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CURREI5lTLY RECOMMENDED CONSTITUTIVE EQUATIONS FOR 
INELASTIC DESIGN ANALYSIS OF F'PW COMPONENTS 

C.  E.  X g h  J. M .  Corm 
IC, c.  z iu  W. L. Greenstreet 

This r.eport responds to a request P r o m  the  Hariford Engi- 
neering Developnent Laboratory for ass i s tance  i n  providiEg con- 
s t i t u t i v e  equations t o  describe the  i n e l a s t i c  'ue'havi-or of 
solut ion-treated types 304 and 316 s t a i n l e s s  s t e e l  and 20'; Cold- 
worked type 316 s t a i n l e s s  s t e e l .  
t h e  Fas t  F l u -  Test F a c i l i t y  (FFTF) Project fo r  ine1a:;ti.c design 
analyses of' reactor  components. The request asked t h a t  t h e  
cons t i t u t ive  equations, so far as possible,  account for. p r i o r  
permanent deformation and t h a t  very spec; fi c descyiptioos be 
provided f o r  inclusion i n  i n e l a s t i c  guidelines t o  be rurnished 
t o  FFTF component vendors. 

%ne equations a r e  SOY use by 

Const i tut ive equations a r e  recommended f o r  inter im use and 
Detailed the  underlying reasons f o r  t h e i r  se lec t ion  are given. 

mathematical r e l a t ions  which a re  necessary- for use i n  design 
analyses a r e  derived and recorded. Equations a r e  presented in 
aut i a x i a l  forms fox describing time- independent e l a s t  ic-plas-  
t i c  behavior and time-dependent creep behavior. Because suit- 
able  formulations for coupling creep and p l a s t i c i t y  on a sound 
'oasis do not now exist and because ma te r i a l  beha,vior information 
cone erning c r e  ep-pla st  ic i t y  in te rac t ions  a re  lacking, t he  r ecom- 
mended mathematical descriptions for creep and p l a s t i c i t y  a re  
formulated independently. However, procedures a re  included 
which p a r t i a l l y  take  i n t o  account the  e f f ec t s  of  p r io r  creep 
on subsequent cyc l ic  e l a s t i c -p l a s t i c  behavior by recognizing 
that creep s t r a i n s  can have much the  same hardening e f f ec t s  as 
do pr io r  p l a s t i c  s t r a i n s .  With regarcts t o  both e l a s t i c - p l a s t i c  
and creep behavior, spec i f ic  a t t en t ion  i s  given t o  t h e  appl i -  
cab5l i ty  of cons t i t u t ive  equations t o  cyc l ic  loading conditions. 
Cognizance i s  a l so  maintained of t h e  f a c t  t h a t  t he  recornmended 
procedures must be compatible with ex is t ing  ana ly t i ca l  capa- 
b i l i t i e s .  To support fea tures  of t h e  recommendations, both 
sample ana ly t i ca l  problems and r e s u l t s  from special  experimental 
t e s t s  a r e  shown. 

Keywords : elevated temperature, cons t i t u t ive  equations, 
i ne l a s t i c ,  e l a s t i c -p l a s t i c ,  kinanatic-ha~~dening, creep, s t r a i n -  
hardening, mult iaxial ,  cyclic,  noni sothermal, s t re  s s, s t r a in ,  
time, FFTF. 
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1. INTHODUCTION 

This docuiient w a s  prepared i n  respoase t o  a request froin t he  Hanford 

Engineering Development Laboratory (IIEDL) f o r  ORNL assis tance i n  pro- 

viding consti tuti .ve equations to describe ine1astri.c behavior of solution- 

t r ea t ed  types 304 and 31.6 s t a in l e s s  s t e e l  and 20$ cold-worked type 316 
s t a in l e s s  s tee l . '  

F a c i l i t y  (E'FTF) B o j e c t  f o r  i n e l a s t i c  design analyses of reactor  compo- 
nents, and they were t o  be identified.  through a study of avai lable  infor-  

mation coupbed wit'n engineering judgement t o  cGmpensate f o r  any lack of 

appropriate data ,  

l y t i c a l  capabi l i t i es ,  t h a t  is ,  that  a re  capab1.e of being incorporated 

i n t o  current compu'cati.ona1 techniques and do not cause n m e r t c a l  ins ta -  

b i l i t i e s  i n  those strructural analysts  computer programs present ly  avail- 

able  f o r  use i n  t h e  design of FFTF components, were sought. 

The equations a re  t o  be used by the  Fast  Flux Test 

Formulations that  a re  cmpatib1.e with ex is t ing  ana- 

The HEDL request was i-nterpreted by ORNL as consis t ing of two pr in-  

cipal. parts. Fi r s t ,  interim cons t i tu t ive  equations a r e  needed tha t ,  i n  

so far  as possible, account f o r  t h e  e f f ec t s  of p r i o r  pemment  defoma- 

t i o n  (both time-independent p1asti.c and time-dependent creep) . Second, 
a very spec i f ic  description of these equatlions i s  needed f o r  inclusion 

i n  i n e l a s t i c  analysts guidelines t o  be furnished t o  FFTF component vendors. 

With regard t o  t'ne f i r s t ,  item, such things as the  e f f ec t  of pr ior  creep 

deformation on subsequent p l a s t i c  'oehavi o r  and .Uie e f f ec t  of p r io r  plas-  

t i c  defomation OA subsequent creep behavior were t o  be considered. The 

equations were a l so  to account f o r  such conditions a s  changes f r o m  post- 

t i v e  t o  negative loadtng, increasing o r  decreasing loads w i t h  .time, and 

t h e  introduction of other cycl ic  creep o r  relaxati.on phenomena i n t o  the  
s t r a i n  his tory.  ' I k e  second pa r t  of t h e  HEDL request stemmed from t h e  

need t o  reniove the  vagueness, and the  confusion tha t  apparenl;ly resiulted, 
from t h e  ine l a s t i c  analysis  guidelines that  were included ri.n Appendix A 

of Revisions 3 and h of FRA-152 (Kef, 2 ) ,  which i.s an iilterirll supplemen- 
t a r y  s t ruc tu ra l  desi.gn c r i t e r i a  document f o r  FFTF components 

We have addressed ourselves .Lo t h i s  monimen-1;al t a sk  and carefu l ly  

considered each element of t h e  t o t a l  reques-l;. This docwnen'c records our 

recommendations f o r  cons t i tu t ive  equations f o r  interim use and -l;he 
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underlying reasons f o r  t h e i r  selections,  and, i n  response t o  t h e  need f o r  

spec i f ic  ins t ruc t ions  f o r  i n e l a s t i c  analyses, t h e  de ta i led  re la t ions  nec- 
essary fo r  use i n  analyses a re  derived and recorded. Actu%l data for use 

i n  these  r e l a t ions  a r e  not recommended i n  t h i s  document; rather,  t h i s  

respons ib i l i ty  r e s t s  with the  FFTF project .  

Our cons t i tu t ive  eq-uation recommendati-ons are  bas i ca l ly  the same as 

those XP greviously specif ied i n  Appendix A of FRA--l52, Revisions 3 and 

4. A s  was done i n  FM-152, we have recommended that mathematical descrip- 

t i ons  f o r  creep and p l a s t i c i t y  be formulated independently. 

few exploratory tests to examine t h e  in te rac t ion  e f f ec t s  o f  creep and 

p l a s t i c i t y  have been performed, t h e  avai lable  data  are, at present, rJ.0-t; 

sufficierrt;ly conclusive, i n  our judgement, t o  warrant an attempt t o  ae- 

courit f o r  the in te rac t ion  i n  t h e  cons t i tu t ive  equations. Consequently, 

it i s  our recommenclation t h a t  t h e  most sound engineering approach, and 

the  only feas ib le  approach a t  present, i s  to neglect both the  e f f ec t s  of 
p r io r  creep on subsequent p l a s t i c  behavior and of pr ior  p l a s t i c  behavior 

oi? subsequent creep, i n  the  sense t h a t  no soimd bas is  ex i s t s  for coupling 

t h e  two fundamental theories .  HoweveT, the  e f f ec t s  of p r io r  creep on 

subsequent cyc l ic  e l a s t i c -p l a s t i c  behavior a re  p a r t i a l l y  taken into ac- 

count i n  our recommendations by recognizing t h a t  creep s t r a i n s  can, i n  

much t h e  same way as  p l a s t i c  s t ra ins ,  cause the  e l a s t i c  range of t he  ma- 

t e r i a l  under cyc l ic  conditions t o  increase. mi is  i s  manifested i n  ru les  

for changing t h e  s i ze  of t he  y i e ld  surface considered applicable t o  cyc l ic  
e l a s t i c  -p l a s t i c  conditions. 

Although a 

For e l a s t i c -p l a s t i c  behavior we recommend t h a t  Pragerls c l a s s i c a l  

kinematic hardening model be used with e i the r  t he  von Mises or  Tresca 

y i e ld  c r i t e r i a  and t h e  flow law of von Mises. 

ear  representations o f  t h e  uniax ia l  s t r e s s - s t r a in  cwves bc u t i l i zed .  

In order to approximately account for cycl ic  hardening, we €ufther Tecom- 

mend t h a t  t h e  b i l i n e a r  representation used f o r  t h e  i n i t i a l  loading cycle 
of a component be based on the  monotonic s t r e s s - s t r a in  curve for the 
v i rg in  mater ia l  and tha t  t h e  b i l i n e a r  representation For subsequent cycl ic  

We recommend Ynat b i l i n -  

loadings be based on t h e  cyc l ic  s t r e s s - s t r a in  eurve f o r  the hardened ma- 

t e r i a l .  For creep behavior, we recommend t h a t  t h e  equation-of-state tyTpe 

cons t i tu t ive  theory based on strain-hardening be used. 



Whereas t h e  i n e l a s t i c  analysis  guidelines t h a t  were f i . rs t  s e t  f o r t h  

i n  Appendix A of E'HA-152, Rev. 3, were purposely r a the r  vague, t o  leave 

the  design analyst  as much 1atdtud.e a s  possible, t he  recommndations 
herein are,  as previously s ta ted,  intended t o  'oe very spec i f ic .  Proce- 

d u e s  t o  be used a r e  spe l led  0u.t iil  deta-i l  i n  areas that  were previous]-y 

l e f t  t o  t h e  innovations of t h e  individual analyst .  

expanded Prager' s kinematic hardening p l a s t i c i t y  theory, which w a s  o r i g i -  

nally a n  isothermal theory onl.y, t o  i.ncliide a temperatiire var iab le  -Lo 

accoun% for -the addi t iona l  p l a s t i c  deformation t h a t  caa occiu when a m a -  

t e r i a l  at some know11 s t r e s s  s t a t e  undergoes a change i n  temperature. Tile 

r e su l t i ng  nonisothermal kinematic hardenrihg theory i.s recommended :?or use 
whenever temperati-ilre changes are  encountered. 

A s  a n  exmpl.e, we have 

A second new f e a t w e  of t h e  constitu-Live r e l a t ions  recommended heye- 

i.n i.s t h e  inclusion of a s e t  of aux i l i a ry  har*dcning ru l e s  t h a t  we have 

developed f o r  use  with t'ne strain-ha?.il.ening equation-of - s t a t e  creep theory 

whenever s t r e s s  reversa1.s a re  encountered. Without these  rubes, t h e  

usual strain-hardening procedures can resul t  i n  predictions of anomalous 

behavior i n  reversed-loading si-t;ual;ions, The recommended r u l e s  e l i x i n a t e  

much of t h i s  anomalous behavior. Example creep ca lcu la t ions  a r e  pre- 

sented t o  demonstrate t h e  consis tent  predict ions t h a t  a r e  obtained using 
t'ne new ru les .  

Tne cons t i t u t ive  equations f o r  i n e l a s t i c  analyses .that have been 

developed t o  t'ne point of being usable i n  p r a c t i c a l  applications a r e  a l -  

most invariably based on small-deformation tlieouy, and -Lhe r e l a t ions  

recommended here a r e  simri.larly based. Thi.s, we believe, does not impose 

s ign i f i can t  r e s t r a i n t s  so far a s  FFTF component designs a r e  concerned. 

For desigii condi.tions expected, .the t o t a l  deformatlions i n  a given compo- 
nent should no-L be more than a few percent. 

It should be emphasized ak 'chis point that t h e  constitutive re la-  

'They are based on t h e  t i o n s  recormiiend.ed here in  a re  interim i n  naLm@. 
current  s ta te-of- the-ar t  and will almost ce r t a in ly  be upd-ated and- ii.nprroved 
as we learn more about materi-al- behavior &ad. as w e  devel.op theor ies  to 

more properly represent t he  i n e l a s t i c  beha-rfor t h a t  i s  exhtbited. I n  the 
interim, whai; i s  recommended w5.l.l provide t b e  designer with t oo l s  that 



a re  consis tent  with t h e  accepted state-of-YIie-art and must, i n  our judge- 

ment, be regarded a s  the  bes t  current engineering approach. 

It cannot be overemphasized, however., t h a t  t he  current state-of-the- 

art and t h e  cons t i tu t ive  r e l a t ions  recommended herein are la rge ly  unver- 

i f i e d  i n  de t a i l ,  and t'ney a re  open to many questions. !%us, i n e l a s t i c  

analyses ca,n current ly  be used f o r  making estimates of the basic charac- 

t e r i s t i c s  or  t h e  e s sen t i a l  features  of i n e l a s t i c  response i n  c r i t i c a l  

s i tuat ions,  but t h e i r  use must bz accompanied by a la rge  measure of sound 

engineering judgement. 

Although cons t i tu t ive  equations can be formulated independently or" 

the  i n e l a s t i c  analysis  methods t o  be employed, t h e  procedures t o  be used 

must, Prom a p rac t i ca l  standpoint, be eonsidered. I n  t h i s  document it 
i s  recognized t h a t  f i n i t e  element s t ruc tu ra l  analysi,? computer programs 

t h a t  incorporate i n e l a s t i c  mater ia l  behavior on an ineremental bas i s  a re  

being used by t h e  majority of designers. x. 

t h e  assumption t h a t  t he  t o t a l  s t r a i n  a t  any in s t an t  of time consis ts  of 

th ree  pa r t s :  e l a s t i c ,  p l a s t i c ,  and creep. Discrete increments of time 

a r e  considered i n  which e l a s t i c -p l a s t i c  and creep s t r a i n s  a re  computed 
separately and added to obtain t h e  t o t a l  s t r a i n .  

s ta te-of- the-ar t ,  p l a s t i c i t y  and creep a re  formulated independently, but 

they a re  t r ea t ed  i n  the  anzlysis  procedure i n  an incremental manner t h a t  

approximately accounts €or the  simultaneous e las t ic -p las t ic -c reep  behav- 

i o r .  

These programs are  based on 

'Thus i n  t h e  present 

Elas t ic -p las t ic  analyses using the  € i n i t e  element method a re  based 

on one o r  t he  other of two possible techniques. 

t h e  i n e l a s t i c  analysis  t o  the  solut ion of a succession of e l a s t i c  prob- 

lems. The f i r s t  technique i s  to t r e a t  t h e  p l a s t i c  s t r a i n s  as i n i t i a l  

s t r a ins  i n  an incremental procedure. The second i s  t o  make use of the  

l i n e a r i t y  of t h e  incremental s t r e s s - s t r a in  l a w s  to assemble a new element 

stiffness fo r  each successive s tage of t h e  solution. The f i r s t  approach 
i s  re fer red  t o  as t h e  " i n i t i a l  s t ra in ' '  approach and the  second as the  

Both e s sen t i a l ly  reduce 

*"he current prominence of  f i n i t e  element methods i s  due probably t o  
the  f a c t  t h a t  a s ingle  computer program can readi ly  cope with a var ie ty  
of s t ruc tu ra l  geometries. Other iiumerical proczdures, such as f i n i t e  
differences,  can a l so  be used f o r  i n e l a s t i c  analyses, and t he  discussions 
herein are i n  no way intended to preclude such use. 



"tangent modulus" o r  "modif i.ed s t i f fnes s"  approach. 

of each, and the re  has been much discussj-on about t h e  r e l a t i v e  merits of' 

each. Both, however, a r e  successful ly  used. F i n i t e  element creep ai-taly- 

ses  a re  based on the  "time increment - i n i t i a l  s t r a in"  method. In  t h i s  

proced-ure t h e  time-history of loading (and temperature, i f  it also v a r i e s  
with time) i s  divided i n t o  a number of time in te rva ls ,  and constant values 

of load, temperature, and s t r e s ses  a re  assumed t o  prevaj.1 -i;llroughout each 

in t e rva l .  The s t r e s ses  a re  t h e  values calculated on an e l a s t i c ,  o r  e las-  
t i c - p l a s t i c ,  bas i s  from condi.tions a t  the beginning of the  i i i terval ,  and 
creep strains f o r  .Lhe i n t e r v a l  aye ca lcu la ted  from these  constant s t resses .  

'The creep s t r a i n s  accumulated at the close of a gtven i n t e r v a l  a r e  t r e a t e d  

as i n i t i a l  s t r a i n s  i n  an e l a s t i c  o r  e las t ic-pla ,s t ic  determination of t h e  

s t r e s ses  prevail ing i n  t h e  sii'osequent i n t e rva l .  

Tnere a re  varia-t ions 

This dociment cons is t s  of two main chapters. In  the f i r s t ,  time- 
independent e l a s t i c -p l a s t i c  behavior i s  discussed and appl icable  coilsti- 

t u t i v e  equations a re  recommended. Time-dependent creep behavior i s  d is -  

cussed i n  t h e  second ma,in chapter, and recommended cons t i tu t ive  equatlions 

a r e  presented. Appendices A, 13, C, and D contain discussi.ons of t e s t  

data  and t h e o r e t i c a l  der ivat ions i n  support of t he  two main chapters 
Appendix E i s  a write-up, prepayed by OKNL consul.tant Y.  K. Rashid., 

ou t l in ing  an independent i n t e rp re t a t ion  of t h e  current  state-of-tlne-art 

of i n e l a s t i c  analyses foi- high-temperature deslign, pa r t i cu la r ly  with 

respect  t o  equation-of-state versus hereditary-type creep cons t i tu t ive  

equations a s  a current  design too l .  Rashid's discussion of potential .  

approaches and h i s  assessment of current  prac t ices  a r e  i n  essential .  agree- 

ment with OKNL' s recommendations ~ 

P h a l l y ,  it i s  recognized t h a t  t h e  tensor quant i t ies  arid index nota- 

t i o n  t h a t  a r e  r e fe r r ed  t o  and. used i n  t h i s  document w i l l  be unfamiliar t o  

many readers. Consequently, Appendix F i s  included with the hope t h a t  It 
w i l l  be usefu l  t o  t he  un in i t i a t ed  reader. 

rudriments of index notation a re  b r i e f l y  described, and some of the  s t r e s s  
and s t r a i n  quan t i t i e s  used frequently i n  the  t e x t  a r e  wr i t t en  out i.n 
t e r m  of engineering s t r e s s  and s t r a i n  quan t i t i e s  re fer red  t o  rectangular 
car tes ian  axes (x,y, z) . 

In  Appendix F a few of t'ne 
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High-Temperature S t r u c t m a l  Design MeYnocis f o r  IME'BR Compor-ents, and t h e  

authors wish t o  acknowledge t h e  contributions t o  the  document of o'c'nes 
mep-bers of t h e  program. In  par t icu lar ,  R. W. Swindeman w a s  responsible 

f o r  performing t h e  various cyclic-loading and step-creep t e s t s  on type 

304 s t a i n l e s s  s t e e l  that a re  described. 

various creep analyses th;zt are described, and he a s s i s t ed  iri developing 

This document was prepared as a pa r t  of t h e  0RNL program entit led- 

W. fc. Sartory perfomed the  

the  auxi l ia ry  strain-hardening ru les  recommended fo r  creep analyses, 

2. TIME-INDEPENDENT ELASTIC-PLASTIC BE1HAVTOR 

T h i s  chapter contains a discussion and rccormendation of coristitil%ive 

equations f o r  time-independent e l a s t i c -p l a s t i c  behavior. 

t i o n s  m e  essentialAy t h e  same as t h e  procedures previously specified i n  

Appendix A of FRA-3-52, Revisions 3 and 4 (Ref'. 2 ) .  

herein do, however, go beyond those i n  FRA-152 i n  t h a t  tiley a re  much more 

Om recommenda- 

The recommendations 

spec i f ic  and, as previously mentioned, include cycl ic  hardening and non- 

isothermal p l a s t i c i t y  recommendations. 
Three ingredients, i n  addition t o  Hooke's law, a re  necessary- t o  de- 

scr ibe mater ia l  behavior for an e la s t i c -p l a s t i c  analysis .  

(1) a y i e l d  condition, specifying the  s t a t e s  of mult iaxial  s t r e s s  corre- 

sponding t o  t h e  onset of p l a s t i c  flow; ( 2 )  a flow law In  the  fo-mn of 

equations r e l a t ing  p l a s t i c  s t r a i n  increments t o  the  s t r e s ses  and s t r e s s  

increments subsequent t o  yielding;  and (3) a hardening rule,  specifying 

t h e  modification of t h e  y i e l d  condition i n  t h e  course of p l a s t i c  flow. 

'The cons t i tu t ive  equations for e la s t i c -p l a s t i c  behavior are determined 

from these ingredients.  

These are:  

The y i e ld  c r i t e r i a  t h a t  a re  currentAy i n  use a re  those of von Mises 

and of Tresca. Ei ther  of these is acceptable, although i n  OUT spec i f ic  

recornendations t o  follow, we have assumed the  use of t he  von Mises con- 

dibion. We recornend that  t h e  von Mises f low law be used wtth e i the r  
y i e ld  condition, and that  t h e  f l o w  l a w  be an associated one. 
t he  final ingredient - t h e  hardening r u l e  - plays an important ro l e  f o r  
cyc l ic  e l a s t i c -p l a s t i c  behavior predictions.  Two types of hardening ru les  

Obviously, 
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a re  cornon: isoti*opic and. kinema.Lic The much-used i so t ropic  rule 

assumes t h a t  t'ne y i e ld  surface expands during p l a s t i c  flow, retaining i t s  

shape and. pos i t ion  with respect t o  t h e  or ig in  of  s t r e s s  axes. Experi- 

ment s on work-hardening mate?-ials over t h e  past  several. years have v e r i -  

f i e d  t h a t  t he  isotropic hardening ru l e  i s  based on gross oversimplifica- 

t i o n  of t'ne physical behavior of most metals. 

although acceptabl-e f o r  monotonic loadi-ngs, gi-ves incor rec t  r e s u l t s  f o r  

cyc l ic  loadings. The kinematic hardening model., developed by Prager3, * 
and l a t e r  modified by Ziegl.er5 provides a b e t t e r  representalion of behav- 

i o r  f o r  many work-hardening materials x. 

face i s  ri.gid but, und.ergoes a t r ans l a t ion .  

ai3l.e d a t a  led. t o  t h e  se lec t ion  of kinematic hardening along with an 

augiienting cyc l ic  hard-ening f ea tu re  as Vne recommended hardening rule, 

The remainder of' 'chis chapter i s  divided i .nto t'nree sect ions.  

The approximation used, 

It assumes tiiat t h e  y i e l d  sur- 

Our examination of t h e  ava i l -  

F i r s t ,  
a general background discussion i s  given of i so t ropic  and kinematic 

hardening mode1.s. Tlnen, e l a s t i c - p l a s t i c  s t r e s s - s t r a i n  r e l a t ions  a re  d is -  

cussed, 

s t r e s s - s t r a i n  curves be used-. Procedures a re  spec i f ied  for choosing an 

appropriate biliiie3.r representation Tor t h e  i n i t i a l  loading of  a s-truc- 
t w e  and f o r  subsequent cyc l ic  e l a s t i c - p l a s t i c  1-oad-ings . 
l as t  section, spec i f ic  mathernatical statements of the recommend.ed. con- 

s t i t u t i v e  eqimLions a re  given. 

We recommend t h a t  b i l i n e a r  representations of the uniaxia l  

FinaUy, i n  the 

I. 2 . l .  Background - I so t ropic  an? 
Kinematic Hardening I_ Models 

Our examination of t h e  axai lable  cyc l ic  s t x s s - s t r a i n  data  l e d  t o  
the  se lec t ion  of kinematic hardening because subsequent t o  i n i - t ia l  plas-  

t i c  cycling t h e  extent of t h e  e l a s t i c  region i s  essent ia l . ly  unaffected. 
__._I 

"It should be noted t h a t  P r a g e r '  s hardening ru.l_e ( complete kinematic 
hardening ru l e )  i s  not invariant  w i t h  respect t o  reductions i n  dirnemi.ons, 
and care must be exerci-sed i n  t h e  use ol" t h i s  rule. It i s  not necessar i ly  
t r u e  t h a t  t h e  y i e l d  siuface w i l l  move i n  -tile d i rec t ton  o f  t h e  ex te r io r  
normal i n  every su'ospace of t h e  nine-dimensional. s t r e s s  space. 
inves t iga t ions  have been camied  out by Shield and Ziegler, Ziegler' 
introduced a modification t o  Yrager' s r u l e  t o  av-oiid inconveniences associ-  
a ted  with i t s  use.  
von Mises yield. condi.tiori i s  used. 

Subspace 

Frager's r u l e  and its modirication coi.nci.de when t h e  
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i. 

. .  

by p l a s t i c  f l o w  ( ind ica t ing  a r i g i d  y i e ld  surface as i s  ciooumed i.c' i n  the 

kinematic hardening model). However, it i s  recognized t h a t  the i so t ropic  
hardening model can be used f o r  radial monotonic, i n i t i a l  loading of a 

s t ruc ture  without contradicting t h e  predictions of t h e  kinematic hardening 

model. Therefore, for  background information bot'n hardening models itre 

discussed here. 
I n  these discussions we must consider a multidbnensiorial s t r e s s  space. 

Specif ical ly ,  we w i l l  make use of t he  six-dimensionbl stress space Those 

Cartesian coordinates a re  defined by gi j; t h a t  is ,  each axis i s  labeled 

by one of' t he  components of the  symmetric stress tensor.  

von raises flow lawx 

- 
We w i l l  use t h e  

P 3f 
dE --, ij do 

i j  

where E' 

mended, t h e  function f ,  by def in i t ion ,  describes the  i n i t i a l  y i e l d  sur- 
face as well  as t h e  subsequent loading surfaces. The y i e ld  function f i s  

Ynus used i n  the  ro l e  of a p l a s t i c  po ten t i a l  function. 

be a nonassociated one i f  i n i t i a l  yielding were determined by the  Tresca 

condition with the  von Mises conditjon used as the p l a s t i c  potent ia l ,  or 

vice  versa. I n  t h e  sect ions t h a t  follow, the  p l a s t i c  po ten t ia l  function 

i s  taken t o  be t h e  y i e l d  function of von Mises. 

describes the  loading surface; the t e r n  y i e l d  surface is  reserved €or the  

designation of t h e  i n i t i a l  y ie ld  surface of t he  v i rg in  mater ia l .  The ex- 

pression T o r  t he  loading surface is ,  i n  fac t ,  a generalized s t ress -p las t ic -  

s t r a i n  re lat ionship,  and t h i s  connotation w i l l  be used i n  the discussions 

t h a t  follow. 

i s  t he  p l a s t i c  s t r a in .  Since an associated flow law i s  recm-  i j  

The f low Law would 

Tne poten t ia l  function 

The theor ies  t o  be discussed apply t o  s m a l l  deformations of i n i t i a l l y  

i so t ropic  mater ia ls  only. 

which should cause concern, because the  total deformations i n  FFTF compo- 

The small-deformation r e s t r i c t i o n  i s  not one 

nents should be no more than a few percent f o r  expected design conditions. 
Y .  

"In carrying out t he  p a r t i a l  d i f fe ren t ia t ions ,  0 arid G . .  (i  f j )  
ij J 1  must be t r e a t e d  as separate quant i t ies .  
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Small-deformation theor ies  should therefore  be enkirely adequate f o r  t h e i r  

analysis .  

2.1.1. Tsotrot5c harderii ne model 

The i so t ropic  hardening m o d e l  i s  'ossed on a simple concept and hence 

i s  wid.ely used. Accord?-ng t o  t h i s  model, t h e  loadi.ng surface, as depicted 

geoinetrically i n  stress space, i s  tlefined by a uni.forii expansion of t h e  

i n i t i a l  y i e l d  surface,  Upon occurrence of p l a s t i c  defomiaLion the  silrface 

expands and t h e  center  remains a t  the ori-gin. 

describ-ing t h i s  surface i s  o f  t h e  foym 
Tnerefore, the equation 

f ( 0 .  .) = . 
=J 

The only reposi toiy f o r  p l a s t i c  deformation h i s to ry  i n  t h i s  model. r e s t s  

with K which es tab l i shes  t h e  s i z e  of Vne loading surface.  

The expression f o r  f = f ( c .  .) i s  taken, i n  this discussion, as being 
1J 

t h e  von Mises y i e ld  functri.on given by 

( 3 )  

where 0' denotes t h e  deviator ic  component of tine stress tensor  G 
i j  i j '  

function IC i s  given e i the r  i n  t e ims  of t h e  p l a s t i c  work, W, where 
The 

or i n  terms of effecti-ve p l a s t i c  s t r a in ,  defined as the  in t eg ra l  of 

It is assurfled t h a t  the  volume change associated w i k h  p l a s t i c  s t r a i n s  i s  

zero, t h a t  is, 

P 
ii E = o .  

With t 'nis assimption t h e  caponen t s  of the 

s t r a i n  tensors  coincide. 'The two measines 
i s o t  r opt c: harcle !? i ng mode 1. 

t o t a l  and deviator ic  p l a s t i c  
for K a r e  equivalent f o r  t h e  
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We can now write Eq. ( 2 )  as 
.._ . 

- 
Defining the effective stress, (7, by 

we can write Eq. (7) as 

which simply states that the effective stress is a function of‘ the rffec- 

-Live plastic strain. For the uniaxial case, where ull / 0 

and 

-P P 
d€ d€iI (W 

curve is used. as the ezfective Thus, the uniaxial stress-plastic-strain 

stress-effective plastic strain curve. 

These concepts are very appealing so fax as elastic-plastic analyses 

are concerned. For monotonic loading one can use the effective stress- 
strain curve directly and perform incremental type calculations Which are 

described by nmerous authors. 

Unfortunately, there is a tendency to apply the effective stress- 

effective strain relationship concept almost universally in making elas- 

tic-plastic calculations. This can lead to difficulties. Thus, this 

discussion of isotropic hardening was given mainly to provide background 

information preparatory to the discussion of the kinematic hardening model. 

2.1.2. Kinematic hardening model 

The loading surface, o r  plastic potential function, for kinematic 

hardening remains constant in size and translates in stress space ishen 
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p l a s t i c  deformation occurs. 

face can be expressed f o r  isoLherma1 conditions by 

The mathematical representation of t h i s  SUT- 

I n  t h i s  case, K i s  a constarlt and t h e  repository 

the  function H. Thus, t h e  i n i t i a l  y i e ld  surface 

s i z e  of t he  I-oading surface and i s  given by 

f ( o .  .)  = , 
1 J  

(1.2) 

f o r  h i s to ry  r e s t s  with 

defines t i le shape and 

as i n  t h e  case of i so t rop ic  hard-ening. 

Through t h e  proper spec i f ica t ion  of the  function H, a c tua l  behavior 

can be described. But t h i s  spec i f ica t ion  i s  a major t a sk  and i.s c e n t r a l  

t o  t he  development of a nonlinear theory of kinematic hardening. 

for providing H o r  an equivalent method fo r  i n se r t ing  h i s to ry  i n t o  .t’ne 

s t r e s s -p l a s t i c - s t r a in  r e l a t ions  a re  s t i l l  i.n deve lopen ta l  stages. We, 

here a t  OXNZ, are  working on a theory tha,t looks very promising and hope 

t h a t  t h e  i n i t i a l  developen$ can be made ava.ilable i n  t h e  near fu ture .  

However, our choice a t  present i s  “io n1ak.e use of t h e  c l a s s i c a l  kinematic 

hardening theory. Tnis c l a s s i c a l  theory is based on a b i l i n e a r  s l xes s -  

s t r a i n  r e l a t i o n  arid i s  theo re t i ca l ly  consis tent  f o r  such a r e l a t i o n  only. 

To provide informat ion regarding the  r e s t r i c t i v e  manner i n  which 

Theories 

e f f ec t ive  s t r e s s - s t r a in  r e l a t ions  should be viewed, t h e  kinematic hamien- 

ing case w i l l .  now be examined i n  some d e t a i l .  Specif ical ly ,  t he  equation 

f o r  tine function f i s  wr i t ten  

I I - a. . ) (  c 
2 i j  1 J  ij 1J 

f = - ((5 ’  - a.  .) = K = constant , 

where a 
face and is defined from Yne expression 

i s  a tensor representing the  t o t a l  t r ans l a t ion  of i j  

(14) 

t h e  y i e l d  sur- 

< -  

where, i n  the general case, 



13 

. ,  

I n  t h e  c l a s s i c a l  case, a b i l i nea r  un iax ia l  s t r e s s -p l a s t i c - s t r a in  r e l a t ion  

i s  assumed, so t'nat 

o r  

where C i s  a constant characterizing the  mater ia l  and i s  r e l a t ed  t o  the  

slope of t he  b i l i nea r  s t r e s s -p l a s t i c - s t r a in  diagram. 

s t r e s s  de f in i t i on  given by Eq. ( 8 ) ,  t h e  second irivariarit of E 

Using the  e f fec t ive  
P 
ij given by 

(18) 

and t h e  r e l a t i o n  given by Eq. (17), we may rewri te  Eq. (14) its 

f - -  102 - 3aij 0' t 3C'12j = K , 
3 L  i j  

For t h e  kinematic hardening model, we use the  more common def in i t ion  of 

e f fec t ive  s t ra in ,  

a s  opposed t o  the  def in i t ion  zp = 

model.* 
j ec to r i e s  i n  s t r a i n  space do the  two def in i t ions  coincide; t h a t  i s ,  

dy' t h a t  was used fo r  t h e  i so t ropic  

Only for monotonic loading paths tha t  produce s t r a igh t  l i n e  t ra -  

The two values would, for example, be equal f o r  a specimen under monotonic 

uniax ia l  loading. However, such cases a re  very r e s t r i c t i v e .  

Were we denote the  more commonly used ef fec t ive  s t r a i n  (calculated 
-P from the  current s t r a i n  camponents) as c1 t o  dis t inguish it from our 

previous& defined ef fec t ive  s t r a i n  quantity. 
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Combining Eqs .  (20)  and (l9), we obtain the  f inal  expression f o r  f :  

(22) 

This equation shows t h a t  the  e f fec t ive  s-Lress-effective p l a s t i c  s tya in  

re la t ionship  for t he  isoLropic ha.rde ning case does not apply when kine- 
niatic hardening i s  used. The above expression reduces t o  

f o r  a uniaxial  loading case. This equati.oa was wr i t ten  t o  dmonstra-be 

t h a t  t he  theory includes a proper statement of t’ne relat ionships  between 

stress and p l a s t i c  s t r a i n  i n  the uniaxial  case, 

To fur ther  demonstrate t h a t  the  e f fec t ive  s t ress -ef fec t ive  p l a s t i c  

s t r a i n  re la t ionship  for the  isotropic  hardening case does not apply for  

the  kinematic hardening case, consider Fig,  1. The movement of a voii 
Mises type loading surface i n  a two-dimensional stress space i s  shown f o r  

kinematic hardening when a monotonic uniaxial  loading (ul) t o  point 2 i s  

ORNL- DWG 72- 4442 

lm2 

- TFIANSLATEL> YIELD SURFACE / 
Fig. 1. Schematic of t h e  comparison between kinematic hardening 

loading surfaces and surfaces of constant e f fec t ive  s t r e s s .  



i n i t i a l l y  imposed. Since 

face, t h e  loading surface 

along the path from p i n t  

t i v e  s t r e s s  [see Eq. ( a ) ]  

t h i s  loading i s  beyond the  i n i t i a l  y ie ld  su r -  

t r a n s l a t e s  as shown. Next consider loading 

2 t o  point 3 which l i e s  along a constant effec- 

surface. Along t h i s  surface equals t he  mi- 
a x i a l  s t r e s s  value a t  point 2. The ef fec t ive  s t r e s s -p l a s t i c - s t r a in  r e -  

Lations associated with i so t ropic  hardening would say t h a t  no change i n  

p l a s t i c  s t r a i n  i s  experienced along t h i s  loading path. However, t h e  load- 

ing path from point 2 -to point 3 c l ea r ly  extends i n t o  a region ex ter ior  

( p l a s t i c  region) t o  the  kinematic hardening loading surface which was 

establ ished by t h e  loading t o  point 2. Therefore, addi t ional  p l a s t i c  

s t ra in ing  w i l l  occur according t o  the  kinematic hardening model along t h i s  

loading path. Therefore, it i s  observed t h a t  the  e f f ec t ive  p l a s t i c  s t r a i n  

is not uniquely determined by the  e f fec t ive  s t r e s s  when considering kine- 

mat i c  hardening. 

The aspects described above have important implications regarding t h e  
use of a generalized s t r e s s -p l a s t i c - s t r a in  re la t ionship  i n  describing non- 

l i n e a r  kinematic hardening, Thus, t he  use of a uniax ia l  s t r e s s - s t r a in  

curve f o r  reference i n  combined s t r e s s  cases must be accompanied by a con- 

s i s t e n t  theory which makes such use possible.  The c l a s s i c a l  kinematic 

hardening theory i s  consis tent  when a b i l i n e a r  representation i s  used fo r  

t he  uniax ia l  s t r e s s - s t r a i n  curve, but t h i s  representat ion cannot be used 

i n  the  r o l e  of a generalized s t r e s s -p l a s t i c - s t r a in  re lat ionship.  

2.2. Recommended Elas t ic -Plas t ic  Stress-  
S t r a in  Relationshias 

From the avai lable  evidence regarding e l a s t i c -p l a s t i c  behavior, t he  

c l a s s i c a l  kinematic hardening theory i s  the  only avai lable  theory t h a t  

can be recommended t o  f u l f i l l  the  requirements f o r  describing prominent 

fea tures  of mater ia l  behavior, and, a t  the  same time, allow f o r  treatment 

of a r b i t r a r i l y  varying load and temperature h i s t o r i e s .  Furthermore, the  

theory, when the  Ziegler modifications” a r e  accounted for ,  i f  necessary, 
i s  e n t i r e l y  consis tent ,  Heretofore, w e  have discussed isothermal re -  
la t ionships ,  but t he  classj-ea1 kinematic hardening theory ctzn be extended 
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t o  include nonisothermal conditions. The developent  of t h i s  extension 

w i l l  be discussed i n  t h e  next sect ion.  

Creep-plast ic i ty  in te rac t ion  e f f ec t s  adre not included i n  t'ne c l a s s i -  

cal theory, and t h i s  i s  a recognized deficiency. Some h i s to ry  e f f ec t  

examinations a re  discussed i n  Appendix A, and they show t h a t  t h e  inf lu-  

ences of prj-or creep s t r a i n  and of pri.or p l a s t i c  deformation a re  similar 

i n  many respects.  

appears to be no grea te r  than that, f o r  p l a s t i c - s t r a i n  histtory i n  the l i m i t  
of "full" hardening. 

sented allow the  design aaa lys t  t o  take  advan-tage of hardening due t o  

p r io r  p l a s t i c  defomation and p r io r  creep s t r a i n s .  

The hardening-* associated with creep-strain h i s to ry  

In  the  reconmendations t o  follow, the  methods pre- 

A b i l i nea r  representat ion fo.r t h e  uniax ia l  s t r e s s - s t r a in  curve i s  

basic  t o  t h e  classi .cal  kri-nematic hardening theory. Thus, t he  use of b i -  

l i n e a r  re la t ionships  i s  cen t r a l  t o  our recommendal;ions, I n  the  overa l l  

sense, the  use of a k i l t n e a r  representat ion of t h e  s t ress -s tya in  c u e  i s  

not much d i f f e ren t  from Vne use of a slingle representat ive s t r e s s - s t r a in  

re la t ionship  t o  describe the iso'chermal behavior of a l l  mater ia ls  i n  a 
given class ,  f o r  which t h e  deta i led  compositions afid pi-ior h i s t o r i e s  of 

each individual  mater ia l  a r e  u~zknown. 

cor re la t ion  t o  represent 304 s t a in l e s s  s t e e l  as a c l a s s  of mater ia l ,  
An example i s  the  use of a s ingle  

For a given mater ia l  and a given temperature, the  b i l i n e a r  r e l a t i an -  

sh ip  t o  be used depends on t h e  t o t a l  s t r a i n  range under consideration. 

This i s  not t o  imply t h a t  i n  a given analysis  a cuxve represented by more 

than. two l i n e a r  portions i s  t o  be used., Rather, the  b i l i n e a r  re la t ionship  

should be appropriate t o  the  maximiun s t r a i n  experienced by the  s t ruc ture  

for t he  p r t i c u l a r  loadi.ng conditions, and t'ne rel.ations1ii.p i s  t o  be used 

as the  representati.on f o r  t h e  e n t i r e  s t ruc ture .  

*!]%e increase i n  the resistance t o  post-yielding deformation, that 
is ,  the slope of t h e  s t r e s s - s t r a in  diagram i n  the  p l a s t i c  region, i s  t h e  
hardening re fer red  t o  here. Subsequently, i n  t h i s  report ,  the term 
hardening i s  used i n  a more general  sense, t h a t  is, t o  denote an j-ncrease 
i n  deformation resis tance.  This i-ncrease can be due to increase i n  re -  
s i s tance  t o  post-yielding deformation, increase i n  t h e  s i z e  of t h e  load- 
ing surface, as measured- by K, or a combination of the  two. A s  noted 
ea r l i e r ,  an increase i n  IC i s  not consid-eyed i n  the c l a s s i c a l  kinematic 
hardening rube. 
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For t h e  cmbined stress case, the  mater ia l  i s  characterized by the  

mater ia l  constant, C, and the  measure of t h e  s i ze  OS the  loading, or 

yield,  surface, IC ( s ee  the  preceding discussion of kinematic hardening). 

The eonstant C i s  the  slope of the  l inear ized  deviator ic  s t ress -p las t ic -  
s t r a i n  diagram for a uniax ia l  t e s t  specimen.x We recommend the  use of 
C and IC values appropriate t o  three  ranges of t o t a l  s t r a i n .  Tne three  

maxiuiun values of t o t a l  s t r a i n  considered a re  176, Z $ ,  and ?’$. These 

limits were chosen because they a r e  appropriate t o  t he  maxb-m t o t a l  

s t r a i n s  l i k e l y  t o  be incurred i n  FFTF s t r u c t u r a l  components, and the 

bounds of small-deformation theory must be included i n  any conslderation 

of t h i s  type. 

Since the  t r u e  s t r e s s - s t r a i n  r e l a t ions  of type 3Olt and 316 s t a in l e s s  

s t e e l s  are not l i n e a r  i n  the  p l a s t i c  region, a consis tent  procedure for  

idea l iz ing  a nonlinear s t r e s s - s t r a in  r e l a t ion  i s  required. 

ear representat ion of t he  s t r e s s - s t r a in  r e l a t ion ,  t he  hpardening coef f i -  

c i en t  C r e l a t e s  the  incremental deviator ic  stress arid incremental p l a s t i c  

s t r a i n  by a l i n e a r  r e l a t ion .  

curves, such a s  those provided by HEDL, 

t o  the  d i sc re t e  s t r a i n  values specified.  

f o r  determining b i l i n e a r  representations of s t r e s s - s t r a i n  curves which 

correspond t o  i n i t i a l  monotonic loading conditions i s  i l l u s t r a t e d  i n  Fig. 

2. A s  Shawn, t he  e l a s t i c  curve is determined from the  i n i t i a l  response 

of t he  mater ia l .  

r e l a t i o n  i s  determined from a s t r a igh t  l i n e  connecting the s t r e s s  point 

a t  1% s t r a i n  and t h a t  at 0.5$ s t r a in .  

In  the  b i l i n -  

We recommend t h a t  t e n s i l e  s t r e s s - s t r a in  

should be ideal ized according 

‘Be spec i f ic  method recommended 

For a 1s’. t o t a l  s t r a i n  value, t he  p l a s t i c  s t r e s s - s t r a in  

The y i e l d  point i s  then de€ined at 

t he  intersect ion,  A, of t he  s t r a i g h t  l i nes .  

points  B and C for 2% and 5% s t r a i n  values are determined a t  the if i ter-  

section of t h e  e l a s t i c  curve and the  l i n e s  connecting the  s t r e s s  points  

a t  2% and 1% and those at 5% and 2.5% s t ra ins ,  respectively.  

I n  an analogous manner, y i e ld  

A s  examples, t h i s  type of b i l i n e a r  s t r e s s - s t r a in  representation was 

f o r  types determined for  the  s t r e s s - s t r a i n  equa-tions provided by KEEL1’ 

304 and 316 s t a i n l e s s  s t e e l  and for  maximum strain values of 2$ mid 54. 

*If the  t o t a l  s t r e s s -p l a s t i c - s t r a in  diagram i s  used, t h e  constant C 
i s  two-third times the  slope. 

. . . . . . . 
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Fig .  3 .  Procedure f o r  determining b i l i nea r  rep1,esentations o f  mono- 
t o n i c  t z i i s i l e  s t r e s s - s t r a in  curve. 

The r e s u l t s  of these sample representations a re  given i n  Appendix S .  

Representations a re  given for XEDL’s average and. minimwn crimes f o r  each 

mater ia l .  These b i l l nea r  representations idenkify corresponding y i e l d  

s t r e s s  values which axe a l s o  shown i.n Appendix B through values f o r  IC, 

t he  s i z e  of t he  i n i t i a l  y i e ld  surface.  The yield stress i s  r e l a t ed  t o  K 

For convenience i n  l a t e r  paragraphs, t h e  notat ion K = by ‘yield 
I C ~  i s  introduced fo r  t h e  s ize  of t h e  ini-t ial .  y i e ld  surface. 

:=G. 

O w  recornmendation, i n  gar%, i s  t h a t  values of C and K = K be de ter -  
0 

mined from t e n s i l e  s t r e s s - s t r a in  c i i~ves f o r  monotonic loading of virgin 

specimens. It i s  recognized t‘ilat rma,terial i n  a sLructure can be hardened 

by pr ior  loadings and t h a t  t he  use of data  fro111 v i rg in  materi.sl can lead  

t o  predict ions of 1.ai:ger p l a s t i c  strains than wil.3- actxuall-y occiii- i n  scme 
applications.  A mechanisrr! must, therefore,  be introduced t o  account, for  

hardening due to load-ing h is tory .  On t h e  other hand, t’ne sole use of 
curves obtained from maberial a f t e r  hardening has occurred c0ul.d gFve 

f i r s t  loading predict ions thai; a r e  grossly i n  error. Prior  t o  s t a t i n g  
recorrmendations i n  th is  regard, l e t  us consider more specifically- some 

of the  basic  behavioral  features  t h a t  require a t t en t ion  ~ 

The difPerence .t;-y-pical of that  whi.ch might be expected between t h e  

f irs% loading response and the  response subsequent t o  cyc l ic  loading and 
hardening i s  i l lustrated i n  F ig .  3 fox room temperature behavrior. ’i”ne 
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Fig. 3. Cyclic s t r e s s - s t r a in  behaxrior type 3011 s t a in l e s s  steel at 
room temperature I 

response of a type 304 s t a i n l e s s  s t e e l  specimen t o  s t r a i n  cycling i s  shown 

f o r  a t o t a l  s t r a i n  range of O.$. 

number of cycles increases with the  hys te res i s  loops near ly  s e t t l i n g  t o  a 
The mater ia l  i n i t i a l l y  hardens as the 

s tab le  geometry a f t e r  10 t o  20 cycles of loading. 

similar hardening behavior under s t r a i n  cycling conditions i s  observed a t  

elevated temperatures. 

response of a type 304 s t a i n l e s s  s t e e l  specimen t o  s t r a i n  cycling a t  

1200°F and with a t o t a l  s t r a i n  range of 27b. 

i s t i c s  a t  elevated temperatures a r e  reported i n  Refs. 7 and 8 for  type 
304 s t a in l e s s  s t e e l  and f o r  Incoloy 800. 

s u l t s  shown in Figs. 3 and 4, the  mount of hardening seems t o  be greater  
a t  elevated temperatures than a t  room temperature. 

Charac te r i s t ica l ly  

This i s  i l l u s t r a t e d  i n  Fig. 4 which shows the  

Similar hardening character-  

A s  i l l u s t r a t e d  by the  t e s t  re-  

Specimens from the  
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Fig. 4. Cyclic s t ress -s t ra in  behavior - 02NL "preliminary" heai; of 
type 304 s t a in l e s s  steel a t  120O0F. 

ORNL "preliminary" heat (no. 8043813) of type 304 s t a i n l e s s  s t e e l  were 

u t i l i z e d  i n  each of these two  t e s t s ,  
The avai lable  room-temperature cycl ic  s t r e s s - s t r a in  data  fo r  t y p e  

304 s t a in l e s s  s t e e l  indicate  t h a t  the  region o f  elaskic  response remains 

e s sen t i a l ly  constant throughout t he  loading. 
hand, the s t r e s s - s t r a in  curves obtained by cycl ic  loading between f ixed 

s t r a i n  limi.ts indicate  t h a t  the  extent of the  e l a s t i c  region increases 

A t  1200°F, on the  other 



during t h e  f i r s t  few cycles, with the extent becoming e s sen t i a l ly  con- 

s t a n t  for subsequent cycles. Thus, both t r ans l a t ion  and growth of' t he  

loading surface a re  indicated f o r  the f i rs t  cycles.  

i o r  d i f f e r s  from t h a t  depicted by the  kinematic hardening model, the  

recommendations given here circumvent t h i s  discrepancy. 

Although th i s  behav- 

One praninent e f f ec t  t h a t  p r io r  creep deformations have on subsequent 

e l a s t i c -p l a s t i c  behavior i s  t h a t  accumulated creep (time-dependent) s t r a i n s  

have much the  sane hardening influence on subsequent cycl ic  e l a s t i c -p l a s t i c  

behavior as do accumulated p l a s t i c  (time-independent) s t r a ins .  'This e f f ec t  

i s  i l l u s t r a t e d  i n  Fig. 5 which shows t h e  room-temperature cycl ic  behavior 

of a type 304 s t a i n l e s s  s t e e l  specimen which eqe r i enced  an accumulation or" 

creep s t r a i n  ( a t  1200'F) pr io r  t o  cycl ic  t e s t ing .  The s t r e s s - s t r a in  c m e  
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f o r  i n i t i a l  monotonic loading i.s a l so  shown. Cmparisons between th5.s 

f i gu re  and t'ne observation made e a r l i e r  about hardening suggest t h a t  t h e  

accimul-ation of p l a s t i c  s t r a i n s  upon in i t i a l .  l..oading and the accumulakion 

of creep s t r a i n s  r e s u l t  i n  simi.lar hardening of t he  mater ia l ,  

s imi la r  influence on behavior i s  obseyved. for subsequenl; strain cycling. 

Specific information concerning the t e s t  shown i n  Fig,  5 and a few addi- 

t i o n a l  tests conducted. t o  provide i.nformation on c reep-p las t ic i ty  i n t e r -  
ac t ions  a re  included i.n Append,-x A.  

That is ,  

With regards t o  s t r u c t u r a l  analyses, t he  use of s t r e s s - s t r a i n  data  

from monotonically loaded tensil-e speclmens i s  recommended f o r  the  f ixst  

i n e l a s t i c  loadi.ng, but ca lcu la t ions  for loading cycles subsequent t o  t h e  

I"irs-1; i n e l a s t i c  h a d i n g  a r e  t o  be based on a bil.i.near representation of a 
s t r e s s - s t r a i n  curve corresponding t o  hard-ened mater ia l .  Specif ical ly ,  t h e  

use of t h e  cyc l ic  s t r e s s - s t r a i n  c i rve  corresponding t o  the  t e n t h  cycle of 

constant s t r a i n  range cycling at, t h e  approprriatc temperature and t o t a l  

s t r a i n  range i s  recomneaded. Here l inelastic loailing means an i n i t i a l  

loading progran t h a t  gives r i s e  t o  e i the r  i n i t i a l  p1asti.c s t r a i n s  of any 

magnitude o r  an e f fec t ive  creep s t r a i n  (defined i n  a. l a t e r  sect ion of 
thi-s report)  equal t o  or  grea te r  than 0.2$. The cimnge i.s made t o  t h e  

s t ress -  s t r a i n  representation f o r  the hardened mater ia l  a f t e r  an in i t i a l .  

i n e l a s t i c  loading has occurred. and immediately preceding the incwrence 

of reversed p l a s t i c  s.t;ra,i.ns ReTrersed p l a s t i c  load-ing i s  defFned by 
P a. d E  5 0, when t h e  i n i t i a l  i n e l a s t i c  loading i s  one of p1asti.c s t r a i n -  

ing and by E' 

creep s t ra in ing .  Here a i s  t h e  tensor denoting tkle t o t a l  t r ans l a t ion  

of t h e  loadtng surface a t  t h e  end of t h e  in i t l i a l  1oadi.iig phase [see Eqs .  

(14) through (17) 1, c i j  i s  t he  t o t a l  creep s t r a i n  a t  t h e  i n s t a n t  of onset 
P of reversed p l a s t i c  s t ra in ing ,  and dE i s  the  i.ni.ti.al increnerit of r e -  i j  

versed plastic s t r a i n .  'This change i n  s t r e s s - s t r a i n  representation should 
be made on an individual  element basis, assuming f i n i t e  element techniques 
a r e  used, o r  by X I  equivalent procedure i f  other ana lys i s  techniques a r e  
mployed. 

~j i j  
dcp I 0, TiJhen t h e  i n i t i a l  i n e l a s t i c  loading i s  one 0% i j  i j  

i j  

C 

Ttne recommendations Lo accow-l; f o r  haydeni-ng i n  analyses make use, 
therefore, of bilinear represen-LaLions of  the t en th  cyc l ic  s t r e s s - s t r a i n  
curves i.n addi t ion to the  s t r e s s - s t r a i n  curves for ir1onotoni.c loading of 



23 

vi rg in  mater ia l .  The cyc l ic  s t r e s s - s t r a in  data t o  be used are from speci- 

. i  mens which are subjected t o  fully reversed cycles oT;rer f ixed s t r a i n  ranges. 
To correspond to t h e  conditions prescribed ea r l i e r ,  t he  t e s t s  should spe- 

ci-ficst1l.y provide data  corresponding t o  maximum t o t a l  strains of 19, 2$, 
and 5% ( t o t a l  s t r a i n  ranges of 2$, 47L, and lo$).  The b i l i n e a r  s t ress -  

s t r a i n  diagrams corresponding t o  the  t en th  cycle curves a r e  to be con- 

s t ruc ted  i n  accordance w i t h  Fig. 6. 
equal t o  tha t  f o r  t h e  monotonic curve, while t h e  value of I$. i s  to be ad- 

jus ted  to K = K,. The value of K . ~  i s  established f r o m  the point of in-  

te rsec t ion  of t h e  e l a s t i c  l i n e  (when t o t a l  s t r e s s  i s  used, t h e  slope i s  

E, t h e  i n i t j a l  e l a s t i c  modulus) with the  e l a s t i c -p l a s t i c  l i n e  [for t o t a l  

s t r e s s  t he  slope i s  

c i en t ] .  

by t h e  ac tua l  cyc l ic  curve and t h e  b i l i n e a r  representation are approxi- 

mately equally divided above and below t h e  ac tua l  curve. 

two shaded areas on t h e  t e n s i l e  (pos i t ive  stress) portion of t h e  cyc l ic  

. -  

The value for  C i s  t o  be assumed 

EC/(E -1 3 / 2  C) ,  where C i s  the  hardening coeff i -  2 
The e l a s t i c -p l a s t i c  l i n e  i s  posit ioned so t h a t  t he  areas bounded 

That is, t he  

, 

ORNL- DWG 71 - 11388R 
STRESS 

MONOTONIC 
CUPVE 

10th CYCLE CURVE 

TOTAL STRAIN 

3 FOR DEVlATORlC STRESS 
FOR TOTAL STRESS 

Fig .  6. B i l i n e a r  representa t ions  of i n i t i : t l  arid t e ~ i t h - e y c l e  s t ress-  
s t r a i n  curves.  
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curve shown i n  Fig. 6 a r e  equal, and the  shaded areas on the  conipressive 

portion are  equal. The spec i f ic  mathematical r e l a t i o n  of icl t o  t h t s  

graphical yield- point i s  shown i n  Fig. 6. 
rlure f o r  determining icl i s  the  same when the  stress def in i t ion  i n  Fig, 6 
i s  the deviator ic  s t r e s s  a’ ra ther  than t o t a l  sbress. 

Except f o r  scale, t he  proee- 

Figure ‘7 i s  included t o  show sample b i l i nea r  representations of a 
s e t  of s tyess -s t ra in  curves obtained from an elevated temperature t e s t  of 
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TEMPERATURE 1200 O F  
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Fig. 7. Sample bil-i.near representations of monotonic and t en th-cyc le  
stress-strain curves  f o r  type 304 s ta i -nl-ess  steel at 1_200°F and f o r  1% 
maxiiiium s t r a i n .  
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type 304 stainless steel. 
Fig. 7 represent an average of the results from the three uxiaxial cyclic 
tests at 1200°F shown in Fig. 8. 
cycle stress-strain curves are shown. These three tests were conducted 

under identical conditions; results from one of the tests w a s  shown in 
Fig. 4. The 2$ t o t a l  strain range corresponds to one of the three values 
recommended f o r  use in constructing bilinear stress-strain relations. In 

The nonlinear stress-strain e w e s  shown in 

Only the initial monotonic and the tenth 
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Fig. 8. Monotonic and tenth-cycle stress-strain CUI-ves f o r  three 
uniaxial . tes ts  of type 304 stainless  s t e e l  at G J O O ~ E ’  and ror 1% maximum 
strain. 
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t h i s  example it i s  observed t h a t  t he  r a t i o  of icI t o  K~ i s  5.89. The slope, 

E of t h e  e l a s t i c -p l a s t i c  I.i.ne i.s r e l a t ed  t o  E and C, as noted e a r l i e r ,  by 
P' 

I n  s m a r y ,  mid-ance 

st  r e s s - s t r a i n  i.nf o m a t  ion 

has been given for u t i l i z a t i o n  of uniaxial.. 

i n  a manner consis tent  with avai lable  theories .  

It i s  c l ea r  t h a t  addi t ional  data a re  needed f o r  t he  mater ia ls  of i n t e re s t ,  

e spe c j.al.ly cyc1.i~ s t r e s s  - s t r a i n  i.nl"ormat i. on a t  elevated .t erriper a ture  s . 
Specific equations a re  not avai lable  f o r  representing monotonic s t r e s s -  

s t r a i n  curves f o r  20% cold-worked 316 s t a in l e s s  s t e e l .  

now cor re la t ing  s t r e s s - s t r a i n  data f o r  t h i s  material., and updating corre- 

l a t i o n s  for annealed types 304 and 316 s t a in l e s s  s t e e l .  

t h a t  they w i l l  process t h e  data along the l i n e s  out l ined,  

HEDL personnel a r e  

It i s  expected 

It i s  noted above t h a t  needed cycl ic  s t r e s s - s t r a in  data  a re  not gen- 

erally avai lable .  In  t h e  event t h a t  experimental d i f f i c u l t i e s ,  such as 
specimen i n s t a b i l i t i e s ,  a rc  encountered i n  e f f o r t s  t o  obtain t'nese data  

f o r  the  l a rges t  s t r a i n  range, an a l t e rna te  approach -Lo .the construction 

of the  10% cycl ic  curve i s  suggested. 
1.0% cycl ic  s t r a i n  range curve i s  constructed from the  4% curve by the  

method shown i n  Fig. 9. Here the  final portions of t he  t e n t h  cycle e las-  

t i c - p l a s t i c  curves f o r  t h e  4% s t r a i n  range a r e  e s sen t i a l ly  straigli t .  Tne 

In .this a l t e rna te  approazh, t he  

ORNL-DWG 71-14281 

STRAIGHT- LINE / EX-TENSION OF 
1 4 %  CURVE EXPERIMENTALLY OBTAINED 

F i g .  9. Method of o b t a i n i n g  t e n t h - c y c l p  c y c l i c  s t r e s s - s t r a i n  cu rve  
for a s t r a i n  r ange  of 10% from a c y c l i c  cu rve  f o r  a s t y a i n  r ange  of jig. 



cycl ic  curve for the 10% range i s  constructed by extending these 4% elas-  
t i c - p l a s t i c  curves i n  a s t r a igh t  l i n e  fashion u n t i l  a t o t a l  s t r a i n  range 

of lo$ i s  obtained. 

2.3. Mathematical Statement of t he  Recornended 
Consti tutive Equations for Plas t i c  Behavior 

A s  described ea r l i e r ,  t h e  ma;thematical representati.on OF general  

e l a s t i c -p l a s t i c  mater ia l  behavior reqilires an i n i t i a l  y i e ld  condition, a 

flow rule ,  and 8 hardening ru l e  governing t h e  loading surface behavior 

subsequent t o  i n i t i a l  yielding. Either  t h e  von Mises o r  t h e  Tresca con- 

d i t i on  i s  considered acceptable for describing t h e  i n i t i a l  y i e ld  and t h e  

loading surfaces. However, the flow r u l e  of ?son Mises i s  reconmnded, and, 

as discussed ea r l i e r ,  the Prager kinematic hardening model",3 i s  used for 
descriliing t h e  behavior of loading surfaces. The following discussion i s  
based on t h e  use of t h e  von Mises y i e ld  condition i n  nine-dimensional 

s t r e s s  space. 

The treatment of t h e  hardening ru l e  i n  s t r e s s  spaces of reduced dimensions 

i s  given by Shield and Ziegler4 and by Ziegler.5 If t h e  Tresca y i e ld  con- 

d i t i on  i s  used with t h e  flow rule of von Mises, Ziegler's '  modification of 

Wager 's  hardening r u l e  must be invoked in order t o  assme invariance of 
t h e  y i e ld  condition with respect t o  reductions i n  dimensions. 

rule a s s e r t s  t h a t  the loading surface moves outwardly i n  the  d i rec t ion  of 

t h e  radius connecting i t s  center with t h e  s t r e s s  point on the  loading sur- 
face. 

In  m a n y  cases sane of t h e  stress components a re  &sent. 

The modified 

From t h e  geometrical in te rpre ta t ion  of B a g e r ' s  r u l e  and Ziegler ' s  

modification, it should be noted t h a t  t he  two coincide when t h e  von Mises 

y i e ld  condition i s  employed. 

When t h e  von Mises y i e ld  condition i s  adopted for  describing t h e  i n i -  

t i a l  yield surface and loading surfaces, t h e  loading surface for isother-  

mal c l a s s i c a l  kinematic hardening i s  given by Eq. (14) : 

where 

P daij = Cdc i j  
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and K i s  a constanl;. 

wr i t ten  as follows. 
In  general form, t he  cons t i tu t ive  equations may be 

Loading : 

r" 
1. J 

dE.. = gij f 0 

Neutral loading : 

dczp = 0 
ij 

P 
d E i j  = 0 

(32) f = K J  af d(s/ ij < 0 
1J  

Unloading leads t o  an e l a s t i c  state, while loading leads t o  a p l a s t i c  

stake. 

When d E P  f 0 it i s  given by i j  

af 

For t h e  nonisothermal case the loading function i s  given by* 

f" = f (Oij' EP i j  ) - K(T) == 0 . 

*The developnent of th i s  theory i s  eqlai-ned moys ~ % l l y  i n  Appendix C.  
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In  t h i s  case, f i s  given by the  same expression 8s  fo r  the  isothermal case, 

that is, 

1 f = -  * (dJ - a. .)(dj - a. .) , 
13 1J  

and 

daij C d E i j  P . 

Note t h a t  

3f* af 

I j  

- = -  a d j  do! 

and 

d K  - - -  
I dT 

(35) 

( 3 9 )  

Therefore, the general  forms of the  cons t i tu t ive  equations for t he  noniso- 

thermal case are: 

Loading : 

dcp = hij f 0 
i j  

Neutral  loading: 

(43) afx- arc 
rC = 0, (x daf j  + d T )  = 0 

1J 

Unloading: 

P ati j  = 0 
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When dcp f 0, it i s  given by ij 

This i s  the  const4.tutive equation for  nonisothemal conditions and i s  recan- 

mended for use when the  von Mises y i e ld  condition i s  used. as the  bas i s  for 
t h e  loading surface formulations. 

3. TIME-DEPENDENT CREEP BEHAVIOR 

This chapter contains a discussion and recommendation of cons t i tu t ive  

equations f o r  time-dependent creep behavior. A s  previously s ta ted,  our 
recommendations a re  e s sen t i a l ly  t h e  same as  t h e  procedures w e  previously 

specified for  Appendix A of FM-152, Revisions 3 and. 4 (Ref. 2 ) .  

recomnendatj.ons do, however, go beyond those previously mad-e i n  t h a t  aux- 
i l iary hardening ru les  have beel? developed. and specif ied,  

The 

An equation-of-state approach has been recornmended. Consti tutive 

equati.ons based on t h e  equation-of -stat,e approach generally require  .t;lvee 

ingredients, somewhat s imilar  t o  t'ne ingredients requrired t o  describe 

e l a s t i c -p l a s t i c  behavior. 

t he  experimental uniaxial ,  constant-stress,  isothermal, creep curves; 

(2)  a so-called 'fflow-rule" for  1nultiaxi.al. conditions; and (3)  a harden- 

ing l a w  fo r  prescribing the  specif ic  manner rin which the formulation ap- 
p l i e s  t o  var iable  s t r e s s  conditions. 

These a re  (1) a uniaxial  creep law describing 

The creep Law can, theore t ica l ly ,  be any convenient algebraic equa- 
t i o n  t h a t  adequately describes Yne c o n s t a n t - ~ i a x i a L - s t r e s s  creep curves. 

I n  par t icu lar ,  we Peel. t h a t  t he  f o m  of the creep laws being devel.oped by 
Blackburn' f o r  types 304 and 316 s t a in l e s s  s t e e l  i s  acceptable fo r  analy- 

s i s  use. 
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The specific form of the f l o w  rule to be used is developed and speci- 
fied in this chapter. Finally, it is recommended that, for the third 

ingredient, strain-hardening be used, and auxiliary strain-hardening rules 

are specified in detail for handling reverse loading situations. 

The remainder of this chapter is divided into three sections. First, 

a general background discussion of creep constitutive theories and the 

current state-of-the-art is given. Then, specific constitutive equation 

recommendations are made and the suitability of the HEDL creep equation 

is discussed. Finally, in the last section the recommended auxiliary 

hardening rules are presented. 

3.1. Background-Constitutive Theories 
for Time-Dependent Behavior 

The state-of-the-art of inelastic structural analysis is continually 

being advanced. This includes both analysis procedures and methods for 

mathematically describing material behavior. 

able at any given time may not be cmpletely satisfactory in every way, 

the current technology must be employed. The essence of the current tech- 

Although the methods avail- 

nology for inelastic analyses is given in Appendix A of FRA-152, Rev. 4 
(Ref. 2). 

The basis f o r  the time-dependent inelastic, or creep, analysis meth- 

ods given in FRA.-152, Rev. 4, is an equation-of-state approach which in- 
cludes both primary and secondary creep. 

development, the computational schemes, the materials behavior data, and 

the experience that exist today do not now permit the general application 

Although other methods are under 

of these evolving methods. 

being made in the developnent of memory theories (hereditary bases) . * 
Although the progress is encouraging, memory methods are not yet to a 

point of general applicability. First, large-scale, general-purpose com- 

puter programs based on memory theories do not exist. Second, available 

data on material behavior permit consideration only of memory  met'nods which 

utilize single (possibly nonlinear) hereditary integrals. Although memory 

theories can be modified and potentially improved through $he inclusion of 

A significant example is the apparent progress 

*F'urther discussions of memory methods are included in Appendix E. 
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addi t ional  heredi tary terns ,  t h e i r  developnent and evaluation require  con- 

siderable ana ly t i ca l  and experimental study. The experimental in fomat  ion 

required includes t h a t  from a s igni f icant  number of inult istep creep t e s t s .  

Consideration has been given t o  the representation of time-d-ependent 

behavior by approaches which a re  based on the  concept t h a t  the s t r a in - r a t e  

tensor  i s  derivable from some type of po ten t i a l  function.lOJ1l 
t i a l  concept i s  not a l together  foreign t o  equation-of-state approaches, 

but reference i s  being made here t o  methods t h a t  are not generally though% 

of  as c l a s s i c a l  equation-of-state approaches. 

l e a d -  t o  creep representations which incorporate a kinematic type of harden- 

ing. The assessment of, say, a kinema-Lic hardeiiiiig creep model requires 

precise  data from uniaxial  and mult iaxial  t e s t s  with loading programs t h a t  

cover a range of unloadings and loading reversals .  

exploratory t e s t i n g  i s  now undeiway, suf‘ficient experimental information 

i s  not now avai lable  f o r  t he  mater ia ls  of i n t e re s t ,  i n  our opinion, t o  

support t he  recommendation of a method. of t h i s  type. The spectal ized 

charac te r i s t ics  i n  behavioral predictions t h a t  would. be inherent i n  t’ne 

choice of any spec i f ic  model of this type leaves too  great  an uncertainty 

between these predicted fea tures  and the  behavior of the mater ia ls  of in- 

t e r e s t  * 

A poten- 

Some of these methods”> l2 

Although meaningful 

Despite possible connotations of t h e i r  name, c l a s s i c a l  memory (hered- 

i t a r y )  creep methods do no,L account for  h i s to ry  e f f ec t s  i n  the  sense of 

e l a s t i c -p l a s t i c  interac-Lion with creep. Thus, such in te rac t ions  must be 

considered separately regardless of Vne creep a n a l p i s  method chosen. A s  

f a r  as  types ,304 and 316 s t a i n l e s s  steel a re  concerned, ex is t ing  experi- 

mental. information concerning e l a s t i c -p l a s t i c  and creep in te rac t ion  does 

not warrant a l t e r a t ions  t o  e i the r  the  form of the  creep consti . tutive equa- 

t i o n s  or t h o  quant i ta t tve statements of creep laws.* Consequently, equa- 

t ion-of-s ta te  type const i t i i t ive equations along with creep l a w s  applicable 
-to v i rg in  mater ia ls  should be used i n  present creerJ analyses. Also, ex i s t -  
ing creep data  a re  not su f f i c i en t  t o  support a creep l a w  f o r  compressive 

s t r e s ses  t h a t  d i f f e r s  from the  creep law applicable t o  t e n s i l e  s t resses .  

*See Appendix A f o r  discussion. 
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Thus, it i s  assumed t h a t  creep response t o  constant uniaxial  compression 

i s  i d e n t i c a l  to t h a t  i n  tension. 

A s  pointed out i n  references given i n  Appendix A of F’M-152, Rev. 14, 

pas t  experience has generally concluded t h a t  of the equation-of-state creep 

methods most ccanmonly used, those based on strain-hardening formulations 

bes t  represent avai lable  experimental data .  

s t a in l e s s  s t e e l  a l so  support t h i s  p ~ s i t i o n . ’ ~  Consequently, it i s  r?com-- 
mended t h a t  strain-hardening be used. 

Recent OIi’NL data  fo r  type 304 

The equation-of - s t a t e  approaches, including strain-hardening, a re  

based on the  assumptions given i n  Appendix A of FRA-152, Rev. 4. Tnese 

assumptions of isotropy, incompressibility, indifference t o  hydrostat ic  

s t ress ,  and co l inea r i ty  of creep s t r a i n  r a t e  and deviator ic  stress lead 

t o  the  basic  fora  of t he  cons t i tu t ive  equations 

C i j  .c .:= Loij / , 

where E‘ and 0’ a re  the components of creep s t r a i n  and deviator ic  s t r e s s  

tensors,  respectively.  The sca la r  proport ional i ty  function h i s  expressed 

i n  t e rns  of t he  invariants  of the  deviator ic  s t r e s s  tensor and of t he  

creep s t r a i n  tensor  as wel l  as other s ca l a r  var iab les  such as time, t, and 

temperature, T. Since the  often-used ef fec t ive  s t r e s s  and s t r a i n  vari- 
abies, o and c, a r e  proportional t o  the  second invariant  (JL) of 0’ 

the  second invariant  (I,) of E‘ 

i n  terms of r and z. 

i j  i j  

- 
and 

it i s  acceptable f o r  A t o  be expressed 
i j  

i j ’  
Specif ical ly ,  

and 

-2 O’ = 3J4 = 3 /  oij 0’ 
i j  

An added condition, t h a t  t he  mul t iax ia l  cons t i tu t ive  equations nust incor- 
porate a proper descr ipt ion of the  uniax ia l  s t r e s s  case, leads t o  an accept- 
ab le  form: 

.c 3 2 (G,t,TZ 
- ij * 

E - -  
0 

ij - 2 
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The requirement t h a t  Eq. (50) degenerate t o  the  uniaxial-s-Lress case 

requires,  i n  t u r n ,  E ( G ,  t , T )  t o  be the constant-uniaxial-stress creep l a w  
with axial. s t r e s s  and s t r a i n  vari.ab1.e~ replaced by t h e i r  e f fec t ive  counter- 

pa r t s  * Therefore, the  constituti.ve equations f o r  tine basic  equation-of- 

s t a t e  approach are  composed of E q ,  ( 5 0 )  and a creep l a w  which rnathemati- 

c a l l y  expresses the exp? rhen ta l ly  ohse-med a x i a l  creep s t r a i n  as  a func- 

t ion  of constant-uniaxial-stress,  time, and temperature, 

The manner i n  which these equations apply t o  var iable  stress condi- 

t i ons  depends upon the  hardening l a w  chosen. 'This choice i s  re f lec ted  by 

t h e  var iable  used- t o  express the  e f fec t ive  creep s t r a i n  r a t e  7. If s t ress ,  

time, and temperature a re  used, time-hardening r e su l t s .  If s t ress ,  s t r a in ,  

and temperature a re  used through the elimination of time between 

then. strain-hardening r e s u l t s  ~ Thus, t he  equations for strain-hardening 

have tine form: 

and zJ 

As s t a t ed  ea r l i e r ,  strain-hardening methods a re  current ly  recommended f o r  

creep analyses involving types 304 and 316 s t a in l e s s  s t e e l .  

mendation, Eq. (51) i s  considered to be applicable without modification 

only so long 8,s s t r e s s  reversals  do not occur (changes i n  magnitude a re  

permitted).  
s t r e s s  reversals  a r e  encountered. 

In  oim recom- 

Auxiliary ru les  a re  recornended i n  Section 3.3 fo r  use when 

Tfle acceptab i l i ty  of a creep l a w  for use i n  t h i s  type of analysis i s  
judged on t h e  bas i s  of i t s  a b i l i t y  t o  represent constant-uniaxial-stress 
creep data  and known t rends of mater ia l  behavior. Th4s a b i l i t y  must be 

considered over representat ive ranges of stress, temperature, and time. 

Of course, it i s  seen t h a t  the manner i n  which one eliminates .t; between 
- 
E and t o  a r r ive  at, Eq.  (51)  is highly dependent on the mathematical form 

of the creep l a w .  Except i n  r a r e  cases t h i s  elimination has t o  be per- 

formed numerically within the  overa l l  computer proggcm. 

should nevertineless be m a d x  t o  keep the  complexity of the  creep law t o  a 

minimum e 

E v e q  e f f o r t  
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The creep laws being developed by Blackburn'yG f o r  types 304 and 316 
s t a i n l e s s  s t e e l  are of t h e  form: 

where k -t; represents t he  s teady-state  creep s t r a i n  and the  remainder of' Eq. 

(52) represents t he  primary creep s t r a i n .  

t i o n s  to this mathematical form, and it i s  an acceptable form for use i n  
strain-hardening creep analyses, The implementation of strain-hardening 

techniques i s  t o  be discussed more f'ully l a t e r ,  along with some observa- 

t i o n s  t h a t  r e s u l t  from the use of spec i f i c  creep laws. 
t i o n  i s  given t o  creep l a w s  whose bas ic  form i s  given by Eq. (52).  

m 
There a r e  no conceptual objec- 

Par t icu lar  a t ten-  

Two approaches t o  strain-hardening computations are ccnsidered aecept- 

able even though they may lead t o  s l i g h t l y  d i f f e ren t  answers under complex 

loading pyograms.* I n  t h e  f i r s t  method, the  strain-hardening i s  based on 

the  t o t a l  (primary plus secondary) e f fec t ive  creep s t r a i n .  The e f fec t ive  

s t r a i n  value used i n  this  method a t  any given point in an analysis  i s  ca l -  

culated from t h e  current values of t h e  t o t a l  creep s t r a i n  components. In 

t h e  second method the  strain-hardening i s  based on the  primary creep s t r a i n  

only. 
s t r a i n  a re  calculated at  any given point from t h e  current values of t he  

respect ive s t r a i n  components. 

son between the  predict ions of these two procedures f o r  some spec i f ic  load- 
ing programs t h a t  ORNL used i n  creep t e s t s  of type 304 s t a i n l e s s  s t e e l .  

Here t h e  e f fec t ive  primary creep s t r a i n  and ef fec t ive  t o t a l  creep 

The attached Appendix D provides a compari- 

The f i rs t  of t h e  strain-hardening procedures is  conceptually- the same 

regardless of the  creep l a w  used. This r e s u l t s  from the  f a c t  t h a t  the  

t o t a l  creep s t r a i n  law i s  composed of a t  l e a s t  two mathematical terms, one 

( o r  more) f o r  t h e  primary creep and one f o r  the  secondary creep. This 
makes it impossible, except i n  r a r e  cases, t o  eliminate time, t, between 
E and 2 i n  a closed-form fashion. 

used i n  making these analyses must possess a scheme f o r  solving n m e r i c a l l y  

I 

Therefore, the  computer program t o  be 

*The bases for these methods are  described here f o r  cases t h a t  do not 
involve s t r e s s  reversals .  Section 3.3 gives auxi l ia ry  ru les  t o  be used 
when s t r e s s  reversa ls  a re  encountered. 



for values of time corresponding t o  given values of s t r e s s  and t o t a l  creep 

s t r a i n .  Aside from t h i s  numerical e f fo r t ,  the  strain-hardening scheme 

based on total .  creep styrain does not introduce any ad-ditional anal-ytical. 

complexittes. 

Most computer progl-ams capable of creep analyses perform calcu-bations 

on an incremental bas i s ,  The s t r e s s  and. temperature a re  considered t o  be 

constant over a given rintei-val, The ef fec t ive  s t r a i n  a t  t he  beginning of 

an interval,. i s  detemined, i n  the t o t a l  creep strain-hardening procedure, 

from Eq. (49) and the  components of the  total creep s-brain t h a t  ex i s t  a t  
t h a t  ins tan t .  !Phis ef fec t ive  creep s t r a in ,  along with the effect2vc s t r e s s  

calculated from Eq. (48), establ ishes  froin the  creep l a w  .the coef f ic ien t  

in the cons t i tu t ive  equations, Eq. (51).  From this,  the creep r a t e s  can 

be established and the  creep s t r a i n s  calculated for. the  in te rva l .  

The second- strain-hardening procedure does conceptually depend t o  
some extent on %he creep l a w .  Here strain-hardening i.s based on primary 

creep s t r a i n s  only, a s  opposed t o  total creep s t r a i n s ,  

ana ly t i ca l  advantage of t h i s  procedure ex i s t s  i n  bhose cases where the  
primary creep s t r a i n  i n  the  creep law i s  represented by a sing1.e function 

of time. 

s ing le - t em primary creep equation far time. T h i s  eliminates the  need 

f o r  the  numerical scheme discussed i n  connection with the  f irst  s t r a in -  

hardening procedure. 

The f i r s t  par t  i s  analogous t o  Eq. (51) and the  second i s  a steady-state 

contribution. This i s  s t a t ed  by 

A s tgn i f icant  

This  s i t ua t ion  usually permits a closed-form solut ion of a 

Here the  s t r a i n  r a t e s  a re  composed of two parts, 

-t where E is t he  effect ive primary, or  t rans ien t ,  creep s t r a i n  and 

2 g ( o , ~ )  oij represenks t ~ l e  steaq-state  creep r a t e .  

Rev. 4, f a l l  i n t o  th i s  category when I, = ct E'' t h a t  i s ,  when - b e  

effect ive creep s t r a i n  i s  ac tua l ly  t h e  effect ive primary creep s t ra in .*  

The creep procedmes and equations given i n  Appendix A of FRA-172, 

2 '-ij ij' 

*This primary creep strain in te rpre ta t ion  of I, i s  necessary f o r  the 
creep fo-mulxtion i n  FRA-152, Rev. 4, t o  be able to reproduce the  con- 
s t ant  -un i axial- st r e  s s cr eep equat ion. 
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A power law ( i n  s t r e s s  and time) creep equation i s  the  basis o f  the  for- 

mulatioa given i n  t h a t  appendix. ._ . 

I n  pr inciple ,  i t  numerical scheme analogous t o  that discussed r e l a t i v e  

t o  the  strain-hardening procedure based on t o t a l  creep strain can a l s o  be 

employed with the  primary creep s t r a i n  procedure. !L'his would make possi-  

b l e  t he  use of a r b i t r a r i l y  complex equations fo r  representing primary 

creep. This second procedure does, obviously, require  computer programs 

t o  store current values of primary creep s t r a i n  as wel l  a s  of total creep 

s t r a i n .  

on computer programs. 

However, t h i s  storage should not place any s igni f icant  new demand 

An example of a creep law which includes a two-tern expression for 

t h e  primary creep i s  

C 
E ( g , t )  = f l (o ,T)  - e 

A closed-form solut ion t o  the two-term primary creep expression for time 

cannot be found, and use of a numerical scheme i s  necessary and considered 

acceptable. Obviously, the  use of a multiterm expression, such as  t h a t  

shown above, fo r  t he  primary creep does, i n  general, permit a b e t t e r  rep- 

resenta t ion  of creep s t ra in- t ime daka. 

The strain-hardening procedure based on primary creep s t r a i n s  can be 

applied i n  closed-form fashion when t h e  creep l a w  i s  of t he  form given by 

Eq. (52) : 

EC(o, t ,T)  = f(cr,T) 

where f ,  r, and g a re  functions of 

creep equations being developed by 
l e s s  s t e e l  are of t h i s  form. Here 

stress, 0, and temperature, T. The 

Blackburn" fo r  types 304 and 316 s t a in -  

t he  primary creep s t r a i n  i s  given by 
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- rt Different ia t ing Eq. (56) with respect t o  time, and zliminating e , pro- 

duces an expression for  t he  p r h a r y  creep s t r a i n  r a t e  i n  t e m s  of tine 

s t r e s s  and primary creep s t r a i n .  The multiia.xia1 re la t ions ,  including t h e  

steady-state creep ra te ,  Ynen become 

;t; 
"he effect ive primary creep s t r a i n  E 

of a time i n t e r v a l  from t he  primary creep s t r a i n  cmponents present a t  
t h a t  time. 

i s  t o  be calculated at the  beginning 

An analysis  based on Eq. (57) would be strai.ghtforward as long a s  t h e  

However, care must be exercised when loadings a re  constant or  increasing. 

t he  loading i s  decreased, as wi.Lho1lt addi t ional  r e s t r i c t i o n s  Eq. (57) can 

sometimes lead t o  erroneous r e s u l t s ,  For example, consider a stepwise 

reduction i n  a un iax ia l  s t r e s s  011 (xl di rec t ion)  from a t e n s i l e  s t r e s s  

o1 'to a compressive s t r e s s ,  -02, where loll > lo2/. 
been exposed t o  the Lensile s t r e s s  o1 for a su f f i c i en t  period of t h e ,  

--t then Yne term [ f ( o , T )  -- E ] w i l l  be negative i tmediately a f t e r  t'ne s t r e s s  

change. 

G { ~  i s  negative. 
t h e  term [ f ( z , T )  - E ] t o  zero when it i s  cal.culated t o  be negative. 

If Yne material. had 

*t Then Eq. (57) w i l l  give a posi t ive prima-ry creep r a t e  since 

Tnis erroneous r e s u l t  may be circumvented by equating 
-t 

A more general s e t  of  ru les  for s_neciming the  hardening present 

Taese general r u l e s  under cycl ic  conditions i s  given i n  Section 3.3. 
avoid the  erroneous s i tua t ion  discussed above where the  s t r e s s  ulrdergoes 

a change i n  sign. However, it i s  s t i l l  possible for  the  h d i c a t e d  bracket 

term t o  be negative when s t r e s s  reductions occi11~ without a change i n  sign. 

When "cis occurs, [ f ( o , T )  - E ] should be s e t  equal t o  zero. -t 

3.2. Recommended Creep Relationships 

3.2.1. Specific cons t i tu t ive  equation recommendations 

For convenience, the  reeomnendations made i n  t h e  previous section a r e  

co l lec ted  here. It is recommended that an equation-of-state approach 
based on strain-hardening be used. The specifi-c m u l t i a x i a l  equations t o  
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be used were spec i f ied  by Eq. ( 51) : 

Relative t o  general  rectangular Cartesian coordinates (x,y, z> , these equa- 

t i o n s  can be wr i t t en  i n  terms of the  usual engineering normal and shear 

components a s  

Equation 

method i n  the  

s t r a i n  values 

(58) i s  used with t h e  time increment- ini t ia l  s t r a i n  analysis  

following manner. 

are determined for t h e  beginning of t h e  increment. 

Effect ive s t r e s s  and ef fec t ive  creep 

These 
axe then subs t i tu ted  i n t o  the  uniax ia l  creep l a w  t o  determine 

e f f ec t ive  creep s t r a i n  r a t e ,  f o r  the  time increment, 

ponents m e  then determined by Eq. (58). 
In  determining from the  uniaxial  creep equation, it is generally 

, t he  
The s t r a i n  r a t e  com- 

necessary t o  determine a pseudo time, t, corresponding t o  the  creep s t r a i n  
value, E. This determination may require  a numerical procedure, as dis-  
cussed i n  t h e  previous section, pa r t i cu la r ly  i f  c represents. t o t a l ,  r a the r  

I 
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than prjmary, creep s t r a in .  

on primary creep s t r a in ,  i n  which case the  applicable multiaxi-a1 creep 

equations a re  represented by Eq. (5.3). 

It i s  permissible t o  base the  strain-hardening 

-t Here, E 

represents the  steady-state creep r a t e .  

tain uniaxial  creep lawss, it i s  possible t o  obtain an exp1ici.t r e l a t ion  

Lor E, thus avoiding a numerical solut ion for a pseudo time. 
demonstrated i n  the  previous section f o r  the  form of t h e  uniaxial  creep 

equation being considered- by HEDL 

represents t he  primary effect<-ve creep s t r a i n  and g('o,T) 0' i j  
When Eq, (53) i s  used wit'n cer- 

- 
b. This was 

Equations (58) and (53) together with an acceptable uniaxial  creep 

law and -Lhe spec i f ic  auxi l ia ry  hardening ru les  t h a t  aze presented l a t e r  

for  handling reversed loading s i tua t ions  a re  all. t h a t  i s  required fo r  
performing creep analyses. A s  previously s ta ted,  we f e e l  t h a t  the uni- 

a x i a l  creep law form being considered by IIEDL1J6 i s  acceptable for use. 

The bases f o r  t h i s  judgement a re  presented next. 

3.2.2. 
equation with analysis techniques 

Compatibility of proposed BEDL Cree2 

The creep l a w  proposed by HE.I)IA1~" f o r  types 304 and 316 s t a in l e s s  

s t e e l  has tile basic  form: 

where ct, r, and 2 are  each r e l a t i v e l y  complex functions of s t r e s s  and m 
temperatixre Seemingly questionab1.e i-esult s have been obtained rrom creep 

s t ruc tu ra l  analyses u.sing t h i s  equatjon, and consequently some doubts have 
been expressed i n  t h e  past  w i t h  regards t o  the  cCanpatibill.ty of the equa- 
t i o n  with current inelaskic  analysis techniques. It i s  ORNL' s posi t ion 
tha t  the  basic  form of t h i s  equation i s  acceptable f o r  use i n  creep analy- 
ses  using current techniques provided the  equation does adequately repre- 
sent the  uniaxial-constant-stress creep data. 
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Analysis predict ions of t he  type t h a t  have caused colicern a re  shown 

i n  Fig. 10. Here, t h e  calculate&* e f f ec t ive  s t r e s ses  on the inner and 
outer surfaces of a pressurized thick-walled cylinder appear to approach 

near-steady-state values, but iz "perturbation" then occurs i n  the  s t r e s s  

values with time. 

o s c i l l a t i o n  r e su l t i ng  from s t a b i l i t y  problems i n  the  s teady-state  creep 

solut ion,  and t h e  implication i s  t h a t  the  creep equation i s  not compatible 

with the  "time increment- ini t ia l  s t r a in"  f i n i t e  element creep a n a a s i s  

procedures cur ren t ly  i n  use. This is ,  however, not t he  case; t he  pre- 

d ic ted  behavior i s  t h e  r e s u l t  of ne i ther  s t a b i l i t y  problems nor any basic 

incompatibil i ty between t h e  creep equation and current analysis  proce- 

dures. Rather, t he  predicted behavior is, i n  f a c t ,  t h e  general  type of 

response t h a t  would be expected. 

This per turbat ion has been var iously in te rpre ted  a s  an 

Two points  supporting t h i s  posi t ion a re  

b r i e f l y  discussed here. 

*The predict ions shown were obtained from axisymmetric, plane-st rain 
f i n i t e  element analyses using an early- version of the  proposed HEDL creep 
equation. 
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cyl inder  subjected to 3650 ps i  i n t e r n a l  pressure. 
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F i r s t ,  the  solut ion which a t  about 500 hours appears t o  be near 

s t e a w - s t a t e  could not possibly be so. The steady-state s t r e s s  dis t r i -  

bution, by definiti.on, i s  reached. only a f t e r  the  creep-strain r a t e s  be- 

come independent of time. A t  500 hours and at the ef fec t ive  s t r e s s  l eve l s  

shown i n  Fig. 10, the  t rans ien t ,  or  primary creep, predicted by the  pro- 

posed creep equation i s  f a r  from being depleted, pa r t i ca l a r ly  a t  the  Inwer 

s t r e s s  l e v e l  on the  outer surface, 

ining t h e  predicted s t r e s ses  i n  r e l a t ion  t o  Fi.g. 11, which i s  a p lo t  of 
t he  time required t o  deplete various percentages of the t o t a l  primary creep 

strajn as detemi.ned from the  creep equation used i n  the  analysis .  

long as s igni f icant  primary creep, vhich i s  typ i f i ed  by continually vary- 

ing creep s t r a i n  ra tes ,  i s  occuyring, t h e  s t r e s ses  must continually r e -  

d i s t r ibu te  t o  maintain geometrical compatibil i ty of the  s t ruc ture  * Thus 

t he  perturbation i n  the s t r e s ses  of Fig. 10 i s  simply ind ica t ive  of t he  

s t r e s s  red is t r ibu t ion  t h a t  takes place as the  primary creep s t r a i n s  a re  

depleted, f i r s t  on the  inner surface of the  cylinder and. then on t h e  outer 
surface. 

This can best  be understood by exm- 

As 

_ _  ORNL- DWG 7i- 40568 
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F i g .  11. Percent depletion of priiiiary creep.  
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The second point is a significant one with regards to the compatibil- 

ity of the proposed creep equation with current analysis procedurss. 

memory theory predictionsx shown in Fig. 10, although based on the creep 

response given by the creep equation used for the equation-of-state pre- 

dictions, were obtained by Y. R. Rashid at General Electric using the new 
inelastic analysis finite element computer program that is being developed 

as a part of the OIWL program. 

familiar "modified stiffness" method of elastic-plastic analysis in that 

the integral equations describing the creep response are used in the actual 
finite element stiffness calculations for each creep prediction. The 

method is thus free from the problems of time-increment selection and 
stability that w e  inherent in the time increment-initial strain proce- 

dure used in current equation-of-state approaches. The fact, then, tha t  

the equation-of-state andmemory theory predictions of Fig. 10 do elosebj  

agree indicates that t he  current analysis procedures (i.e., the time 

increment-initial s t r a in  method used with an equation-of-state creep for- 

mulation) are compatible with the proposed creep equation. 

The 

The analysis method used is akin to the 

3.3. Recommended Auxiliary Rules for Applying Strain- 
Hardening to Situations Involving Stress Reversals 

The strain-hardening formulation recommended in Section 3.2 for use 

with the equation-of-state approach to creep analysis is considered appli- 
cable only so long as stress reversals do not occur. If a change in stress 

occurs at time t so that  a stress reversal does not occur, the strain- 

hardening procedure, based on either total or primary creep strains, can 

be applied in a straightforward manner. 

reversal is given later. 
A specific definition of a stress 

If a stress reversal OCCUTS at time t, then 

auxiliary rules must be employed along with the strain-hardening proce- 

dure previously given. 

plained in this section. 

Recommended auxiliary rules are specified and ex- 

To understand the shortcomings in the strain-hardening procedure when 

stress reversals are encountered, consider the simple case of a uniaxial 

*See Appendix E. 



creep specimen subjected f irst  t o  a .tensile s t r e s s  of t u  and then t o  a corn- 
pressi-ve s t r e s s  of -0. During the  t e n s i l e  portion of the  loading s t ra in-  
hardening occurs, and the  strain-hardening procedure would predict  t h a t  

upon changing t o  the  compressive loading t h i s  accumulated strain-hardening 

would be retained. 

creep response had been reached i n  tension, then the  strain-hardening pro- 

cedme would predict  a compressive creep s t r a i n  response beginning i n  the  

secondary creep region. 

Ynat t h e  hardening accumulated. i n  tension would be l o s t  upon changing to 

compression, that is ,  the  cumpressive creep response would exhibit  prirnary 
creep similar t o  the  case of a v i rg in  specimen. 

For example, i f  the  secondary creep portion of the  

This appears t o  be incorrect .  We would expect 

A second shortcoming of t he  strain-hardening procedure when applied 

t o  strress reversals  a r i s e s  i n  connection with time-incremental analysis 

procedures and can be explalined. using the  example considered i n  t h e  pre- 

vious paragraph. Subsequent t o  the  change t o  a compressive s t r e s s ,  t h e  

e f fec t ive  creep s t ra in ,  as ccnnputed from t h e  creep s t r a i n  components a t  

any given time, decreases. Hence, i n  an incremental- analysis  which u t i -  

l i z e s  s m a l l  tjme increments, the  e f fec t ive  creep s t r a in ,  and hence the 

strain-hardening, decreases from increment t o  increment. The net  r e s u l t  

i s  tha t  the creep s t r a i n  r a t e  increases w i t h  t h e  as the  e f fec t ive  s t r a i n  

decreases toward zero. After reaching zero, the  e f fec t ive  s t r a i n  begi.ns 

t o  increase again and the r a t e  decreases accordingly. 

which the  secondary portion of the creep response i s  reached i n  tension 

before reversing the  s t ress ,  a time-incremental analysis  using s t r a in -  

hardening would predict  a compressive creep response stay-Ling with secon- 

dary creep and proceeding t o  primary creep. 

For the  exmple i n  

The auxi l iayy ru l e s  recomiended i n  t h i s  sect ion a re  intended t o  over- 

come t h e  inconsistencies described above. The ru les  a re  r e l a t i v e l y  simple 
and should present no serious problems with regards t o  t h e i r  incorporation 
in to  ex is t ing  i-nelas-bic s t ructwral  analysis  computer programs. It should 

be emphasized that the  ru l e s  a re  based almost e n t i r e l y  on presmed behav- 
i o r ,  because very l i t t l e  applicable data ex i s t .  The l tmi ted  r e s u l t s  ava i l -  
able  from a few t e s t s  on a1umi:mm a l l ays  '*J1' and Tnconel appear t o  support 
t h e  presumed behavioy. 
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I n  the remainder of t h i s  section, t he  presumed uniax ia l  behavior i s  

first discussed and ru l e s  a re  prescribed for predict ing the  behavior. 

Then these ru l e s  are generalized t o  multiaxial conditions and t o  a form 

t h a t  can be u t i l i z e d  i n  s t r u c t u r a l  analyses. 

tural  analysis  r e su l t s  obtained at ORJYL using t h e  recommended ru l e s  a r e  

F i n a u ,  t yp ica l  creep struc- 

presented and c m p r e d  t o  predict ions based on applying the  strain-harden- 

ing procedure without using the  auxi l ia ry  rules. 

3.3.1. Presumed uniax ia l  creep response 

To form a bas is  for fur ther  discussion, we w i l l  f i rs t  b r i e f l y  review 

the  graphical appl icat ion of t he  strain-hardening procedure t o  those s i t u -  

a t ions  not involving s t r e s s  reversals .  

Fig. 12 for t h e  case of a three-s tep 

a x i a l  t e n s i l e  s t r e s ses  'sl < 02 < 03. 

The procedure i s  i l l u s t r a t e d . i n  

The t o p  sketch shows 
loading sequence involving the  uni- 

the  s t r e s s -  

ORNL-DWG 71-10678 
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i s  'based on t o t a l  creep 
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Rote t h a t  t h e  s t ra in-hardening  shown 
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time h i s to -g ;  the middle sketch, t he  un-j_axial.-constant-stress creep curves 
and the  usual strain-hardening procedure;" and the bottom sketch, the  re- 

su l t ing  predicted creep response. 

It can be seen t h a t  f o r  any s t r e s s  hi.story i n  which no s t r e s s  rever- 

s a l  (change i n  sign) occiws, strain-hardening, whether based on t o t a l  

creep s t r a i n  o r  on prinia.ry creep s t ra in ,  i s  applied i n  a straightforward 

manner according t o  the procedures descrtbed i n  Sections 3 . 1  and 3.2. 
Hardening continues so long as  creep s t r a i n  i s  accumulated. 

Now consider t he  s i tua t ion  i n  which a s t r e s s  reversa l  i s  involved, 

as shown i n  Fig. 13. During the period i n  which the i n i t i a l  t e n s i l e  

s t r e s s  o3 ac ts ,  t o t a l  creep s t r a i n  deno-Led by i s  accmulated,  and, on 

t h e  bas i s  of t o t a l  creep s t ra in ,  

accumulated. 

t h a t  a l l  t he  strain-hardening, E ~ ,  accmuJ.ated i n  tension i s  l o s t .  Thus 

the creep response produced by t h i s  f i r s t  application o f  compressive s t r e s s  

s t a r t s  a t  zero strai.n-hardening, just as i n  t h e  case of a v i rg in  speci-, 
men. -)c* 

also i s  a measure of the  hardening 

When the  s t r e s s  changes t o  --ol at  time t,, - it i s  assumed 

When the s t r e s s  i s  changed back t o  tension a t  time t2,  a corflplicaking 

fac tor  enters  because hardening equal t o  was previously accumul.ated i n  

tension, If c2, t he  creep s t r a i n  accumulated subsequent t o  t,he application 

*Although t h e  strain-hardening i s  shown graphically based on t o t a l  
creep s t r a in ,  the  bas i s  could just as  wel l  be p1-iiiary creep s t r a i n  as ex- 
plained i n  Section 3.1. 

-x-"A few t e s t  r e su l t s  f o r  aluminum al-loys seem t o  indicate  -l;hat the  
creep response i n  compression a f t e r  a pr io r  creep peri-od i n  %ension i s  
perhaps sl igh.t ly l a rge r  ,than tha t  of ,z v i rg in  conipressive creep specimen. 
IEowever, unpublished data a t  ORNL on the  creep behavior of Inconel show 
t h e  creep response t o  be essent ia l ly  Vne same before and a f t e r  loading 
reversals  between s t r e s s  values of equal magnitude. The l a t - t e r  is i l l u s -  
t r a t e d  by Fig.  14 which shows p lo t s  of total s t r a h s  versus time fo r  
cycles i n  a typ ica l  t e s t .  Although the -temperatime level i s  high and the  
cycle pel-iods r e l a t i v e l y  short, the  r e s u l t s  seem t o  suppolat the assmp- 
t i ons  being made. 
ing" feature  as the  number of cycles i s  increased. 
conditions, many s t ruc tu ra l  metals "harden" or "soften" so  f a r  a s  t h e i r  
res i s tance  t o  creep defomiation i s  concerned. However, a t  t h i s  time 
insuf f ic ien t  information about t h e  cyc l ic  creep charac te r i s t ics  of austen- 
i t i c  s t a i n l e s s  s t e e l s  ex is t  t o  suggest t he  inclusion of a cycl ic  hardening 
o r  softening fea ture  i n  recommended cons t i tu t ive  equations a 

The r e s u l t s  shown i n  Fig. 14 include a. creep "soften- 
Under reversed loading 
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of the  compressive load, i s  smaller i n  magnitude than cl ,  then i.t seems 
reasonable t o  assume t h a t  hardening equal t o  c1 - c2 remains i n  tension, 

and the  creep response starts a t  t h i s  value on the  o2 creep curve as shown 

i n  Fig. 13,  
t e n s i l e  strain-hardening would be eliminated, and the  creep response on 

t he   IS^ curve would s t a r t  a t  zero st:raj-n, j u s t  as f o r  a v i rg in  specimen. 

If c2 had been la rger  i.n ma,gnitude than cl, then all of the 

We can carry the  dl.scussion one s t ep  fur ther  by assuming t h a t  creep 

s t r a i n  with magnitude c3 i s  accumulated a t  st~ess u2. ex- 

ceeds E;! i n  magnitude, .t;'ne hardening acci_unulat,ed i.n compression i s  l o s t ,  

and a subsequent change t o  a compressive stress would produce an assumed. 

creep response star%ing a t  zero s t r a i n  on the  appropriate compressive creep 

c w e  (assumed iden t t ca l  t o  the  coyresponding t e n s i l e  creep curve) 

change t o  compression occurs before 
ening equal t o  E~ -- fg would remain in compression, and the  assumed creep 

response would s t a r t  a t  t h i s  s t r a i n  l e v e l  on t h e  a p p o p r i a t e  compressive 

creep curve. 

A s  soon as  

If a 

exceeds c2 i n  magnitude, then hard- 

W h a t  i s  needed now i s  a simp1.e and rea,dily usable s e t  of nrles for 

adequately describing t'ne presumed creep behavi.or a To t h i s  end, consider 

a general statement of the uniaxial  strain-hardening creep model i n  t he  

form: 

E .c  = f ( e  H , a ,T )  , 

I1 where ic i s  the  t o t a l  creep s t r a i n  (primary plus secondary) rate and c: 
i s  the current strain-hard-ening value, which i n  t'ne usual strain-hardening 

procedure i s  a l so  a measure of t he  current creep s t ra in .+  

Without modif icabion, t he  uniaxial  strain-hardening law given by Eq. 

(60) i s  applicable only when s t r e s s  reversals  a r e  not considered, t h a t  i s ,  
when the  s t r e s ses  change i n  magnitude but  not i n  sign. For cycl ic  uni- 
a x i a l  loadings involving s t r e s s  reversals,  the applicabil-i ty of Eq. (60) 
i s  extended by redefining the  strain-hardening measure, E , r e l a t i v e  t o  H 

*The strain-hardening E' may be based e i the r  primary creep s t r a i n  o r  
total .  creep s t r a in ,  depend-ing on the  type o f  strain-hardening adopted. 
If primary creep i s  used, t he  rela'cion for k c  may be expllici't; as discussed 
i n  Section 3.1. If t o t a l  creep i s  used., t he  r e l a t ion  w i l ? .  be implici t ,  
and a numerical solut ion w i l l  be required t o  determine the  creep s t r a i n  
r a t e .  
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reference creep s t r a i n s  and by determining i t s  value according t o  t he  f o l -  

lowing ru l e s  : 

1. A t  any time the re  e x i s t  two possible creep 

E and E-, a s  shown i n  Fig. 1.5. The s t r a i n  E i s  a 

and E- i s  a pos i t ive  quantity.  

t + 

- + 
2. I n i t i a l l y  for a v i rg in  specimen, E = E = 

s t r a i n  "origins,  " 

negative quantity, 

0.  

3 .  For pos i t ive  s t resses ,  the creep r a t e  i s  determined from Eq. (60) 
w i t h  eH defined by 

H + 
E = € - E  . 

For negative s t resses ,  the creep r a t e  i s  determined w i t h  cH defined by 

Here, E i s  t h e  current creep s t ra in ,  e i the r  primary or t o t a l ,  depending 

on the  strain-hardening l a w .  
For a rb i t r a ry  s t r e s s  reversals ,  l e t  E ~ ,  E;?, E ~ ,  . . ., E n denote 

t h e  values of E a t  t h e  time of the  f i r s t ,  second, e t c . ,  s t r e s s  reversals ,  

respectively,  and l e t  c0 = 0 denote t h e  i n i t i a l  creep s t r a in .  Then a f t e r  

the  nth s t r e s s  reversal ,  

4. 

E 
f min 

E =  i 4 , n  i ' 

ORNL-OWG 7i-io677 

TIME 

Fig. 15. Presumed creep response f o r  arbitrary load ing  sequences. 
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n Ihe creep response predicted by these rules for  a case irivol-virlg t en  

a r b i t r a r y  s t r e s s  reversals  i s  depicted i n  Fig. 15." 
indicate  the creep s t r a i n  or ig in  used. f o r  t he  following s t ep  of the cuz-ve. 

I n  s tep  1, E = 0 i s  used as the or tgin.  
reversal., the  o r ig in  E i s  r e s e t  from i t s  i n i t i a l  zero value. The creep 

behavior f o r  s tep  2 i s  .then obtained simply by considering the  virgi-n uni- 

axial-constant-stress creep curve t o  be sh t f ted  t o  the  new or ig in  repre- 

sented by the  c i r cu la r  point and reversing the  d i r ec t ion  of creep t o  ac- 

count for  the  s"cess reversal .  

The c i r cu la r  points  

I n  s t ep  2> which involves a s t r e s s  
- 

The shifted. or igins  f o r  subsequen-t; steps are  shown by the c i r cu la r  

points .  A t  each s t r e s s  reversal., t he  o r ig in  is switched so t h a t  t he  strain 

always moves away f r o m  t o e  current or igin.  The or ig in  s t r a in ,  E or E , 
is r e se t  only when it i s  exceeded. 

of steps 2, 6, and 9, and .these points  a r e  ca l led  "major" reversal points .  

The remaining steps,  3, 4, 5, 7, 8, 10, and 11, begin with a res idua l  

strain-hardening value determined appropriately f r o m  ( E  - E-') or ( E  - ;"'). 
Since nei ther  s t r a i n  or igin,  E nor E , is r e se t  at the beginning points 

of' steps 3, 4, 5, 7, 8,  10, and 11, these points  a r e  referred t o  as in t e r -  

mediate reversa l  point s. 

- + 

I n  Fig. 1 5  t h i s  occurs at the  beginning 

- 4 

3.3.2, 
ru les  t o  mult iaxial  s t r e s s  h i s t o r i e s  

Extension of t h e  auxi l ia ry  strain-hard-eni% --- 

For general  appl icabi l i ty ,  t he  auxili-ary r u l e s  developed f o r  the  case 

of uniaxial  s t r e s s  reversals  must be exbended 'GO -the case of jmml.tia.xial 

s t r e s s  reversals .  Many practical .  high-temperature s t r u c t u r a l  problem w i l l  
involve only r ad ia l ,  or near-radial ,  loadings.** 'The extension of the ru l e s  

given here for  mirltiaxial conditions i s  intended primarily for appl icat ion 

t o  these types of problems, and they m e  based. on t h e  concepts of effec-  
tive s t r e s s  and ef fec t ive  s t r a in .  

*The response shown i n  Fig. 15 i s  based on a cotistan-t; stress act ing 
between each s t r e s s  reversal .  
case would vayy i n  magnitude i n  the  in t e rva l s  between reversals,  and .the 
response would look smeth-ing l i k e  t h a t  shown i n  Fig.  12. 

creep s t r a i n s .  

More generally the  s t r e s ses  i n  an  ac tua l  

**The term "radial"  i s  here taken t o  b p l y  pro_nortional changes i n  



The general  strain-hardening mul t iax ia l  creep equations, analogous t o  

Eq. (60) f o r  t he  uniax ia l  case, can, by Eq. ( 5 8 ) ,  be wr i t ten  i n  the  form 

* C  fl- 
E == h ( E  ,o ,T)  o!'~ , i j  

.c where E,, represents t h e  t o t a l  s t r a i n  r a t e  components, 2 i s  the  current  
I J  

value of strain-hardening (which i n  t h e  usual strain-hardening procedure 
is  a measure of t h e  current e f fec t ive  creep s t r a in ) ,  on e i t h e r  a t o t a l  or  

primary creep s t r a i n  basis, CI i s  the  e f fec t ive  s t r e s s ,  and 0' i j  represents  

t h e  deviator ic  s t r e s s  components. 

sals by redefining t h e  strain-hardening 2 r e l a t i v e  t o  reference creep 

- 

'The app l i cab i l i t y  of Eq. (61) i s  extended t o  mul t iax ia l  s t r e s s  rever- 

s t r a i n  s t a t e s  and by determining i t s  value according t o  t h e  following gen- 

e ra l ized  r u l e s .  

1. Define: 
C Value based on cij when strain-hardening i s  

based on t o t a l  creep s t r a i n  

Value based on when strain-hardening i s  
based on primary creep s t r a in ,  

t 
Strain-hardening 

- value, GH - 

E 

creep s t r a i n  
when strain-hardening i s  based on t o t a l  1 :j 

Instantaneous 
s t r a i n  value, €1 = 

i j  when strain-hardening i s  based on primary 1 i j  creep s t r a i n ,  
- i- 

f E = Two possible  s t r a i n  or ig ins  which e x i s t  a t  any 
time i n  e i the r  t o t a l  creep s t r a i n  space or pr i -  
mary creep s t r a i n  space as appropriate, 

i j '  i j  

* 
E = An ef fec t ive  s t r a i n  quant i ty  which i n  the  m u l t i -  

a x i a l  case i s  t he  equivalent t o  t h e  distance 
between or ig ins  for  t he  uniaxial  case, 

G = A measure, on an e f fec t ive  s t r a i n  basis ,  of t he  
distance between an instantaneous s t r a i n  s t a t e  
and the  appropriate one of the  two s t r a i n  o r i -  
gins [ s e e  Eq. (49)], 



2 e Definit ion of s t r e s s  reversal :  For mul t iax ia l  conditions, a " s t r e s s  

reversal"  i s  considered t o  OCCUT whenever "ne ef fec t ive  creep s t r a i n  

( G  o r  G-) rneasrcred from t h e  current o r ig in  ( E o r  E ) begins t o  

decrease. Since, as s l a t ed  i n  Sectton 3.1, t he  creep s t r a i n  ra te ,  or 

t h e  creep s t r a i n  increment, i s  col inear  with the  deviator ic  s t ress ,  

which i s  known before the creep s t r a i n  increment i s  calculated, t h e  

condition f o r  a s t r e s s  reversa l  i s  t h a t  t he  deviator ic  s t r e s s  be d i -  

rec ted  toward the  current or ig in ,  

g in  i.s F. 

- f + 
i j  i j  

More precisely,  i f  t he  current ori- 
-t 

a "Stress reversal ' '  occurs  when t h e  product i j '  

E+ j < o .  i j  i j  i j  

Because no volume change occurs during creep, E' 

inequal i ty  can be replaced by 

::: 0, and the above kk 

( € : . - - E +  =J i j  )G i j  < o .  

Similarly, if t h e  currezrt. o r ig in  i s  E- 

when 

a ' ' s t r e s s  reversal." occurs i j '  

( 2 - € - j O  i j  i j  i j  < o .  

Whenever a load reversa l  i s  detected.. a t  the beginning of a time tncre- 

ment, as described below, t h e  ori.gin i s  switched (and r e s e t  i f  nee- 
essary) before the  incremental creep strains are calculated.  

3. For the  i n i t i a l  unloaded case: 
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I+. For t h e  i n i t i a l  loading of t h e  v i r g i n  mater ia l ,  t he  creep r a t e  i s  deter-  

mined from Eq. (61) and, because of item 3 above, ? i s  defined by 

Assuming t h e  i n i t i a l  loading i s  t e n s i l e  i n  character,  a t  the  ins tan t  

of t he  f i r s t  s t r e s s  reversal ,  E 

G (.Ij), respectively,  and the  o r ig in  switched t o  E- so t h a t  a f t e r  

t he  yeversal, 

- 
and 2 a r e  set equal t o  E' and 

i j  i j  

i j  

,, t A t  t he  in s t an t  of t h e  next reversal ,  i f  G- > E, c 

t o  E' 

each s t r e s s  reversa l  occurs, t h e  or ig in  i s  switched. 

I n  general, the  following s teps  are  taken when the  current o r ig in  i s  

E and a stress r eve r sa l  occurs. 

a. If 

and ? a r e  s e t  equal 
4- i j  

and G-, respectively,  and the  o r ig in  switched t o  E i j  i j  
After 

5. + 
i j  

+ leave E unchanged and r e se t  i j  

b. If 

- + 
leave E c and unchanged. 

c. Test for the  condition discussed 
not appJy proceed t o  s tep  d. 

ij ' i j '  
i n  s t ep  7 below, arid i f  it does 

d. The o r ig in  is  s e t  a t  E- 

i s  defined by 

and t h e  e f fec t ive  strain-hardening, 3, i j '  
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.;"I = G (E' - E- ) . i j  i j  

This r e l a t ion  i s  used t o  determine the e f fec t ive  strain-hardening 

u n t i l  t h e  next s t r e s s  reversal  OCCUL'S. Wnen the  next reversa l  

occurs, one pyoceeds t o  step 6. 
6. The following s teps  a re  taken when the  current or ig in  i s  E- 

s t r e s s  reversa l  OCCUTS. 

a. If 

and a i.j 

-_. 
G ( E '  i j  - - E  j- j ) > $ ,  

leave E- unchanged and r e se t  i j  

1 +- 
E := E . .  , 
i j  1. J 

A E = G (ci j  7: - c y j )  . 

b. If 

- + 
E and 2 unchanged. 

i j '  i j '  
leave E 

e .  Test for  t he  condition discussed i n  s t ep  '7 below, and i f  it does 

not apply proceed t o  s tep  d. 
+ 

d. The or ig in  i s  s e t  a t  E and the ef fec t ive  strain-hardsning, ? I ,  
i j '  

i s  defined by 

1. J i j  

7. 

This r e l a t ion  i s  used t o  determine t'ne e f fec t ive  strain-hardening 

u n t i l  the  next s t r e s s  reversal OCCUTS a t  w h i c h  timime one returns 

t o  step 5 .  

Repeat s teps  5 and 6 f o r  the e n t i r e  loading h is tory .  e.  
In  mos.1; p rac t i ca l  cases the  above ru les  w i l l  be su f f i c i en t  t o  ensure 
t h a t  t h e  creep s t r a i n  increments always be d i rec ted  away from the CUT- 

r en t  or igin.  Bowever, i n  e i the r  step 5 o r  s tep  6, it i s  possible to 
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have a condition where both 

and 

. 

and ne i ther  or ig in  i s  t o  be r e se t .  

a t ion  i n  which the  creep s t r a i n  increments along path 3 i n  s t r a i n  space 

a r e  d i rec ted  toward both or igins .  

a r e  used, eveqy increment taken along path 3 w i l l  be in te rpre ted  as a 

s t r e s s  r eve r sa l  and w i l l  r e s u l t  i n  a switch o r  or ig ins .  

problem of possible repeated osc i l l a t ions  between origins when moving 

along a s ingle  path, t he  most d i s t an t  o r ig in  should be used in such 

cases. That is, E i s  t o  be used a s  the  o r ig in  and the  e f fec t ive  i j  
strain-hardening determined as i n  s t ep  5 i f  

Figure 16 i l l u s t r a t e s  such a s i t u -  

If the  ru l e s  t h a t  have been given 

To avoid t h i s  

+ 

and E- i s  t o  be used as  t h e  or ig in  and the  e f f ec t ive  strain-hardening 
i j  

OWL-DWG 71-10679 

Fig. 16. Schematic of s i t u a t i o n  i n  which creep s t r a i n  increments 
are d i r e c t e d  toward both o r i g i n s .  
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detemnined as  i n  s tep  6 i f  

I n  t he  time inc remen t -h i t i a l  s t r a i n  f i n i t e  element analysis  procedure 

the  above ru les  a re  t o  be applied on an  element-by-element bas3.s. 

e f fo r t  t h a t  would be required f o r  t h e  o r ig ina l  developer of a program t o  

incorporate t'nese ru l e s  is not deemed t o  be excessive. It should. be pointed 

out, however, t h a t  the  procedure does require ad-d-itional cmputer  storage 

f o r  t h e  cumponents E and E- and the  sca la r  fo r  each elernent. Also, a s  

discussed i n  Section 3.1, i f  primary creep s t r a i n  hardening i s  used, both 

E' 

s tored. Finally,  it should be pointed out tha% f o r  incremental creep ca l -  

culations,  the  creep r a t e  may increase abruptly when a s h i f t  of or ig in  oc- 

curs, so t'nat a corresponding reductton i n  the  .time increment may be nec- 

essaiy.  T h i s  increase i s  f e l t ,  however, t o  r e a l i s t i c a l l y  r e f l e c t  fea tures  

of ac tua l  mater ia l  behavi-or . 

The 

+ 
i j  i j  

t he  t o t a l  creep strain, and ct t h e  primary creep s t ra in ,  must be i j '  i j '  

It i s  believed t'nat i n  most p rac t i ca l  applications the  use of these 

ru les  w i l l  r e s u l t  i n  reasona'ole and consistent predictions.  It, should 

again be pointed out, however, that we are re lying on ef fec t ive  s t r a i n  con- 

cepts, and thus we a re  using a s ingle  quantity - ef fec t ive  s t r a i n  .- as a 

repository fo r  h i s to ry  e f f ec t s  associated with each s t r a i n  camponent . 
shortcomings of t h i s  procedure can mani.fest themselves i n  ce r t a in  nonradial 

loading s i tua t ions  where anmalous strain-hardening behavior can still be 

obtained even with the  auxi l ia ry  rules. Fortunately, as previously stated,  

most p r a c t i c a l  problems involve near-radial  loadings, and no d i f f i c u l t y  
should mise. Nonetheless, the  analyst  should be a l e r t  f o r  si-Luations 

which might potentria1l.y cause problems. 

The 

We are  current ly  evaluating forms of the  auxilia-iy ru les  which appear 
t o  overcome some of the  shortcomings of t he  reccanmend-ed procedures. Sev- 
e r a l  p o s s i b i l i t i e s  show promise, but they a re  not ye t  develaped or evalu- 

a ted su f f i c i en t ly  f o r  us t o  recommend them. 
To i l l u s t r a t e  t he  application of the ru l e s  t h a t  a re  recommended, we 

incorporated them in to  one of t h e  misymmetric f i n i t e  element i ne l a s t i c  
programs khat; we have developed a t  ORIVL, and we analyzed the .t;hick-walled 



cylinder problem t h a t  was discussed i n  Section 3.2. 

assumedto be subjected t o  a pressure of +3650 p s i  f o r  30,000 hours and 

then to a pressure of -3650 p s i  f o r  an addi t ional  30,000 hours. 

a r a t e  analyses were performed, having the  following four types of s t r a in -  

hardening : 

The cylinder was 

Four sep- 

1. 

2 .  

3 .  

4 * 

In  

t o t a l  creep strain-hardening, f ixed  or ig in  (without auxi l ia ry  ru les ) ,  

primary creep strain-hardening, f ixed o r ig in  (without auxi l ia ry  ru l e s ) ,  

t o t a l  creep strain-hardening with rese t ,  o r  adjusted, o r ig in  (using 

auxiliary ru les ) ,  
primary creep strain-hardening with rese t ,  o r  adjusted, o r ig in  (using 

auxi l ia ry  r u e s ) .  

a11 cases, an ear ly  version of t h e  proposed REDL creep equation f o r  304 
s t a i n l e s s  s t e e l  was  used. 

The analysis  r e s u l t s  a r e  typ i f i ed  by t h e  curves shown i n  Fig. 17. 
Here, t he  e f fec t ive  s t r e s s  on the  inner surface of t he  cylinder i s  shown 

ORNC- DWG 74 --to567 

AXISYMMETRIC, PLANE- STRAIN CREEP 
.___. ANALYSIS OF THICK-WALLED CYLINDER ...- d SUBJECTED TO AN INTERNAL PRESSURE a 

0 
0 

W c ,  ~ = O 2 5 i n ,  r , = 0 4 6 1 n  

OF 3650 PSI FOR 30,000 hr, -3650 PSI 
FOR 30,000 hr 

304 STAINLESS STEEL AT 1200OF 

DENING, FIXED ORIGIN 

NEGATIVE LOADING, PRIMARY CREEP 
TRAIN- HARDENING. FIXED ORIGIN 

TIME (hr) 

Fig. 17. Predicted response of pressurized thick-walled cylinder 
determined with and without auxi l ia ry  strain-hardening ru l e s .  
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as a function of time f o r  botA t h e  pos i t ive  pressure I.oad.ing and -he nega- 

t i v e  pressure loading, For .the posi t ive loading the fou r  hardening proce- 

dures gave r e s u l t s  which were e s sen t i a l ly  - h e  same (differences,  when 

plotted,  were not discernible) .  For t he  negative I_osd.ing, however, t he  

analyses without the  auxi l ia ry  ru l e s  gave diffeyent resul_-ts. 

t i ons  based on u.se of t he  recommended aux.iliary ru l e s  are the  more reason- 

able of the  f o u . ~  and represent the kind of behavior, qua l i ta t ive ly ,  t h a t  
would. be expected 

The p.red.ic- 

The e f f ec t s  of the  two shortcomings of the  u m a l  strai.n-hardening pro- 

cedure (wiYnout t h e  auxi l iary ru les )  are exeinplif i ed  i.n the  r e s u l t s  shown 

i n  Fig. 1.7. Fiyst ,  i x e  of t'ne assimption t h a t  t'ne hardeni-ng accumul_ated 

i n  t he  i n i t i a l  loading i s  retained when tine loading i s  reversed helps t o  

explain the  inore slowly decaying s t r e s s  predicted by t h e  f ixed or ig in  pro- 
cedures. Second, t h e  increasi.ng creep strarih r a t e s  t h a t  occw with Lime 

following t h e  load reversa l  a re  r e spms ib le  for  t h e  p e r t u b a t i o n s  i n  the  

predictions of both f ixed or ig in  procedures exhibited a t  the  longer times. 
These perturbations a re  ind ica t ive  of the  s t r e s s  red is t r ibu t ion  t h a t  takes  
place as the  e f fec t ive  creep strains approach zero a s  discussed a t  the 

begi-ming of t h i s  section. 

I n  summary, t he  ana ly t i ca l  predictions presented i n  Fig.  17 i l l u s -  

t r a k  the  p i t f a l l s  encountered i n  using the  strain-hardening procedure 

without tmploying auxi l ia ry  ru les  f o r  reversed. m1iLtiaxia.l stress s i tua -  

t ions .  Also, the predict ions dkmonstrate the  benef i t s  and practicableness 

of using the  auxiliary rules t h a t  have been recomnended, 
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APPENDICES 





OBSERVATIONS CONCERNING CREEP- PLASTICITY 
INTEMCTION TYPE HISTORY EFFECTS 

I n  examining h is tory  e f f ec t s  on subsequent p l a s t i c  behavior, two 

important features  t o  be considered are possible changes i n  the  s i ze  of 

t h e  e l a s t i c  region, as measured by K, and t h e  post-yielding deformation 

resis tance.  The discussion here i s  centered mainly around s tudies  i.on- 

ducted on type 304 s t a in l e s s  s t e e l .  

general  appl icabi l i ty ,  hawever. 

The conclusions reached are  of more 

Uniaxial t e s t s  show t h a t  pronounced hardening can occur as a result 
of p l a s t i c  cycling. 

loading t e s t  a t  room temperature i s  shown i n  Fig. 3 of Subsection 2.2. 

The observations Trom the  tes t  r e s u l t s  i n  th i s  f igure a re  germane t o  the  

discussion i n  t h i s  appendix because the  cycl ic  tests t o  be described here 

were a l so  conducted a t  room temperature. 

t h e  room-tapera twe t e s t  results indicate  t h a t  t he  slope of t he  s t r e s s -  

s t r a i n  curve i n  the  p l a s t i c  region increases as a r e s u l t  o€ p l a s t i c  de- 

formation, but  t he  extent of t he  e l a s t i c  region i s  e s sen t i a l ly  unaffected. 

An exmple of t h e  hardening observed i n  a cycl ic  

As s t a t ed  i n  Su3section 2.2, 

Tests reported by Blackburn17 on t h e  influence of p r io r  creep defor- 

mation on t e n s i l e  propert ies  of 304 and 316 s t a in l e s s  s t e e l  show tha t  

s t r e s ses  corresponding to t h e  onset of p l a s t i c  flow a r e  increased. 

t e s t s  a l so  indicate  tha t ,  f o r  s t r a i n  ranges of i n t e r e s t  i n  most s t ruc-  
t u r a l  components, t he  curves subsequent t o  yielding a re  vel-y similar to 

those f o r  v i rg in  specimens when the  or igins  f o r  t he  post-creep t e n s i l e  

curves aye o f f se t  by t h e  mount of t h e  permanent s t r a i n .  This s imi la r i ty ,  

i n  turn,  indicates  t h a t  t h e  influence of t h e  p r io r  pe-rmanent deformation 

i s  analogous t o  the e f fec t  of p r io r  time-independent, or p las t i c ,  defor- 

mation. This analogous behavior was, of course, impl ic i t ly  used when the 

or ig ins  of t h e  post-creep curves were o f f se t .  Since t h e  t e s t s  reportedx7 

a re  for  monotonic loading only, influence of p r io r  creep on t h e  extent of 
the e l a s t i c  region cannot be determined on the  basis of t he  results ob- 

t ained . 

These 

Three t e s t s  using type 304 s t a in l e s s  s t e e l  have been conducted a t  
CRNL to provide, i n  a r e l a t i v e l y  short  t i m e ,  in fomat ion  concerning history 
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e f fec t s .  

ing h i s t o r i e s  a t  1.200"F were subsequently subjected -to cyc:I.ic loadings at 

room temperature. 

cycl<.c loading a t  room temperature w a s  subsequently creep t e s t e d  a t  l-20O0F, 

Tl1i.s t h i r d  specimen was final-ly subjected again t o  cycl ic  loading a t  room 

temperature. 
mater ia l  and laboratory annealed p r io r  t o  i n i t i a l  t e s t i n g -  

i n  two of the  cases, specimens which had undergone creep load- 

i n  the  t h i r d  case, a specimen which had undergone 

A l l  .tllree of t he  specimens were taken from a single  p l a t e  of 

Tlie loading sequences for t he  creep t e s t s  on Yne f i r s t  two specimens 

a re  l i s t e d  i n  Tables A . l  and 11.2. The creep s tyains  are  p lo t ted  versus 

Table A . l .  Creep t e s t  sequence for f i r s t  spech-en 

Creep Accixnulated 
s t r a i n  creep s t r a i n  Test Stress  Duration time under 

( 79 s-tres s 
(hd ( k> order ( k s i )  (h r )  

(A)  12.5 2010 0.56 20 10 0.56 

(B) 0.0 500 0.0 2010 0.56 
(c )  12.5 306 0.10 23 16 0.66 
(D) 15 .O 200 0.18 2516 0.84 

_ _  - 

Table A.2. Creep t e s t  sequence for  second specimen 

Accumulated Accmulat ed Creep Stress  Time time under s t r a i n  Test 
stress 
( h r )  ( %) order ( k s i )  (hr) 

(A)  8.0 22900 0 .l45 2000 0.145 
(B) 0.0 500 0.0 2000 0.145 
(C) 8.0 300 n i l  2300 0,145 
0) 10.0 200 0.05 2500 0.195 

( E )  2 . 5  120 0.21 2620 0.405 
(a 15.0 236 0.55 2856 0.955 
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time under s t r e s s  i n  Fig. A . l  for these specimens. Figures A.2 and A . 3  

show the  s t r e s s - s t r a in  responses of these two specimens t o  t h e  cyclic 

loadings imposed a f t e r  t he  creep t e s t i n g  had been completed. 

and A . 3  a l so  include f o r  comparative purposes monotonic s t r e s s - s t r a in  

Figures 11.2 

curves from a v i rg in  specimen made of t h e  sane mater ia l  as the  creep speci-  

mens. 

The t h i r d  t e s t  specimen was f i r s t  subjected to a s e r i e s  of  cycles 

with a constant s t r a i n  range of approximately 2.5%. A s  shown i n  Fig. A.4 ,  
t he  mater ia l  gradually hardens as  t he  number of cycles increases with the  

hys te res i s  loops conforming t o  a s tab le  geometry a f t e r  10 t o  20 cycles of 
loading. 

loading sequence given i n  Table A.3 a t  1200aF was used. 

The specimen was then subjected t o  a creep t e s t  i n  wliich the  
Tne creep s t r a i n  

response t o  t h i s  loading sequence i s  a l so  shown i n  Fig. A.1 .  

s t r a i n s  obtained are  very low i n  comparison with ‘chose obtained from the  

f irst  t e s t .  The lower creep s t r a i n s  obtained i n  t h i s  t e s t  may be a t t r i -  

buted t o  cyc l ic  work received by t h e  specimen p r io r  t o  t h e  creep t e s t .  

TTne creep 

Fig. A. 1. i l c c u u l a t e d  c reep  s t r a i n s  versus accIIIIlu.L~Lte6 T , i r r l r  iuricler 
stress .€or t h r e e  c reep-p las t ic -cyc l ing  i n t e r a c t i o n  t e s t s .  
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Fig. A.2, Comparison of post-creep t e n s i l e  and cyc l ic  behavior 
of t he  f irst  specimen t o  the behavior of a v i rg in  specimen. 

ORNL- DWG 71-40563 

Fig. A.3. Comparison of post-creep t e n s i l e  and cyc l ic  behavior 
of t he  second specimen t o  the  behavior of a v i rg in  specimen, 
t'nat only the  f i n a l  portion of t h e  horizontal  scales  3pplies t o  the  
p l a s t i c  cycling curves, 

Note 
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OWL-DWG 7i-1056i 
60 I , , 

TYPE 304 STAINLESS STEEL 

Fig. A.4. Comparison of t e n s i l e  and cyc l ic  behavior of t h i r d  
specimen before and after creep t e s t  sequence. 

Table A.3 .  Creep test sequence for t h i r d  specimen 

Ac e umulat; P d Accvmulat ed 

stress 
C r  e ep 
strain Cree s t r a i n  Test Stress Time time under 

?$I 

(A1 2 . 5  480 0.1 480 0.1 

(B) 15.0 160 0.02 640 0.U 

( c1 17.0 240 0.08 880 0.2 

($1 (h4 
order (Psi) (hr) 
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After t h e  creep t e s t  t he  spec.knen w a s  subjected again t o  1oad.ings corre- 

sponding t o  a constant cycl ic  s t r a i n  range of approximately 2.5%. 

s t r e s s - s t r a in  response for t h i s  cycl ic  loading sequence i s  shown i n  Fig. 

A.Ic along with t h e  cycl ic  behavior of t h e  same specimen pr ior  t o  the creep 

. tes t ing . 

The 

Considering the  post-creep r e s u l t s  fo r  these three  specimens, the  

s t r e s s - s t r a in  curves subsequent t o  yielding for t h e  f i rs t  two were similar 

i n  shape t o  t h a t  f o r  the  v i rg in  specimen when the  p r io r  permanent defor- 
mation was taken in to  account, with the  pos-L-creep s t r e s s - s t r a in  curves 

f a l l i n g  above t h a t  fo r  t he  v i rg in  specimen. 

curves i s  not i n  keeping with the  resul. ts  reported by Blackburn. For Lhe 

t h i r d  specimen, the  post-yield portions of t h e  s t r e s s - s t r a in  curves for  

i n i t i a l  loading were comparable before and a f t e r  creep. 

cases, t he  s t r e s s  corresponding t o  t h e  onset of p l a s t i c  Plow was increased. 

on fi.rst loading following the  creep t e s t .  

This separation between the  

In a l l  three 

The r e su l t s  from these ORNL t e s t s  indicate  a l so  -that t he  extent of 

t h e  e l a s t i c  region, as measured by K, i s  unaltered by the creep s t r a i n  in- 

curred. This i s  i n  keeping with t h e  kinemxtic hard.ening hypothesis and 

with our observation tha t  IC i s  e s sen t t a l ly  invarialit a t  room tempera.t;ure, 

with respect t o  p l a s t i c  loading h is tory  within s t r a i n  ranges t o  be expected 

i n  normal s t ruc tu ra l  design. Because o f  Yne indicated increase i n  K dur- 

ing t’ne f i r s t  few cycles i n  the  1200°F cycl ic  loading t e s t  described i n  

Subsection 2.2, t h e  need f o r  addi t ional  t e s t s  a t  high tenrperatwes t o  exam- 

ine  the  in te rac t ion  features  studied here i s  evident, however. Further, 

we do not have data to indicate  the possible influence of la rge  numbers of 

cycles such as a specimen would receive i n  a p1asti.c fa t igue t e s t .  

The apparent contradiction between the  observed increase i n  s.tress at 

the  onset of p l a s t i c  flow due t o  permanent deformation h i s to ry  and the  
existence of an e l a s t i c  region khat i s  constant i n  e x t e n t  may be explained 
a s  follows. Consider t he  sketch shown i n  Fig. A.5  which shows y ie ld  SUI’- 

face behavior i n  a two-dimensional s t r e s s  space for clai-iky. Suppose t h a t  
a specimen has been subjected t o  creep a t  constant s t r e s s  oll. During t h e  
creep process, t he  y i e ld  surrace t r ans l a t ed  along the  s h e s 8  ax3.s as shown 
on t he  figure,  where the amount of t r ans l a t ion  a t  the end of  the  t es t  i s  
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“2 2 

INITIAL YIELD SURFACE 
/- 

-SUBSEQUENT 
YIELD SURFACE 

Fig. A.5 .  Sketch showing t r ans l a t ion  of y i e l d  surface. 

measured by a! 
t e s t e d  i n  tension, t h e  onset of p l a s t i c  flow i s  governed by the  t r ans l a t ed  

y i e l d  surface. 

When t h e  creep t e s t  i s  terminated, and the  specimen i s  ij 

The funct ional  r e l a t ion  between t h e  t r ans l a t ion  tensor,  a’ and the  ij’ 
creep s t r a i n  must be determined through t e s t s  defined and conducted ex- 

p l i c i t l y -  for t h i s  purpose. A t  elevated temperature, t he  p o s s i b i l i t y  of 
both grawth and t r ans l a t ion  of surfaces due t o  creep should be considered. 

An addi t iona l  aspect r e l a t i v e  t o  t h e  room-temperature cyc l ic  t e s t s  i s  

t h e  increase that  occurs i n  t h e  post-yielding deformation res i s tance  (hard- 

ening) of a specimen which i s  subject t o  cyc l ic  loading. 

t h e  discussion here, we w i l l  consider f u l l y  reversed cycling over a t o t a l  

s t r a i n  range of on t h e  order of 2 t o  3%. 

To f a c i l i t a t e  

During such cycling, a v i r g i n  
specimen w i l l  harden, with the  hardening decreasing with increase i n  cycle 

number. 

be established. 

After 10 t o  15 cycles an e s sen t i a l ly  s tab le  hys te res i s  loop w i l l  

The third specimen ‘cested by OWL indicated that some of the harden- 
ing due t o  i n i t i a l  p l a s t i c  s t r a i n  cycling w a s  removed when the  specimen 
w a s  creep tes ted .  However, during subsequent p l a s t i c  cycling the  mater ia l  

rap id ly  regained the  hardening lo s t .  In  the  case of t he  second specimen, 
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there  w a s  l i t t l e  cycl ic  hardenirig obse-rved during the  post-creep strain 

cycling a 

Viewing the  r e s u l t s  discussed above as a whole, t he  influence of creep 

on subsequent p l a s t i c  behavior i s  complicated. 'This i s  t r u e  both with re-  

gard t o  t h e  behavior of t he  y i e ld  surface and %he influence on hardening. 

The time t h a t  mater ia l  i s  e,xposed. -to elevated temperatiires also enters  i n  

some way, such as possible annealing e f f ec t s  of pr ior  working. 

The r e s u l t s  from the  t h i r d  specimen t e s t e d  a t  O1wTL show t h a t  p r io r  

p l a s t i c  deformation can have niarked influence on subsequent creep behavior, 

In  t h i s  case, t h e  creep deformation was grea t ly  reduced as cmpased t o  

tha t  fo r  a non-precycled specimen. 

t h e  time period was very short, and the  e f f ec t s  on the  response cou.ld be 

en t i r e ly  d i f fe ren t  f o r  much longer times. 

However, it m u s t  be remembered t h a t  

I n  summary, these r e s u l t s  indicate  t h a t  p l a s t i c  and creep deformation 

h i s t o r i e s  lead i n  sone respects t o  similar consequences so far as time- 

independent behavior i s  concerned.. A s  indicated ea r l i e r ,  t he  h is tory  of  

deformation as well  as the  features  required. t o  produce nonlinear s t ress -  

s t r a i n  response must be included i n  t h e  formulation f o r  t h e  loading func- 

t i o n  t o  provide t h e  mathematical d.escription required. Formulations t h a t  

include nonlinear s t r e s s - s t r a in  response and prior plastic, deformation 

h is tory  a re  being developed, but formulations fo r  a rb i t r a ry  temperature 

and load h i s t o r i e s  a re  not avai lable  now, 

this time t o  formulate descriptions of interfacing e f f ec t s  between creep 

and p l a s t i c i ty .  

Farther, it i s  not possible a% 
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APPENDIX B 

SAMPLE BILLNEAR REPmSmTATIONS OF 
MONOTONIC STRFSS-STRAIN CURYES 

Some examples 

i n  Section 2.2 for 

a re  given i n  t h i s  appendix of t he  method recmrierided 

constructing b i l i nea r  representations of monotonic 

s t r e s s - s t r a i n  curves for v i rg in  mater ia l .  

curves considered a re  those corresponding t o  prel5minary s t r e s s - s t r a in  

equations developed by €€!3DL for types 304 and 316 s t a i n l e s s  s t e e l  ( s ee  

Reefs. 1 and 6 of t h i s  r epor t ) .  

s t r e s s - s t r a in  r e l a t ions  i n  t'ne W B R  Materials Handbook and are  not recom- 

mended f o r  use. 

sentat ions.  It i s  expected t h a t  the  s t r e s s - s t r a in  equations recommended 

for  use by the  FFTF project  w i l l  be processed along the  l i n e s  outlined. 

Reference 1 gives eqyations f o r  type 304 Tor temperatures ranging from 

500 t o  1000°F and equations for  type 316 for temperatures ranging from 

400 to l000'F. 

t u r e s  ranging from 1000 t o  1200°F. 

minimum curves f o r  each mater ia l .  The spec i f ic  bi l i r iear  representations 

considered here correspond to maximum s t r a i n  values of 276 and 5% f o r  each 

mater ia l .  

and minimum equations. 

The pa r t i cu la r  s t r z s s - s t r a i n  

These prelimina-ry equations a re  not the  

Rather, they a r e  included only as s m p l e  b i l i n e a r  repre- 

Reference 6 gives equations f o r  both mater ia ls  at tempera- 

Equations a re  given f o r  average and 

These s m p l e  representations a re  developed f o r  both the  average 

It w%s observed t h a t  t h e  hardening coef f ic ien ts ,  C, detemiried fram 
the  s t r e s s - s t r a i n  equations given i n  R e f .  1 were  essen t i a l ly  indepecdent 

of tempera.tu;re (for T i 1000°F). The equations i n  Ref. 6 give rise t o  C 

values which a re  a l so  e s sen t i a l ly  independent of temperature (for 1000 < 
T 5 1200"F), but which d i f f e r  s l i g h t l y  frm those obtained from Ref. 1. 

Unpublished ORNL data for type 304 s t a in l e s s  s t e e l  support %he use of C 

values t h a t  a r e  independent of temperature. These C values, determined 

from t h e  equations given i n  Refs. 1 and 6 fo r  2% and 5$ maxhm t o t a l  
s t r a i n  values, a re  shown i n  Tables B.l and B.2. The K function, deter-  

mined from -the yield stress points of the b i l i n e a r  representations,  i s  

given i n  terms of temperature for each of -the two materials  i n  Tables 
B . 3  and B.b. The notation ti = tio used here corresponds t o  t'nat given i n  
Section 2.2 and designates t h a t  these values correspond t o  s t r e s s - s t r a in  
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Table B.l. Hardening coefficients for 3014 stainless 
s tee l  a t  elevated temperaturesa 

C's f o r  average stress- C I S  for minimum stress- 
s t ra in  relations s t ra in  re la t  i.ons 

Temperature (Ps i )  (Psi-) 

2% maximum 5% m a x b u l n  2% maximum 5% maximum 
strain strain st rain s t ra in  

500 s T < 1000 0.2765 x 10' 0.1556 x i o6  0.2778 x io6  0.1574 x 10" 

1000 < T s 1200 0.2155 x lo6 0.1356 x lo6 0.20'79 x lo6 0.1308 x 106 

%ote that because of differences in  sk'ess-stvain data used, a value 
P for E 

given i n  Fig. 7, fo r  example. 
calculated using these data would be expected t o  differ from the value 

Table B.2. Hardening coefficients for 316 stainless 
s tee l  a t  elevated temperatures 

C I S  for average stress- C's  fo r  minimum stress- 
strain re lat  iass strain relations 

(Psi)  
- . ~  -- Temperature (Psi)  

2$ maximum 5% maximum 24: maximum 5$ maximum 
strain strain s t ra in  strain 

400 2 T < 1000 0.3132 X ID6 0.1762 x 106 0.3152 X 10" 0.1784 X 10' 

curves that r e s u l t  from i n i t i a l  monotonic load.ings. Yield. s t r e s s  values 

as expressed by deviator ic  stresses and that correspond t o  the  K ~ ( T )  = 

3/4 ( D ; ~ ~ ~ ~ ) ~  values a r e  p lo t ted  as a function of temperature i n  Figs. 

B . l  Ynrough B.4. 
plying t he  stress values i n  Figs.  B . l  through B.4 by 3 / 2 .  The stress- 

s t r a i n  equations given by Refs. 1 and 6 do not coincide a t  1000°F. 

fore,  the  y i e l d  s t r e s s  curves shown i n  Figs, 5.1 -through B.4 a re  discon- 
tinuous a t  thaA temperature. KEDL i s  undertaking the resolut ion of th i s  

discrepancy and other  fea tures  i n  their  e f fo r t s  t o  generate s t r e s s - s t r a in  
equations f o r  these  mater ia ls  f o r  use by the FFTF project .  

The conventional y i e ld  stress can be obtained. by m u l t i -  

There- 



1 .  

Table B.3.  Function K ~ ( T )  for 304 s t a i n l e s s  s tee l"  

--- ~ ~ 

ico(T) for average s t r e s s -  K,(T) for minimum s t r e s s -  
s t r a i n  r e l a t ions  strain r e l a t ions  

Temperature (A2 ( P s i )  range 
( W  2% maximum 5% maximum 2% maximum 5% maximum 

s t r a i n  s t r a i n  s t r a i n  s t r a i n  
-4 

500 2 T < 1000 8 (17960 - 5.167~)~ 2 (20387 - 4.983T)2 $ (15477 - 4.324T)2 # (17941 - 4,1p)2 F 

(18397 - 6.59T)2 5 (24725 - 10.44T)" $ (19222 - 8.665T)2 2 (28076 - 14-.665T)2 r;; 1000 < T I 1200 

"r i s  i n  OF. 
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YIELD STRESS FOR 304 STAINLESS STEEL BASED ON MINIMUM EOUFll0MS 

............... L-L i i ............ i ............. 1 - d  .J 
4 6 8 10 12 !4 16 18 20 2 2  

V I E L O  STRESS (1000 osi) 

Fig. B.1. Yield s t r e s s  fo r  304 s t a i n l e s s  s t e e l  based on average 
equations. Note t h a t  deviator ic  s t r e s s  i s  used here. !The conventional 
y i e l d  s t r e s s  can be obtained by multiplying the  values shown by 1.5. 

ORNL-D'NG 71--10572R 

r-.----r---r---- 

.-. 
IO0O"F > J Z 500°F 

.................. 
IL + 

..................... 

4 6 10 12 14 16 16 2 0  22 
YIELD STRESS (1000 psi) 

Fig. B.2. Yield s t r e s s  for 304 s t a in l e s s  s t e e l  based or1 minimum 
equations. Note t h a t  deviator ie  stress i s  used here. The conventional 
y i e l d  stress can be obtained by multiplying the  values shown by 1.5. 
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YIELD STRFSS FOR 316 STAIN1 FSS STEEL BASED ON MINIMUM EQUATIONS 
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YIELD STRESS (1000 psi) 

Fig. B.3. Yield s t r e s s  for  316 s t a in l e s s  s t e e l  based on average 
equations. Note t h a t  deviator ic  s t r e s s  i s  used here. The conventional 
y i e ld  s t r e s s  can be obtained by multiplying the  values shown by 1.5. 

Fig. B.4. Yield s t r e s s  for 316 s t a in l e s s  s t e e l  based on minimum 
equations. Note Ynat deviatoric stress i s  used here. T”ne conventional 
y i e ld  stress can be obtained by multiplying the  values shown by 1.5. 
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A I ? € J r n I X  c 

NOHISOTKERMAL PLASTICITY 

Prager's kinematic hardening r u l e  with a b i l i n e a r  s t r e s s - s t r a i n  re-  

l a t i o n  i s  recommended i n  t h i s  document fo r  time-independent e l a s t i c -  

p l a s t i c  analyses of s t ruc tures .  

en t ly  developed only fo r  isothermal conditions. 

The kinematic hardening model i s  pres- 

The method i s  v a l i d  and 

can be used f o r  s t r u c t u r a l  analyses a t  elevated temperatwes, if t h e  tem- 
perature of t he  s t ruc ture  remains constant. However, a modification i s  

required f o r  analyzing s t r u c t u r a l  behavior under the  influence of tempera- 

t u r e  change. 

We have expanded F'rager's kinematic hardening analog to include a 

temperature var iab le  i n  t h e  following der ivat ion of nonisothermal kine- 

matic hardening theory. 

t e s t s  t h a t  a change of temperature i n  the  mater ia l  a t  some knmn s t r e s s  

s t a t e  may a l s o  cause some addi t iona l  p l a s t i c  deformation and change the  

posi t ion of t h e  y i e l d  surface i n  s t r e s s  space. An addi t iona l  postulate  

which governs t h e  motion of t h e  y i e l d  surface subsequent to temperature 
change i s  needed here and w i l l  be discussed. 

It i s  known from elevated temperature t e n s i l e  

For describing nonisothermal kinematic hardening we introduce an 

equation : 

i n  which f i s  the y i e l d  function, which i s  a regular function of i t s  va r i -  
ables, and K i s  a sca l a r  function which depends on temperature T only. 

Here, 0' i s  the  deviator ic  s t r e s s  tensor  defined by ij 

where o i s  t h e  s t r e s s  tensor and E' i s  t h e  p l a s t i c  s t r a i n  tensor ,  When i j  i j  
von Mises' i n i t i a l  y i e l d  condition i s  used with Prager's kinematic harden- 
ing model, Eq. (C.1) t akes  t h e  fom 



where a i s  a tensor  which describes t h e  t o t a l  t rans la t ion  of t he  y i e ld  

surface. "he form of t h e  K function, however, w i l l  vary depending on the 

i n i t i a l  y i e ld  condition of t he  mater ia l  a t  elevated temperatures. The 

determination of t h e  IC function w i l l  be disc,ussed l a t e r .  

-ij 

I n  order t o  derive a nonisotbe-mal kinematic hardening theory, t he  

followi.ng postulates  a re  used. 

Postulate I 

The nonisothemal theory must reduce t o  IPragerrs kinematic hardening 

r u l e  when the  temperature var iable  i s  constant. 

Postulate I1 

When a temperatire change causes p l a s t i c  defomiations without cl1aiigin.g 

t h e  s t r e s s  s ta te ,  t he  yield. surface i s  assunled t o  t r ans l a t e  onLy i n  the  

isothermal s t r e s s  plane. Tne t o t a l  t ransla%ion of t he  yield. sixrface i s  

described by the  tensor a 

Postulate I11 

i j '  

T'ne normality postulate  remains valid,  such tha t  

when p l a s t i c  defosmati-ons a re  caused by the  changes o f  tempera,ture and 

s t resses .  The coeffi.cient dY i s  a pos i t ive  constant, 

A y ie ld  surface 5.n a two-dimensional space - a t e n s i l e  stress compo- 

nent a n d  a temperature component - i s  shown in Fig. C . 1 .  When a s t r e s s  

increment do,!j emanating frm the  point P i s  

of t he  yield,  o r  loading, surface, post idate  

face i s  assumed t o  t r a n s l a t e  from point P t o  
Postulate I1 asse r t s  t h a t  when a temperature 

- 
directed toward t h e  outsi.de 

I a s se r t s  t ha t  t h e  y i e ld  sir-  

point Q by a r i g i d  motion. 
change dT i s  directed out- 

wardly from tl?e y i e ld  surface, say from point P t o  point S, the  y i e ld  sur- 

face again t rans la tes  i n  an isothermal s t r e s s  plane f r o m  point R t o  poin't, 

S .  Consequently, t he  incremental t ranslat ion of t he  y i e ld  surface i s  a 
function of 0' and T. However, tlie t o t a l  t r ans l a t ion  of t h e  y i e ld  SUT- 

face i s  a functional of the  p l a s t i c  s t r a i n  tensor  E 
i j  P 

i j '  
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Fig. C . 1 .  Yield surface i n  two-dimensional s t r e s s  and temperature 
space. 

Without l o s s  of genera l i ty  we can wr i te  Eq. (c.1) as 

Let a change i n  s t r e s s  and temperature occur, with increments do-’ and i j  
dT; the  corresponding incremental change of t h e  function f i s  then 

By t h e  postulate  previously s ta ted,  changes with dEp f 0 are possible i j  
only if  they a re  consis tent  with the  y i e ld  condition t h a t  

There are th ree  possible s i tua t ions  t h a t  may occw due t o  t h e  change of 

state by doi j  and dT. They are:  

1. Neutral loading. No p l a s t i c  deformation occurs during the  change 

of s t a t e ,  which remains on the  y i e ld  surface. A s  a r e s u l t  OS the require- 
ment t h a t  dEp = 0, w e  obtain from Eq. ( C . 7 )  the  condition ij 



2 .  IJnloading. No p l a s t i c  deformation takes  place while Yne point P 

It follows t h a t  during on t h e  y i e l d  surface (see Fig. C . 1 )  moves inward, 

such a change the  function rC must decrease and E' i j  i s  constant. This 

gives the  following r e l a t ion :  

3. Loading. The remaining poss ib i l i t y  i s  loading, with the point 

remaining on the y ie ld  surface, and 

(c.10) 

It i s  assumed t h a t  only under t h i s  condition can changes i n  p l a s t i c  straj.n 

occur. 

Let us assume t h a t  the  following l i n e a r  r e l a t ion  ex i s t s :  

/ dc=' -i j := aijM dokQ + Y i j  $92 , (C.11) 

f o r  neut ra l  loading. It can be shown t h a t  

and the cons t i tu t ive  r e l a t ion  ( C . l l )  becomes 

P P 
and yi j  a re  tensor functions of cr' kl  ' eke, and T. Since dcij i j k l  where a 

vanishes during neut ra l  loading, Eq. (C.11) becomes 
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where h and pij  a r e  functions of o&, E’ 

d i t ion  
and T, and X s a t i s f i e s  t he  con- kQ’ 

h > O .  ( C . 1 6 )  

The normality postulate  a s s e r t s  t h a t  

When a b i l i n e a r  s t r e s s - s t r a in  r e l a t i o n  i s  used with t h e  kinematic 

hardening theory and if t h e  hardening manner of the mater ia l  i s  indepen- 

dent of temperature, the t r ans l a t ion  tensor  a. 
la t  ion : 

can be given by the re-  12 

P daij = Cdeij , 

where C i s  a constant character iz ing the  mater ia l .  

t r ans l a t ion  of t he  y i e l d  surface t h a t  i s  caused by the  appl icat ion of 
s t r e s s  dri’ 

t h a t  clfl = 0 during loading, and t h i s  y i e lds  

Consider a m  incremental 

and the  change of temperature dT. Postulates I and I1 assume w, 

_I_ af? (do! - da. .) - E  dK dT = 0 

a0 i j  ’ 1 3  =J (c .20)  

from Eq. (C.3). Subst i tut ing Eq. (C.19) i n to  Eq. ( C . 2 0 )  and using Eq. 

( C. 18), we obtain 

dT)] - dT = 0 (C.21) 
ij 
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Since Eq. (C.22) must be satisfied f o r  a l l  a rb i t r a ry  values of do/ k,e and 

dT, and t h e i r  coeffi-cients being independent of these increments, we f ind  

t h e  1-elations 

and 

(C.24) 

The cons t i tu t ive  equation (C.18) can now be f ina l i zed  i n  t h e  form 

by using Eqs .  (C.23) and. (C.24), and t h e  t rans la t ion  of t h e  y i e ld  surface 

i s  given by 

P a = CEij 
ij (C.26) 

f o r  t h i s  special  case. 
18 Instead of using t h e  form of t h e  y i e l d  function i n  Xq. (C.3), Prager  

proposed a y i e ld  function i n  t h e  following f o r m :  

1 2 
f = 5 ( T i j  - p. 1 J  . ) ( T i j  - Pij)  - k = 0 , (c.27) 
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where T i s  r e l a t e d  t o  G ; ~  by i j  

(C.28)  

... - 
i s  a tensor  describing the t o t a l  t r ans l a t ion  of the y i e l d  surface and 'ij 

k i s  a constant.  

Therefore no fu r the r  discussion of Eq. (C.28) w i l l  be given here. 
Equation (C.27) i s  completely equivalent t o  Eq. ( C . 3 ) .  
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APPENDIX D 

OBSEEVATIONS CONCERNING SWC ORNT, CREXP TESTS OF 
A IEAT OF TYPE 304 STAINLESS STEEL 

Observations a re  presented of how two strain-hardening creep models 

describe r e s u l t s  from some creep t e s t s  conducted by O W L  on a so-called 

preliminary heat  OP type 304 s t a in l e s s  s t e e l  (hea t  no. 8043813). 
mental. r e s u l t s  ex i s t  f o r  a l imited number of constant-load-creep t e s t s  
and fo r  a few uniaxial  creep t e s t s  wherein Lhe loads a r e  changed i n  a 

stepwise manner. 

Experi- 

These t e s t s  were conducted at a temperature of 1200°F. 

I n  order t o  perform any of t he  strain-hardening analyses discussed 

i n  Section 3, an equation (creep l a w )  must be avai lable  which inathemati- 

c a l l y  describes constant-uniaxial-stress creep behavior. Tne exponential 

creep law discussed i n  Section 3 w a s  used t o  f i t  data from O W L  constant- 

uni.axia1-load t e s t s  with i n i t i a l  s t r e s s  values ranging from 8 t o  25 ksi .  

Specifically,  t h e  creep s t r a i n  i s  given by 

where 

f (  0 )  = 3.476 x LOm4 exp (0.20810) , 
r( a)  = 3.991 x lom5 u 
g(a) = 1.02 X exp (0.7430) . 

2 OS4 
7 

Here, the  s t ress ,  0,  is measured i n  k s i  and the  creep s t ra in ,  E, i s  i n  

( i n , / i n . ) .  
t o  provide a bas is  for making analy-tical predictions f o r  s t r e s s  values 

within t h e  range used i n  t h e  development and not, for  general ana ly t ica l  

use.* Extrapolation t o  general use w i l l  introduce some erroneous features  
such as the  predict ion of a nonzero creep s t r a i n  when the s t r e s s  i s  zero. 

It should be noted t h a t  t h i s  spec i f ic  equation w a s  developed 

For comparative purposes t h i s  creep law has been used with both of 

t he  strain-hardening methods discussed i n  Section 3 t o  make s t r a i n  

XA more generally a jq l icable  forrn of t h i s  representation is being 
developed and i s  being reported in t h e  progress reports  for  t he  OETL pro- 
gram - High-Temperature S t ruc tura l  Design Methods f o r  W B R  Components. 
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predict ions f o r  some spec i f i c  var iab le  s t r e s s  (within the indicated range) 

conditions. The first procedure bases the  strain-hardening on the  t o t a l  

creep-strain present a t  the  in s t an t  of a s t r e s s  change. The second pro- 

cedme bases the  strain-hardening on the  primary creep strain present a t  
t h e  in s t an t  of the  s t r e s s  change. Both of these procedures have 'been used, 

i n  connection with the  indicated creep l a w ,  t o  predict  the  results of ORNL 

creep t e s t s  involving s t ep  changes i n  uniaxial  loads. Figures D.1through 

D.4 show these strain-hardening predict ions along with experimental data 

for four d i f fe ren t  loading programs. 

i l l u s t r a t e d  by the  i n s e t s  i n  the corresponding f igures .  

n .. 

The spec i f ic  s t r e s s  h i s t o r i e s  a re  

The predict ions of t he  two strain-hardening methods subsequent t o  a 
s t r e s s  change remain qui te  close t o  each other u n t i l  a s igni f icant  amount 

of secondary creep is accumulated. 

strain-hardening procedures fo r  t he  s t r e s s  h i s to ry  shown i n  Fig. D , l  do 

not d i f f e r  enough to be drawn separately.  

cept fo r  the  last loading segment. 

t h a t  predictions by the  two methods may differ when s igni f icant  secondary 

For example, the  predict ions of t h e  two 

The sane i s  t r u e  i n  Fig. D.2 ex- 

Figure D.4 i s  included only t o  show 

creep has occurred due t o  r e l a t i v e l y  high s t r e s s  and more extended 

OANL-OWG I1 10575 'IT------ I - r -  
TYPE 304 STAINLESS STEEL AT 1200°F 
ORNL PRELIMINARY HEAT (NO 8043813) 

500 1000 1335 1535 
n 

STRAIN-HARDENING BASED ON 7 

PRIMARY CREEP STRAIN 
STRAIN -HARDENING BASED ON 

200 400 600 aoo 1000 1200 1400 1600 
TIME (hr) 

tes t  

Fig. D.l. Step-load creep test of type 304 stainless steel (heat 
i io. 8043813) at 1200OF. 
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TYPE 304 STAINLESS S? - 

- 10 

a 

S TdAIN - HAROEN ING BASED ON 

STRAIN-HARDENING BASED ON 
PRIMARY CREEP STRAIN 

TOTAL CREEP STRAIN 
_ _ _ _  

800 1000 I200 1400 0 200 400 600 0 

TIME ( h r )  

No. 
F i g .  D.2. Step-load creep -test of type 304 s t a in l e s s  s t e e l  (heat 

8043813) at 12OO'F. 

ORNL-DWF 71-10577 

Fig. n.3. Step-load creep t e s t  of  type 304 stainless s t e e l  (heat 
NO. 804383-3) at 1200'F. 
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TIME ( h r i  

Fig. D.4. Step-load creep t e s t  of t y p e  304 s ta inless  steel (heat 
do. 8043813) at 1200'F. 

duration. In  Fig. D.4, t he  predictions based on t o t a l  creep strain-hard- 

ening leads t o  only steady-state creep a f t e r  t h e  s t r e s s  change, while the  

predict ions based on primary creep strain-hardening gives r i s e  t o  some 

addi t iona l  primary creep s t r a in .  

Overall t he re  i s  l i t t l e  difference i n  the  agreement between the  ex- 

perimental. data  and the  t w o  predict ions for  the  t e s t s  shown i n  Figs. D.l 

through D . 4 .  
in ing these cmparisons, since t h e  predictions a re  based on t h e  use of a 

previously determined creep l a w .  
predict ions i n  the  Lat ter  pa r t  of  Fig. D . 4  can be attr ibuted. t o  the  f a c t  

t h a t  the  specimen went i n t o  t h i r d  s tage creep shor t ly  a f t e r  the  load 

change. A s  mentioned e a r l i e r ,  Fig. D.4 i s  only included t o  i l l u s t r a t e  the  

difference between the  two predict ions for t h i s  pa r t i cu la r  s t r e s s  h i s tory .  

The influence of data s c a t t e r  must be considered when exam- 

The poor agreement between the data and 

It should be noted t h a t  ne i ther  of the strain-hardening predict ions 

shown i n  Figs. D.1 and D.2 coincide iden t i ca l ly  w i t h  those reported i n  an 
ORNL p r o g e s s  report.13 

through D.14 a re  based on the  prescribed creep l a w ,  while t he  predict ions 

reported e a r l i e r  were based on graphical procedures. 

This i s  because the  predict ions i n  Figs. D.1 



APPENDIX E 

ON ANALYTICAL METHODS FOX CmEPING M%TALS 
AT ELEVATED TmPERZTUmS 

To obtain an independent evaluation of t he  current s ta te-of- the-ar t  

of i n e l a s t i c  analyses f o r  high-tanperatwe design, we asked Y, li. Rashid, 

as an ORIUL consultant, to prepare a write-up out l ining current practices,  

pa r t i cu la r ly  with respect t o  equation-of-state versus hereditary--%y-pe 

creep cons t i tu t ive  equations as a current design too l .  

nized expert i n  t he  f ini ' ie  element area, with e x p r i e n c r  i n  developing 

botn e l a s t i c -p l a s t i c  and creep s t ruc tu ra l  analysi.s programs. 

grams have u t i l i z e d  both equation-of-state and hereditary const i tut ive 

equations. 

Rashid i s  a recog- 

These pro- 

Because of Rashid's f ami l i a r i t y  and experirilce with both analysis 

me'c'nods development and procedures f o r  matheinsti@al3_3i describing inelas-  

t i c  niaterial  behavior, h i s  views are  thought t o  be pa r t i cu la r ly  relev-ant 

t o  t h e  subject of t h i s  document. 

en t i r e ty  here. 

Consequently they are  included. i n  t h e i r  

In-tr oduc t i on 

Under elevated temperatures the  response of metals t o  a given l o a d  

h i s tory  i n  general- involves in te rac t ion  of t he  following types of defor- 

mations : instantaneous e l a s t i c ,  instaiitaneous i n e l a s t i c  ( p l a s t i c )  , and 

time-dependent i n e l a s t i c  (creep) .  One observes, and. can eas i ly  measure, 

these three  types of deformations i n  a simple extension structiix-e ?under 

control led conditions i n  the laboratory. PLssime t h a t  such measurements 

have been made producing the  general fornula 

c 1 F(o,T, t )  , 

where 0, T, and t respectively are the simple extension constant stress, 

t h e  teinperature a t  which the t e s t  was conducted (held constant), and the  
the. The measured s t r a i n  i s  E .  If t h e  s t r e s s  ii i s  below .the y ie ld  
s t r e s s  of t he  material ,  assumed known for  t he  test temperature T, then 
Eq. (E .2 )  i s  a creep fomula. Several exp l i c i t  farms of this formula can 



be found i n  t h e  l i t e r a t u r e  for  various mater ia ls .  

nothing more than a mathematical f i t  of experimental data points  and does 

not represent any na tura l  l a w .  

Equation (E.l) i s  

A spec i f ic  form of Eq. (E.l) may be wr i t ten  as follows: 

n 

i =1 
E = f i ( u , T )  g i ( t )  e 

I n  going from (E.l) to ( E . 2 )  we have not only introduced a pa r t i cu la r  form 
of experimental data but  ac tua l ly  defined a phenomenon which may or may not 

e x i s t ;  namely, t h a t  the  time function and the  s t r e s s  function a re  separable. 

For some materials,  e.g., s t a i n l e s s  s t e e l  under primary creep, t h i s  i s  not 
s t r i c t l y  t rue .  
havior of mater ia ls  as an "approximation" which we hope will not be too  

serious.  

However, we accept t h i s  interference with t h e  na tura l  be- 

Having introduced. t h i s  f i r s t  approximation we now proceed t o  synthe- 

s i ze  Eq. (E.2) fu r the r .  

i n  general  by accuracy requirements, although a two-term equation has been 

used t o  represent the  primary and secondary pa r t s  of the  creep curve. 

Assuming t h a t  t he  eqe r imen ta l  data are  f i t t e d  ffexactly ' '  by n terms, t he  

second approximation can now be introduced as follows: 

The number of t e r n s  i n  the  se r i e s  i s  control led 

where the  separabi l i ty  

s ib l e  . Combining Eqs  e 

of 0 and T i s  imposed as phenomenologically admis- 

(E.2)  and (E.3) gives 

n 

In  t h e  above we have introduced two phenomenological r e s t r i c t i o n s  on the  

mater ia l  behavior represented a s  mathematical approximations. This i s  per- 

haps not very serious and may be accepted. 

Eq. (E.4) i s  not va l id  fo r  var iab le  a and T i n  view of t h e  fact  t h a t  t h i s  

formula w a s  obtained from constant; s t r e s s  and temperature t e s t s .  I n  order 

t o  generalize t h i s  equation t o  the -va ry ing  0 and T we must introduce a 

third r e s t r i c t i o n  which, unlike t h e  other two, i s  not an approximation but 

We must point out a l so  that 
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a postul.ation of a na tu ra l  1-aw, t h e  exact form of which i s  not known. 

This pos tu la te  assumes two main forms t'na% define two a l t e rna t ives  t o  t h e  
. t rue na tu ra l  law, namely: 

1. The response of the iflaterial, e.g., E, depends on t h e  present 

s t a t e  exp1.icitl.y and on t h e  previous h i s t o r y  only impl.icitly, or 
2 .  The mater ia l  remembers i t s  past e x p l i c i t l y  and responds t o  t h e  

presefit i n  a prec ise  manner t h a t  r e f l e c t s  i t s  past  history. 

These two postulates  give r i s e  respecti-vely t o  the  equa,tion-of-state and 

t he  m e m o r y  theor ies  vhfch a r e  two d i s t i n c t  fuYidamen.l;al generalizations 

o f  Eq. (E.4) fmm s teadps ta t e  t o  var iab le  conditi-ons. 

independent of t h e  functional forni of Eq. ( E  .It) the approximations included 
i n  t h a t  fomiula w i l l  man3.fest i n  di.ffererz.1; ways i n  these two theorri.es. 
We are sti.ll., however, dealing with simp1.e stress st;ates, namely, uniaxial .  

In  order t o  t r e a t  general .two- or three-dimensional stress states we nezd 

fu r the r  pos tu la tes  f o r  each of t h e  two t'neories, and as we continue the  
process of generalization we ge t  f a r t h e r  and farthe?: from t h e  co,rirnon s ta r t  - 
ing point .  

f o r  singl-e-s-Lep creep data  i s  t'ne point  of departure f o r  t h e  various meth- 
ods of analysis  cur ren t ly  known. 

unfortunately occurs a t  an ea r ly  stage, but one hopes t h a t  i n  t h e  end all 
t h e  roads lead back t o  a coimnon object ive of predicti-ng the response of 

actual. s t ruc tures  under ac tua l  condi.tions 

viewpoint, t h i s  can hardly be expected. However, common sense enatneering 
being t h e  prodixA of i n t u i t i o n  and experlence often prevails w i t h  SLW- 

pri-s-ing, but, comforting, results 

A l t h o ~ g h  they a r e  

It would ap_near, then, t'na.1; Eq. ( E . & )  whi-ch i s  "exact" only 

A s  oiie can see, this d-epartul-e point  

From the  pure mathemakician' s 

E quat i on - of - S t  at e AXJ~T oach 

S ta r t ing  with Eq. (E.)+), which may be t he  f a r thes t  c?~om-on point of 

a l l  ana ly t i ca l  methods, two computational schemes a r e  wel..l known : t h e  
strain-hardening and t h e  time-hardening :m.l.es ~ The use of the  word hard- 

ening comes f r m n  t h e  f a c t  t h a t  tile creep s t r a i n  i s  accumulated a t  a de- 
creasing rate. 

For purposes of thlis d.iscussion t h e  well-kaown parL;icu,lai- form o f  Eq. 
(E.4) i s  used, namel-y, 
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E = a(T) nCI 
0 t 4- b(T) umt , 

where n, a, and m a re  mater ia l  constants, and a ( T )  and b(T) a re  functions 

of temperature. 

primary creep and the  second par t  as t h e  secondary creep. 

c a l  significance has been attached t o  each of these two parts of the creep 

curve, and some invest igators  t r e a t  them as  two d i s t i n c t  phenomena. This 

author, however, holds t h e  view t h a t  they a r e  par t  of a single  phenomenon 

and cannot be distinguished ana ly t i ca l ly  f r o m  one another except on an ad- 

hoc basis. 

The f i rs t  par t  of Eq. (E .5)  i s  commonly knom. as the  

Certain physi- 

Different ia t ing (E.?)  with respect t o  time, 

The mater ia l  constant Q i s  generally less than uni ty  and therefore  Eq. ( E . 6 )  
predicts  i n f i n i t e  creep r a t e  a t  time zero. This ,  however, i s  not the  r e a l  

diffi .culty with the  time hardening ru le .  

as given by (E.6), depends on the  passage of Lime t. 
or ig in  i s  tzmbiguous and cannot be eas i ly  iden t i f i ed  i n  the  process of  gen- 

e ra l iz ing  Eq. (E.6) t o  time-varying 0 .  

eliminating time as an exp l i c i t  var iab le  between Eqs.  (E.5) and (E .6 )  
giving t h e  following equation: 

By t h i s  ru l e  the r a t e  of creep, 

However, the  time 

This ambiguity can be removed by 

This equation s t a t e s  t h a t  t h e  creep r a t e  depends on the  s t r e s s  and t o t a l  

creep s t r a i n  regardless of the  way t h i s  s t r a i n  i s  accumulated. Here the  

or ig in  of loading does not en ter  e x p l i c i t l y  as it did in Eq. (E.6) .  
a c tua l  computations one follows an incremental procedure i n  which the  in- 

crements of creep s t r a i n s  a r e  calculated and summed, thus giving the  t o t a l  

creep s t r a i n s .  

an obvious contrast  with the  time-hardening formula, Eq. (E-6). 
these formulas reduce t o  the  same form if one considers only secondary 
creep. 

In  

Equation (E .7 )  represents the  strain-hardening ru l e  i n  

Both of 

When applied to ac tua l  problems the  two ru l e s  give d i f f e ren t  r e su l t s .  
The obviou.s question t o  ask i s :  Why t h i s  difference since one i s  derivable 



from the  other? 

ence i s  procedural., not phenomenological_, If, i n  using t h e  time-hardenlng 

rule,  t he  or ig in  of time i s  adjusted appropriately a t  every s t r e s s  and 

time increment, tine two ru l e s  must by necessity give t h e  same r e su l t s .  

Such a procedure, how eve^", o f f e r s  no advantage over t h e  strain-hardening 

r u l e  

The answer t o  t h i s  question can only be t h a t  t he  d i f f e r -  

The procedural difyerences notwithstanding, t he  two equztion-of -state 
ru les  express the  response of t h e  material a t  any ins tan t  of tirne t i n  

terms of t he  s t a t e  of t he  materi.al. a t  t - A t ,  where A t  can be aFbitrari.1.y 

s m a l l .  Such a s t a t e  involves the  previous h.i.story only i n  a gross sense, 

i . e . ,  Lhe mater ia l  recognizes only t h e  amount, not t'ne path, o f  t he  accu- 

mulated creep s t r a ins .  Tihis value of t o t a l  creep s t r a i n  together w i t h  the  

current stress determines the amount of addi t ional  creep t h e  mater ia l  will 

undergo within a specified time increment At.  

Memory Theory Approach 

This approach i s  based on Boltzmafln's old superposition pr inciple  and 

Volterra' s hereditary representation of material s t a t e s .  A s  w a s  mentioned 

ea r l i e r ,  and as i t s  name implies, t he  memory theory s t a t e s  t ha t  tine mate- 
r i a l ' s  response a t  any ins tan t  of Lime t depends on a l l  previous s t a t e s .  

S ta r t ing  again with t he  common point of departure, namew, Eq. (E .4 ) ,  
and ignori.ng temperature dependence f o r  the  mortient, 

E =  2 f . ( t )  . 
i =1 1 (E.8) 

This equation, as i s  Eq. ( E . 4 ) ,  i s  val id  only for  time invariant  stress. 
Equation ( E . 8 )  i s  generalized t o  time-varying sti-ess through Volterra' s 

postulate  t h a t  t he  strai.n ( s t r e s s )  i s  a functional o f  t h e  stress ( s t r a i n )  
history.  Symbolically th i s  i s  wr i t ten  as follows f o r  the s t r e s s - s t r a in  
re la t ion :  



.- 

Frechet showed t h a t  a continuous nonlinear functional,  as the  one 

depicted i n  Eq.  (E.g), can be approximated a r b i t r a r i l y  c losely by the  fo l -  

lowing s e r i e s  : 

+ .... . (E.lO) 

Equation (E.lO) is  the  counterpart of t he  time-hardening ( o r  s t ra in-  
hardening) equation. It i s  a mathematical representat ion of t h e  symbolic 
Eq. (E.9), but it can a l s o  be infer red  d i r e c t l y  from Eq. (E.8). 
not vary with time, then Eq. ( E . l O )  reduces to 

If (r does 

which i s  a polynomial representation of s ingle-s tep creep test. The s h i -  

l a r i t y  between Eqs .  ( E . 8 )  and ( E . l l )  suggests t h a t  i f  one takes  the simple 

creep formula 

which has been frequently used i n  creep analysis,  and generalizes it t o  
var iab le  fi, the  following i s  obtained: 

For some metals of i n t e r e s t  n can be as l a rge  as 6, which means t h a t  Eq. 
(E.13) involves a sextuple in tegra l .  The u t i l i t y  of such a complex rep- 

resentat ion of a seemingly simple equation i n  a computational procedure, 
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even if mater ia l  data f o r  Jn exis t ,  i s  not within the capab i l i t i e s  of 
present day computers. 

Equation (E.10) i s  a power se r i e s  of superpositions i n  which the  

f i rs t  term i.s a superposition of single-step creep curve; the  second i s  

a superposition of two-step creep curve; the third- i s  a su.perposition of 
three-s tep creep curve; and so on. It should be stated-, however, t h a t  

each of t'nese mdti .s tep t e s t s  invo.l_ves a complex t e s t  program involving 

several  loading -tiues and several  s t r e s s  combinations 

(E.10) i n  analysis, we must determine the kernel. fu.nctions J1, J2, . . ., 
J experimentally. Such experiments f o r  304 stainl-ess s t ee l ,  f o r  exmpl-e, 

do not  e x i s t  a t  t h i s  time. 

a computational proced-ure based on thls equation, It should be menkioned, 

however, t h a t  equations up t o  t h i r d  order have been used t o  characterize 
nonli-near polymers which, unlike metals, a r e  characterized a s  weakly non- 
l i nea r  mater ia ls .  Therefore, i f  Eq. (E.10) becomes within the realm of 

experimental poss ib i l i t y  i n  the  future,  one can expect t h a t  t%le order of 

t h i s  equation w i l l  be high ( f i v e  or s ix)  far mater ia ls  such as s t a i n l e s s  

s t  eel .  

If we u t i l i z e  Eq. 

n 
Therefore, it would be f r u i t l e s s  t o  suggest 

We see then t h a t  the use of E q ,  (EalO) i n  i t s  general t ty  i s  not with- 

i n  OUT experimental and. cmputati.oua1 means a t  this time. 

nat ives  t u  Eq. ( E . l O )  have been suggested, s t i l l  within the  framework of 
the  memory theory. These a l te rna t ives  are, by necessity, approximations 

t o  the general theory. We discuss this next. 

In  one approxiraate: procedure, Eq,  (E.10) i s  replaced by the  following 

Several a l t e r -  

equation : 

where C( 0 , t )  i s  t h e  usual single-step creep curve depicted i n  any one of 
Eqs ,  ( E . l )  t o  ( E . 4 ) .  Equation (E.14) can be rewritten as  

where J i.s t h e  creep complfance at s t r e s s  leve l  O~ 

dicts the s t r a i n  due t o  time-varying CT by superposing s ingle-s tep creep 
Equation (E.15) pre- 
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data.  This equation i s  exact only for  l i n e a r  mater ia ls  and it serves as 

a f i rs t  approximation t o  Eq. ( E . l O ) .  

t he  same creep t e s t  as required by the  equation-of-state theory. 

correct ion term, namely, 

It has the  advantage t h a t  it requires  

A second 

can be added t o  Ey. ( E . 1 5 ) .  
which a r e  not current ly  avai lable .  One can continue t h i s  process of cor- 

rec t ion  u n t i l  t h e  required accuracy i s  achieved. 

approaches Eq. ( E . l O ) ;  therefore  it would seem t h a t  t h i s  approach o f fe r s  

no advantage over Eq. ( E . l O ) .  

ment i n  the  kernel  function, it i s  hoped t h a t  one can achieve sa t i s f ac to ry  

accuracy with relat ively-  few terms, perhaps three  a t  the  most. 

However, t h i s  requires  fu r the r  creep t e s t s  

In t he  limit t h i s  process 

However, by including rs as an exp l i c i t  argu- 

A promising scheme which i s  equivalent to a double in t eg ra l  formula 

i s  t h e  use of t he  s h i f t  p r inc ip le .  This i s  described mathematically as 

follows : 

where 

(E.18) 

I n  Eq. (E .17 )  the  physical time t i s  replaced by the equivalent time 5 ( t )  
defined i n  Eq. (E .18)  where @( o) i s  ca l led  t h e  s h i f t  fac tor  which depends 

on the stress. The bas is  f o r  t h i s  formulation i s  the  following: If one 

p l o t s  spec i f ic  creep curves fo r  various o 's  on a semi-log plot ,  where J 

i s  p lo t t ed  against  log t, one observes t h a t  a l l  t he  curves can be obtained 
by simply displacing a su i tab le  base curve r i g i d l y  p a r a l l e l  t o  t he  log t 
a x i s .  

for s t r e s s  l e s s  than do are obtained by displacing Jo t o  t h e  r igh t  and 

those higher than a. a r e  obtained by displacing Jo t o  the  lef ' t .  
cess, of course, i s  not exact; i . e . ,  it does not always r e s u l t  i n  congruent 

For example, i f  t h e  base curve  Jo corresponds t o  uo, then curves 

This pro- 
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curves, but  it i s  possible t o  generalize t h i s  met'nod t o  permlt piecewise 

shift  of t h e  base curve t o  obtain higher accuracy. The method, however, 

i s  not ye t  f u l l y  developed and cannot occupy a posi t ion i n  the  state-o-f- 

t he -a r t  a t  t h i s  .time. 

sis  i s  well developed f o r  l i nea r  v i scoe las t ic  mater ia ls .  It can be used 

here, i n  t he  memory, as wel l  as i n  t he  equation-of-state theories ,  i.ii a 

manner s imilar  t o  t h e  above. 

The temperature treatment using t'ne s h i f t  hy-pot'ne- 

Elas t ic  - Plast  i c  - Cree2 T i i t  erac t ion 

The preceding discussion dea l t  with t h e  creep problem where s t r e s ses  

a r e  kept below t h e  y ie ld  l i m i t .  If t h e  y i e l d  s t r e s s  i s  exceeded, then 

"time-tndependent" plast i -c i ty  will occur. 

a i d  p l a s t i c i t y  has been t r ea t ed  on the  bas i s  .that t'ne t o t a l  s t r a i n  a t  any 

ins tan t  of time t consis ts  of th ree  parts - e la s t t e ,  p las t ic ,  and creep - 
namely, 

The problem of combined creep 

i- + 2(t)  . (E.]-9) 

This equation i s  one more approximation of a na tura l  law. 

mation l i e s  i n  t h e  f ac t  t h a t  t he  creep and p l a s t i c  s t ra ins ,  which a re  the 

micro l e v e l  may be similar,  a re  separable a t  t he  maem l e v e l  of observa- 

t ion .  We cannot pos1;ulate anything d i f fe ren t  at t h i s  time and therefore 

Eq. ( E .  19) i s  considered acceptable. 

The approxi- 

The previous de-velopnent giving formulas f o r  E'( t )  for  both the  

equation-of-state and the  memory theor ies  holds here a l so .  One can then 

subs t i tu te  f o r  E C ( t )  from Eq. ( E . 7 )  or  Eq. (E.17), and for €'(-ti) from 

Hooke's l a w .  

t he  problem. 

It remains t o  f ind  an expression for. c p ( t )  which completes 

The e l a s t i c -p l a s t i c  problem i s  well  developed and. need ilot be dis-  
cussed i n  d e t a i l  here. Briefly,  however, t'nere a re  two possible techniques 
which have been used i n  the  pas t .  The f i rs t  i s  t o  t r e a t  t he  p l a s t i c  

s t r a i n s  as i n i t i a l  s.trains i n  an incremental procediwe. The second i s  t o  
derive the  nonlinear s t r e s s - s t r a in  r e l a t ions  which s a t i s f y  t h e  appropriate 
y i e ld  condition and a corresponding flow rule .  

fe r red  t o  as t h e  i n i t i a l  s t r e s s  approach and t h e  second as  t he  tangent 

The f i r s t  approach i s  re- 
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. 

modulus approach. 

incremental p l a s t i c i t y  similar t o  the  creep problem. 
ference between the i n i t i a l  s t r e s s  and t h e  tangent modulus approaches i s  
not as f’undmental as the  difference between the  equation-of-state and 

the  memory theor ies .  It would be in t e re s t ing  t o  point out the  analogy-, 
from a computational point of view, between the creep and p l a s t i c i t y  prob- 

lems: 

t i a l - s t r e s s  approach i n  p l a s t i c i t y  i s  equivalent t o  the  equation-of-state 

approach i n  creep, and the  tangent modulus approach i s  equivalent t o  t h e  

memory theory. 

By v i r t u e  of Eq. (E.19) one can use t h e  i n i t i a l  s t r e s s  (or t he  tan-  

We see here again t h a t  we have two a l t e rna t ives  fo r  

However, the  dif- 

Experting some degree of poet ic  l icense we can say t h a t  t he  i n i -  

gent modulus) method with the  memory theory ( o r  the equation-of-state) 

approach or v ice  versa.  

mended a s  a more r e l i a b l e  procedure, and we w i l l  base OLE next discussion 
on the  f a c t  t h a t  it i s  the  accepted s ta te-of- the-ar t  €or e la s t i c -p l a s t i c  

analys i s 

The use of t he  tangent modulus approach i s  recom- 

Comparisons of t he  Two Methods 

In  t h i s  section we compare t h e  equation-of-state approach and the  

memory theory approach assuming t h a t  the p l a s t i c i t y  formulation i n  both 

methods i s  based on the  tangent modulus procedure. 

E quat ion- o f - s t a t  e 

Advantages 

1. It has been extensively applied and there  i s  a grea t  deal of 

experience with t h i s  method. 

2 .  

3 .  

It i s  simple t o  apply and understand by most engineers. 

It i s  easy t o  incorporate i n  ex is t ing  f i n i t e  elenlent computer 

programs. 

4. It requires  minimum experimental data, only s ingle-s tep creep 
t e s t s  a t  various temperatures and s t resses .  

5. Once t h e  creep fomulas a re  obtained they can be eas i ly  and 

quickly incorporated i n  a s t r e s s  analysis  program. 

6 .  It i s  k n m n t o  give good r e s u l t s  f o r  constant loading. 



7. The method does not overtax the  storage capacity of t he  computer. 

Disadvantages -_-- 

1. The method being an i n i t i a l  s t r a i n  ( o r  ~ . t r e s s )  approach i s  com- 

putat ional ly  sensi t ive t o  the  s i ze  of t he  time step. 

e r rors  can accumulate and eventually cause i n s t a b i l i t y .  

For la rge  time steps, 

2. The t o  t h e  l imi ta t ion  on the  time step, l a rge  number of incre- 

ments may be required. 

3. The method i.s l imited i n  its capacity f o r  improvement. No mech- 

anism ex i s t s  for adding correction terns as  there  i s  i n  the  memory theory. 

Because of item 3 above, any complex s t ruc tu ra l  or material  test- 4. 
ing such as var iable  loading, var iable  tsmperature, recovery, relaxation, 

etc., can only be used t o  ver i fy  t h e  theory, not t o  improve it. 

5. 'The method 'oecomes less  r e l i a b l e  under var iable  load his-tcories 

and cycl ic  loading leading t o  e l a s t i c - ~ l a s t i c - c r ~ ~ ~  in te rae t ioa ,  

Memory theory ( a s  it i s  used today) 

Advantages 

l, The method i s  cornputationally l e s s  sens i t ive  to the size of the  

time step. 

2 ,  It requires fewer time s teps  fo:r any given analysi.s. 

3. It i s  a second-order approxjmation of the more general theory 

and therefore it i.s very adaptable .to continuous improvement to accomodate 

new knowledge of mater ia l  and s t ruc tu ra l  behavior. 

4. It takes the  s t ruc tu re ' s  past  h i s tory  i n t o  account. Ilowever, the 

significance of heredi tary of metals i s  not. yet  f u l l y  understood i n  prac- 
t icaL applications I 

5. It i s  more consistent wi-t'n the  tangent-modulus formulation of in-  
c rement a 1  pla s t -i.c i t y  . 

6. It gives b e t t e r  r e s u l t s  far  combined var iable  loading. 

D i  s advant age s 

1. It requires  much more extensive mater ia l  t e s t i n g  t o  introduce 

further improvement by including higher order te rns .  
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2.  It i s  not easy t o  introduce i n t o  exis t ing,  equation-of-state 

type, computer programs; major modification of the  program i s  required. 
It i s  not yet within the s ta te-of- the-ar t  and being i n  the  3 .  

deve lopen ta l  s tage e q e r i e n c e  with it i s  ra ther  l imited.  

4. Incorporation of new mater ia l  data i s  not as straightforward as 

the  equation-of-state approach. 

$. It i s  not easy t o  apply and. understand by the  average engineer. 

Conclusion 

This report  w a s  wr i t ten  i n  an attempt t o  answer t h e  following ques- 

t i on :  What, method of a n a u s i s  based on what cons t i tu t ive  r e l a t ions  should 

be used fo r  the  design analysis  of reactor  eomponerits under elevated. tem- 

peratures? 
answered. However, i n  order t o  bring t h i s  answer in to  focus, the  follow- 

ing statement i s  made, 

By t h i s  time one hopes t h a t  t h i s  question has already been 

The s ta te-of- the-ar t  a t  the  present t i n e  consis ts  of (I) single-step 

creep data, (2)  f i n i t e  element computer programs based on the  equation- 

of-s ta te  approach, and (3) a developmental program on ana ly t i ca l  methods 

and mater ia l  character izat ion t o  improve upon exis t ing  technology. Item 

(2)  i s  we l l  developed and whatever mater ia l  data  it requires  ex i s t  i n  
i t e m  (1). Therefore, by incorporating the  ctvailable mater ia l  data i n  
those ccanputer programs, one has a t  h i s  disposal an analysis  t o o l  t h a t  i s  
consis tent  with the  accepted s ta te-of- the-ar t  and i s  regarded as a good 

engineering approaeh. 

The adequacy of t h i s  s ta te-of- the-ar t  i s  being invest igated i n  pro- 

gram (3).  % 

mater ia l  character izat ion f o r  e las t ic -p las t ic -c reep  analysis  under high 
temperatures i s  being studied. A s  pa r t  of t h i s  invest igat ion the  memory 

theory i s  being developed, f irst  on the  bas i s  of ex is t ing  (s ingle-s tep)  
creep data and secondly as a f irst  s tep  i n  a research program aimed a t  
impraving the  present s ta te-of- the-ar t .  Incidentally,  the  memory theory 

I n  t h i s  program t he  general problem of ana ly t i ca l  methods and 

*High-Temperature S t ruc tura l  Design Methods Program for LMFBH Compo- 
nents, Oak Ridge National Laboratory. 



i s  not t he  only al . ternative t o  t h e  equation-of-state, but t he  "State V a r i -  

ables" approach adopted by Onat i s  an-other. 

l e s s  developed a id  i s  perhaps b e t t e r  l e f t  t o  future  considerations, 
i s  impartant t o  point out t h a t  the development of -the m e m o r y  -theory a s  a 

viable  analysis  t o o l  can only proceed on an incrmentab bas is  since it re -  

quires much more extensive material. t e s t s  t o  take advantage of i t s  fd.1. 

potent ia l .  The f a c t  t ha t  only single-step creep data ex i s t s  a t  t h i s  time 

limits the  u t i l i t y  of t h e  memory theory t o  t h e  use of a single heredi tary 

in t eg ra l  i n  conjunction with the  s t r e s s - t i m e - t ~ i p e r a t ~ r e  correspondence 

hypothesis Tbere a re  indications that  t h i s  t rexkmnt might of fe r  reason- 

able correlat ion with experiment, but it s t i l l  requires fur ther  stuQ- t o  

understand f u l l y  i t s  implications Tie cornputattonal advantages it of fers  

a t  t'nis time encourages i t s  adoption by analysts as another a l te rna t ive .  
Since t h e  basis for  t h e  equation-of-state theory and the  cur ren t  f o m  of 

t h e  memoly theoiy i s  single-step creep data, the difference betweeil t he  

two t'neories i s  more procedwal than fundamental. 

more fundamentally as multistep creep data a r e  incorporated. in the  memory 

theory thereby increasing i t s  capabi l i ty  f o r  closer prediction of s t ruc-  

tural. response under variable loading, However, u n t i l  such time as t h i s  

becomes possible, t he  two methods mist be regarded as equally valid, and 

t'ne one t o  be preferred i s  the one tinat i s  most accessible t o  the  analyst .  

Tie l a t t e r ,  however, j.s even 

It 

They begin t o  diverge 
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APPENDIX F 

STRESS AND STRAIN QUA.NTITIES IN INDEX NOTATION 

In t h i s  appendix, some of t he  s t r e s s  and s t r a i n  quanti-ties t h a t  a r e  

used frequently i n  the  t e x t  and t h a t  a r e  wr i t ten  there  i n  index notation 

a r e  b r i e f l y  explained in terms of  t h e  s t r e s ses  and s t r a i n s  r e l a t ed  t o  

rectangular Cartesian coordinates (x, y, 2). 

t i o n  w i l l  be useful  t o  the reader who may not be familiar with tensor 

quant i t ies  and index notation. 

It i s  hoped that t h i s  explana- 

In  index notation, coordinates a r e  indicated by indexes (l,2,3) in- 

s tead of l e t t e r s  (x,y,z) . 
i n  (x,y,z) space a r e  denoted by xi = (xl, xz, xg)? or more briefly by x 

w i t h  t he  understanding t h a t  i takes t h e  values 1,2,3. 

(x,y,z) may be denoted by (xl, x2, x3) or sinply by xi. 

For example, t he  coordinates of a general point 

i' 
Similarly, axes 

Stress Quant i t ies  

The nine components of stress taken co l lec t ive ly  are ca l led  the  s t r e s s  

tensor  or the  s t r e s s  array.  With t h e  following change i n  notation, t he  

s t r e s s  tensor may be denoted i n  index notation" by (T 

take the  values l,2,3, and where a = cr 

where i and j can 
ij' 

ij ji' 

More generally, an array of numbers such as the  s t r e s s  a r ray  i s  ca l led  a 
matrix. The matrix of t he  s t r e s s  tensor can thus be wr i t ten  as: 

-?L'he par t i cu la r  l e t t e r s  used for the  index a r e  a rb i t ra ry .  
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It should be emphasized that the  notation u i j  refers t o  t h e  s t r e s s  com- 

ponents col lect ively.  

j ,  t he  notation re fers  t o  a spec i f ic  ._I s t r e s s  camponent,. 

r e f e r s  t o  a spec i f ic  s t r e s s  component ( T xy i n  the  more f . m i l i a r  engineering 

notation) . 
It i s  possible t o  resolve the s t r e s s  tensor rs i j  in to  two addi t ive 

However, when spec i f ic  values are assigned t o  i and 

For exmple, 012 

component tensors  : 

P . 3 )  

defined as follows: 

where 

and 

55 20 - 0  - 
X 

3 

7 xi 

7 
XZ 

I 

7 
XZ 

r 
XY 

20 - 0  - u  
Z x Y-.--".- 7 

3 YZ 

The quantity of j  i s  ca l led  t h e  e i a t o r i c  component _.._I_ o r  t he  s t r e s s  tensor, 
and t h e  quantity o!' i s  ca l led  t h e  spherical. component of t he  s t r e s s  tensor.  

l j  
The deviatoric component i s  an important, and or ten  encountered, quan- 

t i t y  i n  cons t i tu t ive  re la t ions .  
component can be wr i t ten  as 

In h d e x  notztion t h e  deviator ic  s t r e s s  



where 6 

ing : 

i s  ca l led  the  Kronecker de l ta  and has the  Id lowing  simple mean- i j  

1. for := j ... 
'ij - 10 for  i j . 0.7) 

To read Ey. (F,6), we f i r s t  must recognize t h a t  a repeated index i n  a 
s ing le  term implies summation over t he  values l,2,3. Accordingly, the  

quant i ty  is becomes kk 

Thus as spec i f ic  values are assigned t o  i and j i n  Eq. (F.6),  we readi ly  
obtain the  spec i f ic  components of t h e  deviator ie  s t r e s s  given i n  Eq. (F.5) .  
A s  examples, 

and 

Often, s c a l w  quant i t ies  ca l led  invariants  of the  s t r e s s  tensor are 

useful .  "lie term "invariant" derives from t he  f a c t  t h a t  the magnituaes 
of these quant i t ies  a re  independent of the  pa r t i cu la r  s e t  of' coordinate 

axes being considered. 

nent of t h e  stress tensor  i s  used i n  t h i s  document. 
engineering nomenclature, 

The second invariant,  J& of t h e  deviator ic  compo- 

I n t e r n s  of t he  usual 

I n  index notation, Eq. (F.9) can be wr i t ten  simply as 
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Recalling the  ru l e  t h a t  repeated ind-exes imply sumnistion Over the values 

l ,2,3,  we may expand Eq. (F. lO) as follows: 

f i r s t ,  we wr i te  

Considering .tile index i 

and then considering Yne j index, w e  expand each of the  three  terns  in 
parenthesis, i n  turn, i n to  three terms,  so  t h a t  

(F.ll) 

Now we observe tha t  

/ / + 022 + 033 = 0 , 

so t h a t  

Substi tuti l lg t h i s  last  r e l a t ion  in to  Eq. (F.11) we f i n d  

Finally, i f  we make the  change i n  na ta t ion  specif ied by Eqs. (F.1) we see 
t h a t  Eq. (F.12) agrees with Eq. (F .9) .  

Of’ten a sca la r  quainti.ty ca l led  the  Zffectiv-e s t ress ,  o r  the V Q ~  - Mises I-___. 

ef fec t ive  stress, i s  u t i l i zed .  I n  the  usual notation, t h i s  quantiby- i s  

defined as 
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If C ,  - = l /3,  t h e  e f fec t ive  s t r e s s  i s  equal t o  the  octahedral shear s t r e s s ;  

i f  C, = l/A, t h e  square of t h e  e f fec t ive  s t r e s s  i s  equal t o  the  second 

invariant  J: of the  deviator ic  component of the s t r e s s  tensor.  

i f  C, = l / f i  then i n  a uniax ia l  t e s t ,  for which rs 

a l l  of t h e  other s t r e s s  components are  zero, CI = rs 

Finally,  
is  the  axial  s t r e s s  and 

X - 
x‘ 

S t r a in  Quant i t ies  

S t r a in  quant i t ies  a re  wr i t ten  i n  index notat ion i n  a manner analogous 

t o  s t r e s s  quant i t ies .  

a r e  ca l led  the  s t r a i n  tensor.  

s t r a i n  tensor  may be denoted i n  index notat ion by E where E = E 

The nine components of s t r a i n  taken co l lec t ive ly  

With the  following change i n  notat ion the  

i j ’  i j  j i ’  

E -  z - €33 
E = Ell E = E 2 2  

X Y 
(F.14) 

A s  i n  the  case of s t r e s s ,  t h e  s t r a i n  tensor  6 .  may be resolved in to  
two addi t ive component tensors,  the  deviator ic  s t r a i n  tensor, t’ 

lj 
and the  ij’ 

spherical  s t r a i n  tensar,  E ”  

i s  given by 

The matrix of the  spherical  s t r a i n  tensor i j ”  

0 

E. m 

0 E 

where 

+ E  + E )  
Y Z  

The matrix of the  deviator ic  s t r a i n  tensor i s  

em = =j (Ex 

i s  t he  mean - strain. 
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L Y  
2 

yxz 
2 

Y 

Y 
Y 2F. -- E - E - YZ z X 

3 2 

Y 
YZ 
2 
- 

2 c  - - E  - - c  

3 
z x LY 

. (F.16) 

It i s  important t o  note t h a t  i n  both p l a s t i c i t y  and creep the  assump- 

t i o n  of incompressibil i ty i s  made. 

t i c  portion of t h e  t o t a l  s t r a i n  i s  considered, 

This means t h a t  when only the inelas-  .- 

-._ I.-_. 

E m - 0 .  ( F .17) 

Consequently, 

and 

- E /  = E 
i j  i j  ' (F .  18) 

The second invariant,  I:, of the  deviator ic  component of the  s t r a i n  

tensor i s  i n  the  case of i ne l a s t i c  strai.ns equal, because of Eq. (F.l'[), 

t o  the second invariant,  12, of the  s t r a i n  tensor, and i s  given. by 

1 
'd 2 2 i j  i j  * 

(F.19) ~ i = i  .:.--E E 

For i ne l a s t i c  strai-ns only, 

2 2 2 
€11 + €22 + Ea3) = 0 7 ( €11 + €22 

+ " + 2(EllE22 + '11'33 + '22'33) Y 33 

so t h a t  

2 2 2 
Ell + E.-&, + c33 -= - 2((.,,t2, + '11'33 + '2ZE33) * 

Expanding Eq. (F.19) and- substi tutir lg t h i s  7.a-tte.r r e l a t ion  i n t o  it, we f ind  
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< -  

or ,  i n  t h e  usual engineering s t r a i n  notation, 

(F.20) 

Equation (F.20) holds only for  the  i n e l a s t i c  components of s t r a in .  

An e f fec t ive  s t r a i n  quantity i s ,  i n  the  usual s t r a i n  notation, de- 

f ined by 

E = C,& - Ey) + ( E  - E z )  2 4- (‘z - fS ) ”  4- 3 2 ( 7 2  xy I- - z ?  j xz  + Y“ yz ) , (F.21) 2 - 
Y X L 

If C, = 2 / 3 ,  t h e  effect ive s t r a i n  i s  equal t o  the octahedral shear s t r a i n ;  

i f  6, = 1/&, t he  square of t h e  e f fec t ive  s t r a i n  i s  equal t o  the  second 

invariant  I, of the s t r a i n  tensor, provided only i n e l a s t i c  strains are  

being considered. Finally,  i n  the case of a uniaxial  t e s t  we have, f o r  

t h e  i n e l a s t i c  strains, 

- 
since E =: 0. Therefore, E := E for  a uniaxial  t e s t  provided t h a t  C, J m X 

f i / 3  
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