mcthod o f  i n t e g r a t i o n ,  l e t  

f ( x )  be any f u n c t i o n  of a r e a l  v a r i a b l e  w i t h  t h e  Taylor ser ies  expanPion, 

Termwise i n t e g r a t i o n  y i e l d s  

('77 1 

9W. A .  Simpson  et GPj Computer Yrogrnins f o r  Some Eddy-Current 
Problems - 1970, ORNL-TM-3335 p .  259 ( June  lg'(1 ) .  
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I n t r o d u c e  a new sequence,  

2 2 

2 
b- -- a - ... , and s o  on.  I n  r e l a t  i.on and i t  i.s s e e n  t h a t  q 0 =I, q 1 ==b-.a ,  q2  

t o  t h i s  sequence,  o u r  i n t e g r a l  may be w r i t t e n  a s  

W 

T h i s  i s  t h e  s e r i e s  t o  be  a p p r o x i m a t e d .  

Recurrence  r e l a t i o n s  may be  d c r i v e d  t o  g e t  t h e  terms of  t h e  q-sequence  

i n  t h e  f o l l o w i n g  way. Use t h e  a1gebrai.c i d e n t i t y  

(‘19) 
n n -1 n - 1  a b ( b n - 2  - a n - 2 )  

bn - a = (cl-tb)(b --- a ) - 

11 T h i s  g i v e s ,  w i t h  n!q 

Then d i v i s i o n  by n! and s i m p 1 i f i . c a t i o n  g i v e s  

::: (bn - a ), n!qn :: ( a + b ) ( n - l ) !  q n -1  - a b ( n - 2 ) !  q 11-2- n 

S i m i l a r l y ,  one c a n  s t a r t  w i t h  t h e  i d e n t i t y  

n 2 2 n - 2  n-2  2 2 11-4 n - 4 )  
b n - a  = : ( a + b ) ( b  - a  ) - a b ( b  - a  

t o  o b t a i n  a second u s e f u l  r e c u r r e n c e  r e l a t i o n ,  

(80 ) 

( E 2 )  

I n  t h e  f u n c t i o n s  XJJNT and XIINT, t h e  second r e c u r r e n c e  r e l a t i o n  i s  used 

f o r  n g r e a t e r  t h a n  3,  

of  xJl(x) and xT1(x).  

s i n c e  a l t e r n a t e  terms a r c  z e r o  f o r  t h e  power s e r i e s  
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I n  o r d e r  t o  a p p l y  t h i s  i n t e g r a t i o n  p rocedure ,  look f i r s t  a t  the  

power series" f o r  ~ ] . ( x ) :  

Then 

m 2r + 1 
r! ( r - i - l ) !  

(86 1 (k! ) 
2k-l (k/2-1 )! (k/2)! (k! ) 

k 
X 

X I .  ( x )  = 
k=2 1 

(even v a l u e s  o n l y )  

I n  t h e  p reced ing  e x p r e s s i o n ,  (k! ) 
denominator ,  t o  c o i n c i d e  w i t h  t h e  

f 
k= 0 

has  been  m u l t i p l i e d  i n t o  numera tor  and 

T a y l o r  ser ies  

k 

k k! c x. 

Then i t  i s  e a s i l y  seen t h a t  t h e  c o e f f i c i e n t s  f o r  an  even number k a r e :  

= 15/8, w i t h  c6 c =: 1, c4 = y 2 ,  2 

k! 

These even- indexed  c o e f f i c i e n t s  a r e  r e l a t e d  by c 

o the r  c o e f f i c i e n t s ,  co, el,  c 7 ,  c5, . . a r e  z e r o .  

c i e n t s  h o l d  f o r  

Jck = (k+ l ) /k .  A l l  k-t, 
The same c o e f f i -  

J 

'OH. J e f f r e y s  and 3. S. Jeffreys, Methods of Mathemat i ca l  Physics ,  
p .  574, Cambridge U n i v e r s i t y  P r e s s ,  1950. 
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xJl(x)  dx J r2 clrl 

w i t h  t h e  e x c e p t i o n  t h a t  t h e  terms a r e  a l t e r n a t i n g  i n  s i g n .  

The summation m e t h o d ,  which j s  d e s c r i b e d  above, i s  combined w i t h  t h e  
9 a s y m p t o t i c  formulas’,  f o r  t h e  c a s e  t h a t  t h e  lower l i m i t  i . ;  l ess  t h a n  o r  

e q u a l  t o  5 ,  b u t  t h e  u p p e r  1 i i i i i . t  i s  g r e a t p r  t h a n  5. 

L i s t i n g s  of XIINT and X J J N T  f o l l o w ,  



c. 
i; 
f.: 

9 0 

1 C 5  
c. 
c 



56 



.) 

\
 
z
 

L
\

 

L
C

 
ilz

 

, 



1 

5r' 

1 r!5 

3 C! 5 

3 1 0 

3 1  1 
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11. B ( 3 )  GAMCAL 

uL2/ The GAMCAL s u b r o u t i n e  i s  used by INNMLJL t o  compute gamma r a t i o ,  

UZ2, which a p p e a r s  i n  t h e  f i r s t  t e rm of t h e  i n t e g r a n d  of i n t e r e s t  i n  

INNMUL . 
It i s  n e c e s s a r y  i n  t h e  c a l c u l a t i o n s  of GAMCAL t o  have  g i v e n  the quan-  

~ F 2  named %, f o r  each  c o n d u c t o r .  I n  t h i s  p roduc t  i? i s  t h e  Wlik k m ’ m t i t y ,  

mean c o i l  r a d i u s  i n  m e t e r s .  The a n g u l a r  f r e q u e n c y  of t h e  d r i v i n g  c u r r e n t  

i s  g i v e n  by w. The o t h e r  v a r i a b l e s  I.L arid (7 a r e  t h e  p e r m e a b i l i t y  and 

c o n d u c t i v i t y ,  r e s p e c t i v e l y ,  of t h e  c o n d u c t o r .  Fo r  e a c h  c o n d u c t o r ,  
k k 

where a i s  t h e  v a r i a b l e  of i n t e g r a t i o n  i n  INNMLJL. Then, 

The i n n e r  r a d i u s  and r e l a t i v e  p e r m e a b i l i t y  m u s t  a l s o  be known f o r  

e a c h  c o n d u c t o r  f o r  t h e  c a l c u l a t i o n s  t o  o b t a i n  gamma. Cau t ion  m u s t  b e  

e x e r c i s e d  i n  t h e  c a s e  of a l a r g e  p e r m e a b i l i t y  t h a t  t h e  c a l c u l a t i o n s  do 

n o t  l e a d  t o  computer o v e r f l o w  o r  u n d e r f l o w .  

The u s e  of t h e  z e r o - t h  and f i r s t  o r d e r  m o d i l i e d  B e s s e l  f u n c t i o n s  

h a s  been  s e e n  i n  t h e  c h a p t e r  d e a l i n g  w i t h  t h e o r e t i c a l  a n a l y s i s .  

s u b r o u t i n e s  have  been  w r i t t e n  t o  s e c u r e  more s i g n i f i c a n t  f i g u r e s  t h a n  

p r e v i o u s l y  a v a i l a b l e  i n  t h e  c a l c u l a t i o n s  of  GAMCAL. These  s u b r o u t i n e s ,  

names MODBES, CMDBES, COMKB, and CMI,  w i l l  b e  d e s c r i b e d  i n d i v i d u a l l y .  

New 

A d i s t i n c t i o n  i s  made be tween a normal c o n d u c t o r  r e g i o n  and a “ t h i n ”  

c o n d u c t o r  r e g i o n .  A r e g i o n  i s  c l a s s i f i e d  a s  t h i n  i.f 



t h e  o u t e r  boundary  of r e g i o n  k, k-1’ The e l e m e n t s  of t h e  T - m a t . r i x  a t  r 

a r e  

T 11 ( k , k - 1 )  = z K 0 ( z ) I  1 (a  k - l r k - l  1 (89) 

T 1 2 ( k , k - l )  ::: z K ~ ( z ) K  1 (a  k - l r k - l  1 (90 1 

and 

T22 ( k , k - 1 )  = z l O ( z ) K  1 (a  k - l r k - l  ) (92 

(pk/bLk-l)  a k - l r k - l  K()(%-lrk-l ) ‘1 (’) 

where /. = CI r (93 1 k k - l  * 

F o r  c r o s s i n g  a normal., o r  “ t h i c k “  region, t h e s e  m a t r i x  e l e m e n t s  a r e  

computed by  GAMCAL a c c o r d i n g  t o  t h c  above r e l a t i o n s h i p s .  

However, i f  t h e  r e g i o n  i s  “ t h i n ” ,  a s p e c i a l  p r o c e d u r e  i s  u s e d .  I n  

t h a t  c a s c ,  n o t e  t h a t  a t  the i n n e r  boundai-y, r of t h e  r e g i o n  k, t h e  

m a t r i x  e l e m e n t s  a r e  
k’ 
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To crvss r e g i o n  k, t h e  T-rnatrix is the p r o d u c t  T 

In t h e  f o l l o w i n g  e q u a t i o n s  we w i l  1 d r o p  the  ( k i 1 , k - 1 )  f o r  conveniericc.  
- k + l , k  :k,k-l '' Tki1,k-I. 

T h e  matrix eI.ernents of the produc t  a r c ?  t h e n  

T12 -= T I. 1 (k- I - l ,k )  T 1 :2 ( k , k - I )  -!- T l f ( k + l , k )  T 2 2 ( k , k - 1 )  , (100) 

TZ1 =; T,., ( k + l , k )  T .  (k,k-1) -i- Tpp(k-i-1.,k) T ( k , k - 1 )  , (7.01. ) 
L 1 1.1 . .. 21 

and 

(k-i-1,k) T12(k,k-1) -1- T, , , (k t l ,k )  T ,> , , (k ,k- l )  - (102) 2 1. L L.. L-,.. 
T,,,, = T 
:..d 

This matrix rnuI . t ip1 . ica t ion  y i e l d s  t h e  following complcx e lemei~ts  of  t h e  

p r o d u c t  ma t r ix :  
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Note t h a t  t h e  f u n c t i o n s  i n  t h e  s q u a r e  b r n c l w t s  i n  each  m a t r i x  e l e -  

tnclnt  a r e  j u s t  f o u r  combina t ions  of mod i f i ed  Bessel f u n c t i o n s  : 

G (z,h) = [I 1 (z-i.h)K1(z) - I l ( ~ ) K l ( ~ i - h ) ] ,  and (1.09 1 
3 

G $ ( z , h )  ( z+h) [ I  0 ( z i h ) K l ( ~ )  I l ( ~ ) K 0 ( z + h ) ] .  (110)  

These f u n c t i o n s  a r e  c a l c u l a t e d  by a s u b r o u t i n e  named CCALC, wliich w i l l  b e  

d e s c r i b e d  s e p a r a t e l y .  

The m a t r i x  e l e m e n t s  a r e ,  then, i n  t h e  c a s e  of  t h e  t h i n  r e g i o n ,  n, 

= Q ni-1 r n K 0 (a  n t l  L^ n ) p n - l r n - l ) G l ( Z , h )  

-1- (vn t l / P n ) K l ( ~ ~ n  ~ l ~ ~ l ) ~ l ( ~ ~ l l - ~ r n - l ) G ~ ( ~ ’ h )  

(111 ) 

(112) 



(114) 
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c 
c 
c 

c 
c 
L 

c 
L 
c 
L 
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c: 
c 
c 

c: 
c; 
c 
c 
C 
C 

C H E C K  FOJ< T H I V  R E G I B Y  
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c; 
c 
c 



C 
14c 

1 4 5  

1 5 0  
C 
c 
C 

1 ST, 

c 
c 
C 

160 





11. B(5a )  GCALC 

T h i s  s u b r o u t i n e  i s  used t o  imp1 ement a s p e c i a l  p r o c e d u r e  f o r  " t h i n "  

c o n d u c t o r  r e g i o n s  i n  t h e  computa t ions  of  GAMCAL f o r  t h e  gaiima f a c t o r ,  

GCALC computes t h e  r e a l  and imag ina ry  p a r t s  of the f o u r  f u n c t i o n s ,  

G l ( z , I i )  =: z[K 0 ( z ) I 1 ( z i - h )  i- I o ( ~ ) K , ~ ( z ~ ~ - l ~ ) ] ,  (115) 

G ( z , h )  : [I 1 ( Z < - I I ) K ~ ( Z )  - I1(~)K1(z- t -h) ] ,  and (I. 1'1 ) 3 

G 4 ( z , h )  = ( Z i h ) [ I , ( z + h ) K l ( z )  + I L ( ~ ) K O ( ~ - t h ) J .  (118) 

I n  t h e  above f u n c t i o n s ,  z - a r and 11 F;: ( r  - r ) i n  k e e p i n g  k l i-1 li k k -1 
w i t h  d e f i n i t i o n s  i n  t h e  r e s t  o f  t h i s  r e p o r t .  

To p r e s e r v e  a c c u r a c y  i n  t h e  c a l c u l a t i o n  of t h e  G f u n c t i o n s  f o r  h 

s m a l l  compared w i t h  z ( i . e . ,  a t h i n  r e g i o n ) ,  WE expand t h e  Besse l  f u n c -  

t i o n s  a t  z-th i n  T a y l o r  s e r i e s  a b o u t  z :  

and 

m k 
KO(z+h) = Ko(li)(z)$- , 

k=O 

(120) 

(121) 

(122) 

k 
where I o ( k ) ( z )  = ($ I o ( z ) )  



D e r i v a t i v e s  a r e  needed f o r  t h e s e  Bessel f u n c t i o n s  a t  z .  U s e  a t  made of 

t h e  known r e l a t i o n s ,  11 

K 1 ( ' ) ( z )  = -K0(z) - ; K l ( z )  1 . (126) 

F o r  k = 1, E q .  (124)  i.s a c a s e  of  t h e  g e n e r a l  r e l a t i o n ,  

T h i s  c a n  b e  v e r i r i - o d  by i n d u c t i o n  on k. Replace  k i n  E q .  (127) by k + l ,  

and compare t h e  

I/" t i m e s  E q .  ( 

S i m i l a r l y  , 

K l ( k ) ( z )  = 

r e s u l t  o b t a i n e d  by d i f f e r e n t i a t i n g  E q .  

2() t o  t h e  r e s u l t .  

(127) arid a d d i n g  

E q .  (126) i s  a s p e c i a l  c a s e ,  f o r  k = l ,  of t h e  r e l a t i o n  

To c o n t i n u e  w i t 1 1  p r e p a r a t i o n s  t o  compute t h e  T a y l o r  s e r i e s ,  E q s .  

(119) t l i rough (122), assume 

Io ( k ) ( z )  = S k ( z ) I o ( z )  -: T k ( z )  I 1 ( z )  . 

For  k : 0, 1, and ?, and usi-ng E q s .  ( l ?3)  and (124), t h e n  

S 1 ( z )  = 0 , T1(z)  = 1 

1 
s * ( z )  = 1 , T , ( z )  ;= - - . 

i. 2 
______ 

I'M. Abrarnowitz and I. A .  Stegun,  Handbook o f  Mathemat ica l  Funct ions ,  
N a t i o n a l  Bureau of S t a n d a r d s ,  196>, p .  376, f o r m u l a s  (9.6.27 and 9.6.28). 



'7 1 

To d e t e r m i n e  f o u r - t e r m  r e c u r r e n c e  r e l a t i o n s  f o r  S ( 2 )  and T (z), s u b s t i -  

t u t e  t h e  e x p r e s s i o n  i n  E q .  

F i r s t ,  u s e  E q .  (125) t o  r e p l a c e  I ("'(z) by IC) 

k k 
(129) w i t h  a p p r o p r i a t e  k-values i n t o  E q .  (1;)s). 

(T), and t h e  r e s u l t  i s  (k 1 1  ) 
1 

By e q u a t i n g  t h e  f u n c t i o n  c o e f f i c i e n t s  c o r r e s p o n d i n g  t o  1 (z), and a l s o  

I l ( z ) ,  i t  i s  s e e n  t h a t  S ( 2 )  and T (z) b o t h  s a t i s f y  t h e  f o u r - t e r m  r e c u r -  

rence r e l a t i o n  

0 

k IC 

(1-31- 1 k s (7,) = - - S k ( Z )  - I -  s ( z )  ..I- k + l  z k - l  Z 

The same r e c u r r e n c e  r e l a t i o n s  i n  E q .  

d i f f e r e n t i a t i o n  on Eq .  (129). 

(141)  c a n  be d e r i v e d  by u s i n g  d i r e c t  

The p a r a l l e l  p r o c e d u r e  can  b e  c a r r i e d  o u t  t o  d e v e l o p  e x p r e s s i o n s  

P,(z) and Q k ( z )  so t h a t  

I n  t h i s  c a s e ,  u s i n g  E q s .  (125) and (126), 

Po(.) = 1 , Q , ( z )  = 0 , 

P1, (z)  = 0 , Q , ( z )  = -1 , 
and 

( z  ) 
(k+l ) S u b s t i t u t i o n  o f  E q .  (152) i n t o  E q .  (128), u s i n g  K ("'(z) = - K O  

f rom E q .  (125), y i e l d s  f o u r - t e r m  r e c u r r e n c e  r e l a t i o n s  f o r  b o t h  P (z) arA 
1 

k 
(2k('>: 



From t h e  i n i t i a l  c o n d i t i o n s ,  we i - d e n t i f y  

P k ( z )  = S ( z )  and Q (z) = T ( z )  . k k k 

Then E q .  (132) i.s r e p l a c e d  by 

K r , ( k ) ( ~ )  = S k i % )  K, 3 ( 2 )  - T k ( z )  K I ( z )  . 

F u r t h e r ,  b y  E q s  . (125 ) and (123), 

The e x p r e s s i o n s  i n  E q s .  (llsi) t h r o u g h  (122) i n  terms o f  t h e  S ( 2 )  and k 
Tk(z) a r e :  

M k hk h 
OC ( k )  hk 03 

KI(z+-h)  := K1 ( z ) ~  = - K O ( % )  S k + l ( ~ ) ~  -!- K ( 2 )  T k + l ( ~ ) c  . 
k=3 1 k= 0 k= 0 

The G ( z , h )  f u n c t i o n  t h e n  becomes, u s i n g  E q s .  (135) t h r o u g h  (136), 1 



( 1.4 0 ) 

s i n c e  t h e  e x p r e s s i o n  i n  t h e  s q u a r e  b r a c k e t s ,  t h e  c o e f f i c i e n t  of t h e  sum 

i s  t h e  Wronskinn o f  thr modi f i ed  UessE-l f u n c t i o n s .  S i m i l a r l y j  w e  F i n d  

CX r r 
7, 1-11 1) 11 -- n Note t h a t  - - - I , which i s  r e a l .  

i i  n - 1  n - 1  Z CY r r 

( 14 1 ) 

( 1 h 2 ) 

( l ' l j  

These compiitations a r e  performed i n  GCAT,C, making u s e  of t hc  f o u r -  

t e r m  r e c u r r e n c e  r e l a t i o n s  d e r i v e d  f o r  S ( 2 )  and T (.). 
k k 

A l i s t i n g  o f  GCALC f o l l o w s .  





I 1 5 

1 2 0 

1 0 5  
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11- B(:',b ) MODBES 

The MODBES s u b r o u t i n e  i s  u s e d  f o r  r e a l  argument x t o  o b t a i n  thc  

m o d i f i e d  Hessel f u n c t i o n s  P (x ) ,  L (x), KJx),  anci I< (x). 

f u n c t i o n  approx ima t i . ons  

v a l u e s  of x.  

Io(") and I , (x ) ,  when x :i.s noir g r e a t e r  t h a n  1. 

~ a t i o n a ~  
0 I 1. 12 are  used  t o  g i v e  K .  (x) and K L ( x )  f o r  a l l  

0 
S i m i l a r  r a t i o n a l  f u n c t i o n  a ~ ) p r ~ x i m ~ i t : i ( ~ ~ i . s ' ~  are used for 

I f  x i s  grEiat:er t h a n  I ,  Io(:<) arid L ( x )  a r e  cal .c~t l .nted by a b a c k -  
13 ward r e c u r s i o n  sys t em of  (:I.enshnw, w h i c h  uses Chebyshev pol .ynomials  . 

1 

The  acc i i r acy  o f  MODCES u s i n g  t h e  7 , c O  computer  ,311d doub le  p r ~ c i s i o n  

a r i t l i a i c t i c  i s  a t  least 15 dec ima l  d i g i t s ,  a s  checked a g a i n s t  t he  6 J S  

t ab1  es of  33erger and McAl3 i s t e r  (unpub l i shed  ). l b  

A l i s t i n g  o f  MODBES f o l l o w s .  

A .  E .  Russon and J .  M. B l a i r ,  R a t i o n a l  F u n c t i o n  Minimax Approxi -  
l? 

m a t i o n s  f o r  t h e  B e s s e l  F u n c t i o n s  K ( x )  and K & AECL-5lc61, p p .  19-45 
(October  1969). 

13Y. L. Luke, Mathemat ics  i n  S c i e n c e  and E n g i n e e r i n g ,  Vol. 1 ,  p p .  

(1 1 

5<>'7-?9, Val. 2, p p .  548-1jli1, Academic, New York, l Y L 9 .  
14 B .  S .  Re rge r  and H. M c A l l i s t e r ,  A T a b l e  of  t h e  - Modif ied  B e s s e l  

Func t ions ,  U n i v e r s i t y  o f  Maryland, College Park, Md. 
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11. B(3c)  CHIMES - 
L'he CNDBbS s u b r o u t i n e  i s  u s e d  f o r  complex argument ,  z - x i i y .  L e t  

R =/- b e  t h e  a b s o l u t e  v a l u e  o f  z. 

i; Ko(z) and K ( 2 )  a r e  computed by a r a t i o n a l  approx ima t ion  method. 

i s  doiie b y  a subrouLi lw named COMKK. I n  t h e  same ~ ~ n g e  of R, i,(() and 

I 1 ( z )  a r e  c a l c u l a t e d  by barkward rcr i j r r r r ice  i n  a s u b r o u t i n e  named C M C .  

F o r  R l e s s  i l lan o r  e q u a l  t o  

T h i s  1 

Asymptot ic  s e r i e s  i n  (XDBES a r e  used f o r  R g r e a t o r  t h a n  t t o  ob ta i i i  

app rox ima t ions  o f  I ( 7 ) .  K , ( z ) ,  Z ~ ( Z ) ;  and K (z). 

10 s i g n i f i c a n t  d i g i t s  f o r  these f u n c t i o n s  oi a complex aigument  zi chcck ing  

a g a i n i t  t a b l e s  for t h e  K e l v i n  : u n c t i o n s  ( p .  1 and p p .  I I ~ L J . ~ ~ ) ,  a n d  

a1 5 0  check ing  a g a i n s t  approx ima te  v a l u e s  i n  ORNL-Th-;  2 J , .  

Accuracy a t  1 < > a s t  
i' 1 

11 

1 

Fol lowing  is a l i s t i n g  o f  CMDBES. 
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11. ~ ( 3 c i )  COMB 

The COMXB s u b r o u t i n e  i s  used  to o b t a i n  t he  modil'iet-l B e s s e l  f u n c t i o n s ,  

K g ( z )  and K (z), f o r  complex i ndependen t  v a r i a b l e  z = x i i y .  

v a l u e  of z must not  be g r e a t e r  t h a n  8 t u  i n s u r e  t h a t  t h e  r a t i o n a l  

approximati on15 method i s  successful. 

The a b s o l u t e  1 

A l i s t i n g  of t h e  C O W  s u b r o u t i n e  follows. 

"Y. L. Luke, "The S p e c i a l  F u n c t i o n s  and T h e i r  Approximat ions ,  'I p .  
229 i n  Mathemat ics  i n  S c i e n c e  and E n g i n e e r i n g ,  V o l .  :2> Academic, New 
York, 1969. 
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11. ~ ( 3 c i j - I  CMI _- - 
The C M I  s u b r o u t i n e  is used t o  o b t a i n  t h e  m o d i f i e d  Bessel f u n c t i o n s ,  

Io(") and I l ( z ) ,  f o r  a complex independen t  v a r i a b l e  z - xiiy. 

ward r e c u r r e n c e  method i s  used,  which i s  d e r i v e d  f r o m  t h e  r e c u r r e n c e  

r e l a t i o n s  (9.6.26), p .  j7(6. 

A back-  

11 

A l i s t i - n g  of  t h e  C M I  program follows. 
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111. EXECUTION OF INNMLJL 

A .  TELINC . Fii Program 

We s h a l l  g i v e  some comments and i n s t r u c t i o n s  f o r  t h e  e x e c u t i o n  o i  t h e  

It m u s t  b e  used vn t h e  LBM/360 computer  because  of t h e  INNMUI, s u b r o u t i n e .  

c r i t i c a l  impor t ance  of t h e  r e a l  X t 3  a r i t h m e t i c .  

The program may be subrni t ted w i t h  d a t a  t o  the  L I B / J Q O  computer from 

a u s e r ' s  t e l e t y p e  v i a  the PDP-LO computer .  The r e s u l t s  of t h e  c a l c u l a -  

t i -on  may t h e n  be s t o r e d  on t h e  PDP-IO u s e r ' s  d i s k  f i l e  t:o be  p r i n t e d  on 

t h e  u s e r ' s  t e l e t y p e .  

However, I N W L  and i t s  s u b r o u t i n e s  a r c  r e s i d i n g  on n d i s k  pack, 

which i s  a par t :  of t h e  D i r e c t  Access S t o r a g e  of t h e  IBM/360 cornputcr. 

T h e r e f o r e ,  t h e  program may b e  s u b m i t t e d  i n  any o t h e r  c o n v e n i e n t  way t u  t h e  

$60, f o r  example, by c a r d  j o b  d e c k .  O n c ~  may a l s o  o b t a i n  t h e  u s u a l  p r i n t -  

o u t  from t h e  h i g h - s p e e d  p r i n t e r .  

When t h e  INNMUL program and i t s  DRIVER a r e  s u b m i t t e d  t o  t h e  360 

computer  f o r  e x e c u t i o n ,  the  d a t a  which arc' t o  be p rocessed  must be 

i n c l u d e d  i n  a d a t a  f i l e .  T l i i s  d a t a  f i l e  i s  r ead  by  t h e  DRIVER program 

d u r i n g  e x e c u t i o n  on t h e  -360, and must be i n  a c e r t a i n  r e q u i r e d  forrriat, 

cor  res pond i n g  t o  ca  r d  -c o lumns . 
The TELLNC.Fh program was w r i t t e n  f o r  h e l p  t o  t h e  u s e r  i n  p r e p a r i n g  

t h i s  d a t a  r i l e  a t  t h e  t e l e t y p e .  It a l l o w s  t h e  u s e r  t o  g i v e  t h e  d a t a  a t  

t he  t e l e t y p e  i n  f r e e  form, r a t h e r  t h a n  spaced  o u t  e x a c t l y  t o  c o r r e c t  c a r d -  

image f o r m a t .  The u s e r  t y p e s  t h e  d a t a  numbers, s e p a r a t e d  by commas, i n  

r e s p o n s e  t o  t h c  program a s  i t  Clxecutes i n t e r a c t i v e l y  on t h e  PDP-IO. The  

TELINC.Fb program t h e n  c r e a t e s  t h e  n e c e s s a r y  d a t a  f i l e  i n  c o r r e c t  fo rma t  

and s t o r e s  it on t h e  u s e r ' s  d i s k .  On t h e  u s e r ' s  d i s k  t h i s  d a t a  f i l e  i s  

t h e n  r eady  t o  be s u b m i t t e d  v i a  t h e  PDP-IO w i t h  t h e  INNMUI, program and i t s  

DRIVER t o  t he  I I ~ M / S ~  J f o r  e x e c u t  i on .  

A l i s t i n g  of t h e  TELINC.Fh program f o l l o w s .  The n e x t  s e c t i o n  w i l l  

be a d e s c r i p t i o n  of d a t a  r e q u i r e m e n t s .  
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111. ( E )  Data D e s c r i p t i o n  

The d a t a  a r e  d e f i n e d  f o r  t h e  TELINC.Flr program i n  t h e  same o r d e r  t h a t  

t h e  D R I E R  program r e q u i r e s  them f o r  e x e c u t i o n  of INNMUL. 

names of  t h e  v a r i a b l e s ,  w i t h  t h e i r  meanings and u n i t s ,  

g i v e n  be low.  

t h e  d a t a  f i l e  when it  i s  s u b m i t t e d  w i t h  INNMJL and i t s  D R I V E K  t o  t h e  

IBM/J6O for e x e c u t i o n .  

c o r r e s p o n d s  t o  t h e  o r d e r  g i v e n  f o r  t h e  l i n e s  on t h e  t e l e t y p e ,  o r  c a r d -  

image e q u i v a l e n t  s .  

The FORTRAN 

j f  any,  w i l l  be 

T h e  fo rma t  s p e c i f i c a t i o n s  a p p l y  on ly  t o  t h e  f i n a l  form o f  

The o u t l i n e  of  d a t a  e n t r y  g i v e n  i n  F i g .  15 

F i r s t ,  d a t a  a r c  g i v e n  f o r  a c o i l  and i t s  d i rncns ions .  

SIGH1 
OF DATA 

WRITE 

NORMAL 

I ............ 
WRITE 

R1. R?. L. L I  

W R I T E  
Y ,  I W N E f * l  

0 R N L - D : V G  72 Ifi’6Z i l l  

....... 

WRIT.? 
FREG 

ID15 51 

END 
OF DATA 

IHAVEY 

WRI r E  
F i l l ) .  F M ! l l ,  

PEHM I I I 
FOR I =- 1 TO N 

(3015.81 

F i g .  13. F1.ow O u t l i n e  of  Data f o r  the Program DRIVER.  
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L ine  1: 

TATR: NORMAL Forinat (212 >f 
L A I R  (a  f l a g )  > 0 i f  A-1 i s  t o  be r e a d  a s  d a t a ;  

= C i f  A 3  i s  t o  be c a l c u l a t c d  by t h e  INNMlJL program; 
<x 3 i f  i n p u t  d a t a  a r e  ended and no new c o i l  d a t a  a r e  

t o  be g i v e n .  

NORMAL (a f l a g )  = C, i f  t h e  c o i l  d imens ions  a r e  g i v e n  i n  i n c h e s ,  o r  
some o t h e r  u n i t ;  

t h a t  i s ,  d i v i d r d  by  t h e  mean c o i l  r a d i u s .  
- 1 i f  c o i l  d imens ions  a r e  g i v c n  i n  no rma l i zed  foriii, 

L ine  la: ... 

A 3  Format ( n l 2  . E  ) $ +  

A 3  i s  t h e  ai . r  v a l u e  f a c t o r  f o r  n o r m a l i z a t i o n  of  t h e  c o i l  imped- 
a n c e .  I n  p r a c t i c e ,  i t  i s  usuaI . ly  c a l c u l a t e d  by a n o t h e r  p r o -  
gram, c a l l e d  AT.KCO.9 

L ine  2: 

K 1 ,  R2, L, L 1  Format ( k D l 5 .  ?)). >: 

R1 i s  t h e  i n n e r  c o i l  r a d i u s .  
R2 i s  t h e  o u t e r  c o i l  r a d i u s .  
L i s  t h e  d i s t a n c e  t o  t h e  t o p  of  t h e  c o i l  f rom t h e  z=O p l a n e .  
L1 i s  t h e  d i - s t a n c e  t o  t h e  bo t tom of t h e  c o i l  lrorn t h e  z::-C 

A l t e r n a t i v e l y ,  L i s  c o n v e n i e n t l y  g i v e n  a s  t h e  l e n g t h  of  t h e  
c o i l ,  and t h e n  Ll=C i s  g i v e n .  Only t h e  l e n g t h  of t h e  c o i l  
i s  a c t u a l l y  needed by t h e  program. 

The v a l u e  g i v e n  t o  t h e  f l a g  N O W L  d i c t a t e s  u n i t s  u s e d .  I f  
i n c h e s  a r e  not used  f o r  unnorrnal ized d imens ions ,  c a u t i o n  must 
be  e x e r c i s e d  i n  o t h e r  d a t a  r e q u i r i n g  mean c o i l  radj-us .  Must 
u s e  I H A V E M  > 0. 

p l a n e .  

The n e x t  s e t  of  d a t a  gi-ves  i n f o r m a t i o n  a b o u t  t h e  c o n d u c t o r s .  

L ine  3 :  
N, I H A V E M  Forirrat (2Tj ) x  

N i s  t h e  number of c o n d u c t o r s  i n  one s e t  of c o n d u c t o r  d a t a .  
__ 

;5 
A l l  v a l u e s  w i t h  a n  1 5  fo rma t  shou ld  be e n t e r e d  r i g h i - j u s t i f i e d  as a n  
i n t e g e r ,  no dec ima l  p o i n t ,  i n  a F i e l d  of 5 p l a c e s ,  w i t h  a s  many blank.; 
a s  nccded on t h e  l e f t  t o  f i l l  u p  t h e  5 p l a c e s .  2T5 i s  used  f o r  two 
such  f i e l d s ,  making 10 s p a c e s  i n  a l l .  

A l l  v a l u e s  w i t h  a D 1 5 . 8  format  shou ld  b e  e n t e r e d  a s  a numbrr w i t h  d e c i -  
mal p o i n t  j n  a f i e l d  of  15 p l a c e s .  f h e  D exponent  form shou ld  b e  used ,  
p o s i t i o n e d  so  t h a t  t h e  exponent  i s  r i g h t - j u s t i f i e d  i n  t h e  l 5 - p l a c e  
f i e l d .  
making 45 o r  60 s p a c e s .  

Y Y  

3Dl3.e o r  bDl5 .e  a l l o w s  j or  b such  f i e l d s ,  r e s p e c t i v e l y ,  
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N < - 0 i n d i c a t e s  t h a t  no more s e t s  of c o n d u c t o r  d a t a  a r e  t o  be  
g i v e n .  Then r e c y c l e  t o  L ine  1 € o r  a new c o i l  and then 
f u r t h e r  c o n d u c t o r s  f o r  t h a t  c o i l .  

- 2  IHAVEM ( f l a g )  i n d i c a t e s  h o w  t h e  q u a n t i t i e s ,  (+urm , a r e  t o  be 
g i v e n  f o r  t h e  c o n d u c t o r s  (see s e c t .  IU of t h i s  a p p e n d i x ) .  

I H A V E M  > 0 i n d i c a t e s  t h a t  t h e  q u a n t i t i e s  w i l l  b e  g i v e n  d i r e c t l y ;  
: 0 i n d i c a t e s  t h a t  t h o s e  q u a n t i t i e s  w i l l  be  c a l c u l < I t e d  from 
o t h e r  d a t a  i n c l u d i n g  0; 
< 0 i n d i c a t e s  t h e  q u a n t i t i e s  w i l l  be  c a l c u l a t e d  from o t h e r  
d a t a ,  u s i n g  i e s i s t i v i t y ,  0 r a t h e r  t h a n  a .  

L i n e  4: 
Use a s  inany l i n e s  a s  t h e  number N of c o n d u c t o r s .  

R ( I  > , E m  >, P E M ( 1 )  Format (3~1; .8),+ 

(used i f  LIiAAVEM :> 0 )  

R ( 1 )  i s  t h e  i n n e r  c o i l  r a d i u s  of c o n d u c t o r  I .  It i s  g i v e n  
a c c o r d i n g  t o  t l ie  f l a g  NORMAL which was g i v e n  a s  p a r t  of 
t h e  c o i l  d a t a .  

The r a d i i  a r e  g i v e n  i n  d e s c e n d i n g  o r d e r  o f  s i z e .  A l l  
r a d i i  will b e  g r e a t e r  t h a n  one i f  t h e y  a r e  no rma l i zed  
when g i v e n  a s  d a t a .  

E M ( 1 )  i s  t h e  q u a n t i t y  q ~ . c r T ~ ~  f o r  c o n d u c t o r  I. 
PERM(1) i s  t h e  r e l a t i v e  p e r m e a b i l j  t y ,  f o r  c o n d u c t o r  I. IIRELJ 

Then r e c y c l e  t o  l i n e  Jj f o r  a n o t h e r  s e t  of c o n d u c t o r s  ur t o  i n d i c a t c  end 

of d a t a  f o r  t h i s  c o i l .  

L ine  5:  
F E Q  Format ( D I ~  .S).;x 

(used i f  IHAVEM < - 9) 

FREQ i s  tlie f r e q u e n c y  o f  t h e  d r i v i n g  c u r r e n t  g i v e n  i n  k i l o h e r t z  
The a n g u l a r  f r e q u e n c y  i s  c a l c u l a t e d  t o  b e  o = 2ii x (FREQ) 
x 103.  

-- Line  5 a :  

RBA R Format ( D L J . ~ ) ” ~  
(u se  i f  IHAVEFI < I 0 and NORMAL = 1 )  

RBAR i s  t h e  mean c o i l  r a d i u s  i n  i n c h e s .  T h i s  i s  needpd s i n c e  
c o i l  d a t a  i s  g i v e n  a s  norma l i zed  and hence  RDAR i s  n o t  
c a l c u l a t e d  by the program. 

Line  [J: 

Use a s  many l i n e s  a s  t h e  nutnber N o f  c o n d u c t o r s .  

R ( I  ), SIGMA (I ), PEKpI(1)  Format (3~1).8)&* 

(used i f  IHAVEM = 0) 

R ( 1 )  arid PERM(1) a r e  t h e  same a s  L i n e  I & .  

SIGMA(1) i s  t h e  c o n d u c t i v i t y ,  U, of  c o n d u c t o r  I, i n  mtios/m. 

Then r e c y c l e  t o  Line  j € o r  a n o t h e r  s e t  of c o n d u c t o r s ,  or t o  i n d i c a t e  t h e  

end o f  d a t a  f o r  t h i s  c o i l .  
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L i n e  6 a :  

Use a s  many l i n e s  a s  t h e  number N of  c o n d u c t o r s .  

R ( I ) , R H O (  r), PEREYI(I) Format (3~15.8)~* 

(used i f  XIIAVEM < 0) 

R(I) and IJERM(I) a r e  t h e  same a s  L ine  I + .  

R H O ( 1 )  i s  t h e  r e s i s t i v i t y ,  0, f o r  e a c h  conduc to ry ,  i n  pi,c-cm. 

Then r e c y c l e  t o  L ine  3 f o r  a n o t h e r  s e t  of  c o n d u c t o r s ,  o r  t o  i n d i c a t e  t h e  

end o f  d a t a  f o r  t h i s  c o i l .  

111. ( C )  Sample Data  and R e s u l t s  -- 

I n  r e l a t i o n  t o  t h e  PDP-10, t h e r e  a r e  f o u r  s t e p s  t o  p r o c e s s i n g  d a t a  

w i t h  LNNMUL by remote methods .  Each s t e p  i s  a r e s p o n s e  t o  t h e  Moni tor  

symbol " . ' I ,  which a p p e a r s  a t  t h e  l e f t  of a new l j n e  when i n  Moni to r  Mode. 

A sample t e l e t y p e  p r i n t o u t  may b e  seen a t  t h e  end of t h i s  s e c t i o n .  

(1. ) .EXECUTE TELINC. F ~ C  

Then t h e  u s e r  r e sponds  from t h e  keyboard,  w i t h  t h e  i n p u t  d a t a .  

(2. ) .TYPE FORO1 .UAT 

Then t h e  u s e r  may i -nspec t  t h e  typed-ou t  d a t a  b l o c k  t h a t  h a s  b e e n  

c r e a t e d  i n  t h e  p reced ing  s t e p ,  t o  s e e  i f  i t  i s  s a t i s f a c t o r y .  Changes 

may be  made u s i n g  TECO. 

(3. ) . K  SUBMIT 
*-,CVLISAV. JCT, 
%=USEINN.  F11 */+ 
*=A Z Z Z Z  Z . J CL 
3 = F O R O l .  DAT 
*END I N P U T  

Thi.s s t e p  submi t s  the  j o b  t o  the  1m/360 computer .  

time t o  run ,  t h e  n e x t  s t e p  i s  t o  t y p e  o u t  t h e  r e s u l t s .  

A f t e r  i.t h a s  had 

( I t . )  .TYPE CVDC.PKT 

Some sample c a s e s  have  been  s u b m i t t e d  i n  t h i s  manner, u s i n g  t h r e e  d i f f e r e n t  

c o i l s  f rom t h e  work be ing  done.  

The f i r s t  c o i l  t o  b e  used  h a s  a n  a i r  v a l u e ,  Ag, g i v e n  a s  0.0463502. 
The d imens ions ,  g i v e n  i n  unnormal ized  form, a r e  R 1  = C.350, R2 = 0.360, 
and L = 13.625. There  a r e  t h r e e  c o n d u c t o r s  o u t s i d e  the c o i l ,  and d a t a  



f o r  them a r e  t o  be g i v e n  w i t h  r e s i s t i v i t y ,  i n d i c a t e d  by the f l a g ,  -1. 

The f r e q u e n c y  i s  24.7, and t h e  r a d i u s ,  r e s i s t i v i t y ,  and r e l a t i v e  permea- 

b i l i t y  a r e  g i v e n  f u r  t h e  t h r e e  c o n d u c t o r s .  The t h r e e  r a d i i  a r e  1.81.5, 
0.3925, and @..,62,5. The t h r e e  r e s i s t i v i t i e s  a r e  16.5'1, lib;?.?, 16.5'y. 
The three p e r m e a b i l . i t i e s  a r e  a l l  one .  

Looking a g a i n  a t  the sample d a t a ,  a n o t h e r  c a s e  i s  done u s i n g  t h e  

same c o i l .  Again t h e r e  a r e  t h r e e  c o n d u c t o r s  o u t s i d e  the  c o i l ,  and t h i s  

t i m e  t h e  d a t a  a r e  t o  i n c l u d e  t h e  PI v a l u e  f o r  each  conduc to r ,  a s  i n d i c a t e d  

by t h e  f l a g  o f  one.  Then the r a d i u s ,  PI valiie,  and r e l a t i v e  p e r m e a b i l i t y  

a r e  g i v e n  f o r  e a c h  c o n d u c t o r .  The t h r e e  Pl v a l u e s  a r e  95.69'1(9?, 0, and  

9 ,I . c;9:cr(3:!. 

N o  more cases a r e  g i v e n  i n  t h i s  d a t a  b l o c k  f o r  t h i s  c o i l ,  a s  s i g -  

n a l l e d  by  a va1.ue of -1 f o r  t h e  number o f  c o n d u c t o r s .  The next c o i l  

h a s  a n  a i r  v a l u e  o f  8.11-5005 x 1 0  

R1. =: 0.2'7625, R 2  =: 0.2-(8r(>, and L == 2.0625. There a r e  t h r e e  c o n d u c t o r s  

o u t s i d e  t h e  c o i l ,  and r a d i u s ,  r e s i s t i v i t y ,  and pe . rmeab i l i t y  a r e  g i v e n  

f o r  each c o n d u c t o r  a s  w e l l  a s  t h e  f r e q u e n c y  of 20 kHz. The t h r e e  r a d i i  

a r e  0.3-(6, O.37j, and 0.356. The t h r e e  r e s i s t i v i t i e s  a r e  10, -((I, and 

80 p i i - c m .  The t h r e e  r e l a t i v e  p e r i i i e t i b i l i t i e s  a r e  1, 10 , and 1. 

-4 , and utinormalized given. d imens ions ,  

3 

The t h i r d  c o i l  which i s  g i v e n  i n  t h e  sample d a t a  b l o c k  h a s  an  a i r  

v a l u e  0.11r('r("76, and t h i s  t ime  t h e  c o i l  d imens ions  a r e  g i v e n  i n  no rma l i zed  

form. These norma l i zed  v a l u e s  a r e  R1 = O.g'['[6119h, R% =: 1..0223[:?11., and 

1; == 38.8C)597. The f i r s t  c a s e  c o n s i s t s  of two c o n d u c t o r s ,  w i t h  no rma l i zed  

r a d i i ,  M v a l u e ,  and r e l a t i v e  p e r m e a b i l i t y  g i v e n  f o r  each  c o n d u c t o r ,  T h e  

r a d i i  are 1.2011+9j and I.Oe2Og. The t w o  M v a l u e s  a r e  $.778399 and 

2.87j+I.6'1. The r e l a t i v e  p e r m e a b i 1 . i t i . e ~  a r e  b o t h  one. 

T h e  sccond c a s e  o f  t h e  t h i r d  sample c o i l  i s  t h e  same a s  the  f i r s t ,  

w i t h  d a t a  p r e s e n t e d  d i f f e r e n t l y .  Data f o r  t h e  two c o n d u c t o r s  a r e  t o  be 

g i v e n  w i t h  r e s i s t i v i t y ,  i n d i c a t e d  by a f l a g  of -1. Then t h e  f r e q u e n c y  

i s  g iven ,  10 kIiz, and a l s o  t h e  mean c o i l  r a d i u s  i n  i n c h e s ,  0.355, s i n c e  

t h e  c o i l  was g i v e n  a s  a l r e a d y  n o r m a l i z e d .  T h i s  i s  f o l l o w e d  by t h e  

r a d i u s ,  r e s i s t i v i t y ,  and r e l a t i v e  p e r m e a b i l i t y  f o r  each  c o n d u c t o r .  The 

t w o  r e s i s t i v i t i e s  a r e  151.3 and 19-89 WR-cm. The r e l a t i v e  p e r m e a b i l i t i e s  

a r e  b o t h  one .  
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Again, no  more c a s e s  a r e  t o  be s u b m i t t e d  f o r  the t h i r d  c o i l ,  a s  

i n d i c a t e d  by -1 f o r  t l ie  number of c o n d u c t o r s .  The d a t a  a r e  c l o s e d  o u t  

when a n o t h e r  -1 i s  g i v e n  a s  t h e  f i r s t  datum Tor  a n o t h e r  p o s s i b l e  c o i l .  

The t e l e t y p e  l i s t i n g s  f o l l o w  Tor t h i s  s ample .  ‘I’hey show t h e  f o u r  

s t e p s  i nvo lved ,  and t h e  d a t a  f i l e  w i t h  r e s u l t s  of t h e  e x e c u t i o n  of t h e  

program . 
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I V .  ATTEN PROGRAM 

T h i s  program i s  w r i t t e n  t o  c a l c u l a t e  t h e  v o l t a g e  o u t ,  Vout, by Eq. 

(69), i n  c o n s i d e r a t i o n  of t h e  e x t e r n a l  e l e c t r i c a l  c i r c u i t  ( F i g .  11) and 

E q s .  (61)  o r  ( 6 2 ) .  It i s  w r i t t e n  t o  r e c e i v e  a s  i n p u t  d a t a  t h e  c o i l  and 

c i r c u i t  d a t a ,  a s  w e l l  a s  t h e  no rma l i zed  c o i l  impedance, a s  c a l c u l a t e d  by 

t h e  s u b r o u t i n e s  INNMUL o r  ENCMUL. 

The program i s  u r i t t e n  i n  t h e  form of a EOKTRAN s u b r o u t i n e  named 

VOUT. The d r i v e r  program must p r o v i d e  t h e  n e c e s s a r y  d a t a .  A t  p r e s e n t  

t h i s  i s  w r i t t e n  i n t o  t h e  program d i r e c t l y  f o r  t h e  e x e c u t i o n  of  one c a s e .  

T h i s  may be  c a l l e d  i n t o  e x e c u t i o n  on t h e  PDP-IO by t h e  t e l e t y p e  command, 

.EXECUTE VOUT.Fh . The s u b r o u t i n e ,  VOUT, must b e  s u p p l i e d  by a d r i v e r  

p ~ u g r a i n  w i t h  t h e  f a m i l i a r  c o i l  d a t a :  

OMEGA = a n g u l a r  f r equency ,  

R 1  = norma l i zed  i n n e r  c o i l  r a d i u s ,  

R2 = norma l i zed  o u t e r  c o i l  r a d i u s ,  

L = norma l i zed  c o i l  l e n g t h ,  

RRAR = mean c o i l  r a d i u s  ( m e t e r s ) ,  and 

A9 = a i r  n o r m a l i z a t i o n  v a l u e .  

The r e a l  and imaginary  p a r t s  ZRL and Z I M  of  t h e  r~or ina l i zed  c o i l  impedance 

Zn a r e  r e q u i r e d .  

The r e q u i r e d  c i r c u i t  d a t a  a r e  i d e n t i f i e d  i n  F i g .  4 a s  VO, KO, Rg, 
~ 6 ,  C' i ,  R6, and R 7 .  Number of t u r n s ,  TN, must a l s o  be  g i v e n .  

The r e s u l t ,  VOUT, i s  g i v e n  i n  t e r m  of phase  and magni tude ,  a s  w e l l  

a s  by r e a l  and imag ina ry  p a r t s .  

The d r i v e r  program which i s  l i s t e d  h e r e  h a s  a l l  t h e s e  d a t a  w r i t t e n  

i n t o  t h e  program, w i t h  some b e i n g  c a l c u l a t e d  from o t h e r  d a t a .  Fo r  

example, t h e  magni tude  and phase  of  t h e  no rma l i zed  c o i l  impedance a r e  

g i v e n  f i r s t ,  t h e n  conve r t ed  by  t h e  d r i v e r  program i n t o  r e a l  and imag ina ry  

p a r t s  f o r  VOUT t o  u s e  a s  d a t a .  

O the r  d r i v e r  programs might  be  deve loped  f o r  more e x t e n s i v e  c a s e s ,  

o r  t h i s  one may be  v a r i e d  u s i n g  TFCO commands on t h e  PDP-10. 

A l i s t i n g  of t h e  VOUT s u b r o u t i n e  w i t h  i t s  d r i v e r  program f o l l o w s .  
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A l i s t i n g  o f  t h e  da t a  and resul-ts of the e x e c u t i o n  of t h e  preceding program 

i s  shown below. 
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