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STRESS INDICES ANI3 FLEXIBILITY FACTOX; FOR MOMENT 
LOADINGS ON ELJ3OWS AND CURVED PIPE 

W .  G .  Dodge 
S .  E .  Moore 

F l e x i b i l i t y  f a c t o r s  and s t r e s s  ind ices  f o r  elbows and 
curved pipe loaded with an. a r b i t r a r y  combination o:r" in-plane , 
out-of-plane, and tors ional .  'bending moments a re  developed f'or 
use with the  s.inipl.i.fied analyses  procedures oi' present-da.y 
desi.gn codes and sta.ndards. An. ex:istin.g ana ly t ica l .  method w a s  
modified f o r  use i n  calcu. la t ing these  factor:;, t he  eq-uatlions 
were programed f o r  t he  IBM-360 corqxtt,er, and computed r e s u l t s  
were compared wi1;h experimental  da t a  t o  e s t a b l i s h  the  adequacy 
of t h e  modified method. Parametric s tud ie s  were then performed 
t o  obta in  des i red  information. The r e s u l t s  a r e  presented i n  
both t abu la r  and graphica l  form. Approxiniate equations of 
b e s t  f i t ,  developed from the  tabula ted  value:;, a r e  presented 
i n  a form which can be used d i r e c t l y  i n  t h e  codes and standards,  
The present  equations a r e  s l i g h t l y  inore conservative than the  
ones i n  cur ren t  use. However, experimental and. analyt ical-  
s t u d i e s  now i n  progress may ind ica t e  f u r t h e r  mcdif icat ions i n  
the  s - t ress  ind ices  and f l e x i b i l i t y  f a c t o r s  f o r  elbows. 

Keywords: s t r e s s  ind ices ,  pipe elbGWs, curved pipe,  
s t r e s s  ana lys i s ,  p ip ing  code, AESI BjSl.7, pressure ves se l  
code, ASME BIT Sect ion 1K.L. 

INTRODUCTION 

The stress ana lys i s  of elbows and curved pipe has been the  subjec t  
1.* in 

Of numerous t h e o r e t i c a l  and e-xperimental s tud ie s  s ince Bantliri,  

1910, f i rs t  demonstrated experimentally t h a t  a curved pipe resporida d i f  - 
f e r e n t l y  under load than predic ted  by simple beam theory; and von Kamnan, 

i n  1911, presented the  f i rs t  r a t i o n a l  explanation of t h i s  discrepancy. 

The purpose o.f the present study i s  to sel.ec-,t, from among t h e  existing 

2 

__se 

*Superscript  numbers r e f e r  L o  s i m i l a r l y  numbered re ferences  a t  the  
end of this r epor t .  
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theore t i c a l  methods, t h e  mosL appropriate  ana lys i s  l o r  use i n  developing 

stress ind lces  and f k x i b i i i t y  €ac tors ;  and t o  develop these  f a c t o r s  in 

a f o i ' m  s u i t s b l e  for use i n  eodes arid s iandaras .  This study i s  one of 

sever31 be ins  conducted under the  Oak thdge National Laboratory's  Piping 

Program" as p a r t  of a j o i n t  USAEC-fndustry program f o r  ihe ref'inement, 

extension, and developmnt of methods of design f o r  nucle3r r eac to r  p l an t  

pipizig, pimps, and valves a 

7h+ general  approach taken here i s  t h d i  OP the  nuclear power sec- 

t i o n , "  831.7, of t h e  American Nationdl Standards ir ,si . , i tute (ANSI) Sl;an- 

d a r d  Lode f o r  Prcssure Piping, i n  which stress indices  are used i n  eon- 

junction with siinplif ied design I o ~ m u i a s  i'or calculat , ing design s t r e s s e s  

f o r  c l a . : ~  I piping. Zn t h i s  code the  m a x i m u m  shear s t r e s s  theory of 

f a i l u r e  (Tresca conditicn) is used as tlnr d ~ . ? i c ~ t ~  c r i t e r i o n ;  and sti-ess 

indl'ces are defined i n  terms of the  r a i i u  of t h e  "stress i n t e n s i t y "  t o  

a nominal stress,  where t h e  siress in lenni t ,y  i 5  defined as twice t h e  

absolute  value of the rflaxhurn shear stdress  at, a point  i n  t h e  component 

f o r  a given loading condi t ion,  

I n  the  simpli<ied ana lys i s  method of d i v i s i o n  1-705 of AldSS. R3I.. I ,  

t h e  piping code" uses three tries of s t r e s s  ind ices ,  B i 7  Ci> and Ki, 

corrrspondi rig 7-ouglhIy t o  the t h m e  categories  of allowable stren--,es: 

primary, secondary, a n d  peak, respectively, '!'he 3 indices  are iised 

wi th  Eq. (9) of d iv i s ion  1-70? t,2 assure aesinst ca t a s t roph ic  membrane 

€a l lu re ,  arid are thus  related tc t h e  p?iLndry s t r e s s e s .  The C j  indices  

a r e  used with E q .  (10) t o  insure t h a i  shakedom t o  e l a s l i c  behavior w i l l  

occur  aXer app l i ca t ion  of a few i c a d  cycles,  and a r e  t h i i s  r e l a t e d  t o  

t h e  sum of primary pliis seconda.-y s t r ezse" ,  

e l a s t i c  sire,s concentration f a c t o r s  and are used along; w i t h  the C in- 

d i c e s  i n  E q .  (11) t o  i n s u r e  aga ins t  f a t i g u e  f a i l u r e .  

1 

Yhe Kj indices a r e  general ly  

1 

For a eonbination of loads applied simultaneoiisly t o  a piping eom- 

ponent, t he  s impl i f i ed  design formulas of the codc 7r-a b a s 4  on t h e  

a s s e r t i o n  tha t  t he  m a x i m u m  s t r e s s  i n t e n s i t y  exi st ' ing anywhere i n  tile 

component i s  equal  Lo o r  less than the sum of the  m a x i m u m  s i r  i_nt,en - 
s i t i e s  due Lo t h e  loads t a k e n  individual ly .  P i  J S  Llii~s appropriate  i o  

develop s t r e s s  indices  f o r  uoment 1 oadi-ngs without c o n s i d p r j  rig other  

loads which (nay e x i s t  on the  coraponcr~l, i n  a11pI icai ,  ion. The presenr. siiidy 
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deals with s t r e s s  ind ices  f o r  elbows and curved. pipe of the  prir?.ary plus  

secondary category f o r  externa1.l.y appl ied moment leadings 

i n  Eq. (10) of the piping code] and t h e  corresponding f lex ib i . l j . ty  f a c t o r s  

f o r  use i n  piping system a,nalyses. 

"C2 " as used 

The f'irst t a s k  was a r a t h e r  extensive l i t e r a t u r e  review of cur ren t ly  

ava i l ab le  t h e o r e t i c a l  s t r e s s  analyses  f o r  elbows, and se.lecti.on of t he  

most appropriate  methods f o r  developing the  s t r e s s  ind ices  and f l e x i b i l -  

i t y  f a c t o r s .  Since the re  i s  sane advantage i n  t r e a t i n g  a n  a r b i t r a r y  

combination of in-plane , out-of-plane, aiid t o r s i o n a l  moment loadings,  one 

of the  c r i t e r i a  f o r  s e l e c t i n g  t h e  appropria-te ana lys i s  was tha-i; consi-sten-t 

so lu t ions  f o r  each of these  loadings should. 'oe availabl.e, o r  e a s i l y  devel-  

oped. 

d a t a .  

The ana lys i s  should also be accura te  as v e r i f i e d  wi th  e q e r i u i e n t a l  

The remaining sec t ions  of t he  r epor t  d.ea1 with t'ne flcxibi.lj.ty f ac -  

t o r s  and t h e  inathematical development of s t r e s s  ind ices  for combined 

loads .  Numerical res'u.lts, obtained from a parameter study, a r e  presented 

i n  graphica l  and. t a b u l a r  form, and as approximate fom.ulas t h a t  a r e  con- 

se rva t ive  and easy t o  use i n  design analyses .  The last sec t ion  i s  a d i s -  

cussion of t h e  present  r e s u l t s  and recommendations f o r  fur ther .  study. 

A summary d.iscussj.on of t he  a n a l y t i c a l  met,hod, which was sei-ected 

from the  publj-skied l i t e r a t u r e  and modified. for use i n  tbi.s s t u d j ,  i s  

given i n  Appendix A; improved. equat ions f o r  use Triith t h i s  method are 

developed i n  Appendix B .  The equat ions i n  Appendix B account f o r  mein- 

brane force  components t h a t  were neglected i n  the o r i g i n a l  development,. 

A l i s t  oC symbols used i n  t h e  text; i s  given i n  the Nomenclature. 

Pub]-ished closed-form t h e o r e t i c a l  s t r e s s  analyses  f o r  curved pipe 

and elbows with bending moment loads  fall. i n t o  one of t h ree  ca t egor i e s  

depending on t h e  apprmeh t,ak.en i n  def in ing  t h e  mathematical problem and 

solving t h e  equat ions.  These a r e  t h e  m i n i m u m .  potenti.al. energy approach 

f irst  used by von Karman2 i n  J-gll.> t h e  mechanics-of -mater ia l s  Zi , i )L ;-.mch 

f i rs t  used by Turner and Ford5 i n  1957, and t h e  t h i n - s h e l l  theory ap- 

proac~i  f i r s t  used by ~ucda." in 1936, ~ l l  of t hese  e a r l y  so lu t ions  were 
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f o r  an i d e a l  t o r u s  loaded with a n  in-plane bend.i.ng moment, and i n  each 

es.se t h e  problem w a s  simplified, by neglec'iing the s-i;~ess va.i-iations 

al.ong t h e  l eng th  of the elbow. Various exLerlsions and modi.ficat.ioiis t o  

these analyses have s ince  been published and numerous experimen-La1 

ctudi.es have been conducted t o  v e r i f y  t h e  t h e o r e t i c a l  r e su l - t s .  

The P i r s ' c  rati-onal. stress ana lys i s  f o r  elbows w a s  published by von 

Kaman2 i n  1911 for t he  problem of in-plane bertdi.ng of curved p ipe ,  

La.t ,er ,  j.n 1943, iligness' general.ized von KarLuana s ana lys i s  t o  include 

out-of -pl.an.e bending They reason.ed t h a t  due 'LO tiie curva'iure of the 

pipe bend, t he  long i tud ina l  stresses i n  Lhe t u b e  wa1.l tend t o  d i s t o r t  

t h e  shape of Lhe c ross  section., which ia t u r n  p r d u c e s  a g r e a t e r  f l e x i -  

b i l i t y  and a d.-i.fferent, s t r e s s  d i s t r i b u t i o n  than  predicted by simple bean 

theory.  'l%e f o r m  of distoi%iol? of t h e  cross secti.on under the  d i f f e r -  

e n t  types of moment; loadings are shown in F i g ,  1. This fl-atteniizg of 

t h e  c ross  section i s  due to t he  I.ongitildinal. stresses, which j.n a curved 

tube produce coapoiient forces ac1;in.g totm.rd and. away from t h e  center of 

the tube e 

Bo-t'n von Kannan a-nd Vignecs obtai-ned so lu t ions  by represent ing t h e  

d.isplacements of t h e  w a l l -  with tr igonometric s e r i e s :  and determined t h e  

eoe f f i c i en - t s  of -these sei-ies by rninimiz,in.g the  total p o t e n t i a l  energy. 

For t o r s i o n a l  moment Loading, they assumed tha t  a cu.r?red plpe would r e -  

spond i n  -ihe same ummer as a s t r a i g h t  pipe,  a n d  t h a t  the cross  sec t ion  

W O U ~ ~  remain c i . ~ ~ i i l . a r  I 

I n  order  t o  simpl.iiy the  a n a l y s i s ,  t h ree  rnajor assumptions were 

made : 

1. The ratio of t h e  pipe r ad ius  t o  t he  bcnd r ad ius  w a s  neglectzd 

r e l a t i v e  t o  1. 

2 .  The c i r c m f e r e n t i a l  merdirane s t r a i n  was assumed 'Lo be zero, EO 

t h a t  t he  I-ength of any seemed of -the circimfeue!lce of :;he tllbe w a l l .  

would remain corrstan-t . 
3 .  Pl.ane sec t ions  t r ansve r se  t o  t he  cen te r l ine  of Lhe tube were 

assued  t o  remain plane and perpei-td-i.cular to the  deformed c e n t e r l i n e ,  
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For bo'iii b - p l a n e  and ou t  -ot-pl.ane bending, t he  ana ly t  i c a l  r e su l - t s  i i id i -  

cated -tht t h e  angular rotat,i.on of t h e  pl.ane sec t ions  and. Lhe maxi.inu-m 

s t r e s s e s  were g r e a t e r  f o r  C1J?"-v-efi pipe than f o r  straigh-i; p ipe ,  -i;i-iereby 

agreeing with t h e  experimental resul.ts of Bant i in  'The ro-Lat ion i;lw 

maxjhum s.iresses for elbows rels%i:ve to -ihc sa-rne q u a n t i t i e s  f o r  strai.ghi; 

pipe,  t h a t  i s ,  t h e  f l e x i b i l i t y  €actor- and the s t ress- i .ntei is i f icat ion 

f a c t o r ,  were found to be g r e a t e r  tham I .O and i;o dkpen.?~ only on the 

dj.meiisionless paxameter lambda* 

I n  195 j ,  Kafka and l)ui1r18 incorporated tbe i n f  1 uznce of i n t e r n a l  

pressure i n t o  von Kaman 's  in-plane bending anal.ysis. This w a s  d.one by 

including i n  the p o t e n t i a l  energy- expression t h e  e1a.sti.c work 3onc on 

t h e  tuhc by- -L.'oe pressure during deforma-Lion of l;he c ros s  s e c t i o n .  The 

i n f luence  or i.i-ttc:rnal pressure i s  to reduce the d i s t o r t i o n  caused by tiic 

bending 1-oad.; hence, i r r k r n a l  pressure -Lends t o  re3.uce bo th  t h c  bcriiling 

stresse:; a n d .  the f l e x i b i l i t y  of tile e3.bows. 

The foli.owing yea r ,  i n  19 56, Rcdzbaugh a.jl.d- George' red.erive:l an4 

generalized. t he  von Karman-Vigness analyses iiicludi.ng thz effects of in- 

plane and out-of-plane bending as wel l  as ihe infl.ii.ence of in-Lernal p re s -  

s u r e .  When internal- pressure i.s included, t h e  f l e x i b i l i t y  f a c t o r  and 

the s t r e s s - i n t e n s i f  i .cation f a c t o r  depend on a second. dimensionless param- 

e t e r  p s i :  

PR' 
E r t  

q = --- . (2) 

The more complete anal-ysis of Roda'oaugh and George was w r i t t e n  j.n terms 

of in - f in i te  s e r i e c  which they evaluated using one, two, an3 t'nre? t e r m s  

t o  ob ta in  e x p l i c i t  expressions Cor t,he f l e x i . b i l i t y  f a c t o r  an.1 -Lhe in= 

pi-ane and out-of-plane s-tress i n t e n s i t y  f a c t o r s .  'IL'hece expressions form 

the basts for the  stress in-?iees curren1,ly i-n use i n  the nirc3.ear power 

-I- I __. 

*Since both von Karmn and Vigness used uniaxial  stress-st,,ajn re- 
l a t i o n s  i n  'clieir analyses, n e i t h e r  aut,hnr o?;taincd the ~e imJ1 - v2). 



piping code ( s e e  USAS B31-.7-1969, Appendices D and. F) . 
t h e  present  r epor t  contains a b r i e f  summary of t h e  r e s u l t s  o'Dtair1t.d by 

Rodabaugh and George. 

Appendix A of 

T'nere i s  one other a n a l y t i c a l  development based on the  .raini.mim po- 

t e n t i a l  energy f ormulation which is  of i n k r e s t  i i i  the current  stu.dy. 

I n  1952, CirosslO pointed out that; von ~araan~s a,nalysis r e s u l t s  i n  a 

logical-  inconsis tency which may be s i g n i f i c a n t  for elbows with a small 

bend r ad ius .  

t i o n  of -Lhe cross  sec t ion  of a curved tube i s  caused en t i - re ly  by longi-  

t u d i n a l  membrane s t r e s s  coaponen-ts a.cting toward and apmy from t h e  center  

o f  curvs-ture of the bend. For s impl i c i ty  he assumed t h a t  t h e  eircumfer- 

en t i a l .  membrane sti-ai11 cou1.d be s e t  equal. t o  zero. 

In h i s  ana lys i s ,  von IQxmdn had reasoned t h a t  the defoi'ma- 

In order  t o  maintain s t a t f . c  e q u i l T o r i m  i n  t h e  tube wall, the inward 

force r e s u l t a n t  of t he  long i tud ina l  membrane s t r e s s e s  must be balanced 

by t ransverse  shear  fo rces  and a c i rcm-feren t ia l .  rmmbrane force a 

plane bendia.g the  c i rcumferent ia l  force should have a maximum absolute  

value a-t; the s ide  01 t h e  elbow along the r1eu.t:m.l bending axis, ( 4  = 0 ) ;  

it should be symmetric &out Ci, = 0; and equal. t o  zero at  (b = ? 31/2. 

experimental  r e s u l t s  of Gross'' on e13ows w i t h  pipe -radius t o  bend - radius  

r a t i o s  i n  the nei-ghborhood of 1/3 and o thers  i nd ica t e  t h a t  this conclu- 

s ion  i s  co r rec t .  Rowever, because o€ the zero circu:inferential meabrane 

assumption, t h e  von Karman ana lys i s  y i e l d s  a circurni'erential meuibrane 

force which i s  skew-,s;ymmetric about Ci, I 0, and heriee zero  a t  (b =: 0 [ s e e ,  

f o r  example, Appendix A, Eq. ( A - 1 4 )  1 .  

For i n -  

The 

In h i s  ana lys i s ,  Gross determined the  c i r e u a f e r e n t i a l  uiem'orane force  

requi red  t o  maintain s t a t i c  equi1.j.brimi based on the assumption t h a t  t he  

von Kaxman analysis gives the cor rec t  l ong i tud ina l  membrane force;  and 

appl ied  t h i s  as an a d d i t i v e  . . . "cor rec t ion  for t ransverse  compression. I '  

Actua l ly  this ana lys i s  determines a more accura-be approximation of t h e  

circumfer-ential. membrane force  and should replace t h e  corresponding Porce 

determined by the von Karman analysis 

t i o n  is developed i n  Appendix B igor  use i n  con,junction with t h e  equations 

developed by Rod.abaugli and George ( s e e  Appendix A) . 
equat ions  r equ i r e s  the in t roduct  io-ri, of' a - th i rd  d.imensionl.ess parameter, 

A generalLzation of t h i s  correc-  

U s e  of -the uiodified 
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gama ,  defilied by 

y ::: X/r , 

Mechanics -of -Mat,erial.s Anal-vses 

A secoiid type of aiial-ysis, d i r f e r e n t  f r o m  t h a t  developed by von 

Kartuan, was used by Turne, and. Ford' t o  aiial-yze t h e  in-plane bend.ing of 

curved. tubes without i.nterna.1 pressure.  Their ana lys i s ,  pinbl-ished i n  

1957, i*sed a mechanics-of -materials approach which was more complex than 

-the strain-ene-rgy approach Two of t h e  simplifying assi.imptions used by 

voii Karwdii, however, were not  ii?;i.lized by Turner and. Ford.  

r/,Y w a s   no'^ neg1eci;ed r e l s t i v e  to I., nor was t he  circumferential. s t r a i n  

on ihe u i d w a l 1  surface assixfled t o  be z,ero. On t h e  b a s i s  of %he i r  re- 

s u l t s ,  they concluded Lhxt the  peak s - i resses  and  f l e x i b i l i t i e s  determined 

by the  minimum p o k n t i a l  energy amslyses are, by a combina-Lion of circum- 

sta.nces, un l ike ly  -io be i n  e r r o r  by more than 5 t o  1%. I n  1966, Smith" 

generalized -the analysis of T u m e r  and Ford t o  include out-of -pJ.ane bend- 

i n g  * 

The parameter 

A t h i r d  approach has been folloilied by several- authors f o r  t h e  anal.- 

y s i s  of elbows and cii.rved tubes loaded with in-plane bend.lng moments wiih- 

out i n i e m a l  pressure Using thin-shel_l theory,  Tuecla" 7.n 2.936 reduced 

t h e  problem t o  two coupl.ed ordinary d i f f e r e n t i a l  equations which he i n -  

t eg ra t ed  by means of a power series.  I n  1951, Clark and Reissnei-, 

using the  t h i n - s h e l l  theory  developed earl.rier by Reissner,  

t a ined  two coupled ordi.nary d i f f e r e n t i a l  equatlons with vari.a,ble coeff i- 

caen'L;s ~ 

which were essentially equivalent  t o  t he  assumptions made by von K a r m a i i  

i n  h i s  znalyses .  

1.2 

1.3 a l s o  ob- 

I n  order  t o  solve t hese  equal-;ions, approximations were made 

In 1.968, Cheng and Tiiailer' piio!_Lshed an ana lys i s  f o r  i.n.-plane 

bending which was based oil t h e  two dil"ieren'i,ial. equations of Clark and 

Reissner'' b u t  without i i ieir  s i u p l i f y i n g  assumptions. Their sol.ution 

wa:; i n  the form of a s e r i e s  expansi-on which identicai.1.y s a t i s f i e d  the 



Y 

equi l ibr ium equation, bu t  s a t i s f i e d  the  cornpati-bility equatioii 0n.l.y f o r  

s m a l l  values of the  pipe-radius t o  bend-radius r a t i o ,  t h a t  is, r/R << 1.0. 
Rather than impose a r e s t r i c t i o n  on t h i s  r a t i o ,  t he  c o e f f i c i e n t s  vere  

determined so as t o  m i n h t z e  t'ne conplimentary energy, and hence approxi- 

mately s a t i s f y  t h e  compatibi l i ty  equation. The r e s u l t i n g  s e r i e s  con- 

verges qui-Le rapi.dly, requi r ing  only four  t e m s  f o r  elbows with bend 

parameter values around h = 0.05 and only s i x  terms f o r  h = 0.01. They 

a l s o  inves-Ligated the  convergence c h a r a c t e r i s t  i e s  of a nm'oer of previ-  

ously published analyses and found t lmt ,  with -tAe exception 0% the von 

Karman.-type solut ions,  convergence w a s  very slow, requi r ing  on t he  order 

of 40 t o  50 terms. Cheng and TYiailer reported,  01; :he other  hand, t h a t  

s i x  teirns were found t o  be adequate f o r  t he  minimum p o t e n t i a l  energy 

formulation of STyaonds and Pardue, 

von Karman-Vigness analjrcis t o  include the  radi.us r a t i o  parameter r/R in 

the e l a s t i c  energy equations; however, they s t i l l  re ta ined  the  a,ssumption 

of zero circumferent ia l  membrane s t r a i n .  

15 which i s  a s l i g h t  extension of the  

Most Appropriate Sol-ution Yor Design Use 

Since Cheng and Thai le r  's t h i n - s h e l l  theory a n a l y s i s  r e t a i n s  the 

rad ius  rat-io y = R / r  as a paraineter and i s  not res- t r ic ted by t h e  assap-  

t i o n  of an inextens ib le  c i rcumferent ia l  midsurface, it should be more 

accura te  than the  von Kaman-type minimxn p o t e n t i a l  energy so lu t ions  I )  

T4ie rap id  convergence cha i -ac te r i s t ics  tend t o  favor its use O V ~ - T  t he  

rnechani.cs-of -mater ia ls  a.na1ysi.s of Turner and Ford.,5 wh.ich appears t o  

g ive  about t h e  same accuracy. Thus, if Cheng and T n a i l e r ' s  method could. 

be  general ized t o  include out-of-plane bending and  the  e f f e c t s  of i n t e r -  

nal pressure,  it w u l d  probably be the  most s a t i s f a c t o r y  to use as a 

basis for  developing s t r e s s  ind ices  and f l e x i b i l i t y  f'actors a However, 

sFnce such an an.al_j-sis i s  not  a v a i l a b l e  at th i s  time, the minimum poten- 

t i a l  energy soluti .on of Rodabaugh and George as corrected by the  modi- 

f i c a t i o n s  developed i n  Appendix S was se lec ted  as the b a s i s  f o r  t he  C, 

s t ress - index  developm.ent. 

OR?& coinputer and used.  i n  the remainder of the s tudy> 

The xodi f ied  a n a l y s i s  was programmed f o r  t h e  
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The computer program EIB$W* w a s  writtell. t o  evaluate  a s  many terms 

i n  t he  s e r i e s  so lu t ion  as needed t o  gua.rani;ee convergence * Previous 

au-thors had showii t h a t  the number of Ler!:os required. for con.vergenee 3.j2- 

creased with decreasins  values  of t h e  elboini bend parameter h ,  usiual.3.y 

r equ i r ing  between th ree  and six terms f o r  h g r e a t e r  than  about 0.1. The 

coriipu-ter program was the re fo re  w r i t t e n  t o  compu-Le up t o  20 terms i f  nec- 

essary. For h values on t h e  order of h = 0.01, 1 5  o r  16 terms were suf- 

f i c i e n t  t o  achieve s i x - d i g i t  zccuracy i n  the  ca l eu la t ed  s-Lresses, whereas 

on1.y f i v e  o r  s i x  terms were required f o r  h 0.1. T'nis is an  important 

f a c t o r  i n  t h e  cos t  oT d o h g  1-arge-seal-e parameter studi-es where seve ra l  

hundred cases iiiay be ailalyz,ed. 

Alialy tical.. r e s u l t s  obtained wlth t h e  computer program discussed 

above were compared with experimental. resu.l.t,s published i n  t h e  L i t e r a t u r e  

Since the  ana1.ysi.s ris capable of consi-dering bending loads,  both wi th  

and wi-t'nou.'~ i n t e r n a l  pressure a c t i n g  a t  t he  same time, t h e  experimental 

d a t a  o'otained by Hodabaugh and C-eorge" i n  1957 for the  case of  in-plane 
i3e:idin.g w a s  used as one t e s t  problem. Their elbow was a 30-in.-OD I.ong- 

radius (8 = 45 in.> 90" welding end elbow with a 0.5-in. nominal w a l l  

th ickness .  The a.verage wal.1. th ickness  was 0.515 i n .  , with 8 v a r i a t i o n  

of +0.0$8 i l l .  to ---O.O9& i n . ;  and t h e  average outside diame-Ler was 29.973 
i n , ,  w i t h  a, variat,ri.on of +0*1.60 i n .  t o  --@.L'(2 i n .  These diuensions give 

a nominal bend parame.t,er value of h = 0.1118 [see  E q .  ( 1) ] I) 

was instrumented wi-th SR-1-1 s t r a i n  gages 1,ocated every 15' around t h e  

c i r cu i f e renee  a t  t h e  midpoint of t h e  bend (45") on both  t h e  i n s i d e  and 

ouLside surfaxes,  The elhow w a s  t e s t e d  wiih an in-plane herding moment 

and i n t e r n a l  pressures  of 0, 400, 800, and 1100 ps i ;  t h e  corx-espnding 

iilteriw,]. pressuine parameter v a 1 . 1 ~ ~  f r o m  Eq. (2) were -+ = 0, 0.0037, 
0.0074, and 0.01027 yespect ively.  

%ne elbow 

_l____l --- 
*A l i s t i n g  of t h e  computer program i s  g i v e n  i n  t h e  r epor t ,  "ELBgW: 

A For t r an  Proerala €of :,he Calculation of Stressem Si~ess Lndices, snd :' F l e x i b i l i t y  Factors  for Elbrxqs and Curved Pip' ( t o  be publ ished) ,  
Copfey may be obtained from t h e  authors,  Dodge and Moore. 



Using t h e  nomenclature of F i g "  2 , comparisons between ?.he normalized. 

exper inenta l  s t r e s s e s ,  D ~ / ( M / Z )  , i n  t h e  c i rc ixnferen t ia l  and longi tudina l  

d i r e c t i o n s  and t h e  present  analyt ical .  resuLts  as a funct ion of angular 

p o s i t i o n  4 a r e  shown i n  F igs .  3 ,  4, and 5 f o r  i n t e m a l  p re s sme  values  

o f  0, 400 p s i ,  and 800 p s i ,  respec t ive ly .  

shown as dot ted  ( . , .) and s o l i d  (-) l ines  f o r  t he  ins ide  and outside 

sur faces  , respec t ive ly ;  and t he  e x p e r h e n t a l  r e s u l t s  axe  shown as open 

t r i a n g l e s  and c i r c l e s .  A s  these f i g u r e s  show, t h e  o v e r a l l  agreerucnt i s  

g o d  f o r  bo th  t h e  in s ide  and outs ide surf.. dces, and e spec ia l ly  good f o r  

t h e  maxi-mun. values  . Although not; sbom here,  the present  analyt icaL re- 

s u l t s  agree somewhat b e t t e r  with t%le experimental  r e s u l t s  thar; the un- 

modified aiiabjsis used e a x l i e r  by Rodabaugh and George. 

m e  an:: t lytical  resu l . t s  are 

A second example t e s t  problem was a l s o  compared with experimental  

r e s u l t s  f o r  bo th  a n  in-plane and an out-of -plane bending moment appl ied  

t o  t h e  elbow, These da t a  were obtained from t h e  paper by Smii;h and 

Ford'' published i n  1967. 
s u l t s  f r o m  t h ree  elbows, two of which were a l s o  t e s t e d  with an out-of- 

plane bending moment appl ied t ~ o u g 1 . i  t h e  connecting pipes. The first of 

these, t h e i r  model no. l., had an outs ide  diameter, uOJ of 6.556 i n . ,  a 
w a l l  th ickness ,  t, of 0.244 i n , ,  it mean rad ius ,  r, o:f 3.156 i n . ,  and a, 
bend rad ius ,  R, of 18.23 in. 
were T = 5.7'76, h =: 0.48b-6 , and I) = 0. 

e l e c t r i c a l  r e s i s t ance  s t r a i n  gages ai; -the center  of the bend around t h e  

outs ide  sur face .  Although the  gage lengths were not reported,  s ince  t h e  

t e s t s  were conducted witb. in  t h e  last  few years  (around 1966) , it i s  pre- 

sumed t h a t  reasonably s m a l l  gages were used and that mod-ern techniques 

were used i n  t h e  experiim.ent,al s t r e s s  ana1ysi.s. The published experi- 

mental  r e s u l t s  f o r  t h i s  model should -LhereP'ore provide a f a i r l y  good 

t e s t  case f o r  t he  present, ana lys i s ,  even though t h e  kjerld p a r m e t e r  ( h  fi: 

0.5)  i s  somewhat, l a r g e r  than d e s i r a b l e .  

t h e i r  no. 3, vas consl.dered t o  be t o o  th i ck  f o r  general theory va l ida t ion ;  
the parmeter values f o r  t h i s  m-odel. were Y = 3.045 and. X = 0.8903. 

Smith anrid Ford. repor ted  in-p1sn.e bendiag r e -  

The corresponding dimensionless parameters 

Th.i.s model w a s  instu'iunented with 

Smith and Ford's other  model, 

Comparisons between t h e  normnl.ized experimental  s t r e s s e s  from Smith 

and Ford ' s  model no. 1 and the presen.t ana ly t i ca l .  resu l . t s  axe shown i n  

Figs .  6 and 7. Figure 6 i s  f o r  t h e  case of in-plane bending and Fig. 7 
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Coordinate system and dimensions for a n d y  t ica l .  
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Fig.  'J . Comparison or  c a l c u l a k d  s t r e s s e s  and experimental 
data from re€. 9 f o r  a 3 0 - h .  clbov loaded with an  in-pl.3ne bendi-nz 
moment and an interns1 pressure of 400 p s i .  
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Fig. 5 .  Comparison of calculated sbresses and experiraental 
d a t a  from ref .  9 for a 30-in.  elbow loaded with an in-plame bending 
moment and an  i n t e r n a l  pressure of 800 p s i .  
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d a t a  f r o m  ref .  16 for a 6- in .  elbow loaded with 8 2 1  out-oy-plane 
bending moment. 
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i s  f o r  out-of-plane bending. The zngular pos i t i on  I$ i s  r e h t i v e  - to  t h e  

same pos i t i on  used above ( s e e  Fig.  3) . 
t h e  agreement between the experimental and analy-ti ea1 r e s u l t s  i s  q u i t e  

good. and i s  about t h e  same as ob'm.i.ned i n  iiie previous example. For t h e  

out-of -pl.ane bending case t h e  agreement be Lween experimental and a n a l y t i -  

cal r e su lks  i s  a l s o  good f o r  -Yne circumferent ia l  s t r e s s e s  and reasonably 

good foj: the 1ongitud.inal s t r e s s e s ,  as shown i n  F ig .  7. When these f i g -  

u re s  are compared w i t h  Smi.t% and Ford 's  paper, where Yney cornpared the  

experimental resul..ts wi th  ana ly t i ca l  r e s u l t s  obt,ained usj.ng t h e  mechanics- 

of .-materials ana lys i s  oC Smith," it appears t h a t  bo-iA analyses Zive 

about; the same rela-ti-v-e comparison with t h e  experimental d a t a .  

For t he  i-n-plane bending case 

These two examples thus. Lend t o  r e in fo rce  our conclusion t h a t  t h e  

modified minimum p o t e n t i a l  energy ana lys i s  d e w  Loped i n  Appetidix B Prcm 

the  work of Xoclabaugh and George i s  the  most su.itable a n a l y t l c a l  method 

f o r  developing StjTss ind ices  and f l e x i b i l i t y  f a c t o r s  ?or elbows sild 

curved pipe.  It would perhaps be more conclusive i.f t he  ana lys i s  co1~l.d 

be compared wi th  expertmental.. d a t a  from elbows with very small. A-parameter 

values,  say on t h e  order of h = 0.01 bo 0.1, which were loaded w t t h  in-  

plane and. out-of -plane bend-iing moments i n  t h e  pi-esence of rinternal pres-  

su re .  After  t he  present  study was corrtpleted, two r epor t s  by Jacobs and 

Swosky 17J1' containing recent  experimental daka f o r  nine elbows (A m 0.2) 

were brou.ght t o  t he  a t t e n t t o n  of -the authors.  Thcse data w i l l  be com- 

pared with t h e  present  anal.yses a t  a I-ater d a t e .  

t i o n  and references,  'che i n t e r e s t e d  reader i s  r e f e r r e d  t o  'ihe survey re- 

port'" by Roda'Daug'n and P i c k e t t  pii.hJ.ished i n  1.970 o 

For a d d i t i o n a l  informa- 

For general  design purposes, simple, reasonably accurate ,  and con- 

serva-i;:i.ve s t r e s s  ana1ysri.s formulas are o f k i i  more des i r ab le  than t h e  com- 

p l e t e  set  of  equations,  which i.n t he  present case r e q u i r e s  the  use of a 

high-speed cmpute r .  This i.s the approach taken by most desigil codes 

and standards i n  a n  e f f o r t  -to minimize t h e  combined cos-l; of t h e  piping 

system components and t h e  desi-gn s.iress ana1ysi.s of the system. For 

nuclear  pipLng system design., Seet.ion IXS of the ASME: Hoi.l.eeY. and Pressure 



Vessel Code2' and Sect ion B31.7 of the ANSI Standard Code f o r  Pressure 

~ i p i n g "  use s impl i f ied  s t r e s s  amilysis  forniulas i n  t e -ms  of stress i n -  
d i c e s  and f l e x i b i l i t y  f a c t o r s .  F l e x i b i l i t y  f a c t o r s  a r e  used i n  t he  snal- 
y s i s  of t h e  o v e r a l l  f l e x i b i l i t y  of khe system, and stress indices a r e  

used to evaluate  t h e  adequacy of a s p e c i f i c  component i n  the  piping sys- 

tem. under s p e c i f i c  loading condi t ions determined from the system f l e x i -  

b i l i t y  ana.lysis. The detailed ana lys i s  procedures o f  these  codes also 

allow t h e  use o f  t h e  complete so.lu.tions descr ibed e a r l i e r  i f  t he  conser- 

va t ive  s t ress - index  ana lys i s  should prove too  res t r ic -Live .  

F l e x i b i l i t y  Factors  

The f l e x i b i l i t y  f a c t o r  k may be def ined as  t h e  r a t i o  of a r e l a t i v e  

r o t a t i o n  t o  a nominal r o t a t i o n :  

where 

8 = r o t a t i o n  of end "a" ,of a piping component with respec t  t o  
end "b" of t h a t  componeiit due t o  a niorjient loading M, and 

i n  the d i r e c t i o n  of the moment K, 

ais 

= nominal r o t a t i o n  due to t he  moment; loading 14. nom Q 

For curved pipe arid elbows, it i s  converierri; to u.se t he  r a t i o  of t h e  

rela-Live r o t a t i o n  of two t r ansve r se  planes i n  the componerit which are an 

i n f i n i t e s i i n a l  d i s tance  a p a r t  t o  the rela'cive r o t a t i o n  of corresponding 

planes i n  s imi l a r  s t ra ight ;  pipe under t h e  sane 1oa.djm.g condi t ions.  Using 

t h i s  d e f i n i t i o n  t h e  ana lys i s  of Rodabaugh and George p red ic t s  equal 

f l e x i b i l i t y  f a c t o r s  for both  in-plane and out-of-plane bending a m e n t  

loads. When t h e  e f f e c t s  of i n t e r n a l  presswe are a l s o  Lncluded, t h e  

f l e x i b i l i t y  f a c t o r  k i s  given as a func t ion  of th.e t w o  parameters h and 
P 

$: 
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Nurmerical values f o r  k 

gi.ven i n  Tab1.e 1. f o r  t h e  parsmeter range 0.01 5 h I 5.0 and 0 5 3 I 

0.512; a graphi-cal desc r ip t ion  j.s shown i n  Fig. 8. 

( A,$) obtained from E q .  (A-12), Appendix A, are 
P 

Wnen the  i n t e r n a l  pressure parameter + i s  zero, k .= k ( h,O) i s  P 
e s s e n t i a l l y  a 1oearithrnj.c s t r a i g h t  l i n e  f o r  values of A < 1.0. This sug- 

g e s t s  a simple formula of t he  type 

where t h e  coi is tani ;~ A and. n may be determined from the  n u e r i c a l .  values  

given i n  t h e  t a b l e .  

9, Eq. (33)] f i t s  t h e  t abu la t ed  values with an error of less than 5% i f  

A ::: 1..66 and n ::: -1.0, t h a t  i s ,  

The equation given by Rodabaugh and George [ see  Kef. 

For i n t e r n a l  pressure val-ues g r e a t e r  Lhan zero, they suggest using a n  

equai;-i'.oii of t h e  following form: 

where f (I,$) i s  a correcti-on f a c t o r  f o r  t h e  influence of i n t e r n a l  p re s -  

su re .  

Using E q .  (8) and the t abu la t ed  values  f o r  k (A,$) l i s t e d  in 'Table 
P 

I-, t h e  following approximating expression f o r  f w a s  developed. iii  t h e  
pj-e sen t  study : 

where exp ( . . .> i s  t h e  Napierian number e r a i s e d  t o  t h e  paver indicated i n  

parenthesis .  This expression resu l . t s  i n  f l e x i b i l i t y  f a c t o r s  whi-ch are 

s l i g h t l y  sms1.l.e:e than t h e  tabiilated values  ( l e s s  than 10%) . 
i s  as good, however, as t h e  expression gi.ven by Rodahaugh and George i.n 

R e f .  9 and appears t o  fit, a wider range of nondi.cneiisIona1 parameters. 

The accuracy 
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Fig.  8. Flexibil i 'cy fackol-s for elbows as a function of t h e  
bend c h a r a c t e r i s t i c  h and the i n t e r n a l  pressure parameter q .  



I n  general.,  t h e  moment loadings wiiich are appl ied t o  an elbow i:n a 

piping system cons i s t  of' in-plane bending muirients M out-of-plane bending 

moments M and t o r s i o n a l  moments . For each cf these  loading condi- 

t i o n s  the  d i s t r i b u t i o n  of s t r e s s e s  w i l l  be d i fye ren t  . I n  p a r t i c u l a r ,  t he  

max imum values will have d i f f e r e n t  magnitudes and w3.11 be loca ted  a t  dif- 

f e r e n t  pos i t i ons ,  ELS can easiljr be -veri.fied by examining the equa-1;ions 

i n  Appendix A.  It can also be v e r i f i e d  that for cmbined loadings Yne 

maximum s t r e s s e s  may be loca ted  a t  s t - i L l  d i f f e r e n t  pos i t i ons  with maxi- 
mum values  which w i l l  i n  general  be less than  t h e  sum of t h e  i nd iv idua l  

-maximm.rs. 

mine t h e  maxhum s t r e s s e s  for xny arbib-ary combipati.on of moment lcadings,  

and t o  represent  t hese  values  i n  a convenient form, Since both  Sect ion 

1x1 and ANSI  BJl-7 use t h e  maximum shear stress c r i t e r i o n  (Tresca condi- 

t i o n )  f o r  speci.fyiny design allowable str~:sses, t h i s  c r i t e r i o n  i s  used as 

the b a s i s  for developing s t r e s s  i nd ices  f o r  genera l  design use.  

i' 

0' Mt 

For. design purposes i t  wi1.1. %herefore  be advantageous t o  deter- 

According t o  t h e  Tresca condi t ion,  muL-Liaxial s t r e s s - s t a t e  y i e ld ing  

w i l l  occur when twice t h e  absolu te  value of t h e  maximuxi shear s t r e s s ,  or 

t he  stress i n t e n s i t y  S as defined i n  t h e  p ip tng  codes, exceeds t,he y i e l d  

s t r e s s  of a simple u n i a x i a l  tensi l -e  specimen. At some p o s i t i a n  i n  Yle 

component t h e  stress i n t e n s i t y  w i l l  have a maxtr~iura value S which i n  
t h e  present  case w i l l  depend on the d.imeris i ona l  pzrameters of t h e  elbow 

A, I), and y. Furthermore , i f  t h e  total bending raument load i s  represented 

as a vec tor  M, with  ind iv idua l  vector- couiponen'ts Mi, Mo, and M 
i n  Fig, 9 ,  then f o r  a given vec.1;or. magnitude ]M I t h e r e  w i l l  be some angular  

pos i t i on  of .the vec tor  M (q,f3) whi.ch w i . 1 1  g ive  t h e  l a r g e s t  value for t h e  

maximum stress i n t e n s i t i e s  I Thus for combined m o m e n t  loadings,  S w i l l  
depend on the  a d d i t i o n a l  parameters 7 and p . 

max 

-3 -+ -> 3 
as shown t -> 

-+ 

max 

I 

Therefore l e t  5 be th.e l a r y e s t  value of t h e  s t r e s s  i n t e n s i t i e s  S 
WdX 

corresponding t o  a l l  moment vec tors  wi.th f i x e d  magnitude : 

I n  o ther  words, f o r  a given elbow which i s  loaded- wi th  any con-bination of 

in-plane,  out-of -plane , or torsional mornenis whose vector. ~ u g i  114, i s  fixed, 
- 
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Fig. 9. Moment vector loadings on an elbow or curved p ipe .  



- s i s  the  maximum value of the s t r e s s  i n t e n s i t y .  The quant i ty  S thus pro- 

vides  a convenient and conservative var iab le  f o r  use i n  developing s t r e s s  

ind ices .  I n  keeping with the format of t he  piping code and the  desired 

s impl ic i ty ,  we d.efine the stress index as the  r a t i o  of 3 (A,q,y-)  t o  the  

maximum bending stress i n  a corresponding s t r a i g h t  pipe: 

where Z i s  the  sec t ion  modulus, M = 1%) i s  t h e  magnitude of the  r e su l t an t  

moment ve c t or ,  

M = , / k m ,  1 

and Mi, Mo, and M 
respec t ive ly .  I n  the  following development the  magnitude M i s  s e t  equal  

t o  the sec t ion  modulus s o  t h a t  

are the  magnitudes of t he  ind iv idua l  vector  components, t 

and t h e  magnitude of t he  ind iv idua l  vector  components a r e :  

M = Z cos q s i n  @ , 
0 

Mt = Z s i n  q . 
The s t r e s s e s  which a r e  produced i n  an a r b i t r a r y  element of t he  elbow 

by t h i s  combination of loadings,  as shown i n  Fig. 10, are 

0 0  
M Mi i. 

(3 - t-  % = E -  R I, O A ’  
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where the  subscr ip ts  R and c denote the  longi tudina l  and circumferent ia l  

d i r ec t ions ,  respec t ive ly ,  T i s  the  shear s t r e s s ,  tind oR, cr 

are t he  normal.ized s t r e s s e s  i n  t he  elbow due -to in-plane Fending and out- 

of-plane bending, respec t ive ly .  The normalizing f a c t o r  M/Z i s  the  maxi- 
mmi bending stress du.e t o  a moment loading M i n  a. piece of s t r a i g h t  pipe 

with the  same s e c t i m  modulus Z as the  elbow [see Eqs. (A . -13 )  t o  (A-16), 
Appendix A] .  

i i o  0 and oc (T c' R '  

The p r i n c i p a l  normal s t r e s s e s  for t he  s ta te-oT-stress  indicated i n  
Fig.  10 a re :  

Since t h e  stress i n t e n s i t y  S is twice t h e  maximum shear stress, S w i l l  

be t h e  maximum 02 t he  th ree  quan t i t i e s :  

The problem f o r  a given elbow, t h a t  i s ,  f ixed A,$,y, t'nus reduces t o  

determining the maximum of S,, S2, and S, for a11 angular. pos i t ions  of 

the  moment vec tor  14 (q,f3) . 3 

Consider f i r s t  t h e  equation for S,. 

and ( 15) i n t o  the  f irst  of Eqs . ( 17) : 
After s u b s t i t u t i n g  E q s .  (14) 

where 



i i A = OR - - O C  y 

Sta t ionary  values of fj aild 7 a re  found by s e t t i n g  t h e  par t ia l .  de r iva t ives  

of S: with respec t  -to f3 and 7,  respect ively,  equ.al  t o  zero. 

equations a re  : 
The r e s u l t i n g  

(A s i n  p - B  cos @)(A cos p + B s i n  p> cos2 7 = o 

2 t l  - ( A  cos B + B si-n B) I s i n  cos 7 = o 

The so lu t ions  for E q s ,  (20)  y i e l d  e i t h e r  a maximurn a t  

s 2 1 ,  1 

o r  a maximum a t  T) = 0 and B = a r c  t a n  (B/A) of 

S, := / A T 2  . 

q = go" of 

Determining maximum values f o r  S, and S, i s  somewhat more compli- 

cated.  After  s u b s t i t u t i n g  Eqs. (14) and (1-5) i.nt,o both t'ne second and 

t h i r d  o r  E q s .  (17) : 

S,  2 I ( C  cos p + D s i n  B) cos 7 + S,I ( 2 3 )  2 

and 

where 

i i 
R c '  

c = c r  s o  

and as before ,  E q .  (181, 

2 s,  = JA cos p + B s i n  e)2 cos2 'I + Si l l  r\ . 



For s t a t i o n a r y  values  of S2, the  following two equations obtained from 

Eq, ( 2 3 )  must be solved: 

(-c s i n  B + D cos p) cos 7 
a2 
T = O =  

-1 /2 + [ ( A  COS p -I- B si11 p)2 cos2 7 + sin2 71 

x [(-A s i n  @ + B cos B ) ( A  cos f3 + B s i n  f3) cos2 71 , (26) 
and 

as2 -g-- = o = - .(c cos f3 + D s i n  p) s i n  v 
q 

x - ( A  cos B -I- B s i n  P ) ~ ]  sin 7 cos 7 . ( 27) 

A similar s e t  of equations i s  a l s o  obtained €or S3, d i f f e r i n g  only i n  the  

s ign  (5) of the  second terms. 
t i o n s ,  e x p l i c i t  so lu t ions  f o r  @ and 7 were not determined. However, t he  

angle 7 can be expressed a s  a func t ion  of the  angle f3 from Eq. (27). 

arranging t h i s  equation gives  t h e  tkree-term product: 

Because of t he  camplexity of these  eqm- 

Re- 

o = { s i n  v}{[(A cos B + B sin p)2 cos2 rl + sin2 71 4 2  3 

- [1 - (A COS + B sin f3)2 COS q ] }  . 128) 
Since t h e  second term i n  braces  [. . . ] cannot vanish f o r  any value of 7 o r  

f3, it may be discarded immediately leaving t h e  f i r s t  and t h i r d  terms, 

which may be s e t  equal  t o  zero independently. If w e  consider the  f i rs t  

term, t h a t  is ,  s i n  q = 0, then  a maximum stress i n t e n s i t y  occurs a t  7 = 0. 

Then using E q s .  (18) and ( 2 3 ) ,  

( 29) 
1 s2 = 2 I ( c  + A) cos p + (D + B) s i n  

o r ,  i n  terms o f  s t r e s s  components from Eqs. (19) and (25), 
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S, = lo- cos p + 0 s i n  P I  . i 0 

a A 

Thus by setting &,/$ 0 frora Eq. ( 3 0 ) ,  

o i  B = a r c  tan ( 0  /D ) , a i  

and a maximm value f o r  S2 i s  given by 

A similar r e s u l t  i s  obtained for S,. A t  q = 0, 

i i s, := /cr cos p -> 0- sin p 
C C 

a.nd from s e t t i n g  = 0, 

, 

giv ing  a maximurn value at, 7 = 0 of 

When the  t h i r d  t e r j n  i n  Eq. (28) 
lowing : 

i s  set equal  t o  zero,  w e  ob ta in  tile f o l -  

(C cos p + D s i n  p) ,JA cos p + B s i n  cos2 7 + sin' q 

:= [1 - (A cos p + B s i n  P ) ~ ]  cos . (36) 
Squaring both  s ides  and co l l ec t ing  terms g ives  

-____-- [1 + ( A  COS p + B s i n  p)" [(A cos fl 
C cos B + 'L) s i n  B tan = 

+. B s i n  - ( c  cos p + D s i n  

The s a m e  r e s u l t  i s  obtained when the corresponding equat ions f o r  S,, 

- 213"~ . (37 )  

E q s .  ( 2 4 ) ,  etc., a r e  used. 

makes both  S, and S, sta-Liona,-ry for each value of p.  
Hence, Fq. (37) gives  t h e  value f o r  '1 wii-j_ch 



Parameter Study and Resul ts  

The s t r e s s  index C, (A,Jr,y) f o r  a given elbow was determined riumeri- 

c a l l y  by f i rs t  soPring the  equations o-f Appendices A and B f o r  the  ind i -  

v idua l  s t r e s s  components as a €unction of angular pos i t i on  # around t h e  

t o  circumference of t he  e.lbow f o r  each of t h e  appl ied loads Mi, Mo, and M 

The maximum stress in tens i - ty  S (A,$,*[) and consequently the  s t r e s s  index 

C, [see Eq.  (13) 1 was then determined by combining the  s t r e s s e s  as i n d i -  

cat,ed above and choosLng t'ne l a r g e s t  of t h e  values  obtained by eva lua t ing  

Eqs. (21), (22), ( 3 2 ) ,  and 4 35) and those obtained. from Eqs. ( 2 3 )  and (24) 
when @ was scanned with 'rl given by Eq. ( 3 7 ) .  

was conducted using a For t ran  program w r i t t e n  f o r  the ORNL IBM-360 con- 

puter for  values  of A which ranged between 0.01 and 5.0, f o r  values  of Ji 

between 0 and 0.512, and f o r  four values of t h e  rad ius  r a t i o  parameter 

y = 2, 3 ,  5, and 10. The r e s u l t i n g  s t r e s s  ind ices  a r e  p lo t t ed  i n  Figs. 

11 through 14, and t abu la r  values a r e  given i n  Tables 2, 7, 4, and 5. 
one might expect from the  work of previous au thors ,  the s t r e s s  ind ices  

a r e  not strongly dependent on the  radius r a t i o  f o r  y = R / r  > 2.0, which 

can be v e r i f i e d  by comparing t h e  numbers i n  the d i f f e r e n t  tables. 

- 

A cDmplete parameter study 

As 

A conservative approximation f o r  stress indices ,  which s l i g h t l y  over- 

es t imates  the  tabula ted  values, i s  gLven by 

I n  order t o  take  advantage of the  s l igh t  dependence of C, on the  parme- 

t e r  y, one might use t he  b e t t e r  approximation 

For + = 0, Eq.  (39) i s  similar t o  a n  approximation proposed b y  Cheng and 

Thailer.'* For zero internal .  pressure it gives stress indices  which a r e  

about 1276 higher  than  the  code values  (Table m-36832-1, Sect ion 111, 

Ref. 20)  for y = 2, and values  which a r e  equal  t o  t h e  code ind ices  f o r  

y = a, 
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Tabie 3 .  C, stress indices f o r  elbows w i t h  rad ius  r a t i o  ’r = 3.0 

S T R E S S  INDICES FQR E L B O W S  
WITH 

G A M M A  = 3.0 

44.856 
34.336 
26.412 
21.755 
17.999 
15.540 
13 .781  
12.44E 
1 1 . 3 9 5  

7.522 
6.222 
4.152 
3.897 
3.317 
2.895 
2.363 
2 0096 
1.771 
1 - 6 1 2  
1.451. 
31 0327 

9.836 

1 3 . 0 5 7  
13.589 
13.6G7 
13.062 
12 .462 
1 1 . 7 2 8  
11.008 
10 .347 

5.756 
e . 7 5 9  
7 . 0 3 4  
5.548 
4 . 4 3 4  

3 . 2 8 0  
2 . 8 7 2  
2.356 
2.092 
1 . 778 
1.63.2 
I. 450 
1.317 

3 . 8 3 4  

8,825 
9.325 
9.642 
9.834 
9.675 
9.374 
9.138 
8,836 
8,516 
? . B e %  
6.606 
5.648 
4 , 5 2 2  
3 . t 7 3  
3.2&4 
2.849 
2 .349  
2 . 8 e 8  
1.764 
1 . 6 1 1  
E 0450 
1.3L7 

6.676 
6.341 
4.587 
6.939 
7. 107 
7.140 
7.084 
6.976 
6.836 
6.574 
5.886 
5.255 
4.314 
3.658 
3.175 

2.335 
2.081 
1.7’67 
1.610 
1.450 
1.317 

2 . 8 0 4  

4 . 3 3 2  
4 .442  
4 . 5 5 6  
4.982 
4. $67 
5.CS8 
5. L02 
5.222 
5,232 
5. E84 
4.875 

3.,952 
3.450 
3 . 0 4 5  
2.719 
2.307 
2.064 
1.762 
1.608 
‘L . 449 
1.3:6 

40 5 5 c  

3.189 
3.232 
3 02-78 
3 e378 
3 *47? 
3 . 575 
3 0658  
3 0727 
3.781 
3.85f. 
3.862 
3.748 
3 0412 
3.101 
f ,818 
2 05-79 
2.256 
2 0038 
1 .?53 
1 -6c.5 
z ,448 
1 e 3 1 6  

2.427 
2 e 442  
2 . 4 5 9  
2.500 
2 , 5 4 3  
2.507 

2.677 
2.718 

2.897 
2.929 
2.355 
2 . 707 
2.550 
2 . 4 Q J  
2.165 

i.736 
1.597 
: 0446 
:.316 

2.633 

2.788 

i.cia8 

1.2-c: 
1.272 
1.272 
f . 2 7 3  
1.275 
1 . 2 7 6  
I.%?@ 
4 .ZbC 
1 . 2 6 2  
1.286 
1.236 
1.3Cf  
X*33P 
b .355 
1.377 
1,397 
1.425 
1.448 
1.461 
1.443 
?.38 t !  
;.313: 



Table 4 .  C, s t r e s s  indlces f o r  el'Dows w i 5 - i  racius r a t i o  y = 5.0 

S T R E S S  INDICES FOR E L E O W S  
W I T H  

G A M M A  = 5.0 

5.572 
6.228 
4.460 
6.786 
6 . 9 3 9  
6 . 9 6 3  
6.902 
6.79'  
6.65G 
6.328 
5.641 
5 . Q 2 b  
S i .  1 0 8  
3.469 
2.997 
2 8 6 3 4  
2 6 2 3 4  
%eQI.F9 
k . 7 2 2  
Z.566 
i . 440 
1.307 

4. i61 
4 . 3 5 3  
4.46L 
4.673 
4 . 8 4 2  
4 .  962 
5.036 
5 . c 7 2  
5.C?8 
5.025 
4 . ? l %  
4 .345  
3 . 7 5 %  
3 . 2 6 3  
2.868 
2.573 
2.208 
11.996 
1 . 7 3 7  
1.534 
1.439 
1 * 3c17 

a 0137 
3.170 
3.208 
2 - 2 9 ?  
3.391 
3.497 
3.551 
3.612 
3.861 
3 . 723 
3.727 
3.612 
3 02 3ci 
2 . 956 
2 . 6 8 6  
5.490 
2.158 
i .975 
1.709 
'1 .595 
h 0436 
1.307 

2.380 
2 . 3 9 3  
2.407 
2 . 4 3 8  
2 . 4 7 6  
2. 516 
2.556 
2.594 
2 630 
2.694 
2 . 5 9 3  
2.817 
2 . . 7 3 3  
2 .594  
2 4 1 2  
2 .  "So', 
2 . 976 
1.923 
1.692 
1 . 5 7 2  
1.436 
1 . 306 
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SUMMAYY AND DISCUSSION 

During kbe pas.L 60 years many a.nal.yti.cal and experimental s t u d i e s  

have been conducted t o  determine the s t r e s s e s  i n  aiTd t h e  f l e x i b i l - i t y  OP 

pipe elbows aizd curved tubes under moment loadings.  Mrinimulii p o t e n t i a l  

energy methorls, niechaiiics-of-ma-ierial-s, and thin-she1.I theory have a l l  

been used t o  formulate equations and t o  der ive sol.ii-t,I.ons. Of these ,  t h e  

minimum polentj-a1 energy approach has been mos-t widely skudi.ed, and a t  

presen.t i s  t h e  most we1.1. developed, although thi.ji-she11 theory appears to 

have a good d e a l  of undeveloped p o t e n t i a l  TI?e riinimum pokent ia l  energy 

approach w a s  firs-t used by von Karrr,an2 i n  1911. t o  obtain a i  a.na1.ytical.. 

sol-ution Tor t h e  case of in-plzne bending. His so lu t ion  ha.s been extended 
by Vigness,7 Synonds and Pardue,'" Kafka and Lbnn," Rodabaugh. and George, 9 

Gross,lo aiid i n  'die present study t o  improve t h e  accuracy a.nd. t o  include 

o t h e r  loading condi.-tions . 
Recent advances i n  t h e  development of s z f e t y  coder, and s t s n d a r 4 ~ ~ J ~ ~  

f o r  t h e  nuclear p o ~ e r  indus-Lry, where structural. i n t e g r i t y  i s  of the u t -  

most importance, have emphasized t h e  need tor praci;iczble as wel l  as con- 

servat ive design formulas. The present study w a s  t he re fo re  under-taken 

t o  deveI.op conservative s t r e s s  indices and f l e x i b i l i t y  f a c t o r s  for elbows 

I.oad.ed with an a rb i t ra ry-  combination of in-plane and out-of -plane bending 

and torsional-  momeiits using -the b e s t  ava.ila.bl..e analy-Lical s o l u t i o n s .  For 

var ious reasons, including t h e o r e t i c a l  considerat ions and comparisons 

with eqe r i -men ta l  da ta ,  t h e  paper by Roda,baugh and George w a s  s e l ec t ed  as 

the b a s i s  from which t o  proceed. 

The Rodabaugh a n d  George so1ul;io:n was modifi.ed. t o  provide a more 

accurate approximation f o r  the circumferent ia l  membrane s t ress ,  and equa- 

t i o n s  were derived for ca lcu la t ing  -the stress ind ices  and Plex ib i . l i ty  

f a c t o r s .  

computer and 2 parameter study was conducted Cor a range of dimensionless 

variables which iilcludes those of current, i n t e r e s t  Tzbula-Led values and 

graphi.ca1 p l o t s  of . the r e s u l t i n g  indices  and. i l .exibi l . i ty  f a c t o r s  are 

given. i n  the body of t,he r e p o r t .  The tabulated values were used t o  

develop approximating formulas, which a r e  s l i g h t l y  conservative,  f o r  a 

These equations were programmed f o r  t h e  OFWL IBM-360 d i g i t a l  
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r e s t r i c t e d  range of t h e  va r i ab le s  i n  a form which @an be used d i r e c t l y  

i n  tlie nuclear  piping codes and .;tanclards. 

The f l e x i b i l i t y  f a c t o r  i s  given by 

where* 

i s  t h e  bend c h a r a c t e r i s t i c  parasmeter of the elbow o r  curved pipe, and 

i s  t h e  nondimensional i n t e r n a l  pressure pzrarneter, 

A conservative approximation for tlie s t r e s s  Lidex (which i s  simply 

mul t ip l ied  b y  t h e  runximum stress M/Z i n  st l ,ajght pipe due t o  bending t o  

ca l cu la t e  the  mxhm stress i n t e n s i t y  i n  t h e  elbow) i s  given by 

where y = X / r  i s  t h e  r a t i o  of t h e  bend radius  t o  pipe radi.us of t he  elbow. 

Tlie influence o f  internal.  pressure i s  t o  reduce both  the  f l e x i b i l i t y  

factor and t h e  s t r e s s  index. The major por t ion  of the bending loads  i n  
a piping system resinlts from res txa in ing  the therwal. expansions. Thus, 

the ePfect  of i n t e r n a l  pressure is  t o  increase  t h e  bending loads due t o  
-the reduct ion i n  f l e x i b i l i t y  and siinultaneously t o  reduce the e f f ec t ive -  

ness of t h e  beading loads i n  producing s t r e s s e s .  A conservative approach 

t o  pip ing  system analysis is t o  determine t h e  bending load using a f l e x i -  

b i l i t y  analysis  which ;includes .the e f f e c t  of i n t e r n a l  pressure but to 

, 

%he upper lhit of A 2 1.0 on the  appl icable  range may be replaced 
by the  more conservative condi-tior? t h a t  k 
loss i n  accuracy i n  order to confoLm with present  code prac t i ce .  

( A , q )  2 1.0 w i t h  very l i t t i e  P 
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neglect  the  e f f e c t  of i n t e r n a l  pressure i n  determining the s t rcss  in ten-  

s i t y  dine t o  t hese  loads.  

Two p o t e n t i a l l y  importailt problems have not been discussed i-n t h e  

preseni  study. These a r e  end e f f e c t s  and geornet,ric deviat ions from t h e  

i d e a l  t o rus  used as t h e  b a s i r  a n a l y t i c a l  model. Several  publ icat ions 

r e p o r t  r e s u l t s  or" experimental i nves t iga t ions  t o  determine t h e  e f f e c t  of 

t he  at tachcd s t r u c t u r e s  a i  t he  ends of pjpe elbows. 

and Vissat and del Buono2" v e r i f y  that  t h e  at tached s t r u c t u r e s  have a 

s i g n i f i c a n t  e f f e c t  on the  s t r e s s e s  2nd f l e x i b i l i t i e s .  A i  present t h e r e  

does not  appear t o  be any " i n  depth" t h e o r e t i c a l  j nves t iga t ion  i i i to  t he  

problem of end e f f e c t s .  

deve! oped a t h e o r e t i c a l  ana lys i s  which u t i l i  zec th in - she l l  theory to 

t r e a t  t h i s  pro'olem. If h i s  a n a l y s i s  proves t o  be s a t i s f a c t o r y  from a 

computational. viewpoint, it could be used as a b a s i s  f o r  f u r t h e r  study. 

The desir3bl.e r e s u l t s  of such a study would be simple co r rec t ion  f a c t o r s ,  

which could be applied t o  the  r e s u J t s  given i n  t h i s  r epor t ,  t o  account 

f o r  t he  P f fec t s  OP end condiiions.  A s  t h e  f l e x i b i l i t y  f a c t o r  i s  r e l a t e d  

t o  t h e  degree t o  whi-ch the  c ross  sec i ion  becomes oval during deformation, 

t h e  use of t h e  f l e x i b i l i t y  f a c t o r s  developed i n  t h e  present study w i l l  

lead i o  an overestimation of t he  o v e r a l l  Tlexibi l iLy of an elbow. Also, 

t h e  stress indices  may be more conservative than necessary because of t he  

e f f e c t s  of end condi t ions.  

Pardue and Vigness2' 

Such an inves t iga t ion  i s  needed. Kalnins" has 

Additional work i s  a l s o  needed oli t h e  inf luenre  of geometrical  devi- 

a t i o n s  or" c o m e r c i a l  elbows from t h e  ideaJized pe r fec t  t o ro ida l  s ec t ion ,  

p a r t i c u l a r l y  out-of-roundness and nonuniform w a J  l thickneqs.  

Ii shed experimental s t u d i e s  have used commercial grade elbows whme these  

geometric dev ia t ions  zre present t o  a t  l ea s i  some degree; however, it i s  

~ i o t  possible  t o  deteruine frolii ihese  d a t a  what po r t ion  of t'ne s t r e s s e s  i s  

due t o  geometric deviat ions arid what po r t ion  i s  due i o  other  e I f ' ec t s .  

There a r e ,  hawever, two t h e o r e t i c a l  papers which give some insigkli i n t o  

t he  problem. These are the  paper by Clark, Gilroy, arid Reissner2' pub- 

l i s h e d  i n  1952, and a r ecen t  paper by Findley arid Spence, both of which 

t reat  bends w i t h  out-of-roundness. 

A11 pub- 
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An experimental  study cu r ren t ly  under way at Oak Ridge National 

Laboratory ( s e e  Ref. 3 ,  Task 4) w i l l  shed f u r t h e r  l i g h t  on both the  above 

ques t ions .  A s  a r e s u l t  of t ha t  study, it i s  expected that modif icat ions 

t o  the stress indices  and f l e x i b i l i t y  f a c t o r s  developed i n  t h e  present  

s tudy w i l l  be made. 



1. A.  Bantl i n, "Fomanderung and Reaaspruchung federnder Ausgl ieehrohre," 
z,., _I v . D . T ~ ,  54: 43-49 (1910). 

l s . =  2 .  Th. von Karraan, Uher d i e  Form~nderiing dknwandieger Rohre, 
insbersondere federndcr Ausg:l iechrohre , I' Z . , V .D. T . I 55 : 1.889-1895 

I 

(1911) * 

3. S .  E .  Moore and W .  L.  Greens5uect, "P~>ogrzrr~ f o r  t he  ORNL Piping Pro- 
gram - Desjgn C r i t e r i a  f o r  Ptping, Pumps, and Valves'' (1970 impub- 
l i shed)  , 

h a USA SLardard, Code :or Pressure P'ipilig, Nuclear Power Piping, USAS 
B5i. (-1 969, Americaii Society of Mechanical EngCnecrs, New York 
(1969) - 

5. C. E e Turner and H. Ford, "Examinati on of ihe Theories for Calxulatiqg 
the S i r e s ses  i n  Pipe R e n d s  Subjected t o  In-Plane klending," Proc,  
Pnst. Mech. hh-grs., I'll: 313->15 ( 7-95 i> e 

.._-I_ 

6. Ma Tueda, ''Boiirdon Tubes and Bendins of Thin Curved Tubes," Kyoto 
Imperi-al. IJniversity , Memoirs, Ju ly  1-934, February 1936. 

'1 .  T. Vigness, "E las t i c  Proper t ies  of Curved Tubes," Trans. -1- ASME, 65: 
l O 5 - l ; l O  ( 1943) . 

8. P. G .  Kafka and M .  R. Dunn, "S t i f fnes s  of Curved Circular  Tubes With 
I n t e r n a l  Pressured ' '  J. A p p l ,  Meeh, -..-..,> 23: 247-25'1 ( 1956) . 

9. H s  C .  Rodabaugh and H, Gecrge, "Effect of IEternal Pres-ure on 
F l e x i b i l l t y  and S t r e s s - In t ens i f i  r z t ion  Factors  of Curved Pipe o r  
Welding ~?:linows," Trans.  ASME - 3  79: 939-98 ( 1957) a 

N .  Gross, "Experiments 011 Short-Radius Pjpe Rends," Proc. InsL. I.-- 
Meeh, --____.-_I_ Engrs,, 1 ( B )  : 465-4'19 (1952-53) . 10. 

11. R .  T .  Smitn, "Tneoret ical  AnalysJs of t h e  S c r e ~ s e s  i n  Pipe Bends 
Subjecied t o  Out-of-Plane Bending," J .  Mech. ~ Eng I.._- J-"'s Sci  9(2)(196'1). 

12, R .  A .  Clark and E .  Reissner,  "Beilding of Cunrerl Tubes," -c Advances i n  
Applied Meehaiiics ----2 Academic Press,  New York, Vol. 2, pp. 95-l22, 
1951 * 

13* E .  Reissner,  "On Bending of Culved 'thin-Walled 'L'ubes," -- Proc, Nat. 
Acad --.-- L - - Z L ?  a S c i  U S 35: 204-208 ( 1949) . 

3'4 D. H. Chen,: and H e  J e l ' ha t l e r ,  "In-Plane Bending of Curved Circular  



15. P. S. Symonds and T .  E .  Pardue, "Charac te r i s t ics  of Short  Radius 
Tube Bends, 'I second p a r t i a l  r epor t ,  Naval Research Laboratory 
Report 0-2761, 1946. 

16. R. T .  Smith and H .  Ford, "Experiments on Pipe Lflies arid Pipe Bends 
Subjected t o  Three-Dimensional Loadings, '' J. Mech. Eng . Sei . ,  
9(2) : 124-137 (1967) e 

17. R .  L. Jacobs and H .  Surosky, "Experimental Inves t iga t ion  of the  
E f f e c t s  of End Conditions and Bend Angle on the  S t r e s s  Dis t r ibu t ions  
of Welding Elbows, Phase I," Naval Ship Research and Development 
Center, Annapolis Division Report No. 2835, November 1968. 

18. R.  I;. Jaco'os and H. Surosky, "Exprimental  I m e s t i g a t i o n  of t he  
E f f e c t s  of End Conditions and Bend Angle on t h e  S t r e s s  Dis t r ibu t ions  
of Welding Elbms, Phase 11,'' Naval Ship Research and Development 
Center, Annapolis Division Report No. 3044, September 1969. 

19. E .  C.  Rodabaugh and A.  G. P i cke t t ,  "Swvey Report on S t r u c t u r a l  
Design of Piping Systems and Components, " USllEC Report TID-25553, 
Division of Technical Information, December 1970. 

20. ASME B o i l e r  and Pressure Vessel Code, Sect ion ITS. PJliclear Power 
Plant  Components, Americam Society of Mechanical Engineers, New 
York, 1971. 

21. D .  K. Cneng and H. J. Thai le r ,  "On Bending of Curved. Circular  
Tubes, " J. Eng Ind ., Trans. ASME, 62-66 (February 19'70) e 

22. T.  E .  Pardue and I. Vigness, "Propert ies  of Thin-Walled Curved Tubes 
of Short-Bend Radius," Trans. ASME:, 73: 77-81 (1951) . 

23. P. L. Vissa-t and A .  J. d e l  Buono, "In-Plane Rending Proper t ies  of 
Welding Elbows," Trans. ASP/IE, 77: 16l-l'SY (1955). 

24. A. Xalnins,  "S t ress  Analysis of Curved Tubes," Wessure Vessel 
Technology, Pa r t  I - Design and Analysis, Proceedings of %he F i r s t  
In t e rna t iona l  Conference on Pressure Vessel Technology, Del f t ,  
The Netherlands, Aaerican Socie ty  o:f Mechanical Engineers, New York, 
1969 - 

25. R .  A. Clark, T. I. Gilroy, and E.  Reissner,  "S t resses  and Deforma- 
t i o n s  of Toroidal  She l l s  of E l l i p t i c a l  Cross Section, 'q J. Appl. 
Mech., 19: 37-11.8 (1952) . 
G .  E .  Findley and J .  Spence, "Bending of Pipe Bends wi th  E l l i p t i c  
Cross Sect ions,  I t  Welding Research Council B u l l e t i n  164, Welding 
Research Council, August 1971. 

26. 



44 

Tine authors wish t o  express t h e i r  apprecia,tion t o  MT. E .  C!. Rodabaugh 

of Aat te lLe Memorial I n s t i t u t e  f o r  h i s  a s s i s t ance  and h e l p f u l  suggestions. 

They also wish t o  thank the members of Task Group I. of t h e  Pressure Ves- 

sel. Research Committee, Subcommittee t o  Develop S t r e s s  Indices f o r  Piping, 

Pumps, and Val-ves, under the chairmanship of M r .  D. F. Landers, for t h e i r  

review and comments. 



TI33 ANALYSIS OF RODABAUC-H N\TD GEORGE 

In 1.956, Rodabaugh and George' published an a n a l y s i s  of the s t r e s s e s  

and. d e f o r m t i o m  f o r  pipe elbows subjected t o  external.  bending loads in-  

cluding the  e f f e c t  of i n t e r n a l  pressure on the  bending s t r e s s e s .  A b r i e f  

sununary of t ha t  a n a l y s i s  and a restatement of the per t inent  equations 6.:"e 

given helow, 

Poll-owing the  analyses of von Karrnan2 niad Vignessj7 the s t r a i n s  were 

asmmed t o  be due t o  two d i s t i n c t  foms of deformation - the  warping of 

t h e  tube cross sec t ion ,  and the  besra-type bending of t h e  - h b e  center l ine .  

The  warping of the cross  sec t ion  was assuned t o  be independent of posi-  

t i o n  along t h e  tube center l ine ,  t he  r a t i o  r / R  of the tube radius  t o  bend 

rad.ius was neglected i n  comparison t o  uni ty ,  and the  circumferent ia l  

merabrane s t r a i n  w a s  assumed , t o  be zero. The strain-displacement equa- 

t ioi is  of t h i n - s h e l l  theory,  incorporating t h e  above assufiptions, were 

used t o  obtain the  s t r a i n  due t o  warping of t he  cross sec t ion .  A s t rength-  

of-mater ia ls  analy-;;is was then used t o  det,ermine the  s t r a i n  due t o  beam- 

type bending of t he  tube center l ine .  The r e s u l t i n g  longi tudina l  s t r a i n s ,  

given by the  following equations,  a r e  constant across  the tube wail. 

In-Piane Bending< : 

dwt 
'a r s i n  4 + w cos 4 - - s i n  4 )  ; 

t d4 

O u t  - of -Plane Bending : 

where &/a i s  the  change i n  cur-vature of -the tube cen te r l ine  d-ue t o  in-  

plane bending, p i s  t h e  rad ius  of curvature of t he  deformed tube center-  

1.ine i n  the plane perpendieulzr t o  the  Plane containing t h e  pipe bend, 

and TJ is  the  circ.urnf'erential. displ..acement of the tube wall re la t i .ve  t o  

the  c e n t e r l i n e  From t h e  assirniption tha t  the c i r c w a f e r e n t i a l  membrane 
1; 
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s t ra in  is zero it fi?l.lor.rS -that the r a d i a l  displacmeii t  ( p o s i t i v e  

outward) of the  tube wall rel.ntivp: t o  the cent;erl ine is 

The warping of t he  cross section was assumed, f o r  out-of-plane bending, 
t o  be given by 

and, f o r  in-plane bending, b y  

( A - 5 )  

where t h e  c c e f f i c i e n t s  C a r e  t o  be determined. n 
Using t i i e s r  expressions f o r  the deformaticn, the total s t r a i n  energy 

due t o  deformation i s  given by: 

where 5 = &Y/a f o r  in-plane bending and 5 = R / r  f o r  out-of-plane bendtng. 

The change in. p o t e n t i a l  energy of the I n t e r n a l  pressure per u n i t  length 

of t h e  pipe, due t o  the  warping of t he  tube w a l l ,  i s  given by 

The p r i n c i p l e  of l eas t  work r equ i r e s  that the c o e f f i c i e n t s ,  

s a t i - s fy  the se t  sf l i n e a r  equations: 
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21 h J + V )  = o = - -  d, 1- (17 -I- 600x2 f 480@)% - a ac, '\ P 2 d3 , 

a ( u  + v ) = 0 = - 1 (2n  - 3 ) ( 2 n  + 1) dnel ac I! 2 n 

where 

'n 
n rk a. = - - .  

Trmca t ing  the  s e r i e s  a f t e r  N terms, a s e t  of N l i n e a r  equations for 

N - b l  unknown values of d 

d,, . . ., d 

i s  obtained. With %+1 = 0, the values of d,, 
n 

are the  so lu t ion  t o  t h i s  set of equat ions ,  N 
These values  of d,, $, ",., d 
P 

y i e l d  a minimum f o r  t h e  energy N 
U + V e The value of 5 i s  determined by equat ing t h i s  rni]?_hmm energy t o  
the work done by the  bending moment, t h a t  i s ,  

The values  of C,, C2, . . . , C a r e  obtained from Eq.  (A-9)  N 
The f l e x i b i l i t y  f a c t o r ,  kP, i s  given by 

k = -  E* 5 . 
P m  

(A-10) 

( A-11) 

A f t e r  s imp l i f i ca t ion ,  k may be expressed as 
P 
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1 

2 
3 .  1 -t - d, 

k =  (A-12) 

U t i l i z i n g  the strain-displacement r e l a t i o n s  ( A - 1 )  and (A-2) and t h e  

appropriate  s t r e s s - s t r a i n  relatrions, t h e  nondimens i o n a l  stre:; ses , ob - 
t a ined  by dividing t h e  calculated stresses by M/Z are, foi-  in-plane bend- 

ing  : 

1 N N 
i) sin 4 + - 1 c An s i n  .(2n + 1)4 k - Vh 

n=l 2 n=l. 2 
i Bn cos 2nd (A-13)  

N N 
h 
2 

- -\ 

n n =l n =1 

i 
vD s i n  4 + An s i n  ( 2 n  + I-)$ ? - B cos 2n41 (A-14) 

C - 

N N 

n=l n =1 

1 V h  
n 

0 D cos 4 + 2 An cos (2n + l)$ * 2 --B s i n  2n$] , ( A - 1 5 )  

N 

i n=l 

0 

c 
(T = I? vD cos q!~ + 

where t h e  terms with posit,ive aid negative s igns  correspond t o  i l ip  rmtside 

and in s ide  siirface bending stresses r e spec t ive ly ,  and 

k 
F=--------, P 

I - v2 

A-17) 

An = ( I  - 2n)d + (2rl + 3 ) d  n n+l. ’ 

Bn = ( 2 n  - 8n3)d . n 
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APPENDIX B 

CIRCUMFEmNTIAL MEMBRANE FORCE CORRECTIOW 

I n  comparing h i s  experimental  r e s u l t s  with t h e  a n a l y t i c a l  r e s u l t s  

obtained from t h e  von Karman theory,  Gross” not iced t h a t  t h i s  theory re -  

sult;~: i n  a l o g i c a l  ineonsis tency.  In  h i s  ana lys i s ,  von Karman had rea-  

soned t h a t ,  due t o  the  curvature of t h e  pipe bend, the long i tud ina l  mem- 

brane fo rces  y i e l d  components whFch deform the tube cross  sec t ion ,  and 

l o g i c a l l y ,  produce a compressive c i rcumferent ia l  membrane force  e For in-  

plane bending, this fo rce  should be symmetric about $ equals  zero, be 

zero a t  4 equals  5~1/2 ,  and have i t s  maximum absolute  value a t  4 equals  

zero. The experimental  r e s u l t s  of Gross and o thers  ind ica te  t h a t  t h i s  

conclusion i s  co r rec t .  The von Karman ana lys i s ,  however, y i e l d s  a c i r -  

curaferential  membrane force  which is skew-symmetric about 4 equals  zero 

and. hence zero a t  $ equals  zero; see,  for example, Eq.  (A-14). 
By assuming t h a t  t h e  von Kaman ana lys i s  c o r r e c t l y  determines the  

long i tud ina l  membrane force  and the circumferent ia l  s h e l l  bending moment, 

Gross determined t h e  c i rcumferent ia l  membrane Porce necessary t o  s a t i s f y  

t h e  s t a t i c  equi l ibr ium condi t ions.  The following cons t i t u t e s  a general-  

i z a t i o n  of h i s  ana lys i s .  

Consider the  two f r e e  bodies,  A and B,  shown i n  Fig. 15. These f r e e  

bodies a r e  obtained from a segment of curved tube of a r c  length Q! by 

passing long i tud ina l  planes with f ixed  values  of $ . The long i tud ina l  

membrane force  i s  denoted as r k, mc i s  t h e  e i r c w f e r e n t i a l  s h e l l  bending 

moment, and Q denotes t h e  t ransverse  shearing force e 

For in-plane bending, t h e  long i tud ina l  membrane force  obtained €rom 
E q .  (A-13)  i s :  

The t ransverse  shear ing fo rce  Q, 

Q(#) = - -  
c 

obtained from Eq.  (A-14)  I i s  
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F i g .  15.  Free body diagrams for the determination of circumferential  
membrane fo rces .  
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Thus, 

= - a($> 

Also, 

On f r e e  body A, from s t a t i c s  t h e  sum of t h e  fo rces  i n  the y d i r e c t i o n  i s  

zero: 

but from Eq .  (‘B-2), 

a($) = - Q(-$) j 

hence, 

A l s o  from s t a t i c s ,  the sum of forces i n  the x d i r e c t i o n  i s  zero: 

Thus, 

Simi la r ly  f o r  f ree  body B :  



CFx 

tilUS, 

Also,  

or 

( B -4) 

S u b s t i t u t i n g  the  expression f o r  n_ given i n  Eq.  (B-I.) and pe r foming  t h e  
L 

i n t e g r a t i o n  ind ica ted  i n  Eq. (B-4)  we obtain f o r  the  membi-ane force  

where y = R / r  i s  the  rad ius  r a t i o  parameter. 

s is  f o r  out-of-plane bending gives tile membrane force  
Pei-forming a similar analy-  



A 1 

n=l  
in (2n -I- l)@ cos j2 . (B-6) I- 

The normalized c i rcumferent ia l  s t r e s s e s ,  t o  be used i n  place of E q s .  

(A-14) and (A-15)  for in-plane and out-of-plane bending obtained from 

Eqs. (B-5) and (B-6 ) ,  r e spec t ive ly  are then: 

In-Plane Bendinc: 

Out -of -Plane Bending : 

n 

where F, D, An, and B 

parameter Y = R / r  has been introduced i n t o  the  ana lys i s .  

noted t h a t  although Eqs. (B-7) and (B-8) a r e  approximate, they do s a t i s f y  

the  conditions of s t a t i c  equi l ibr ium and as a consequence the  circum- 
f e r e n t i a l  membrane s t r a i n  i s  not  zero as o r i g i n a l l y  assumed by V O L ~  Karman. 

These equations should be as accurate  as any of t he  analyses discussed i n  

t h e  body of t h e  t e x t .  

a r e  def ined i n  Appendix A, and the  rad ius  r a t i o  n 
It might be 


